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Lateral hydrodynamics in supported membranes:
the Evans–Sackmann model and its extensions

Yuto Hosaka, a David Andelman b and Shigeyuki Komura *c

We review the theoretical development and modern applications of the Evans–Sackmann hydrodynamic

model for lateral transport in supported fluid membranes. We first cover the original formulation,

emphasizing the linear momentum decay term that captures membrane-substrate coupling mediated by

a thin lubricating fluid layer. This coupling term enables quantitative interpretation of tracer diffusion

measurements in supported bilayers. We then survey theoretical extensions that relax standard boundary

conditions at the inclusion perimeter. Here, inclusions refer to embedded objects such as proteins, lipid

domains, or tracer particles within the membrane. We discuss the drag on a disk and on a liquid domain,

as well as the dynamics of membrane phase separation. We also show that the supported-membrane

mobility tensor provides a unified framework for correlated diffusion, polymer dynamics, phase

separation kinetics, and many-body interactions. Finally, we discuss recent extensions to active and

chiral membranes, where odd viscosity provides a transverse hydrodynamic response and offers a

possible route for detecting chirality in two-dimensional fluids.

I. Introduction

Lipid bilayers are the main structural components of biomem-
branes and constitute flexible fluid-like interfaces in which
many molecular transport processes occur effectively in two
dimensions (2D).1 Because bilayers are only a few nanometers
thick, much smaller than their lateral dimensions, the motion
of lipids and membrane-associated objects is effectively con-
fined to the membrane plane. In the fluid-mosaic picture,

a Department of Mathematics, Kyoto University, Kyoto 606-8502, Japan.

E-mail: hosaka.yuto.7r@kyoto-u.ac.jp
b School of Physics and Astronomy & Center for Physics and Chemistry of Living

Systems, Tel Aviv University, Ramat Aviv, Tel Aviv 69978, Israel.

E-mail: andelman@tauex.tau.ac.il
c Zhejiang Key Laboratory of Soft Matter Biomedical Materials, Wenzhou Institute,

University of Chinese Academy of Sciences, Wenzhou, Zhejiang 325001, China.

E-mail: komura@wiucas.ac.cn

Yuto Hosaka

Yuto Hosaka received his PhD
degree from Tokyo Metropolitan
University in 2022. He worked at
Max Planck Institute for Dynamics
and Self-Organization for four years.
Since 2026, he has been a program-
specific assistant professor at Kyoto
University. His research focuses on
understanding the collective
behavior and rheological properties
of active matter, such as micro-
swimmers and synthetic particles,
using theoretical analysis and
numerical simulations.

David Andelman

David Andelman completed his PhD
in Physics at MIT in 1984. Between
1984 and 1987, he was a Joliot-
Curie postdoctoral fellow at the
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lipids behave as a 2D in-plane fluid, allowing embedded or
attached molecules to diffuse laterally along the membrane
surface.1 Such membrane inclusions are, for example, proteins,
lipid domains, and tracer particles, whose motion provides impor-
tant information on the membrane hydrodynamic properties.2–4

Although modern views of biological membranes emphasize a
complex, hierarchical organization beyond the fluid-mosaic
model, this model still provides a useful framework for simplified
membrane systems, including artificially reconstituted mem-
branes, liposomes, and blebbed plasma membranes.5

The inherent 2D character presents a significant theoretical
challenge known as the Stokes’ paradox.6,7 In a purely 2D incom-
pressible viscous fluid, one cannot obtain a steady solution of the
flow around a rigid body translating with a constant velocity when
the fluid velocity satisfies a no-slip condition at the body perimeter
and approaches zero at infinity. This is because the velocity field
cannot simultaneously satisfy the boundary conditions at the rigid
object’s surface and at infinity. To resolve this paradox, one must
introduce a mechanism for momentum decay from the 2D fluid.
In many experimental setups, a free-standing membrane is sur-
rounded by a bulk three-dimensional (3D) fluid solvent, which
naturally provides this momentum decay.8 Consequently, the
lateral mobility of such an inclusion is governed not only by its
size and membrane viscosity, but also by the momentum exchange
between the free-standing fluid membrane and the surrounding
3D solvent.

The theoretical framework for lateral transport in free-
standing membranes was established by the pioneering hydro-
dynamic model of Saffman and Delbrück.9 Their main idea was
to couple a 2D viscous fluid sheet with a surrounding 3D bulk
fluid (e.g., water). This resolves the Stokes’ paradox and leads to
a weak logarithmic dependence of the translational mobility on
the inclusion size. One of the central outcomes of this quasi-2D
model is the existence of a hydrodynamic screening length
known as the Saffman–Delbrück (SD) length. This length scale
separates the regime in which dissipation is dominated by 2D
membrane viscosity from the regime in which the surrounding
3D fluid controls the flow.10 Subsequent theoretical works have
extended the SD model to account for intermediate values of

membrane viscosity,11 membrane curvature,12,13 and the corre-
lated diffusion of inclusions such as membrane proteins.14

Although free-standing membranes are simpler to model,
many widely used experimental setups are realized for mem-
branes in the proximity of solid surfaces and boundaries. Exam-
ples include supported lipid bilayers that lie very close to a solid
surface,15 polymer-cushioned membranes,16,17 and membranes
confined in microfluidic geometries.18 Furthermore, cell mem-
branes in vivo are typically tethered to the underlying cytoskeleton
or strongly adhered to neighboring cells.2 Hence, it is inappropri-
ate to model such lipid membranes without considering their
surroundings, because in these bounded or confined environ-
ments, the fluid membrane undergoes frictional coupling with
the adjacent lubricating layer and the rigid substrate.

