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Abstract We establish several convexity results which are concerned with noncon-
vex quadratic matrix (QM) functions: strong duality of quadratic matrix program-
ming problems, convexity of the image of mappings comprised of several QM func-
tions and existence of a corresponding S-lemma. As a consequence of our results,
we prove that a class of quadratic problems involving several functions with similar
matrix terms has a zero duality gap. We present applications to robust optimization,
to solution of linear systems immune to implementation errors and to the problem of
computing the Chebyshev center of an intersection of balls.
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1 Introduction

We consider convexity-type results related to quadratic functions f : F**" — R of
the form

f(Z)=Tr(Z*AZ) + 2R(Tx(B*Z)) + ¢, ZeF", 1)

where A = A* ¢ F"*", B ¢ I"*" and ¢ € R. Here [ denotes either the real number
field R or the complex number field C. A function of the form (1) is called a quadratic
matrix function of order r. In [1], this type of functions was analyzed over the real do-
main in relation to quadratic matrix programming (QMP) problems, namely problems

Communicated B.T. Polyak.

This research was partially supported by the Israel Science Foundation under Grant ISF 489/06.

A. Beck (X))

Faculty of Industrial Engineering and Management, Technion—Israel Institute of Technology,
Haifa 32000, Israel

e-mail: becka@ie.technion.ac.il

@ Springer


mailto:becka@ie.technion.ac.il

2 J Optim Theory Appl (2009) 142: 1-29

involving QM functions. In particular, it was shown that nonconvex QMP problems
with at most 7 constraints admit a tight semidefinite relaxation (SDR) and that strong
duality holds. This result is a generalization of the well-known strong duality result
for the class of quadratically constrained quadratic programming (QCQP) problems
with a single quadratic constraint; see for example [7—10] for theoretical and algo-
rithmic analysis. The tightness of the SDR result for QMP problems (or in particular
for QCQP problems with a single constraint) can be interpreted as a type of hidden
convexity property, since it also implies that the solution of the original nonconvex
problem can be extracted from its convex SDR reformulation.

In this paper, we continue to study convexity results of (possibly nonconvex) QM
functions. An overview of the literature reveals that there are three major convexity-
type results with respect to quadratic functions and problems:

(1) Zero duality gap—the value of a QCQP problem is equal to the value of its dual
problem.

(1) S-lemma-type result—The statement “a quadratic inequality constraint is im-
plied by a set of quadratic inequalities” is equivalent to a certain linear matrix
inequality (LMI).

(iii) Convexity of the image of quadratic mappings—the image of a mapping com-
prised of several quadratic functions is convex.

We note that the first property is generally satisfied if and only if the corresponding
SDR is tight. The reason for this is that the dual of a QCQP and its SDR are convex
problems which are dual to each other and hence, under some regularity conditions,
have the same value.

It is well known that the three categories—although not equivalent—are very
closely related. Examples of derivations from one category to the other can be found
throughout the literature. The earliest results connecting the different categories can
be found in the works of Yakubovich and Fradkov and Yakubovich [2, 3] where
it was shown that, by using separation theorems for convex sets, an appropriate S-
lemma can be deduced from corresponding results on the convexity of the image of
quadratic mappings. Years later, Polyak [4] proved a strong duality result for homoge-
nous nonconvex quadratic problems involving two quadratic constraints by using a
convexity property on the image of three homogenous quadratic forms (under the as-
sumption that there exists a positive-definite linear combination of the corresponding
matrices); this result was also recovered by Ye and Zhang [5]. Polyak’s work [4] also
provided an alternative proof of the well-known strong duality result for (general-
ized) trust region subproblems [6—10], which is based on the convexity property of
mappings comprised of two nonhomogenous quadratic functions. In [11], Beck and
Eldar use a complex version of the S-lemma in order to show strong duality property
for nonconvex quadratic problems with two quadratic mappings over the complex
domain. This result was also independently derived by Huang and Zhang [12]. In
[11] it is also shown that, by comparing real and complex-valued images of quadratic
mappings, one can establish a sufficient condition for strong duality of nonconvex
quadratic problems with two quadratic constraints over the real domain. More inter-
esting results concerning various convexity results of quadratic mappings and their
relation to optimization problems can be found in the comprehensive survey of Po-
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lik and Terlaky [13], the book of Ben-Tal and Nemirovski [14] and in the paper of
Hiriart-Urruty and Torki [15].

In this paper, we present convexity results of all three categories in connection to
QM functions and problems. In Sect. 2, we review the essential facts from [1] about
QMP problems and extend the analysis to the complex domain. Our motivation for
considering the complex setting is twofold. First, optimization problems in many en-
gineering applications naturally have complex-valued variables. Second, results over
the complex and real domains are not the same. In particular, we show that QMP
problems with r constraints over the real domain, or 27 constraints over the complex
domain, have a tight SDR and that strong duality holds. In Sect. 3, we consider the
image of quadratic mappings comprised of several QM functions. We show that a
mapping comprised of at most » QM functions of order r in the real domain, or at
most 2r QM functions in the complex domain, is always convex. Under some as-
sumptions, we prove that an additional QM function can be added without damaging
the convexity result. The latter result exploits a result of Au-Yeung and Poon [16]
on the convexity of the numerical range of a certain class of homogenous quadratic
functions. An extended S-lemma on QM functions is established in Sect. 4; applica-
tions to robust quadratic optimization and the solution of linear systems immune to
implementation errors are presented. Finally, in Sect. 5 we present the special class
of uniform quadratic problems in which strong duality is shown to follow from the
strong duality result of QMP problems. This result is an extension and improvement
of a result which was derived for the real case [17]. For convenience, some technical
results are gathered in the appendices.

Notation The discussion throughout the paper is presented over the number field
F which stands for either R or C. The identity matrix of order r is denoted by I,,
()* and (-)T denote the Hermitian conjugate and the transpose of the corresponding
matrices respectively. In order to be able to analyze the complex and real domains at
the same time, we define the following field-dependent functions:

1, F=R,
o(F) =
2, F=C,
) — n?, F=C,
S (GO S

It can be readily seen that ¢(n; F) = O(F)@ + n and that ¢(n; ) is the di-
mension of H" (F) over the real number field R. The space H" (IF) denotes the space
of matrices A over the field [ that satisfy A* = A. Therefore, H" (R) = S" is the set
of real symmetric matrices and H"(C) = H" is the set of complex Hermitian ma-
trices. Similarly, H" | (F) (H'L(F)) is the set of all positive (semi)definite matrices
over FF. For two matrices A and B, A > B (A > B) means that A — B is positive
definite (semidefinite). E; ; is the » x r matrix with one at the (i, j)th component
and zero elsewhere. For a given square matrix U, [U], denotes the southeast r x r
submatrix of U, i.e., if U = (u; ,-);?j;l, then [U], = (u; j);?j;n .- For simplicity, in-
stead of inf/sup we use min/max; however, this does not mean that we assume that
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the optimum is attained and/or finite. The value of the optimal objective function of
an optimization problem

P) min{f(x):x eC}

is denoted by val(P). The optimization problem (P) is called bounded below if the
minimum is finite and termed solvable in the case where the minimum is finite and
attained (similar definitions for maximum problems). We follow the MATLAB con-
vention and use ““;” for adjoining scalars, vectors or matrices in a column.

2 Review and Extension: QMP Problems in the Real and Complex Domains

QMP problems in the real domain were presented and analyzed in [1]. In this section,
we extend the results of [1] to include both the complex and real domains. This sec-
tion can also be regarded as a review of the results on QMP problems which will be
the key ingredient for many of the results in this paper.

