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Abstract. We address the problem of space-variant image deblurring,
where different parts of the image are blurred by different blur kernels.
Assuming a region-wise space variant point spread function, we first solve
the problem for the case of known blur kernels and known boundaries
between the different blur regions in the image. We then generalize the
method to the challenging case of unknown boundaries between the blur
domains. Using variational and level set techniques, the image is pro-
cessed globally. The space-variant deconvolution process is stabilized by
a unified common regularizer, thus preserving discontinuities between
the differently restored image regions. In the case where the blurred sub-
regions are unknown, a segmentation procedure is performed using an
evolving level set function, guided by edges and image derivatives.

1 Introduction

Most image deblurring methods rely on the standard model of a space invariant
kernel and additive noise
g=hxf+n. (1)

Here h denotes a known space-invariant blur kernel, f is an ideal version of the
observed image g, and n is noise. Yet, the assumption of space-invariance is not
accurate in real photographic images. For example, when multiple objects move
at different velocities and in different directions in a scene, one gets space-variant
motion blur. Likewise, when a camera lens is focused on one specific object, other
objects nearer or farther away from the lens are not as sharp. In such situations,
different blur kernels degrade different areas of the image. Other applications
include astronomy [12] and medical (SPECT) imaging [21]. In the space-variant
case, assuming a linear blur, Eq. (1) takes the form

o(z) = / W,z — u)f(u)du +n,

where z is a location in the observed image and u is a location in the ideal image

f.
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Most of the space-variant deconvolution literature considers the space-variant
problem under the assumption that the blur function is known. For example,
Nagy and O’leary developed a fast deconvolution algorithm via matrix-vector
multiplication involving banded Toeplitz matrices [14]. The blurring kernels are
assumed to have small domain of support. Lauer [12] dealt with astronomical
images and modeled the point spread function (PSF) as a sum of orthogonal
functions. Welk et al. [20] presented a variational deblurring method such that
the recovered image f was the minimizer of an objective functional that consists
of a robust fidelity term and a Perona-Malik regularizer [16].

Few works address the blind space-variant deconvolution issue. You and
Kaveh [22] presented a variational approach to this problem. In their method, a
parametric space-variant PSF with piecewise smooth space variance constraint is
utilized. In the case of motion blur, for example, the velocity v(x) was calculated.
This approach, however, suffers from severe multiple local minima problems.

Favaro and Soatto [7] presented a variational approach to segmentation and
restoration of scenes containing multiple moving objects. From a collection of
motion blurred images, they calculate the motion field, depth map and radiance.
In their method, the blur kernel is implicitly formulated in the objective func-
tional. The idea of simultaneous variational restoration and segmentation was
first introduced by Kim et al. [10]; they used a variant of the Mumford-Shah
functional [13] together with a curve evolution technique, but assumed a known
space-invariant blur kernel.

A significant contribution to the related shape from defocus problem was
given by Favaro et al. The 3D shape of a scene was estimated from a collection
of defocused images [8,9]. In the case of a moving scene, the depth map, radiance
and motion was inferred via an anisotropic diffusion model from a collection of
defocused and motion-blurred images [4].

Schechner et al. [18] presented an algorithm for the separation of two trans-
parent layers. Nonetheless, their work assumes that two images are available
such that in each image one layer is in focus.

Here we propose a novel variational approach to space-variant restoration.
The underlying model of this work assumes a space-variant PSF with piecewise
location dependence. This means that every sub-domain in the image is blurred
by a different kernel. The regions are separated by contours that are expressed as
zero level set functions. First we will solve the case where the contours and blur
kernels are known in advance. The contribution of the proposed non-blind space-
variant restoration approach relies on the usage of a global regularizer, which
eliminates the requirement of dealing with region boundaries. As a result, the
gray levels continuity of the recovered image is inherent. This method does not
limit the number of sub-regions, their geometrical shape nor the kernel support
size. In addition, since the restoration is global, the convolution operation can be
efficiently implemented by using Fast Fourier Transform (FFT) multiplications.

In the second part of the paper, we will address the blur segmentation given
a single image. We assume two sub-regions and known or easily estimated blur
kernels but an unknown contour between the sub-regions. The blur level differ-
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ence between the regions is assumed to be visually significant. This problem is
approached via a sequential process. We first segment the observed image into its
blurred sub-regions. The boundaries are determined using an evolving level set
function, guided by edges and image derivatives. Then we use the suggested non-
blind space-variant restoration method given the sub-regions and estimated blur
kernels. The advantage of this approach over a one-step process is the additional
regularization of this ill-posed problem. In the contours detection stage, some
assumptions are made regarding the contour properties. Pre-detected edges and
derivatives provide additional important information on this process. In such a
manner, the solutions space is reduced. The suggested method accommodates
arbitrary blur functions. It is because the contour detection process depends
essentially on the blur level rather on the blur type.