To address this problem, Evans and Sackmann (ES) made a
seminal contribution by introducing an effective friction
between the membrane and a rigid substrate in the presence
of a thin lubricating layer.19 In their work, they included a linear
drag that represents weak membrane-substrate coupling, and
formulated an analytically tractable 2D hydrodynamic model for
a supported membrane. The recognition that momentum decay
regularizes otherwise divergent 2D flow has had a major impact
on studies of protein and domain diffusion.15,20 Their model is
directly related to experiments conducted on supported mem-
branes, which are often engineered to precisely tune the cou-
pling to the solid surface.15 The ES model is mathematically
analogous to the Brinkman equation for flow in 3D porous
media.21 In contrast to the Brinkman equation, which is for-
mulated for 3D systems, the ES model introduces a corres-
ponding momentum-decay mechanism into a 2D fluid. This
mechanism is essential for resolving Stokes’ paradox, which
arises specifically in 2D hydrodynamics.

Examples of such systems range from tightly supported
membranes, where friction with the substrate is strong, to
membranes separated from the substrate by polymer cushions
or tethers, which increase the membrane-substrate distance and
reduce friction.16,22 Moreover, extensions of the ES approach
have been widely employed to infer effective membrane viscos-
ities from measured diffusion coefficients,23,24 as well as to
account for interleaflet friction in supported bilayers.25 Similar
geometries have been studied in the context of the microrheol-
ogy of fluid layers that are supported26 or confined27,28 inside a
viscoelastic medium. The ES model has therefore become a
standard framework for analyzing the diverse membrane sys-
tems described above.

This review discusses the ES model and its applications to
lateral transport phenomena. In Section II, we review the
original ES model for a rigid disk-shaped object immersed in
a supported membrane. We then introduce in Section III the
steady motion of a circular liquid domain. We also discuss how
the solid support affects phase separation dynamics in multi-
component lipid membranes, where liquid-ordered and liquid-
disordered domains form and subsequently grow through
lateral diffusion and coalescence. To highlight the versatility
of the ES approach, we introduce in Section IV the mobility
tensor of a supported membrane. Specifically, we discuss itsShigeyuki Komura
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application to a broader range of systems, including 2D sus-
pensions of passive particles, 2D polymer solutions, and active
diffusion and propulsion phenomena within supported mem-
branes. Finally, in Section V, we briefly highlight the recent
theoretical development regarding the flow properties of 2D
chiral active fluids characterized by a dissipationless transport
coefficient called odd viscosity.

II. Evans–Sackmann model for a
supported membrane
A. Hydrodynamic equations

We first review the supported membrane model proposed by
Evans and Sackmann (ES) in 1988.19 They formulated a mini-
mal hydrodynamic theory for the lateral motion of a rigid body
embedded in a fluid membrane. As shown in Fig. 1, the
membrane is dynamically coupled to an underlying rigid sub-
strate through an intervening lubricating layer. The key novelty
of this approach lies in replacing detailed near-wall 3D hydro-
dynamics with a simple momentum decay mechanism. This
momentum decay circumvents the Stokes’ paradox, making the
problem of the 2D body motion analytically tractable.

In the ES model, the lipid bilayer is viewed as an infinitely
thin and flat incompressible 2D Newtonian fluid with a shear
viscosity Zm, whose physical units are N s m�1. The membrane
is characterized by an in-plane velocity field v(r) and pressure
p(r), where r = (x,y) denotes the 2D position vector with distance
r = |r|. A thin lubricating fluid layer of thickness h and 3D shear
viscosity Z resides between the membrane and the substrate,
where Z has the usual physical units of N s m�2. The ratio c =
Zm/Z therefore has the dimension of length and defines the
Saffman–Delbrück (SD) length. A no-slip boundary condition is
imposed at the bottom substrate surface, and we assume that
the lubricating layer is sufficiently thin such that h { c.

At low Reynolds numbers and in the steady state, the
governing equations take the form of the in-plane force balance:

Zmr2v�rp� Z
h
v ¼ 0; (1)

where Z/h is the membrane-substrate friction per unit area and
accounts for momentum decay. Physically, the term (Z/h)v
represents the areal force density required to shear a lubricating
layer to overcome interfacial friction between the membrane
and substrate.