We begin by defining in Sect. 2.1 the concepts of QM functions and QMP prob-
lems. We then present in Sect. 2.2 a specially-devised SDR and dual of QMP prob-
lems. Finally, based on the constructed SDR and an extension of the rank reduction
algorithm of Pataki [18, 19], we are able to show in Sect. 2.3 that QMP problems
with 7 constraints over the real domain and QMP problems with 2r constraints over
the complex field have a tight semidefinite relaxation.

2.1 Quadratic Matrix Functions and Problems

A quadratic matrix (QM) function of order r is a function f : F"*" — R of the form
f(Z)=Tr(Z*AZ) + 2R (Tr(B*Z)) + ¢, Z e, 2)

where A € H"(F), B € F"*" and ¢ € R. In the case F = R, the QM function (2) takes
the familiar form of a QM function over the real domain,

f(2)=Te(z"AZ)+2Tr(B" Z) + c.
If B=0,x, and ¢ =0, then f is called a homogenous quadratic matrix function or a

quadratic matrix form. The homogenized quadratic matrix function of f is denoted
by fH :FO+)xr 5 R and given by

FH(Z:T) = TH(Z*AZ) + 2WTH(T*B*Z)) + STe(T*T), ZeF™, T eF'*",
r

3
which is a homogenous QM function of order r corresponding to the matrix
M(f)= ( A “)
- \B* <L)

The operator M will be used throughout the paper.
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A QM function of order one is merely a standard-form quadratic function: f(z) =
7* Az + 20 (b*z) +c. Moreover, in this case £ stands for the usual homogenized ver-
sion of a quadratic function, i.e., fH (Pl S R, fH(z; w) =z"Az + 2R (b*zw) +
lwll?.

We note that every QM function of order r is also a “standard” quadratic function
with nr variables. The latter observation follows directly from the relation

Tr(Z*AZ) 4+ 2R(Tr(B*Z)) +c = vec(Z2)* (I, ® A)vec(Z) + 2N (vec(B)*vec(Z)) +c,

where vec(D) denotes the vector obtained by stacking the columns of D and ® is
the Kronecker product. The right-hand side presentation of the QM function is called
the vectorized QM function [1]. We refer the reader to the discussion in [1] on vari-
ous relations between the matricial and vectorized presentation of functions and op-
timization problems; however, in this paper, we will not focus on the “vectorized”
counterparts of our results.

Quadratic matrix programming (QMP) problems are problems in which the goal
is to minimize a QM objective function subject to equality and inequality QM con-
straints,

(QMP) min  fo(2),
sit. fi(Z)<a;, i€l
[i(Z)=aj, jeE,
Z e "7, 5)
where f; :F"*" — R,i € Z U & U {0}, are QM functions of order r given b
g y
fi(Z)=Tv(Z*A;Z) + 2R(Tr (B Z)) +¢ci, Z eF"™,

with A; € H"(F), B; € F"*", ¢; e R,i € {0} UZ U &. The index sets {0}, 7, £ are
pairwise disjoint sets of nonnegative integers.

2.2 Semidefinite Relaxation and Dual of the QMP Problem

The following lemma presents a homogenized version of the QMP problem which
utilizes the homogenization procedure (f — f) described in Sect. 2.1. This lemma
is a straightforward extension of Lemma 3.1 from [1] and its proof is therefore omit-
ted.

Lemma 2.1 Consider the following homogenized version of the QMP problem (5):
min fOH (Z; 1),
st.  fZ;T)y<a, iel,
iz Ty =aj. jek,
T*T =1,
ZeF"™ TeF™. 6)
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(i) Suppose that the QMP problem (5) is solvable and let Z be an optimal solution
of (OMP). Then problem (6) is solvable, (f; 1) is an optimal solution of (6) and
val(QMP) = val(6).

(i1) Suppose that problem (6) is solvable and let (2; T) be an optimal solution of (6).
Then problem (QMP) is solvable, ZT* is an optimal solution of (OMP) and
val(QMP) = val(6).

In order to be able to present problem (6) as a QMP problem, we will make use of
the following technical lemma (recall that [U], denotes the southeast » x r submatrix
of U):

Lemma 2.2 Let n,r be positive integers and let U € H"" (F). Then, [U], = I, if
and only if

Tr(L;U) =2, i=1,...,r,
Te(NSU) =0, 1<i<j<r k=1,...0@),

where

NL = 0 xn Onxr N2 = 0nxn Onxr
L 0rxn Eirj + E;i ’ L 0y xn iEl-rj — l'E;-l- ’
o Onxn  Opxr
Li= (o 2k ) M

By denoting W = (Z; T') € F®*+")*" and using Lemma 2.2, together with the fact
that 7*T = I, if and only if TT* = I, we conclude that problem (6) can be written
as

min  Tr(M(fo) WW?*),
st.  Tr(M(fHWW*) <o, iel,
Tr(M(fHWW*) =a;, je&,
Tr(L,WW* =2, i=1,...,r,
Tr(Nl.kjWW*)zo, I1<i<j<r k=1,...,6(F),
w eﬂr(ﬂﬂ)xr’
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where the operator M is defined in (4). Making the change of variables U = WW*,
problem (6) becomes

min  Tr(M(fo)U),
s.t.  Tr(M(fi)U) <aw;, i€l,
Te(M(fHU) =aj, JjEE,
Tr(L;U)=2, i=1,...,r,
Tr(Niij)zo, l<i<j<r k=1,...,0(),
U eH (@),
rank(U) <r.

Omitting the “hard” constraint rank(U) < r, and invoking Lemma 2.2, we arrive
at the following semidefinite relaxation of the QMP problem (5):

(SDR) min Tr(M(fo)U),

st. TT((M(fHU) <o, iel,
Tr(M(f)HU) =a;, jeE,
V), =1,
U e I (F). (®)
The dual problem to the semidefinite relaxation problem (SDR) is given by

D) max — ) ki =Tr(®),
ieZUE

st M(fo)+ ) AfM(fi)+<8":” O’g’):o,

i€eTUE
o e H (F),
rAi>0, iel,
rjeR, jeé. )

It is interesting to note that (D) is, in fact, the standard dual problem of (QMP).
Therefore, (D) is the dual problem of both (QMP) and (SDR).

2.3 Tightness of the Semidefinite Relaxation of the QMP Problem
Consider the following general-form SDP problem:
min  Tr(CyoU),
s.t. Tr(C;U)<«;, i€el,
Tr(C;U) =a;, jef,
UeHL(), (10)
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where 7 and & are disjoint index sets, C; € H"(F) fori e {0}UZ; U&; and o; € R
for i € Z; U &;. In the real case (IF = R), Pataki [18, 19] showed that, if |Z;| + |£1] <
¢(r+1; R) and if the SDP problem (10) is solvable, then there exists a rank-r solution
of the problem. In Appendix A, we present a simple extension of Pataki’s procedure
(termed “algorithm RED”) that considers both the real and complex domains. The
validity of this procedure implies the following theorem:

Theorem 2.1 Suppose that problem (10) is solvable and that || + |&1] < p(r +
1; F) — 1, where r is a positive integer. Then problem (10) has a solution U for which
rank(Z) <r.

A different rank reduction algorithm for SDP problems can be found in Huang and
Zhang [12].

