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Monotonic Functions

Consider the indefinite Lebesgue integral

F (x) :I f (t)dt

if f(t) is nonnegative, F(X) is

Summable function f(t)
be decomposed as th
functions




m Def: right-hand limit of function f(t) at x,:  [im f (X, +€&)=
e—0
left-hand limit 1M T(X,—&) = (X, =0)

® Def: A function f(t) is continuous from the righ

and continuous from the left if f(X;) =

= [Def: Discontinuity point of the fir
SUERCBIEERELEIRS jump = f (X, +0)— f (X, —0)

\4



Theorem: Every non decreasing function f on [a b] is measure
and bounded, and hence summable.

Theorem: A non decreasing function can have r
countably many points of discontinuity.

Theorem: The jump function is continuous
Moreover, all the discontinuity points of
the jump at x, equal to h,.

Theorem: If f is continuou
fis the sum of a contin
jump function w.

Proof: If X;,x
correspor




= p(x") = p(x) =[1(x") = £ =l (x") =p (X)L, >

This quantity is non negative ====p ¢ is non decreasing

Moreover, given any point X €[a,b]

p(x—0) = lim  (x—&)~lim y/(xe)

p(x+0) = lim  (x+¢)~lim

@ Theorem:




F(x) :f f (t)dt =j f (t)dt —j f (t)dt=F,(x)=F,(xX)

is the difference between two non decreasing funciti
and F,. But F; and F, have finite derivatives a.e

® Theorem: Letf be any function su




Functions of Bounded Variation

® Def: A function f defined on an interval [a,b] is of bc
variation if there is a constant C>0 such that

n

Z‘ f(x)— f(xk—1)| <C

k=1

for every partitio® =X, <X, <---<

® Def: Let f be a function of B
[a,b] is

Properties:
m \/ (af)



Theorem: Ifa<b<c then \/.(f)=\/.(F)+\/ (f)

Corollary: The function V(X)=\/,(f) is non decreasing
total variation is non negative).

Theorem: If f is of BV on [a,b], then f can be
difference between two non decreasing f
Proof: Let v(x)=\/ (f)andg=v-
9(x") =~ g(x) =[v(x") ~v(x)]-[f

F ()= (X)) Sv(x) -
non decreasing.




® Theorem: Let F be a non decreasing function on [a,b]. The
derivative F’ is summable on [a,b] and

'TF'(t)dt <F(b)-F(a)

F(t+1/n)—F(t)
1/n

F (1) =lim ~ =R im @ (t)

n—>o0 1/n

Proof: Let @ (t)= , Clearly

Since F is summable on [a,b] ¢

i@n(t)dtzni[F(t+1/n)—F(t §

Assume F(t)=

—> TF'(t)dt <F(b)-F(a)



When le'(t)dt <F(b)-F(a)?

m Discontinuous function

A

1 0.5<t<1

1 1
F(t)={0 - E— O:IF'(t)dt<F(1)—F(O)=1

[
»

05 1
® Cantor function - Continuous function
Cantor set: removing the open middle third interval starting with /0, 7/.

Cardinality: continuum (each point can be mapped as i.e.

Left,Right,Right,Left....) ———————————
Measure: 0 — —
1 2 4 oL (2)”1 N -
removed = —+—+—+... = — = =1
3 9 27 3" 34\3

[ [0’ 7]//‘emoved=0 nmoonn nnmonn




Cantor function  F(t) st te [a™,b™]
Zn removed intervals

-
2 3 3
1 2
— —<1L—
F=it 9 9
3. 8
— —<t<—
4 9 9

0.3 0.6 n_s 1 -

*The function is defined in the oles + ed pois of the cantor set
(0,1,1/3,2/3,1/9...).



—_— i
1/3 2/37

T 8/27
2/9

Consider the point 1/3. Obviously is it contin
an increasing sequence,
el |

n=23,..6eacC
3n




Absolutely Continuous Functions

m Def: A function f defined on an interval [a,b] is absolutel
if, given any £>0, there is a 6>0 such that

Zn:\ f(b)—f(a)<e

for every finite system of pairwise disjoint

m Remarks: absolutely contir

Cantor function is not

@ Theorem: Iffis

® Theorem




® Theorem: The indefinite integral of a summable function f is absc
continuous.

F(x) :I f (t)dt

Proof: Given any finite collection of pairwise disjoi

bjk f(t)dt szn:

=1 |a,

n

Zn:“:(bk)_ F(ak)| =

but the last expression approache
approaches 0.