This specific form of friction corresponds to dynamic cou-
pling with an underlying substrate. More broadly, however, the
momentum-decay term can represent various frictional inter-
actions, such as those between lipid head groups and the
surrounding environment, giving it wider physical significance.
Although there also exists a momentum decay into the semi-
infinite bathing fluid above the membrane (see Fig. 1), it is
negligible compared to that of the lubricating layer between the
membrane and substrate.19 Hence, the term (Z/h)v with small h
dominates in eqn (1). As mentioned before, eqn (1) is mathe-
matically analogous to the Brinkman equation for 3D porous
media, where the momentum-decay term describes the fric-
tional screening of hydrodynamic interactions.21

The hydrodynamic eqn (1) is supplemented by the incom-
pressibility condition:

r � v = 0. (2)

This equation arises because membranes behave as condensed
liquid crystals with negligible area compressibility.19 The key
parameter in the ES model is the ES screening length,
defined as

k�1 ¼

ffiffiffiffiffiffiffiffi
Zmh
Z

s
¼

ffiffiffiffiffi
h‘
p

: (3)

In contrast to the SD length c, the ES screening length k�1

depends on the thickness h of the lubricating layer and directly
reflects the strength of membrane-substrate coupling. Here-
after, we use k to nondimensionalize all lengths.

At short distances (kr { 1), the friction term is weak, and the
flow field resembles that of a 2D viscous sheet with conserved
momentum. Conversely, at large distances (kr c 1), momentum
decays efficiently, and in-plane flows are strongly attenuated.
This crossover behavior constitutes the central physics of the ES
model. Due to the friction term, the long-range 2D hydrody-
namics is regularized with a finite screening length k�1, beyond
which momentum decays into the surrounding environment.

B. Drag coefficient for a disk

Evans and Sackmann analyzed the steady translation of a rigid
disk of radius a moving with constant velocity V = (�V,0) in a
supported membrane, as shown in Fig. 2(a). For the boundary
conditions, they imposed a no-slip condition on the disk
perimeter and assumed that the flow velocity decays to zero at
infinity. In the presence of the ES screening length k�1, the flow
field can be expressed explicitly in terms of modified Bessel
functions of the second kind of order n, Kn(z).29 Considering the

Fig. 1 Schematic representation of a supported lipid bilayer membrane as
in the Evans–Sackmann (ES) hydrodynamic model. The membrane is
located between an upper semi-infinite bulk fluid and an underlying
lubricating fluid layer of thickness h. Both fluids are assumed to have the
same 3D shear viscosity Z, and the lubricating fluid velocity vanishes at the
bottom substrate surface (no-slip boundary condition). Due to the in-
plane fluidity of the lipid membrane, an inclusion is moving with a constant
velocity V within the membrane plane. This in-plane motion is modeled as
transport in an effectively 2D fluid layer (thus, of vanishing thickness) with a
2D shear viscosity Zm.
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drag force F and drag coefficient z through the linear relation
F = zV, they obtained the dimensionless drag coefficient19

z
4pZm

¼ ðkaÞ
2

4
þ kaK1ðkaÞ

K0ðkaÞ
: (4)

See Appendix A for the explicit derivation of z, and Fig. 3(a) for
the plot of z as a function of the disk size.

The analytical expression in eqn (4) admits two limiting
regimes. For small disks or weak screening (ka { 1), the drag
coefficient exhibits a weak logarithmic dependence on the
disk size:

z
4pZm

� 1

ln½2=ðkaÞ� � g
; (5)

where g = 0.5772. . . denotes Euler’s constant. In this limit, the
first quadratic term in eqn (4) is negligible since it vanishes
algebraically as ka - 0, whereas the logarithmic term varies
much more slowly. Such a logarithmic behavior is character-
istic of purely 2D hydrodynamics7 and is similar to the transla-
tional drag derived for a free-standing membrane.9

For large disks or strong screening (ka c 1), on the other
hand, the response in eqn (4) becomes friction-dominated, and
the drag coefficient shows a quadratic dependence on size:

z
4pZm

� ðkaÞ
2

4
: (6)

This quadratic dependence contrasts with the free-standing
membrane case, where the drag coefficient scales linearly with
the size a due to the 3D hydrodynamics of the surrounding bulk
fluid.30

The drag coefficient is linked to the diffusion coefficient of
the circular disk via Einstein’s relation, D = kBT/z, where D is the
diffusion coefficient, kB is the Boltzmann constant, and T is the
temperature.31 Analyzing the size dependence of the diffusion
coefficient, therefore, provides a powerful experimental tool for
probing the properties of supported membranes. Specifically,
for large diffusing objects (ka c 1), such as large lipid domains,
colloidal particles, or membrane-bound beads, the quadratic
dependence prevails in the translational drag, as in eqn (6). In

Fig. 3 (a) Log–log plot of the dimensionless drag coefficient z/(4pZm) as a
function of the dimensionless size ka for a rigid disk [solid line, see eqn (4)]
and for a liquid domain [dashed line, see eqn (7)]. For the latter, the
viscosity ratio is chosen as E ¼ Zm=Z

0
m ¼ 10. The drag coefficient z shows

a logarithmic dependence on size when ka { 1, whereas it increases
quadratically when ka c 1. (b) Semi-log plot of the dimensionless drag
coefficient z/(4pZm) for a liquid domain as a function of the viscosity ratio E.
The liquid domain size is chosen as ka = 1.