One of the main reasons for considering QMP problems, which are a special class
of general QCQPs, is that they enjoy more powerful results in the context of tight
SDR and strong duality results. The following theorem, which is the main result of
this section, shows that QMP problems with at most  constraints in the real domain,
or 2r constraints in the complex domain, have—under some mild conditions—a tight
SDR and the duality gap is zero. This result is based on the constructed SDR problem
(8) and Theorem 2.1.

Theorem 2.2 (Tight Semidefinite Relaxation for the QMP Problem) If problem
(SDR) is solvable and |I| + |E| < O0(F)r, then problem (QMP) is solvable and
val(SDR) = val(QMP).

Proof 1t is sufficient to show that problem (SDR) has a solution with rank smaller or
equal to r. The number of constraints in (SDR) is equal to |Z| + |£| + ¢(r; F). Thus,

using the inequality |Z| 4 |E| < 0 (F)r, we conclude that the number of constraints in
(SDR) is bounded above by

e ZQ(F)(”’ r(rz_ D) +r=9(F><(r+21)r> +r

=pr+1LF) —1.

Invoking Theorem 2.1, the result follows. O

In order to guarantee the solvability of the SDR problem, some kind of a regularity
condition must be imposed. For example, the condition

Jy;€R, i €TUE forwhichy; >0,i €T suchthat Ag+ Y 1A >0 (11)
ieZUE

implies that the dual problem (9) is strictly feasible (for details see e.g. [1,
Lemma 3.2]); this together with the feasibility of the QMP problem implies, by the
conic duality theorem [14], the solvability of the SDR problem and that val(SDR) =
val(D). This is summarized in the following corollary.
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Corollary 2.1 Consider the QMP problem (5) with |Z|+|E| < 0 (F)r, its semidefinite
relaxation (SDR) (problem (8)) and its dual (D) (problem (9)). Suppose that condition
(11) holds true and that the QMP problem is feasible. Then, problems (OQMP) and
(SDR) are solvable and val(QMP) = val(SDR) = val(D).

Remark 2.1 In the special case r = 1, Corollary 2.1 recovers the well-known strong
duality/tightness of SDR results for QCQP problems with a single quadratic con-
straint over the real domain (see e.g. [4, 7, 8, 10]) and the corresponding result on
QCQP problems with two quadratic constraints over the complex domain [1, 12].

3 Convexity of the Image of Quadratic Matrix Mappings

In this section, we establish several results regarding the convexity of the image
of several quadratic maps defined by QM functions. In particular, we will show in
Sect. 3.1 that the image of F"*" under a map comprised of 6 (IF)r QM functions of
order r is always convex, and under some further assumptions, a mapping comprised
of 6(F)r + 1 QM functions of order r is convex. Moreover, we present a semidefinite
presentation for each of the sets for which convexity is proved. In Sect. 3.2, the con-
nection to general-form optimization problems involving QM functions is discussed.

3.1 Semidefinite Representation and Convexity of the Image of F"*" under a QM
Mapping

We begin by showing that the image of F"*" under a QM mapping comprised of
0(F)r QM functions is always convex. This is a consequence of the strong duality
result of Theorem 2.2. We present also a semidefinite representation of this convex

set, i.e., we provide an explicit description of the set as the image of M’ (F) N A
under a linear mapping, where A is an affine subspace.

Theorem 3.1 (Convexity of the Image of F"*" under 6 (F)r QM Functions) Let
81,82, --.,8m be m QM functions of order r given by

8i(Z)=Tr(Z*AiZ) + 2R(Te(B/ Z)) +¢ci, ZeF"™,i=1,2,....m,
where A; € H"(IF), B; € F"*" and c¢; € R. Suppose that m < 0 (F)r. Then, the set
F={(g1(2);...:8m(2)): ZeF""}
is convex and equal to the set
W = {(Te(M(g)U); ...; Te(M(gm)U)) : U € HE (), [U], = I}.

Proof Since obviously the set W is convex, it is enough to show that F = W. The
inclusion F C W is clear. We will show that the reverse inclusion (W C F) holds
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true. Let (B1; ...; Bm) € W and consider the QMP problem
min O,
st.  fi(@)y=8;, j=1,...,m,
Z e, (12)
and its SDR

min 0,
st. Te(M(fHU)=Bj, j=1,....m,
Wl =1,
U e H(F). (13)

Note that since the objective functions of problems (12) and (13) are identically zero,
then the notion of solvability of these problems coincide with the notion of feasibility.

Since (B1;...; Bm) € W, we conclude that problem (13) is feasible. Thus, by The-
orem 2.2, problem (12) is also feasible (= solvable). Hence, there exists Z € F"*"
such that 8; = f;(Z), j =1, ..., m, which implies that (81; ...; Bu) € F. O

Our next objective is to prove the convexity of the image of F"*” under 6 (F)r + 1
QM functions. Such a convexity result was proven already by Polyak for the case
r=1,F=R [4]

Theorem 3.2 [4, Theorem 2.2] Let f;(x) = xTAix + ZbiTx +ci,i=1,2with A; €
H"(R), b; € R" and c; € R. Suppose that n > 2 and that there exist i1, 12 € R such
that w1 A1 + u2Az > 0. Then, the set

(i), 2(x)) : x e R"}

is closed and convex.

Note that the convexity result of Polyak’s theorem is established under some con-
ditions (Polyak also provides examples demonstrating the necessity of these condi-
tions): the existence of a positive definite linear combination of the corresponding
matrices and the restriction n > 2. We will show that under the exact same condi-
tions, the image of F"*" under 6 (F)r + 1 QM functions is closed and convex; we
will also provide a semidefinite representation of these sets.

We begin by stating Theorem 3.3 below that establishes a result on the convexity of
the image of several homogenous QM functions. In the real domain, Barvinok proved
this result under very similar conditions [20, Theorem 1.2]. However, it seems that the
result for both the real and complex domains is not stated explicitly in the literature.
We therefore provide a complete proof of this theorem in Appendix B.

Theorem 3.3 (Convexity of the Image of Homogenous QM Mappings) Let Ay, ...,
A € H'(F), where k < o(r + 1; F). Suppose that there exist u; e R,i =1,...,k
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such that Zle wiA; >0 and that n > r 4 2. Then, the set
F={((Te(Z*A12);...;Tr(Z*AxZ)) : Z € F"*"}
is closed and convex and equal to
W ={(Tr(A1U);...; Tr(AxU)) : U € HL(F)}.

Proof The proof basically follows the line of analysis of [4], see the details in Ap-
pendix B. d

We are now ready to prove the main result of this section.

Theorem 3.4 (Convexity of the Image of 6 (F)r +1 QM Mappings) Let g1, 82,.--, 8m
be m QM functions of order r given by

¢i(Z2) =Tr(Z*Ai Z) + 2XN(Te(Bf Z)) +¢;. Ze€F™, i=1,2,....m,

where A; € H"(F), B; € F"™" and ¢; € R. Suppose that m < 0(F)r + 1,n > 2 and
that there exist ui e R, i =1, ..., m, such that

m
ZM,‘A,‘ > 0. (14)
i=1

Then, the set
F={(g1(2);...;8m(2)): Z e """}
is closed and convex and F = W, where W is given by

W ={(Te(M(g)U); ...; Te(M(gm)U)) : U € HE (), [U], = ).