2 Non-Blind Space-Variant Restoration

Consider an image that consists of known sub-domains blurred by known kernels.
It is well known [14] that region-wise deblurring may yield boundary discontinu-
ities. This problem is illustrated in Fig. 1. The 256 x 256 Lena image was blurred
by an 8 pixels horizontal motion blur within the marked rectangular region. This
region was recovered by the Total Variation deconvolution method [19] and put
back into its place in the observed image. The outcome of the region-wise pro-
cedure is shown on the right. It can be easily seen that although the regional
recovery is satisfying, the gray levels on both sides of the boundary are not com-
patible. To solve this problem, some blending constraints have to be added to
the boundary conditions. Moreover, if the region shape is more complex, dealing
with boundaries requires additional algorithmic effort.

Fig. 1. Failure of the region-wise image deconvolution algorithm. Left: Spatially variant
blurred image. Right: Restoration using a region-wise algorithm

In the current study, we suggest a variational setting in which a global reg-
ularizer automatically takes care of gray level continuity in region boundaries.
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Fig. 2. Non-blind space-variant restoration. Left column: Spatially variant motion
blurred images. Right column: The corresponding recovered images using the suggested
method.

Furthermore, there are no limitations on the number and shapes of the blur
regions.

Let us define {2 as an open bounded set in R™, and an image f(x) : 2 — R™.
The open non-overlapping subsets w; C {2 denote regions that are blurred by
kernels h; respectively. In addition, {2 \ Uw;, denotes the background region
blurred by the background kernel hy, and w; stands for the closure of w;. The
region boundaries are designated by dw;. Deconvolution is known to be an ill-
posed inverse problem that has to be regularized. In the variational framework,
the recovered image is the minimizer of an objective functional that consists of a
fidelity term 7 and a regularizer R that reflects some a priori knowledge about
the image, such as smoothness. Boundary discontinuities can be prevented by
using a global regularizer. This means that the smoothness constraint is applied
to the whole image. Formally, the fidelity term is given by

1 b
T == i ik f—q)? — * f — g)%dz,
5 Ei n /wi(h f=g)yde+= Q\(Uwi)(hb [ —9)dx (2)

where 7; and 7, are positive scalars.
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Using the level set framework [15], the region boundaries Qw; can be implic-
itly represented by Lipschitz functions ¢; : 2 — R, such that

szawlz{xef)aﬁz(x)zo}

Following the formulation of Chan and Vese [6], the domains w; can be replaced
by the Heaviside function H(¢;), where

17 i 07
H(o) = {0 "y ®

The fidelity term 7 can, therefore, be rewritten as

T=3 Zm/h*f 9)°H(d:)dx
2 (hoxf=g) <12H¢1>

Several edge preserving regularizers are known to be effective in image restora-
tion and denoising. The Total Variation [17] and Perona-Malik [16] stabilizers,
for example, are widely used in the scientific literature. Here we favor the recently
proposed Mumford-Shah [13] based regularizer that is used for the deblurring
process [2]. In this approach, the image is modeled as a piecewise smooth func-
tion, that is the observed image can be decomposed into smooth regions by
well-behaved contours. The regularizer is expressed as

S:ﬂ/ |Vf|2d1'+a/ do
AK K

where K denotes the unknown edge set and | i do is the total edge length.
The Mumford-Shah regularizer, which leads to a free discontinuity problem, can
be approximated by a regular functional in the I'-convergence framework [3].
Ambrosio and Tortorelli [1] approximated the irregular regularizer by a sequence
Re where € — 0. The edge set K is represented by the characteristic function
(1 — xk), which in turn is approximated by a smooth auxiliary function v such
that v =~ 0 across the edges and v ~ 1 within the segments. The approximated
regularizer thus takes the form

—1)2
Ré‘/[szﬁ/ v2|Vf|2dx+a/ <6V0|2+w> dx. (5)
] €
Hence, the objective functional FMS = T + RMS is given by

FMS(f,0) Zm / hix | = 9)2H(6:)de
+’72b (ho* f — g) (1—ZH¢Z> (6)

—1—5/0112|Vf|2dm—l—oz/Q (er|2—|—(U;€1)2> dx.

(4)
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Whenever the contours C; are known a priori, the ¢; functions can easily be
determined. The recovered image f and edge map v are alternately obtained via
the solution of the following Euler-Lagrange equations [2]:
SFMS
of

= mihi(=) x[(hi % | = 9)H() (1)

+ mohs(—a) + l(hb “f=9) (1 - ZH(@N 20V (V) =0,

) MS -1
%:2ﬂv|Vf|2+a-v2—e—2eaV2v=0. (8)

Fig. 3. Non-blind space-variant restoration with different blur kernels in each region.
Left: Blurred image. Right: Restoration using the suggested method.