Fig. 2 Schematic 3D representation of the ES hydrodynamic model and its extensions (see also Fig. 1). (a) A circular disk-like object (black) of radius a
moves laterally with velocity V = (�V,0) in the plane of the supported membrane (see Section II B). The disk experiences a drag force F = zV acting in the
opposite direction, where z is the drag coefficient. The resulting drag coefficient is given in eqn (4). (b) An extension of the ES model for a moving circular
liquid domain (yellow) (see Section III A). The liquid domain is characterized by a shear viscosity Z0m, which can differ from the membrane viscosity Zm. The
resulting drag coefficient is given in eqn (7). (c) An extension of the ES model for a moving circular liquid domain with an odd viscosity Z0o (purple) in a

supported membrane with an odd viscosity Zo (see Sections V B and V C). Besides the translational drag force Fx, an orthogonal lift force Fy arises when
ZoaZ0o. The corresponding drag coefficient and lift coefficient are given in eqn (13) and (14), respectively.
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this limit, the diffusion coefficient scales as D E kBTh/(pZa2), and
does not depend on the membrane viscosity Zm. This expression
allows several physical quantities to be extracted experimentally,
such as the disk size a or the lubrication-layer thickness h.15

The crossover from the logarithmic to algebraic behaviors of the
drag coefficient takes place when a E k�1. A typical length scale
corresponding to this condition can be roughly estimated. From
eqn (3), we have k�1 E 10�7 m = 0.1 mm for Zm E 10�9 N s m�1,
Z E 10�3 N s m�2, and h = 10�8 m. Such a crossover length scale
a E 0.1 mm is accessible in many experiments.

III. Liquid domains in a supported
membrane
A. Drag coefficient for a liquid domain

Because the Evans–Sackmann (ES) hydrodynamic model provides
a versatile yet mathematically simple description of supported
membranes, numerous theoretical extensions have been devel-
oped. These include generalizations to inter-bilayer friction,32,33

weakly compressible membranes,34–42 spherical geometries,13

arbitrary-thickness sublayers,23,43 and Brownian dynamics.44

We now discuss the role of boundary conditions at the inclu-
sion perimeter. Most previous studies using the ES framework
have examined the viscous resistance of rigid objects subject to no-
slip boundary conditions. However, this assumption is not always
applicable to all membrane inclusions. For instance, lipid mole-
cules are often distributed non-uniformly within the membrane to
form lipid-rich functional domains.4,45–47 In such liquid domains,
called lipid rafts,4,48 the internal viscosity can differ from that of
the surrounding membrane, giving rise to a finite interfacial
surface velocity at the domain boundary.

To elucidate the influence of boundary conditions, Rama-
chandran et al. derived the drag coefficient of a circular liquid
domain characterized by a shear viscosity, Z0m [see Fig. 2(b)].49

Unlike a rigid inclusion, a liquid domain can sustain internal
circulation, and this internal flow modifies the interfacial stress
balance at the domain boundary. The translational resistance
in this situation exhibits complex behavior, depending not only
on the domain size a, but also on the viscosity ratio, E ¼ Zm=Z

0
m.

By neglecting domain deformations, the analytical expression
for the scaled drag coefficient is given by49

z
4pZm

¼ ðkaÞ
2

4
þ kaðk0aI 01 � 2I 02 þ 2EI 02ÞK1

ðk0aI 01 � 2I 02ÞK0 þ Eð2K0 þ kaK1ÞI 02
; (7)

where k0 ¼
ffiffiffiffi
E
p

k. For brevity, the arguments of the modified Bessel
functions are omitted, such that Kn = Kn(ka) and I 0n ¼ Inðk0aÞ. The
asymptotic expression of eqn (7) in the limit of E - 0 (larger Z0m of
the domain) recovers the rigid disk behavior, eqn (4), as it should.
The opposite limit of E -N (smaller Z0m) corresponds to the case
of a 2D gas bubble domain, and its drag coefficient is given by49

z
4pZm

� ðkaÞ
2

4
þ 2kaK1

2K0 þ kaK1
: (8)

As shown in Fig. 3(a) when E = 10, the drag coefficient of a
liquid domain is smaller compared to that of the rigid disk.