® Theorem: If F is abso
[a,b] and




The Lebesgue Decomposition

Let f be a function of BV on [a,b]. f can be represented as the
difference between two non decreasing functions and hence

T(X) =p(X) +w(X)

continuous jump function
of BV

Let 40 =[¢#'®)dt, ¢ (x)=40) (X

a
mm=) 4, is absolutely continuous, ¢, i

¢, (X)=¢'(X)

A continuous functior

— T (X) =4 (X) +6,(X) +y(X)

/ | \

absolutely continuous singular jump function



Basic Definitions in Measure Theory

® Def: Let X be a non empty set and let A be a collection of
of X. A is c-algebra if:

DeA, VE eA
| JE, €A
h

(NE. €A

B Def: Let ,u:A—)[O,+or<]J]. nis g




® Def: Let u be a positive measure and let v be a signed measure. v |
absolutely continuous with respect to p , v<<p if |u(E) =0= u(E

u and v are mutually singular & 1 vif there exist sets A,B ¢
4|(A)=0,ju|(B)=0 where X=AuUB, ANB=Q

® Theorem (Radon-Nikodym): Let (X,A,) be me
positive measure and v a signhed measure ¢
respect to u. Then there exists a real-va




Proof: v, L u if there exist disjoint sets A,B such that |#(A)=C

where X =AuB, AnB=9J
> UOJ_‘,U‘:>UOJ_IU

b <<p if for any measurable set E |

— U, <<|{| =0, << p

Hence it may be assumed that =~ - - e eeeie

We may also assum:e v IS positive measure
decomposed to



osU(E):jf d,u+jf do<u(E)+v(E)=0<f <1 ae w.rt u+
E E

mem) (O0<f<l ae W.rtv.
Let A={x;f(xX)=1, B=X-A o(A) = [du+d
)

since  p(A) <oo=> u(A)=0.

Let v,(E)=0(ENA), u(E)= C—> v, Lu, v,+u =0
Suppose u(E)=0, then

But1-f>0 a.e. w —> Vv,<<u

contradiction




The Space of BV Functions

® Def: Let Q be a bounded open subset in R"and y e |

jDu=Sup{juv-godx:go:(gol,(DZ,...,goN)eCé,|goLw <
Q Q

® Example 1: if uecl(Q):J'uV-godx:—jVu- '
Q Q

~Vu-p<|VUy| :>j—Vu-godxsj'|Vu|dx m—
Q (@)

Vu(x)
Vu(x)|

where H,(x) is a disk witl

Let D, (X) Z H n (X)




-1 -1<x<0

1
then ue'c
+1 0<x<1 :"qo

m Example 2: if u(x)={

mmmp Du=-20(x) (distributional derivative),

m Def: BV(9), is the sp




® |fuis a BV function, then Du can be identified as a Radon vector-valued m

Let Ue BV and L:c ()" — R the functional defined by

Then L is linear, and since u is BV, sup {L(¢);¢e c ("

—) “—(q’)‘gc‘("mg) === Linear bounded f

® Riesz Representation Theorem:

Let Q2 be a compact set of R". For an
on ct(Q)" there exists a Radon r
compact set of R") and a p-




Let du=dx, v=Du,
d D, Radon Nykodim d L
ac

dvo=do,+do,=—2du+dvo, = —du+do,
du du

d(Du)dx+dus Let Vu=d(Du)

) )=
dx du

Approximate limits

Let B(x,r) be the ball of center x an

u*(x) =ap—Ilim sup u(




m—  do,=do,|  +du

slo\s (u)

do =Vudx+do,

O

(u*—u‘)nuHN‘l

Su

Approximate upper/lower limit
unit normal vector

Hausdorff measure

t_u ‘dHN <y HCU\

S(u) O\S (u)

— _”Du\ ﬂVu

Hausdorff Dim >N-1
(Fractal)






['-convergence

A sequence F, :X — [-wm,+o0]-convergesto F X — [—o0,+00]if:

1. liminf inequality Vu, »>u: F(u)<Ilminf F(u,)

2. existence of recovery sequence Ju; »u: F(u)>limsup; F;(u;)

® Fundamental theorem of I'-convergence: SUpk
compact set K — X exist such that inf,Fj

then Imin F =Ilm j inf F. .
X X

Moreover if u; is a converging

its limit is @ minimum point



Proof: Let Uu;,cK satisfy lminf,F;(u;)=lminf, ir;zc F;.

There exists a subsequence (u i ) converging to some u, s

1)
ir;(f F<F(u) < lminf, F, (u

lim sup ; Inf F;, <lim's
X

This is satisfied for ever

Inf F =Ilim i Inf Fj
X X

—> EIm)En =lim ir)l(f F,




Approximation of the Mumford-Shah functional by Elliptic Functior

Let QcR"beboundedopenset. g:QQ—>R isac
function, y: O —> R and S(u) the jump set of u.