Proof Let hi,ha, ..., hypyo@rF) FO+1)xr 5 R be the m + ¢(r; F) homogenous
QM functions comprised of

(1) the m QM functions h; (W) = gl.H(W) =Tr(W*M(g))W),i=1,...,m,
(i) the r QM functions ¢;(W) = Tr(W*L;W),i = 1,...,r, where L; is given
in (7),
(iii) the Q(F)# QM functions wf/(W) = Tr(W*Nl.kjW),l <i<j<rk=
1,...,0(F), where Nikj is given in (7).

Consider the set

R={(h((Z:T); ... hmigrm)(Z: T)) 1 Z € P T e "} S R0,
which is the image of F"*" under m + ¢(r; F) homogenous QM functions, and let
A={w eRMPEE Ly = = Wy =2, Wi = = Wi (i) ~0).

@ Springer



12 J Optim Theory Appl (2009) 142: 1-29

Let P : R"+¢(5F) _ R™ be the linear transformation that maps each vector in
R™+¢5E) onto its first m components. Lemma 2.2 implies that the set P(A N R)
can be written as

PANR) ={(gl(z;T);...;8H(Z;T)): T*T =1,, T e 7", Z e FT"*"}).

We begin by showing that
P(ANR)=F. (15)

(F CP(ANR))—Let w € F. Then there exists Z € F"*" such that w; = g;(Z).
Therefore, w; = giH(Z; T) with T = I, which implies that w € P(AN R).
P(ANR) C F)—Let w € P(A N R). Then there exist Z € F"™*" T € F"*" such
that T*T = I, and w; = g/ (Z; T). Using the relation g/ (Z; T) = g (ZT*; I,) =
gi(ZT*), we conclude that w € F.

We will now show that the conditions of Theorem 3.3 are satisfied for the homoge-
nous QM functions hy, ..., hyyeeF). Let @ = (¢i))! j=1 € H" (F) be any matrix
satisfying

~

m ¥/ m 1/ m m
® >~ (Zm&) (Zmi) (Zm&) Y (16)
i=1 i=1 i=l

i=1

and consider the linear combination

SwiM@ Yokt Y RGNy Y @V
i=1 i=1

ije(l, .. rhi<j ijell, .. rhi<j

oy i A ", i Bi
=< Zz:l“ Zt_l'u“ > (17)

O wiB)* I i+ @
Using (14) and (16) combined with the Schur complement, we conclude that ma-

trix (17) is positive definite. Therefore, we have proven that there exists a positive def-
inite linear combination of the matrices associated with A1, ..., hy 4o F). Moreover,

r(r—1) - :9(F)r(r +1)

m+e@r; F) <60@E)r+1+0(F) +r+l=9@r+1LF).

Therefore, the conditions of Theorem 3.3 are satisfied and we can deduce that R is
closed, convex and equal to

S={(Tr(MHDU); ... TEM (hn ) U)) - U € HT ()}

The set A N R—being an intersection of two closed and convex sets—is closed and
convex, which implies that P(A N R) =P(A N S) is also closed and convex. More-
over,

PANS) ={(Tr(M (gD V), ..., Te(M (gn)U)) : (U], = I;, U € !, (F)}

@ Springer



J Optim Theory Appl (2009) 142: 1-29 13

and as such is equal to W. To conclude, we have shown that F = P(ANR) = W is
closed and convex. Il

Substituting r = 1 in Theorem 3.4, we arrive at the following corollary whose first
part is a recovery of Polyak’s theorem (Theorem 3.2).

Corollary 3.1

(i) Let fi(x)=xTAjx+2b] x +ci,i=1,2,with A; e H"(R), b; € R" and ¢; € R.
Suppose that n > 2 and that there exist L1, i € R such that u1 Ay + pur Az > 0.
Then, the set

{(fi(x), fa(x)) :x e R"}
is closed and convex and equal to
{(Tr(M(f)U). Te(M (f2)U)) : U € HET'R), Upgrngr = 1)

(i) Let fi(z) = z*Aiz +2N(b}z) + ci,i = 1,2,3, with A; € H"(C), b; € C" and
¢i € R. Suppose that n > 2 and that there exist jL1, W2, 43 € R such that uy Ay +
U2Az + 3Asz > 0. Then, the set

{(/1(@), f2(2), f3(2)) : 2 € C"}

is closed and convex and equal to

{(Te(M(f)U), TE(M(f2)U), Te(M3U)) : U € H T (C), Upgrn1 = 1}.
3.2 Convex Counterparts of Problems Involving QM Functions

Theorems 3.1 and 3.4 can be used to generate large classes of nonconvex problems,
possibly different from QMP problems, for which there exists an equivalent convex
problem. For example, consider the following nonconvex problem:

min{yo(f1(2). 2(2). ... fm(2)) Vi (f1(Z), fo(D). ... fm(2)) =0,

i=1,2,...,p},

where f; are QM functions of order r and y; : R” — R are p convex functions over
R". The last problem can be cast as the problem

H}iin{wo(tl,tz,...,tm) it o, ty) <0,i=1,2,...,p,(t1;2; ... ) € C},
(18)
where C is the set {(f1(Z);...; fn(Z)) : Z € F"*"}. By Theorems 3.1 and 3.4, C is
convex, provided that either m < 6 (IF)r or m < 6(IF)r + 1 and the conditions of The-
orem 3.4 are satisfied. In this case, (18) is a convex optimization problem.
We can also recover the tightness-of-SDR result of Theorem 2.2 by using The-
orem 3.4. Indeed, consider the QMP problem (5). Then, the QMP problem can be
written as

min{to 1 i <@, tj=aj i €1, €&, (to; 3125 .. .5 tm) € CY, (19)
i
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where C = {(fo(Z2);...; fm(2)): Z € F"™*"}. Assume that (i) m < 6(F)r, (ii) condi-
tion (11) is satisfied, (iii) the SDR problem (8) is solvable and (iv) n > 2. Then, by
Theorem 3.4, the set C is also equal to

{(Tr(M (f)U); ... Te(M (f)U)) : U € HE (B), (U], = I}

Substituting this presentation of C back into (19), we obtain the SDR problem (8).
Note that, in this line of proof the additional restriction n > 2 was added showing that
there is a cost for using the result on the image space in order to obtain the tightness-
of-SDR result. Moreover, this proof is highly nonconstructive in the sense that it does
not provide a procedure for obtaining an optimal solution of the QMP problem from
its SDR counterpart. This is in contrast to the proof of Theorem 2.2, which uses the
constructive RED procedure.

4 S-lemma on QM Functions

The celebrated S-lemma has many applications in several areas and is a key tool in
control and optimization; see the comprehensive survey [13]. The nonhomogenous
version of the S-lemma that takes into account both the real and complex domains
was derived by Fradkov and Yakubovich [3]. We state their result explicitly.

Lemma 4.1 (Real and Complex S-lemma [3]) Let fi(z) = 2% A;z+2R (b} z2) +ci, i =
0,...,0(), with A; € H"(F),b; € F" and ¢; e R,i =0, ...,0(F). Suppose that
there exists 7 € " such that f;(z) <0,i=1,...,0(F). Then, the following two state-
ments are equivalent:

(1) fo(z) <0 jforevery z € F" satisfying fi(z) <0,i=1,...,0(F).
(ii) There exists A; > 0,i =1, ...,0(F) such that

Ag by A; b
(i a)=xn(3 )

i=1 !

In this section, we derive an S-lemma-type result on QM functions that gives an
LMI characterization for a statement on the implication of a QM constraint of order r
from 6 (IF)r QM constraints of order r. This result can be regarded as an extension of
the classical S-lemma result (Theorem 4.1). The second part of this section is devoted
to the presentation of two applications: the first is concerned with the solution of
linear systems immune to implementation errors, and the second describes a tractable
robust counterpart of a class of quadratic problems with unstructured uncertainty.