Moreover, as plotted in Fig. 3(b), the drag decreases mono-
tonically with increasing E. This reduction is attributed to the
internal flows generated in the liquid domain, which facilitate
more efficient fluid transport.49

Multicomponent lipid membranes can laterally demix into
coexisting liquid phases.50 A typical example is the separation
between a liquid-ordered (Lo) phase, which is enriched in satu-
rated lipids and cholesterol, and a liquid-disordered (Ld) phase,
which is enriched in unsaturated lipids. This Lo–Ld phase separa-
tion provides a useful model for lipid rafts,4,48 and has been widely
studied in giant vesicles and supported membranes.45,51 In such
phase-separated membranes, the domain viscosity can differ from
that of the surrounding membrane, and this viscosity contrast
affects the hydrodynamic drag of a liquid domain.52 By investigat-
ing the phase separation between Lo and Ld phases, realistic
values for the ratio E were estimated to be 0.1 t E t 10.53

B. Growth law of phase-separated domains

In addition to equilibrium phase behavior, the coarsening
dynamics of phase-separated domains have also been investi-
gated in multicomponent membranes.54–56 After a quench into
the two-phase region, small domains nucleate and subse-
quently grow in order to reduce the total line energy associated
with the Lo–Ld domain boundaries.45,50,51 Because both Lo and
Ld phases are liquid, these domains can diffuse laterally,
collide, and coalesce within the membrane plane. The resulting
coarsening dynamics are therefore governed not only by line
tension but also by the size-dependent domain mobility. In
supported membranes, this mobility is strongly affected by
hydrodynamic screening due to the nearby substrate, and it
can affect domain growth dynamics.

According to the dynamic scaling hypothesis, there exists a
regime where the average domain size R grows with time t as
R B ta, where a is a universal growth exponent.57,58 Several
distinct mechanisms can contribute to domain coarsening,
including Brownian coagulation, Ostwald ripening, and hydro-
dynamic flow-induced coalescence. Here, we focus on Brow-
nian coagulation, which is directly controlled by domain
mobility. For the 3D Brownian coagulation process, this expo-
nent is known to be a = 1/3.57,58

The hydrodynamic screening that modifies the mobility of an
isolated domain affects collective coarsening, because Brownian
coagulation is controlled by the size dependence of domain
diffusion. Using dissipative particle dynamics simulations, Rama-
chandran et al. examined how hydrodynamic coupling to the
surrounding bulk fluid modifies the phase separation kinetics in
a thin planar liquid membrane.59 For off-critical mixtures in
purely 2D systems, their simulations showed a growth exponent
of a = 1/2, different from the 3D exponent of 1/3.

This discrepancy can be understood through the Brownian
coagulation mechanism. Dimensional analysis for a 2D domain
yields a diffusion coefficient D B kBT/Zm, which is independent of
the domain size or depends only logarithmically on it, as shown in
eqn (5). Combining this with the scaling relation R2 B Dt B
(kBT/Zm)t, one obtains R B t1/2, which is consistent with the
simulation results. This argument applies to both supported and
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free-standing membranes as long as the relevant domain size is
smaller than the hydrodynamic screening length (either SD or ES
screening length).

Applying a similar scaling argument, they further explored
the influence of a nearby substrate when the domain size
becomes large. Since D B R�2 at large length scales in a supported
membrane, as shown in eqn (6), they predicted that the domain
growth exponent becomes a = 1/4 in the presence of a solid
substrate. In contrast, when hydrodynamic interactions are gov-
erned by the surrounding 3D bulk fluid, as in free-standing
membranes, the domain diffusion coefficient scales as D B R�1

and the coarsening exponent becomes a = 1/3, recovering the
classical 3D value even in 2D free-standing membranes.

C. Dynamics of critical concentration fluctuations

Besides domain coarsening below the miscibility transition tem-
perature, concentration fluctuations above the transition tempera-
ture have also attracted considerable attention in multicomponent
lipid membranes.60–62 Near the critical point, transient composi-
tion fluctuations emerge over a broad range of length and time
scales, and their dynamics are strongly influenced by membrane
hydrodynamics. Experimental studies on ternary lipid mixtures
have demonstrated that these critical fluctuations exhibit behavior
consistent with the 2D Ising universality class.61

The dynamics of concentration fluctuations in multicompo-
nent membranes were theoretically investigated by Seki et al.
using the ES hydrodynamic model.63 Within this framework,
the decay rate of concentration fluctuations with wavenumber q
is given by Dqq2, where Dq is the wavenumber-dependent diffusion
coefficient, and the mode relaxes as exp(�Dqq2t). The asymptotic
forms of Dq were obtained as Dq E kBT/(4pZm)ln(q/k) for q/k c 1,
and Dq E kBT/(4pZm)(q/k)2 for q/k { 1. These two asymptotic
forms are also consistent with the size dependence of the diffusion
coefficient of a membrane inclusion if its characteristic size is
identified as a B 1/q. Short-wavelength fluctuations (q/k c 1)
correspond to the weakly screened regime, in which hydrodynamic
interactions are effectively 2D, whereas long-wavelength fluctua-
tions (q/k { 1) correspond to the friction-dominated regime.

Concentration fluctuations in multicomponent membranes
were further investigated in experimentally more relevant geo-
metries, such as supported membranes with finite-thickness
solvents.64 An interesting extension of this framework concerns
2D microemulsions in lipid membranes, motivated by the
lineactant effect of hybrid lipids. In this case, the static struc-
ture factor develops a peak at a finite wavenumber, leading to
characteristic non-monotonic behavior in the effective diffu-
sion coefficient Dq.

