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ABSTRACT

Many problems in image processing are solved via the min-
imization of a cost functional. The most widely used opti-
mization technique is the gradient descent, often used due to
its simplicity and applicability where other optimization tech-
niques, e.g., those coming from discrete optimization, can not
be used. Yet, gradient descent suffers from a slow conver-
gence, and often to just local minima which highly depends
on the condition number of the functional Hessian. Newton-
type methods, on the other hand, are known to have a rapid
(quadratic) convergence. In its classical form, the Newton
method relies on the L2-type norm to define the descent di-
rection. In this paper, we generalize and reformulate this
very important optimization method by introducing a novel
Newton method based on general norms. This generaliza-
tion opens up new possibilities in the extraction of the New-
ton step, including benefits such as mathematical stability and
smoothness constraints. We first present the derivation of the
modified Newton step in the calculus of variation framework.
Then we demonstrate the method with two common objective
functionals: variational image deblurring and geodesic active
contours. We show that in addition to the fast convergence,
different selections norm yield different and superior results.

Index Terms— Newton method, Variational methods

1. INTRODUCTION

Optimization of a cost functional is a fundamental task in
variational image analysis, where most of the optimization
techniques are based on gradient flows. In the iterative gradi-
ent descent method, the step or search direction is the nega-
tive gradient. The definition of the gradient relies on an inner
product structure, in most studies the L2-type inner product is
implicitly assumed.

Recently, generalized gradients approaches were intro-
duced in image analysis by defining different inner product
typesl. Sundaramoorthi et al., [1], reformulated the generic
geometric active contour model by redefining the gradients
with Sobolev-type inner products. As a result, significant
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IThere is also a rich optimization literature with generalized metrics and
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improvement in region-based and edge-based segmentation
was accomplished. Charpiat ef al., [2], derived the general
gradient descent process associated with a symmetric posi-
tive linear operator which defines a new inner product. They
demonstrated that the choice of the inner product can be seen
as a prior on the deformation fields in shape warping and
tracking applications. Later on, Eckstein et al., [3], showed
the importance of the norm selection in the context of shape
matching.

The major weakness of the gradient descent methods is
that despite its simplicity, the convergence rate can be very
poor, many iterations are needed to achieve a local minima.
Alternatively, it is well known in optimization theory that
Newton methods are much faster, with a quadratic conver-
gence [4]. The Newton step direction is basically the mini-
mizer of the second-order approximation of the cost function.
In the case of a real function f(z) : R"® — R, the step is de-
noted by dy = —V2f(z)V f(z). If the time step is At = 1,
the method is a pure Newton, while damped Newton refers to
the case where At is selected via line search process.

In the calculus of variation framework, the derivative is
replaced by the first Gateaux variation and the Hessian is re-
placed by the second Gateaux variation. Few variational im-
age processing studies had used the Newton method for op-
timization. Hintermiiller and Ring, [5], solved the segmenta-
tion of grey scale image by the minimization of the Mumford-
Shah functional. Zhang and Hancock, [6], developed an edge-
preserving filter for smoothing images whose features reside
on a curved manifold. Both works use standard L? norms.

In this paper we derive a generalized Newton method
based on a general norm in the calculus of variations frame-
work.? We begin by presenting the quadratic approximation
of the functional, and continue with the mathematical deriva-
tion of the generalized Newton step. Numerical simulations
demonstrate the performance of the algorithm for image seg-
mentation and deblurring. We show that although the clas-
sical Newton method is very efficient, the results are quite
poor. By using different norms in the generalized method,
promising results are obtained with the advantage of high
convergence rate. Furthermore, given a highly noisy image,
the segmentation procedure turns to fail with the classical

2For mathematical details and additional examples see [7].



gradient descent method as pointed out in [1, 2]. Choosing
an appropriate norm in the suggested algorithm alleviates
the sensitivity problem and yields improved results at faster
convergence rates.

2. MATHEMATICAL DERIVATION

The second order Taylor expansion of the common cost func-
tional (2 € R", f € C1(Q))

F(f) = /Q I(f(z), Vf(x)) dx

motivates the Newton’s method. Let f be the minimizer of
this functional. The quadratic approximation to the variation

F(f + 1) is given by
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where H ; denotes the Hessian of the functional at f, and
1 @  — R stands for the variation. The first variation is
expressed as

<VF(f) | >= /Q <Ifw - fowiwm) da,
=1

and the second variation is
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In the case of n = 2 (z1 = x,x2 = y), the integrand of (2)
can be expressed in a quadratic form
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Consider an abstract infinite dimensional Euclidean space
- a vector space endowed with an inner product (symmetric
bilinear positive-definite form) such that [2] (see alse [1])

<ul|lv>c=<Lul|v>,

where £ : L? — L? is a symmetric positive definite linear
operator. Thus, (1) can be rewritten as

m(y) = F(/)+ <VF(f) [Y >+ <Hp ¢ >c.
“
Minimization of m () with respect to 1) is carried out using
the first Giteaux derivative i.e.

m(y +en)| =0,
e=0
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which yields the following integral equation

2 1
<SVFENIn>e+5 <Hpvln>c
®)

1
+§<1/1|an>£:0.