F(u) = _ﬂu -~ g|2 +ﬂj|Vu|2dx+aH 2
(@) (@)

But if u is a Cantor-like function,

By the density of u |

mmm)  frivial S




Mumford-Shah functional

m Theorem: Let V :[0,1]] ->[0,2) be a continuous function
1, ang :[0,1] — [0, ) be an increasing lower semi

w(0)=0,y(D) =1, w(t)>0 if t=0.Letthe fun

2 1 12
Gg(u,v){J(W(V)U' +;V(v)+g\v\ )dt

Q
00)

then G, I'-converg




® | emma Given two sequences tj.tiel suchthat u;(t/)— 2,

im nf I( Vv,)+&V] Jdt_

and in particular for {z1,22}={0,1}

im nf | {

=2Cv

V (V. )+—\v | ] 2]',/\_/(5)ds

J

Proof: Recall the inequality




Assume: U;—U, V;—>V, U;—>U, V,—>vae, Im;G

| [

]

Lemma (Edges): #35(u) <oofor open | =€,
4CV#(S(U) N 1) < lim inf G,

Proof: choose {,.. .t}

Let tel. ccl, m



Since there are two jumps 1 to 0 and O to 1, we use
m==p lminf; G, (u;,v;,1;)=4Cv
J

But {tl,...tN}c S(u) mesdp |im inf . C

and by the arbitrariness of

Lemma (segments):

Proof: let




Again, by the first lemma,

#(Jﬁ,)élj'V(s)ds <lim inf G, (u;,v;,1)=

L -
#(J,ﬁ )S c[ j . (s)ds] independen ton N
suppose J! =tk :1=1...,L=L(N)}, a

Let S={t1,...tL},77>0,77>1/N R
— im inf jy(z)  [|u




Finally we integrate the edges and segments:

Set 1) =Q\SU)+[-n.7], 1, =SU)+(mn)NQ

[
j\u'\zdt+4c:v#(5(u))s iim inf G, (u;,v;,1°%,7)+lim
|’7

=lim inf ; G, (u;,v;,7)

Letting 7 —0

j|u'|2dt+4c\/#(5(u))s lim inf | G, (u;,v))
Q




® Construction of recovery sequence
Assume: Q=(-11), ueSBV (Q), u'e L°(Q), S(u)=40
& =0(%), u, e H(Q), u (t)=u(t)if [t

Let veH'(0T) besuchthat [f(+f)<a




)

G, (u,,Vv,)= _l[(w(vg)‘u;‘z Ly (v,) +élv,| )
-1 &

M )dt 2 I( V(v(t-¢,)/e)+e|v((t-

J{u )dt+j&<v>+|v| it +2v (0) ==

arbitrary n, #(S(u))=1, &

1
lim sup; G, (u,v) < | u!*dt + 4Cv#S(u)
-1




Weak sequential compactness

Let X bea reflexive Banach space, K > 0,and x, € X
a sequence such that |x ||, < K.Then there exist x € X and

weak

a subsequence Xn, such that Xp, —> X (n — ).




® Theorem: Let p>1, and p’=p/(p-1),let W :R —[0,00] be
function such that W(z)=0 iff z€{0,1} let

1 S
- EZ[W(u(t))dHTﬂu

o0

1
and let C, = [(W(s)f'"ds
0

then P I'-convergence ta




Proof: for the sake of notations, for all open sets | in R. we set




a’ +a;
a. =

Change of Variables -
£

Vi) =u (e t+a) T

j

— IW (U(s))ds= [W(vi(s/e,—a ))ds
(@) (@)




This implies that if veW®"P(a,b) then

[ [Lworsuf o [v(olofob)-

(a,b) (a,b)

Set €= liminf inf inf {R(v,(T,T)):veW?

(z,w)—(0,1) T>0

— C2> I|m inf |®d(w)—d(z)|=d

—(0,1)

— lminf P, (u))

By the arbitre

lim inf ; P, (u;) >C#(S(u))>Cp#(S(u))




Constructing recovery sequence

For fixed 77 >0,choose T, >0 and v, € W""(-T,

P(v,, (T ,T))<C+n  0<v (-

Extend Vn to R:

Ov (v, (-T,)+t+T

v, (t) =1V, (t)
(N (V77

m—
RV, (=T,.T,)) §R(v,, R\[=T,, T, 1)




&

u(t) otherwise

Change of Variables ( {vn(tle) te[-&(T, +n),&(T, +n)]

arbitraryn
me==p>  limsup P (u,)=R(v,,R)<C+cyp < T

-0

If uis BV and u={0,1} a.e. then repeating the same

of S8 lim sup P, (u,) <c#

-0

Choose y e W (R) satisfying

— lim sup P, (u_) < Cp#(S(u))

&c—0