IV. Hydrodynamic response in a
supported membrane
A. Mobility tensor of a supported membrane

The Evans–Sackmann (ES) model is particularly useful because
it provides an explicit mobility tensor for membranes with
screened hydrodynamic interactions. This tensor relates a local

in-plane force to the resulting membrane flow and describes
how membrane inclusions interact with each other hydrodynami-
cally through the supported membrane. More generally, the
mobility tensor provides the basis for analyzing transport phenom-
ena, far-field flows generated by passive and active inclusions,65

long-range hydrodynamic interactions,7 and numerical methods
such as the boundary element method.66 Here, active inclusions
refer to macromolecules, such as enzymes or proteins, that con-
tinuously consume energy to generate motion or mechanical
stresses. In this section, we discuss three representative applica-
tions of the mobility tensor of a supported membrane: the lateral
dynamics of passive inclusions (including correlated diffusion and
2D polymer dynamics), the lateral dynamics induced by active
inclusions with force dipoles, and the locomotion of a 2D micro-
swimmer.

Solving the ES hydrodynamic eqn (1) for v in Fourier space
and performing the inverse Fourier transform yields the real-
space representation of the mobility tensor (or Green’s func-
tion) G(r) for a supported membrane. For a general in-plane
force density f(r), the induced membrane velocity is given by the
convolution vðrÞ ¼

Ð
dr0Gðr� r0Þ � fðr0Þ, where G(r) is obtained

as46,67

GðrÞ ¼ 1

2pZm
K0ðkrÞ þ

K1ðkrÞ
kr

� 1

ðkrÞ2

� �
I

þ 1

2pZm
�K0ðkrÞ �

2K1ðkrÞ
kr

þ 2

ðkrÞ2

� �
r r

r2
;

(9)

with I being the 2D identity tensor. A full derivation of this mobility
tensor is provided in Appendix B. The velocity field induced by a
force monopole at the origin f(r) = f0d(r) is depicted in Fig. 4(a).

By expanding G(r) for small r, we obtain the limiting
expression for kr { 168

GðrÞ � 1

4pZm
ln

2

kr
� g� 1

2

� �
Iþ r r

r2

� �
; (10)

whereas for kr c 1, the asymptotic expression becomes

GðrÞ � � 1

2pZmðkrÞ2
I� 2

r r

r2

� �
: (11)

The mobility tensor exhibits a logarithmic dependence at short
distances and decays algebraically as r�2 at large distances.

For a point force applied along the x-direction, as shown in
Fig. 4(a), the velocity component along the force is governed by
the longitudinal Gxx and transverse Gyy components, which are
evaluated for separation vectors r parallel or perpendicular to
the direction of the force, respectively. Fig. 4(b) and (c) show
their full behavior as a function of kr. In contrast to the
monotonically decaying longitudinal component Gxx, the trans-
verse component Gyy becomes negative around kr E 1.11 and
vanishes at infinity. As shown in Fig. 4(a), the sign reversal of
Gyy reflects the recirculating flow induced by momentum
screening in a quasi-2D incompressible fluid.
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B. Lateral dynamics of passive inclusions

Using the exact mobility tensor of eqn (9), several studies have
explored lateral hydrodynamics in supported membranes.67,69

For instance, Oppenheimer et al. derived the coupling diffusion
coefficients for membrane inclusions in the far-field limit.68

They analyzed how inclusions modify the hydrodynamic
response and calculated the leading-order concentration cor-
rections to the coupling diffusion coefficients.

Komura et al. obtained analytical expressions for the diffu-
sion coefficient of a 2D polymer chain immersed in a membrane
within the ES hydrodynamic model [see Fig. 5(a)].69 This was
later extended by Ramachandran et al., who developed a Brow-
nian dynamics theory incorporating full hydrodynamics for a 2D
Gaussian polymer chain embedded in a membrane confined by
bulk solvent and rigid walls.67 For large polymer chain length,
the relaxation time and the dynamical structure factor show
Rouse-like behavior for membranes in confined geometries and
for supported membranes. In contrast, the behavior reduces to
Zimm-like behavior in free-standing membranes. Furthermore,
scaling arguments were employed in order to elucidate the
effect of excluded-volume interactions on the 2D polymer
relaxation time.

C. Lateral dynamics induced by active inclusions

The mobility tensor, originally used to analyze the dynamics of
passive inclusions, can be used to model lateral transport
induced by active inclusions in membranes. These active inclu-
sions span a wide range of scales, from enzymatic proteins on the
nanometer scale70 to micro-organisms and synthetic micro-
swimmers at the micrometer scale.65 During catalytic cycles,
enzymes undergo cyclic conformational changes driven by sub-
strate binding and product release. In a fluidic environment,
these nonequilibrium processes generate long-range dipolar flow
fields, leading to non-thermal collective effects in the cytoplasm
and in other sub-cellular organelles.70

To leading order, the hydrodynamic disturbance generated
by an enzyme is represented as a force dipole, namely, a pair of
equal and opposite point force monopoles. Within the far-field
approximation, the flow due to a single force dipole is calcu-
lated by taking the spatial derivative of the mobility tensor.65

Mikhailov et al. analyzed the advective transport of passive
molecules induced by active dipolar proteins in free-standing
membranes.70 Using a mobility tensor with a distance depen-
dence similar to eqn (10), they derived the diffusion coefficient
of a small passive probe in a free-standing membrane.