4.1 Extended S-Lemma on QM Functions
In this section, we prove an extended version of the S-lemma applied to QM func-
tions. We use the following lemma that gives an LMI characterization of the claim

that a certain QM function is nonnegative. This result was derived in [1] over the real
domain; the fact that it is also valid over the complex domain is straightforward.
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Lemma4.2 [1,Lemma4.2] Let f be a QM function given in (2). Then, the following
three statements are equivalent:

(1) f(Z) =0 forevery Z e F"*",
(ii) There exists ® € H" (F) for which Tr(®) < 0 such that

A B\,
B* L+o)="

(iii)

I.®A vec(B)
<vec(B)* c > = 0.

We are now ready to state and prove the extended S-lemma.

Lemma 4.3 (S-Lemma on QM Functions) Let f;(Z) =Tr(Z*A; Z)+2R(Tr(B} Z)) +
¢i,i=0,...,m, be m + 1 OM functions of order r with A; € H"(F), b; € F" and
c; € R. Assume that m < 0(F)r and that there exist u; > 0,i =1,...,0(F)r such
that

m
—Ao+ ) _uiAi 0. (20)
i=1

Furthermore, suppose that there exists Z e Frxr Jfor which
fi(Z)<0, i=1,...,0F)r 1)

Then, the following four statements are equivalent:

1) fo(Z) <0 forevery Z € F"*" such that f;(Z) <0,i=1,...,m.
(i1) There exist ; >0,i =1, ..., m such that

m
P2 =Y M fi:(Z) <0, forevery Z e F™".
i=1
(iii) There exist A; > 0,i =1, ..., m such that
<1r ® (Ao — Y7L A  vec(Bo— YiL, )»,-B,-)> -0
vec(Bg — Z:-n:] riB)* co— Z?;l AiCi -
(iv) There exist A; >0,i=1,...,m and ® € H" (F) with Tr(®) < 0 such that
( Ao — 2L hiAi Bo— > il  AiBi ) .
=< 0.
(Bo— Y7L MiB)* Yo=Y hie) I — ®

@ Springer



16 J Optim Theory Appl (2009) 142: 1-29

Proof Consider the QMP problem.

max  fo(2),
st. fi(Z)<0, i=1,...m,
Z e X, (22)

The SDR of (22) is the problem
max  Tr(M(fo)U),
st.  Tr(M(f;HU) <0, i=1,...,m,
[U]r = Ir’
UeH (), (23)
and its dual is given by the SDP
min  Tr(®P),
= 0 0
S.t. _M(f0)+z)\'lM(fl)+< nxn n><r> EO’
i=1 Or><n P
d e H' (F),
A=0, i=1,...,m. (24)

We begin by showing that both the SDR (23) and its dual (24) are strictly feasi-
ble. The strict feasibility of the dual problem (24) follows immediately from condi-
tion (20). To show that problem (23) is strictly feasible, consider U= (2; Ir)(f*, 1).
Then by (21), we have that Ue H'} (F) satisfies

[0, =1, T(M(HU)<0, i=1,...,m.

Let A € H', , (IF) be any n x n positive-definite matrix. Define

~ ( A On Xr >

A= .

Or xXn Or Xr

Then A € H'ﬁr (). Consider the matrix W = U+aA, where o isa positive number.
Obviously [W], = I.. Moreover, for small enough «, we have Tr(M (f;)W) < 0,i =
1,...,m. From its definition, W is positive semidefinite. To prove that W is positive

definite, all that remains to show is that for @ € F"*", a*Wa =0, if and only if @ = 0.
Suppose indeed that a*Wa = 0 for a € F"*". Then,

0=a*Wa=a*Ua+aa*Aa =0,

and thus a*Ua =0 and a*Aa =0. Denote a = (a1; az) where a; € F" and a; € F'.
By the definition of A, the equality a*Aa = 0 is equivalent to aj Aa; = 0, which,
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by the positive deﬁniteness of A, im;)}ies that a; = 0. Using this and a*Ua = 0, we

conclude that aak[U ]ra> = 0. Since [U], = I, we deduce that a, = 0. In conclusion,
a =0 and we have proven that W satisfies

WeHHF), Te(M(f;)W)<0,  [W] =1,

which implies that W is a strictly feasible solution of (23).

Since both the SDR (23) and its dual (24) are strictly feasible, we can invoke
the conic duality theorem [14] and conclude that both problems are solvable and
val(23) = val(24). The conditions of Theorem 2.2 are satisfied since (23) is solv-
able and m < 6(F)r. Therefore, the QMP problem (22) is solvable and val(22) =
val(23) = val(24).

Statement (i) is equivalent to the claim that the value of the optimization problem
(22) is nonpositive. By the preceding discussion, this is equivalent to the statement
that the value of the dual problem (24) is nonpositive, which, by solvability of the
dual problem, is the same as:

There exists A; > 0 and ® € H" (IF), with Tr(®) <0,

m
for which — M(fo) + Y A M(f) + (8m o,gr> . 0.
i=1 rFXn

Noting that the latter is in fact statement (iv), we conclude that statement (i) and (iv)
are equivalent. Finally, invoking Lemma 4.2, we conclude that statements (ii), (iii)
and (iv) are equivalent. O

Remark 4.1 In the case r = 1, we recover the S-lemma (Lemma 4.1) with the excep-
tion that the condition (20) is assumed to hold.

Remark 4.2 The technique used to prove Lemma 4.3 is based on convex duality. An
alternative approach is to invoke the convexity result on the image of QM functions
(Theorem 3.4) together with a separation argument. This methodology was used, for
example, in the derivation of the classical S-lemma [3] and in Polyak [4]. However,
this line of analysis will necessarily yield a weaker result, since the restriction n >
2 of Theorem 3.4 will have to be imposed in the S-lemma result. The restriction
n > 2, although necessary in the convexity result on the image of QM mappings
(Theorem 3.4), is not necessary in the S-lemma result (4.3).

4.2 Applications I: Solutions of Linear Systems Immune to Implementation Errors

Many problems in data fitting and estimation give rise to a linear system of the form
AZ ~ B, (25)

where A € F"*" B € F™*" and Z € F"*" is an unknown variable matrix. Fre-
quently, the case r = 1 is considered. The situation in which » > 1 is considered,
for example, in the multiple observations setting in which we are given r linear
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systems Azx ~ b,k =1,...,r with by € F". By denoting B = (by,...,by) and
Z =(z1,-.-,2r), we arrive at the model (25). The latter model was analyzed, for
instance, in the context of total least squares solutions where it is called “multidi-
mensional total least squares” [21]. Also, there are different estimation problems, in
which the Z is indeed a matrix rather than a vector, see e.g. [22] for an example with
r=n.

Due to expected implementation errors, we would like to construct a solution to
(25) for which the worst case data error |A(Z + A) — B ||2 over all possible A e U is
minimized,

minmax ||A(Z + A) — B> (26)
Z Aeld

The solution Z is a robust solution to the system (25) in the sense that it is immune

to implementation errors. The tractability of the minmax problem (26) depends, of

course, on the choice of the uncertainty set /. Here, we consider U/ to be an intersec-
tion of several unstructured ellipsoids,

U={A:|CAI><pi,i=1,...,m}.