Fig. 2 demonstrates the performance of the suggested algorithm. The two
images in the left column were synthetically blurred by an 8 pixels length hori-
zontal motion blur within the marked rectangle (top) and circle (bottom). The
corresponding recovered images are shown in the right column. Since there was
no background blur, h, was as a delta function. The parameter set used was:
mp=1,8=10"3, a=10"% and ¢ = 1073, The superiority of this method over
the region-wise approach (Fig. 1) is evident.

Fig. 3 demonstrates a more complex case. The ellipse and curve sub-regions
were blurred by pill boxes of radius 4.9 and 2.1 pixels, respectively. The back-
ground blur was again a delta function. The image was recovered again with
71,2, = 1 and the same parameters set as before.

3 Blur Segmentation and Space-Variant Restoration

In this section, we address the problem of deblurring an image consisting of two
unknown sub-regions blurred by different kernels. We assume that the blur level
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Fig. 4. Left: Blurred image. Right: The corresponding E function.

difference between the regions is significant, and that both PSFs are known or
can be easily estimated. We present a novel approach to detect the boundary
between the sub-regions by the evolution of a level set function.

The key idea is to distinguish between different blur levels in the observed
image. It is readily apparent that highly blurred regions accommodate low spa-
tial derivatives. Edge information provides additional useful knowledge for the
discrimination process. Let us define a function E such that

: )

and B, is a ball of radius r. This function represents a smoothed version of the
Laplacian of the observed image g. Fig. 4 illustrates E with r = 2 pixels. The
two sub-regions are visibly distinguishable by their different gray levels. A closer
look at E shows that the gray levels of the edges in both regions are darker than
the segments, but the average value of the edges in the blurred sub-region is
lighter than in the sharp sub-region. This observation motivated us to perform
the contour detection by the difference of gray levels of E.

Let C denote the separating contour, K the edge set of the observed image,
and ¢ = {c1,c2,c3,c4} the average gray levels of the edges inside the contour,
the edges outside the contour, the segments inside the contour and the seg-
ments outside the contour respectively. Ideally, the separating contour C' is the
minimizer of the functional:

E = |log (|V?g| * B)

F(C,T) = ﬁ/ (B — e1)2dx + ﬁ/ (E - ¢)2da
2 inside(C)NK 2 outside(C)NK
A3 9 A4 9
+ — E —c3)*de + — E —cy)dx
2 inside(C)\K( 3) 2 outside(C)\K( ) (10)
— ¢ (VE, 7)|ds + %Q(C(s)ds
“ <

Robust Alignment Geodesic Active Contour
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The first four terms are fidelity terms that reflect the different gray levels in
E. The fifth term is a robust alignment [11]. It integrates the absolute value of
the inner product between the gradient of E and the curve normal 7 along the
contour. This measure reflects the projection of the E gradients on the curve
normals. Minimizing the minus of this term aligns these two vectors together.
The last term is the geodesic active contour [5], which is an integration of an
inverse edge indicator function along the contour. A curve C' that minimizes this
term is the curve along which the edge indicator function is a local maximum.
Fig. 4 shows that there is a significant gray level difference between the blurred
sub-regions, which in is this case can be seen to be a circle. Thus, the geodesic
active contour function must have low values along the separating contours. In
its classical form, the geodesic function has low values along the image gradients,
but in our case, the contribution from the edges needs to be eliminated. As a
result, the active contour will eventually follow the separating contour. This
is accomplished by detecting the edges in advance. We use the Mumford-Shah
based non-blind space-invariant restoration method [2]. As noted before, in this
framework edges are represented by a smooth function v(x) where v &~ 0 across
the edges and v = 1 within the segments. In an iterative process, both f and v
are alternately calculated as the minimizers of the following objective functional

]-"(f,v):%/Q(g*BT—hb*f)2+ﬂ/9v2\Vf\2dx

—1)2
+ a/ (6|V11|2 + (v)) dz.
0 4e

The g function was smoothed a little in order to get thicker edges. The blur
kernel was selected to be the weaker of the two kernels (the background kernel
in our example) to avoid over-deconvolution artifacts. Detailed minimization
techniques can be found in [2]. Now, let

B 1, v>T, (12)
v = 0, v<T,

(11)

be a binary edge map, where vy = 1 in the segments and vy = 0 across the
edges.
We proceed to introducing the G function (for Eq. 10):
1

SVEr) = T reawEn sy 19)

The constants 7y, u, v are positive scalars. This inverse edge indicator function
has low values along the separating contour because edge contributions are now
eliminated by vp.