Fig. 4 (a) Streamlines of the fluid velocity field in the (x,y)-plane of a 2D supported membrane. The velocity field induced by a force monopole f0 = f0x̂ at
the origin is described by the mobility tensor in eqn (9). The color indicates the magnitude of the rescaled velocity, |v|(2pZm)/f0. Notice that the vortex
centers are located at ky E �1. (b) Log–log plot of the longitudinal mobility component Gxx (rescaled by 2pZm) as a function of kr. (c) Log–log plot of the
transverse mobility component Gyy as a function of kr. Since Gyy becomes negative for kr\ 1 in the log–log plot, we have plotted its absolute value as
shown by the dashed line. Both Gxx and Gyy show a logarithmic dependence for kr { 1, whereas they decay quadratically for kr c 1.

Fig. 5 (a) A polymer chain (red) embedded in a supported membrane (see Section IV B). (b) A passive inclusion (black) diffusing laterally in a supported
membrane that contains active inclusions such as enzymes (see Section IV C). Active inclusions embedded in the membrane are represented as active
force dipoles (red dimers). The passive inclusion undergoes Brownian motion due to thermal and non-thermal fluctuations that are induced by active
force dipoles. (c) A three-disk micro-swimmer (blue) moving laterally in a supported membrane (see Section IV D). The swimmer consists of three disks
that are connected by two arms of variable lengths.
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The effect is inherently nonlocal, meaning that active inclu-
sions distributed throughout the membrane will contribute to
the local enhancement of diffusion.70

More recently, Hosaka et al. extended these results by
considering a supported membrane [see Fig. 5(b)], and derived
the active diffusion coefficient for inclusions of size a.71 For a
small inclusion, the active diffusion coefficient exhibits a logarith-
mic dependence on size, as for the passive inclusions discussed
above. In the opposite limit of a large inclusion size, however, the
active diffusion coefficient decays algebraically as a�4. This decay
is much faster than that of the thermal diffusion coefficient, which
decays as a�2. Manikantan further showed that substrate-induced
hydrodynamic screening can tune the collective organization of
active inclusions in viscous membranes.72

D. 2D micro-swimmers in a supported membrane

According to the scallop theorem for micro-swimmers,73 a force
dipole undergoing reciprocal motion cannot achieve net pro-
pulsion in a viscous fluid. However, internal non-reciprocal
conformational changes, in which the sequence of shapes
differs between forward and backward time evolution, can
break this symmetry, generating net motion.

Ota et al. proposed a three-disk micro-swimmer model in which
three collinear rigid disks, connected by two arms, swim in the
plane of a 2D supported membrane [see Fig. 5(c)].74 In this model,
the arm lengths vary in time according to a prescribed non-
reciprocal actuation cycle, which provides the internal driving
required for propulsion. Taking into account the self-mobility of
a rigid disk, eqn (4), and the inter-disk hydrodynamic interaction,
eqn (9), they showed that the average swimming speed exhibits
three different asymptotic behaviors.74

Their analysis further revealed that the maximum velocity is
obtained when the disks are equal in size, whereas it is minimized
when the average arm lengths are identical. Similar qualitative
trends are also observed for a three-sphere micro-swimmer
immersed in a 3D fluid when the corresponding geometries are
the same.75,76 However, the dependence on the disk-size ratio is
much weaker for 2D swimmers.74 This weak dependence arises
from the characteristic logarithmic nature of 2D hydrodynamics.

V. A supported membrane with broken
symmetries
A. 2D odd viscosity

Although active objects in fluid membranes are often modeled
as single or multiple 2D particles translating through a New-
tonian fluid, collective effects can fundamentally change the
macroscopic flow properties. For instance, in 2D suspensions
of rigid disks, the effective membrane viscosity increases with
disk concentration.14 In contrast to these passive systems, the
influence of active inclusions on membrane properties remains
largely unexplored. Key active constituents in this context
include ATP synthase or F0F1-ATPase, which exhibit intrinsic
rotational motion within biological membranes.2,77 Based on
symmetry arguments, such a rotor-embedded fluid layer can be

viewed as a 2D chiral active fluid. These molecular spinners can
break time-reversal and parity symmetries within the fluid
membrane.78

The ES framework can also be generalized to fluids whose
constitutive relations are not those of ordinary passive New-
tonian fluid membranes. When a fluid layer possesses chirality
around an axis normal to its surface, an additional viscosity
coefficient can emerge, even under the assumption of in-plane
isotropy.79 This isotropy-compatible transport coefficient is
called odd viscosity, and it directly reflects the parity-violating
nature of the chiral active fluid. This symmetry breaking
introduces an additional odd-viscous stress, which gives rise
to a transverse velocity response in the force-balance equation

Zmr2vþ Zoe � r2v�rp� Z
h
v ¼ 0; (12)

where Zo is the odd viscosity coefficient and e denotes the 2D
Levi-Civita tensor (Exx ¼ Eyy ¼ 0 and Exy ¼ �Eyx ¼ 1).