We assume that there exist u;, i =1, ..., m, such that Zl'-”zl MiCi*Ci > 0 and that
m < 6(F)r. To give an example of such a structure, note that in the case r = n, this
structure of U/ can model the situation in which each row of the perturbation matrix
A has a Euclidean norm bound (by substituting C; = E};).

The inner maximization problem

max || A(Z + A) — B||?
Aeld

can be written as
min{t : |A(Z + A) — B||> <t VA € U}.
Invoking Lemma 4.3, we conclude that the statement
IA(Z+2) = BI> <1, VAelU,
holds true if and only if there exist A; > 0 such that
(1, Q (A*A =Y "7L A CFC)) vec(A*(AZ — B)) > <0
vec(A*(AZ — B))* IAZ = BI? =t + " aip? ) —
which is equivalent to saying that there exist A; > 0 such that
I @ AN @A) =Y ML, ®CHUI, ®C;) (I, ® A*)vec(AZ — B)
( vec(AZ — B)*(I, ® A) ||AZ—B||2—t+Zf":1)»,~pl.2)
=<0.

Using the Schur complement, the latter LMI is transformed to

L L®A vec(AZ — B)
I, ® A* Y Ml @ CHU ® Ci) 0 =0. (@27
vec(AZ — B)* 0 r—=y", )»i,oiz
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Therefore, problem (26) can be recast as the following SDP in the variables ¢, A;, Z:

min ¢,
y I, ®A vec(AZ — B)
s.t. I, ® A* Yt ki, ®CHU, ® Cy) 0 >0,
vec(AZ — B)* 0 t—Y " Aip?
teR,
rMeRy, i=1,...,m,
Z e F"r,

4.3 Applications II: Robust Quadratic Problems with Unstructured Uncertainty

Consider a second-order cone problem of the form:

(Q min MN(a*z),
z
s.t. [Aiz+bil| <c¢iy, i=1,...,k,

ze ",

where A; e F"*" b; e F",a € F" and ¢; e R,i = 1,..., k. The constraints in (Q)
are more specific than those considered in the general form of second-order cone
problems (see e.g., [14]) in which a linear term is introduced in the right-hand side
of each constraint. However, in many applications the natural constraints are norm-
type constraints so that the model (Q) captures a substantial amount of “real-life”
situations.

Assume now that for each i =1,..., k, the data (A;, b;) is uncertain and is only
known to reside in some uncertainty set ;. The robust counterpart of the problem
(Q) is the optimization problem

(RQ) min NR(a*z),
z
s.t.  JJAiz+bil| <c¢; V(Ai,b)eld,i=1,... k,

z e F".

The tractability of the robust counterpart strongly relies on the choice of the un-
certainty set U. For example, in the structured case, it is well known that if I/ is an
ellipsoid, then (RQ) can be recast as an SDP; however, in the case when I/ is given by
an intersection of ellipsoids, then (RQ) is generally not tractable [23]. We will now
show that when I/ is given by an intersection of at most 6 (F)r unstructured ellipsoids,
the problem can be recast as an SDP. Define

U ={(A,b) = (AV, b)) + A* : A e T ICi AP < pjyj=1,...,m},
where we assume—as in the previous application—that m < 6(IF)r and that there
exist u;j € R,i =1,..., m such that Z’}Ll ujC;ij > 0.
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Note that a vector z € " satisfies the ith constraint if and only if
lAiz+bill <ci, forevery (A;,b;) €U,
which is the same as

1A%, B0z + A*Z)? < 2,

1’71

for every A € ™" satisfying |C;A|> <p;, Jj=1,...,m.

Here, z = (z; 1). The latter implication can be written in terms of QM functions as
follows:

Tr(A*EA) + 2R(Tr(F*A)) + g <0,
for every A € F"* satisfying Tr(A*C;ijA) - ,0]2- <0, j=1,....,m, (28
where
E = 77*, F =Zw}, g:Tr(u),-w;k)—ci2

with w; = (A?, b?)Z. By Lemma 4.3, we have that (28) is equivalent to the following
Statement:

There exist )\3. >0, j=1,...,m such that

(lr ®(E - LLMCiCp  veelF) ) N 09)
vec(F)* g+ 20 M7
Using the identities
LRE=L®)(1®0)*  veelF)=@Dwi,  g=wjw; —cf,
we deduce that the LMI (29) is the same as
(I ®DU; @) = XJ_ V(L @ C* (1 ® C)) I, ® Dwi
( wi(l ®2)" Wy wi _C?+ZT=1A;pJZ>’

501

which, by the Schur complement, transforms to

I, Iy ®Z)* wi
Ir®2 Zz‘n:](lr®cj)*(lr®cj) 0 EO,
w} 0 ¢i = X1 2567

so that problem (RQ) is equivalent to the following SDP problem in the variables
Z, AL
J
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(RQ) min N(a*z2),

I (L ®)* w; = (A}, b))z
s.t. I ®z YU ®CH*U @ Cj)
(A7) 0 ci

>0, i=1,...,k,
Z=(z 1) eF"H,

)\'3'203 i=1,....k, j=1,...,m.

5 Uniformly Quadratic Problems
Consider the following class of QCQPs:

(UQ) min  fo(2),

s.t.  fi(z) <0, iel,
0fi2)=0, jeE.
zeFP,

where the functions f; : F? — R, i € ZU &£ U {0} are given by
fi@) =a;iz" Qz +2N(b} 2) + ci,

witha; € R, b; € FY, ¢c; e Rand Q € HY  (F).

0

m i,2
— Xj=14iP]

Such problems will be called uniformly quadratic problems. In this section, we
will show that this special class of (possibly) nonconvex problems (UQ) admits a
tight SDR and has a zero duality gap as long as the number of constraints |Z| + |£|
is smaller or equal to 6 (F) p (and under some very mild conditions). This result is an
improvement and extension of a related result [17, Corollary 2.1] which was derived
for the real case. In [17], it was shown that, as long as the number of constraints is no
larger than p — 1, then the problem admits a tight SDR. Here, we improve the result

by allowing p constraints and extending it to the complex domain.
5.1 Strong Duality for the Class of Uniform Quadratic Problems

The dual problem of (UQ) is the problem

(DbUQ) max -—t,

Odxa Oaxi
st M(fo)+ Y xl-M(f,»H(O o
ieZUE Ixd !
rieRy, iel,
rMeER, e

(recall that M (f;) = (al",ng b.i))-

Ci

)105
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We assume that problem (UQ) is feasible and that condition (11) is satisfied,
which, for problem (UQ), translates to

Either there exists k € £ for which ay # 0 or there exists k € Z for which a; > 0.
(30)

Theorem 5.1 (Strong Duality of Uniformly Quadratic Problems) Assume that prob-
lem (UQ) is feasible and that condition (30) is satisfied. Furthermore, suppose that
m < 0(F)p. Then, problem (UQ) is solvable and val(UQ) = val(DUQ).

Proof Making the change of variables
w=z"0"% (weF™P), 31)
problem (UQ) becomes

min  go(w),
s.t. gi(w) <0, ieZ,
gj(w)=0, jeg,
w e F1¥P, (32)

where g : F'*P — R are given by gx (w) = ax Tr(w*w) +2R(Tr(dfw)) +cx, k€ TU
& and dy = b}} Q12 e F'*P_ Since the linear change of variables (31) is a bijection,
problems (32) and (UQ) have the same optimal value. Note that problem (32) is a
QMP problem of order r = p (and n = 1) and therefore, since all the conditions of
Corollary 2.1 are satisfied, we conclude that strong duality holds for the transformed
problem (32) whose value is hence equal to

max —Tr(P),
(ao-l—Z)»iai do+2)»idi )
>0,
ds+ 3 nid? %(co—i—Z)»iCi)-l-dD
® € HP(F),
rMeRy, ieZ,

S.t.