As already noted, a contour C' can be implicitly represented as the zero level
set function C = {z € 2: ¢(z) = 0}. In terms of a level set function [6]

Length{C} = fc ds = /Q VH(¢())|dz = /Q 5(6(2))| V().
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and the curve normal 7 = V¢/|Vé| [11]. Therefore, Eq. (10) can be rewritten
as

F0.2) =5 [ = 0B e H@)do+ 2 [ (=0 (B -1~ He)da
+ % ; Vv3(E — c3)?H(¢)dx + % /Q v3I(E —¢y)*(1 — H(¢))dx

<VE |v¢|>’|VH |dx+/ G(VE,vr)|VH(¢)|dx .

Robust Alignment Geodesic Active Contour

(14)
When v ~ 0 (across edges), the third and forth terms vanish, while the first and
second terms vanish within the segments whenever v ~ 1.

Using the alternate minimization method, we first calculate the level set
function ¢ while keeping the constants ¢ fixed. Then we keep ¢ fixed and
minimize the functional with respect to each of the four constants. The implicit
level set evolution takes the form

o= =5 =N B - e el - 0B - o
+ >\3U2(E — 03)2 — )\4’1}2(E — 04) (15)
— sign ’E-vV- v Vo
(VB V) VE - V- (6(VB.ur) 20 ) } 0.

See Ref. [11] for more details on the derivation of the fifth and sixth terms.
Keeping ¢ fixed and minimizing F (¢, ¢ ) with respect to ¢; yields

J(—v)’EH(¢)
J(A=v)2H(¢)

The constants cg, c3 and ¢4 are calculated in the same manner. Foll()lving Chan
and Vese [6], the Heaviside function H is approximated by the C°°({2) function

1 2
H.(2) = 3 (1 + . arctan (i)) ,

d 1 €
0(2) = LH) = T a e

In our implementation we use this approximation with ¢ = 1.

Fig. 5 shows experimental results with a real image degraded by space variant
defocus blur. The top-left 250 x 333 image was obtained with deliberate defocus
blur using a Canon Power Shot G5 digital camera. The foreground object was
located 1.2m in front of the background poster. The picture was taken such
that only the background was in focus. The top-right image shows the recovered
image using the Mumford-Shah based non-blind space-invariant method [2] such

c1 = (16)

hence
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Fig. 5. Real space-variant restoration. Top-left: Observed image, background is in focus
while foreground is out of focus. Top-right: Space-invariant image restoration using
a single out of focus blur kernel. Bottom-left: Recovered image using the suggested
method. Bottom-right: Separating contour (red) on the background of the E function
and image edges (pink).
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that the whole image was restored by the foreground kernel. The failure of this
recovery is evident.

Better results were obtained using our space-variant method. At the first
stage, the separating contour was calculated by the minimization of Eq. (14). The
FE function together with the binary edge map vr and final contour, are shown
bottom-right. In this case the parameter set was A\ = Ay = 3, A3 = Ay = 0.1,
v=0095 p=14, v = 0.6, T = 0.93 and At = 0.1 as the gradient descent time
step. The ball radius was set to 8 pixels. The background PSF was assumed to
be a delta function and the foreground PSF was manually tuned to be a pill-box
of radius 4. In the second stage of the restoration process, the non-blind space-
variant method was employed using the calculated ¢ function with g = 0.001,
a=0.1,e¢=0.1,n =1, and 1, = 30. In the bottom-left is the reconstruction
using the method suggested in this paper. The quality of the image obtained
using the proposed method shows its applicability to real-world life situations.

4 Discussion

We presented a novel approach to space-variant deblurring of a single image,
where region-wise space-variant point spread function is the underlying model
of this research. In the non-blind space-variant restoration case, we proposed an
efficient algorithm that globally recovers the image with no limitations on the
number and shapes of the sub-regions. Special handling of the region bound-
aries is not necessary. Later, we introduced a segmentation method to determine
the blur regions. The separating contour between two blurred sub-regions was
represented as an evolving level set function and the blur kernels are assumed
to be known or easily estimated. Promising experimental results of real and
synthetic images demonstrate the potential of the suggested method to recover
space-variant blurred images.

This study suggests additional challenging topics for future research. In the
segmentation process, the number of blurred regions can be greater than two.
The detection of the blur kernels, analysis of the algorithm in the presence
of noise, convergence issues and parameters estimation can be also considered.
The fully blind restoration problem is highly ill-posed, therefore sophisticated
regularizers will have to be employed.
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