Using the quadratic form (3) yields
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In the same fashion,
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+(en+ fnz + cny) L(y) da. -
By substituting (6) and (7) into (5), and using integration by
parts and the fundamental lemma of calculus of variations, we
end up with the following partial differential equation
(aw + dipy + epy) — Oy [L(dW) + bipy + f1)y)]
Oy [L(eyp + bz + ciby)]
+ aﬁ(w) +dL(a) + eL(Wy)
O [AL(Y) + bL(Yz) + fL(Yy)]
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The iterative generalized damped-Newton algorithm is thereby:

®)

1. Initialize f=fi

2. Solve (8) and get the direction %,

3. Choose At by standard backtracking line

search.
4. Set f7l+1 = .fn -

5. 1f (If"" = "l <ellf"le,) stop.

Atipy,

3. GEODESIC ACTIVE CONTOUR

As a first example, we address the classical geodesic active
contour problem. The segmenting contour is the minimizer
of a cost functional which consists of a region-based fidelity
term, [8], and edge-based geodesic active contour [9].

Let u denotes the observed image. The contour is implic-
itly represented by the zero level set of a function ¢. Then

Filrer,ca) = /Q (u— e)2H () + (u— 2)? (1 — H(9))

+9(IVul) 6(0)[V(e)| dz,
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where g(|Vu|) = trroup7s. A € RY, e ¢ € R, and H(:)
is the heaviside function. Following Chan and Vese, [8], the
heaviside function is approximated as’

H.(z) = % (1 + %arctan (i)) ,

1 €
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and
de(x) = O He(x) =

The first variation is
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and the second variation matrix of the quadratic form is
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where P = (u — ¢1)? + (u — c2)?.

In this example we tested the case of a highly noisy image
(Fig. 1), where Gaussian noise of 18.2 dB SNR was added
to the original image. Using the standard L? inner product
of the first and second variations results in a noisy level set
function in both the classical gradient descent method (first
row) and the Newton method (second row). This is due to
the high (noisy) gradients caused by the noise, and the fact
that the geodesic active contour functional is minimized along
prominent gradients. Better results are obtained using the
Sobolev gradient descent [1] (third row). Convergence with
J |H(¢n) — H(¢pn+1]) dz < 10 was achieved after 59 itera-
tions. Using the suggested generalized Newton method, the
new inner product was selected such that the symmetric pos-
itive definite operator £; is a convolution with a Gaussian
kernel G,

<ulv>p,=<Gs*xu|v>.

This operation smoothes the incremental level set function in

the generalized Newton method and eliminates high pertur-
bations (fourth row). Here we used the truncated conjugate
gradient method to solve Eq. (8), with 10 iterations and one
single Newton step. The result looks better even when com-
pared to the Sobolev gradient descent method (note the right
leg and the left arm), and has the additional advantage of com-
putational efficiency (3 times faster, see [7] for details).

3In the current experiment € was set to 0.01.

Fig. 1. Segmentation by geodesic active contour. First row:
gradient descent. Second row: standard Newton method.
Third row: Sobolev gradient descent [1]. Fourth row: gen-
eralized Newton with a smoothing operator.



4. IMAGE DEBLURRING

In the second example we look at the total variation deblurring
method [10]. The observed (blurred) image is denoted by g,
h is the (known) blur kernel, and f is the (unknown) clean
image:

Fa(f) = %A(h*f—g)2dm+a/§z|Vf|dm. (12)

The first variation is given by

<]—"2|1/1>=/Q[(h*f—g)*h(—x)—aV~ (ﬁﬂd;dx,

IV /]

and the second variation matrix is

h(z) * h(—z)=* 0 0
; —faty
0 alVfT3/2 a|VfL3/2 . (13)
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In this experiment the original Einstein image was blurred by
a pill-box kernel of radius 2. The blurred image is shown
in Fig. 2, top left. The recovered image using the classical
Newton method is shown top right. The artifacts due to the
sensitive inverse operation (the collar and left shoulder) can
be easily seen. The bottom left figure is the outcome of the
generalized Newton method with the £; smoothing operator.
While this operator gave good results in the previous active
contour example, poor results are obtained in the deblurring
case. It can be explained by the fact that smoothing the in-
cremental image f prevents the desired sharpening operation.
Better results are accomplished using the Sobolev operator
such that [1, 2]

<ul|v>pm= /Qu(x) ~v(x)dm+)\/QDmu(m) - Dyv(x)dz,

and L1 (u) = u — AV2u. The suggested recovered image
is shown bottom right, where 18 internal loops in the conju-
gated gradients stage and two Newton loops with tolerance of
€ = 0.006 were used. Similar results are obtained using the
classical gradient descent with 70 iterations.

5. CONCLUSIONS

We have extended the Newton method by using different inner
products in the variational framework, following [1, 2]. Ex-
perimental results show the advantage of the method in com-
putational efficiency and noisy data performance. Our future
research includes incorporating advanced optimization tools
to compensate for non-convex cases, e.g., trust region [7, 11].
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