)\‘,‘ER, jeg,

where all the summations are over i € Z U £. The latter maximization problem is, of
course, equivalent to the maximization problem
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max —f,
S.t. Tr(®) <t,
<%+me do+ ) Aid; )>
S+ hid} Lo+ nie)+@) ~
® e H!(F),
rieRy, el
L eR, jek&. (33)

’

Making the change of variables D=0 — %I , problem (33) becomes

max —f,

st. Tr(®) <0, (34)
<a0+ZA,~ai do+>_Arid; ) o
di + X hidf  S(co+ Y hici +D)+ D)
® e HP(IF),
rieRy, ieZ,
rieR, je&.

(35)

Using Lemma 4.2 (equivalence of (iii) and (iv)), we can rewrite the above prob-
lem by replacing constraints (34) and (35) with a different LMI not depending on a
matrix &:

max —f,
<(ao + Y hia)l,  dy 4+ Y hid! ) -0
do+ Y /L, hid; o+l hici+t) T
ameRy, iel,
rieR, jef.

Multiplying the LMI in the above problem from the left and right by

(QW 0px1>
O1xp 1)’

we arrive at the problem

max —t,
<(ao+2l (Aiai)Q bo+ Y7 lkb)>0
by + > i AibF t -
rieRy, el
rieR, jef&,
which is just the dual problem (DUQ). O
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5.2 Chebyshev Center of the Intersection of at Most 8(IF) p Balls in F”

As an application of Theorem 5.1, we consider the problem of finding the Chebyshev
center of the intersection of several balls. We recall that the Chebyshev center of a set
Q is defined as the center of the minimum radius ball enclosing the 2 [24]. Finding
the Chebyshev center is generally a hard problem; exceptions for this “hardness”
statement are when €2 is (i) a finite set of points (ii) a union of balls or ellipsoids, see
[25] and references therein. The Chebyshev center of the intersection of several balls
is the vector z which is the solution of the minmax problem

minmax ||z — 2||%, (36)
7 zeQ

where
Q={zeF?: |z—a|*<rti=1,....,m}. (37)

i

We assume that m < 6(F) p and that 2 is nonempty. Problem (36) can be written as
min{max{(lz]1> - 29"} + 12112}. (38)
7 lzeQ

Note that the inner maximization problem in (38) is a uniform quadratic problem
which satisfies the conditions of Theorem 5.1 and therefore can be replaced by the
dual minimization problem

min f,

<(—1 +2L A, 2300 Aiai) <0
=30 haf ! 7

)»iGR+, lzl,,m

We thus conclude that the Chebyshev center problem (38) can be recast as the convex
minimization problem

min 7+ |2,

t,Ai 2
((—1 + 2 A0, =300 Mli) 0
2* - ZT:I )\’ia;k t -

)\.iER+, i=1,...,m,
which transforms to the SDP

min t+s,
18,42

( 1+ a0l 2—300 x,»a,.) o

R m =0,
T =2 kel

I
(Ap Z>EO’
s

)\.iER+, l:1,,m (39)
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We summarize the above derivation in the following theorem.
Theorem 5.2 Consider problem (36) of finding the Chebyshev center of the set 2
given by (37). Assume that Q2 is nonempty and m < 0(IF) p. Then, the value of problem
(36) is equal to the value of problem (39). Moreover, if (t,s, A;,Z) is an optimal

solution of (39), then Z is an optimal solution of the minmax problem (36).

Remark 5.1 Tt can be shown, by following the analysis in [17], that if & has a non-
empty interior, then the Chebyshev center is given by

m
z= Zkiai,
i=1

where (Ag,...,A;) is an optimal solution of the following convex quadratic mini-
mization problem over the unit simplex:

m 2 m n
mi“{ Sna| =Y alla =Y a=1,120}.
i=1 i=1 i=1

The corresponding radius of the minimum ball enclosing €2 is given by

m
D _Hia
i=1

2 m
= xilllail? = rd).
i=1

Some examples of Chebyshev centers of intersection of balls are given in Fig. 1.
The Chebyshev centers were found by using Theorem 5.2.

Appendix A: Low-Rank Solution of Real and Complex SDP Problems

The underlying assumption that guarantees the validity of the process is that problem
(10) is solvable and that |Z1]| + |£1| < (r + 1;F) — 1.

Algorithm RED
Input: Zo—an optimal solution to problem (10). R
Output: An optimal solution Z to problem (10) satisfying rank(Z) <r.

1. If rank(Zp) < r, then go to step 3. Else, go to step 2.
2. While rank(Zy) > r, repeat steps (a)—(e):
(a) Set d < rank(Zp).
(b) Compute a decomposition of Zy: Zg = UU*, where U € F"*4.
(c) Find a nontrivial solution T for the set of homogenous linear equations in the
d x d Hermitian variables matrix T (T = T%*),

Tr(U*C;UT) =0, ieZjU&.
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(d) If Ty = 0, then set W < —Tj. Else set W < Tj.
(e) §et Zo < U +BW)U*, where B = —1/Amin(W).
3. Set Z < Zg and Stop.

The linear system of step (c) has a nonzero solution, since the relations |Z1| +
€1l < (r + 1;F) — 1,d > r imply that the homogenous system has more variables
than equations.

Fig. 1 The Chebyshev center of
the intersection of p balls in R?
(p =2, 3). In the upper figure,
the filled area is the intersection
of two circles and the
Chebyshev center of this area is
denoted by “*”; the dotted circle
is the corresponding minimum
enclosing ball. In the lower
figure, the filled-face ball is the
minimum enclosing ball of the
three faceless balls
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Appendix B: Proof of Theorem 3.3

We begin by stating a result of Au-Yeung and Poon [16, Theorem 2]. This result is as
a generalization of Brickman’s theorem [26] on the numerical range of two quadratic
forms.

Theorem B.1 Let Ay, ..., Ay € H"(F) and let r be a positive integer for which n >
r+2andk <@ + 1;F) — 1. Then, the set

((Tr(Z*A12), ..., Te(Z*Ar 2)) - ||Z||2F =1,Z "}
is convex.

In [19], Polyak showed how to use Brickman’s theorem in order to derive a con-
vexity result on a mapping comprised of three homogenous quadratic forms. We use
a similar line of analysis (with the necessary modifications) in order to prove our re-
sult on the convexity of no more than ¢(r + 1; IF) homogenous QM functions over
the real or complex domain.

Proof of Theorem 3.3 Denote by f : F"*" — R™ the vector function

F(Z)=([1(D);...; fi(2)),

where f;(Z) =Tr(Z*A; Z). Our goal is to show that { f (Z) : Z e F"*"} C R™, which
is the image of F"*” under f, is closed and convex. Let T : R¥ — R¥ be any invert-
ible linear transformation of the form

k
T(x1;...5x8) = (*;...;*;mei).
i=1

Since closedness and convexity properties are invariant under linear transformations
over R¥, we conclude that it is enough to prove the desired properties (closedness and
convexity) on the set G = {g(z) | z € F"*"} with g = T f. Note that

k
g (Z) = me,-(Z) >0, forevery Z #0.
i=1

By applying an appropriate linear transformation on F"*”, we conclude that we can
assume, without loss of generality, that g;(Z) = ||Z||%. By Theorem B.1, we have
that the set

H={(g1(2);...:81(2)) : 12|} =1} RN
is convex. Moreover, G can be represented as
G={1Q|Ar=0}, (40)

where Q = {(h; 1) : h € H}, i.e., G is the conic hull of the convex set Q and as such
is convex, see [27, p. 14]. All that is left is to show that G, given by (40), is closed.
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Note that H, being an image of the unit sphere by a continuous function, is a
compact set. This implies that Q is also compact. To show the closedness of G,
consider a sequence of points {Azg*} from G, such that A; > 0 and ¢* € Q. We will
prove that, if

gt — a, (41)

then a € G. Indeed, the compactness of Q implies that {g*} must have a subsequence
{g"} that converges to a point § € Q and in particular g,, = 1. We can thus write, for
large enough /,

k
_ Mgqm
Al = T
dm

- a, =\,

which implies A¥ g% — A§. Combining this with (41) we have a = 1§ € G.

Finally, we will show that F = W. The inclusion F € W is clear so only the
converse inclusion W C F will be proven. Let w = (Tr(A1U);...; Tr(AyU)) e W
with U € H' (IF). The positive semidefinite matrix U has a decomposition U =

LS ziz} with z; € F". Then,

1 n
U= ;Zziz;‘,

i=1
with Z; = (2;, Opx(r—1)) € F"*". Therefore, w = %Z?:] w', where
w' = (Tr(ZFAL1Z); .. s T(ZF A Zi)) € F,

and we conclude that w, being a convex combination of points from F, also belongs
to F. O

References

1. Beck, A.: Quadratic matrix programming. SIAM J. Optim. 17(4), 1224-1238 (2006)
2. Jakubovi¢, V.A.: The S-procedure in nonlinear control theory. Vestn. Leningr. Univ. 1, 62-77 (1971)
3. Fradkov, A.L., Yakubovich, V.A.: The S-procedure and the duality relation in convex quadratic pro-
gramming problems. Vestn. Leningr. Univ. 155(1), 81-87 (1973)
4. Polyak, B.T.: Convexity of quadratic transformations and its use in control and optimization. J. Optim.
Theory Appl. 99(3), 553-583 (1998)
5. Ye, Y., Zhang, S.: New results on quadratic minimization. SIAM J. Optim. 14, 245-267 (2003)
6. Moré, J.J., Sorensen, D.C.: Computing a trust region step. STAM J. Sci. Statist. Comput. 4(3), 553—
572 (1983)
7. Moré, J.J.: Generalization of the trust region problem. Optim. Methods Softw. 2, 189-209 (1993)
8. Ben-Tal, A., Teboulle, M.: Hidden convexity in some nonconvex quadratically constrained quadratic
programming. Math. Program. 72(1), 51-63 (1996)
9. Fortin, C., Wolkowicz, H.: The trust region subproblem and semidefinite programming. Optim. Meth-
ods Softw. 19(1), 41-67 (2004)
10. Stern, R.J., Wolkowicz, H.: Indefinite trust region subproblems and nonsymmetric eigenvalue pertur-
bations. SIAM J. Optim. 5(2), 286-313 (1995)
11. Beck, A., Eldar, Y.C.: Strong duality in nonconvex quadratic optimization with two quadratic con-
straints. SIAM J. Optim. 17(3), 844-860 (2006)

@ Springer



J Optim Theory Appl (2009) 142: 1-29 29

12.

13.
14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.
27.

Huang, Y., Zhang, S.: Complex matrix decomposition and quadratic programming. Technical Report
(2005)

Polik, 1., Terlaky, T.: S-lemma: a survey. SIAM Rev. 49(3), 371-418 (2007)

Ben-Tal, A., Nemirovski, A.: Lectures on Modern Convex Optimization. MPS-SIAM Series on Opti-
mization. STAM, Philadelphia (2001)

Hiriart-Urruty, J.B., Torki, M.: Permanently going back and forth between the “quadratic world” and
the “convexity world” in optimization. Appl. Math. Optim. 45(2), 169-184 (2002)

Au-Yeung, Y.H., Poon, Y.T.: A remark on the convexity and positive definiteness concerning Her-
mitian matrices. Southeast Asian Bull. Math. 3(2), 85-92 (1979)

Beck, A.: On the convexity of a class of quadratic mappings and its application to the problem of
finding the smallest ball enclosing a given intersection of balls. J. Glob. Optim. 39(1), 113-126 (2007)
Pataki, G.: The geometry of semidefinite programming. In: Handbook of Semidefinite Programming.
Internat. Ser. Oper. Res. Management Sci., vol. 27, pp. 29-65. Kluwer Academic, Dordrecht (2000)
Pataki, G.: On the rank of extreme matrices in semidefinite programs and the multiplicity of optimal
eigenvalues. Math. Oper. Res. 23(2), 339-358 (1998)

Barvinok, A.: A remark on the rank of positive semidefinite matrices subject to affine constraints.
Discrete Comput. Geom. 25(1), 23-31 (2001)

Van Huffel, S., Vandewalle, J.: The Total Least-Squares Problem: Computational Aspects and Analy-
sis. Frontier in Applied Mathematics, vol. 9. SIAM, Philadelphia (1991)

Guo, Y., Levy, B.C.: Worst-case MSE precoder design for imperfectly known MIMO communications
channels. IEEE Trans. Signal Process. 53(8), 2918-2930 (2005)

Ben-Tal, A., Nemirovski, A.: Robust convex optimization. Math. Oper. Res. 23(4), 769-805 (1998)
Traub, J.F., Wasilkowski, G., WozZniakowski, H.: Information-Based Complexity. Computer Science
and Scientific Computing. Academic Press, San Diego (1988). With contributions by A.G. Werschulz
and T. Boult

Xu, S., Freund, R.M., Sun, J.: Solution methodologies for the smallest enclosing circle problem.
Comput. Optim. Appl. 25(1-3), 283-292 (2003). Atribute to Elijah (Lucien) Polak

Brickman, L.: On the field of values of a matrix. Proc. Am. Math. Soc. 12, 61-66 (1961)
Rockafellar, R.T.: Convex Analysis. Princeton Mathematical Series, vol. 28. Princeton University
Press, Princeton (1970)

@ Springer



	Convexity Properties Associated with Nonconvex Quadratic Matrix Functions and Applications to Quadratic Programming
	Abstract
	Introduction
	Notation

	Review and Extension: QMP Problems in the Real and Complex Domains
	Quadratic Matrix Functions and Problems
	Semidefinite Relaxation and Dual of the QMP Problem
	Tightness of the Semidefinite Relaxation of the QMP Problem

	Convexity of the Image of Quadratic Matrix Mappings
	Semidefinite Representation and Convexity of the Image of Fn xr under a QM Mapping
	Convex Counterparts of Problems Involving QM Functions

	S-lemma on QM Functions
	Extended S-Lemma on QM Functions
	Applications I: Solutions of Linear Systems Immune to Implementation Errors
	Applications II: Robust Quadratic Problems with Unstructured Uncertainty

	Uniformly Quadratic Problems
	Strong Duality for the Class of Uniform Quadratic Problems
	Chebyshev Center of the Intersection of at Most theta(F)p Balls in Fp

	Appendix A: Low-Rank Solution of Real and Complex SDP Problems
	Appendix B: Proof of Theorem 3.3
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