Because the antisymmetric tensor e represents an in-plane
rotation of p/2, the odd viscosity contributes to an interfacial
stress that is perpendicular to the one generated by the con-
ventional shear viscosity Zm. We note that Zo is a dissipationless
coefficient and is not constrained by the positivity of the energy
dissipation. Hence, Zo can take either positive or negative
values depending on the fluid chirality. This property is in
contrast to shear viscosity, which must remain strictly positive,
because it is associated with energy dissipation in the fluid.

Despite its potential importance as a new measure to
estimate chirality in fluid membranes, odd viscosity is hard
to measure in 2D.80 Its elusive nature stems from the fact that
the odd term in the Stokes equation can be absorbed into the
pressure, rendering the velocity field independent of Zo under
conventional boundary conditions. However, this argument is
invalid when the odd viscosity is spatially nonuniform, as we
discuss next.

B. Inhomogeneous odd viscosity

To characterize 2D transport induced by odd viscosity, Hosaka
et al. studied the hydrodynamic flow field and the force acting
on a 2D liquid domain in a supported membrane [see
Fig. 2(c)].81 In addition to the conventional membrane shear
viscosity Zm, they specifically considered odd viscosities outside
and inside the domain, denoted by Zo and Z0o, respectively. For
simplicity, we hereafter set the inside and outside shear visc-
osities equal: E ¼ Zm=Z

0
m ¼ 1.

They first investigated the fluid flow induced by the lateral
translational motion of a liquid domain in the presence of odd
viscosities. In Fig. 6, the velocity field in the comoving frame,
v � V, is plotted for (a) Zo ¼ Z0o ¼ Zm (uniform odd viscosity),
(b) Zo = Zm and Z0o ¼ 0 (vanishing odd viscosity inside the domain),
(c) Zo = 0 and Z0o ¼ Zm (vanishing odd viscosity outside the
domain), and (d) Zo ¼ �Z0o ¼ Zm (positive odd viscosity outside
the domain and negative odd viscosity inside the domain). In
these plots, the domain size is fixed at ka = 0.1.

When the odd viscosity is spatially uniform Zo ¼ �Z0o
	 


, as in
Fig. 6(a), the streamlines induced by the domain motion are
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symmetric with respect to the x-axis, which is the direction of
motion of the liquid domain. Such a symmetric profile is also
observed in the passive case, where odd viscosity does not
exist.49 When ZoaZ0o, as in Fig. 6(b) and (c), the flow inside the
domain rotates with respect to the x-axis and the symmetry is
broken. When Zo=Z

0
o o 0, as in Fig. 6(d), the flow inside the

domain rotates more strongly, as compared to Fig. 6(b) and (c).
Fig. 6(c) is relevant to a lipid domain enriched with active rotor
proteins, while Fig. 6(d) represents active proteins rotating
oppositely inside and outside the domain.

C. Hydrodynamic lift of a liquid domain

By inserting the velocity fields into the stress tensor and
integrating it over the perimeter of the liquid domain, one
can calculate the net force acting on it. The rescaled drag
coefficient along the x-axis is obtained as81

zxx
4pZm

¼ ðkaÞ
2

4
þ kaK1

K0
1� ðkaÞ2ðK0I1 þ K1I2ÞK1I2

½kaðK0I1 þ K1I2Þ�2 þ 4ðdK0I2Þ2

� �
;

(13)

where d ¼ ðZo � Z0oÞ=Zm denotes the dimensionless difference
in the odd viscosities. In contrast to the passive case without
odd viscosity, a force component appears along the y-direction.
The corresponding lift coefficient is given by81

zyx
4pZm

¼ 2dðkaK1I2Þ2
½kaðK0I1 þ K1I2Þ�2 þ 4ðdK0I2Þ2

: (14)

The moving domain experiences not only a conventional
drag force opposing the motion (zxx), but also a hydrodynamic
lift force perpendicular to the motion direction (zyx). This lift
arises only if there is a chirality contrast between the domain
and the surrounding environment, i.e., d a 0. When the odd
viscosities are uniform in space and d = 0, the lift coefficient zyx

vanishes and the drag coefficient zxx reduces to that for a
regular liquid domain, as given by eqn (7) with E = 1. Since
active rotating proteins can accumulate inside the domain, a
difference in odd viscosity can arise between the inside and
outside the liquid domain. In such a case, a lateral lift force can
arise in a direction perpendicular to the drag.

In vector notation, the force-velocity relation is expressed as
F = �f�V, where the 2 � 2 drag matrix is given by81

f ¼ zxxI� zyxe : (15)

Due to the antisymmetric contribution from the transverse
drag, the standard reciprocity under transposition no longer
holds, namely, zij a zji. Since the resistance tensor for objects of
arbitrary shape in conventional passive fluids is required to be
symmetric,82 the measurement of a finite lift coefficient, zyx,
provides a novel experimental method for probing chirality in
2D fluidic environments.

It is worth mentioning that despite this asymmetric struc-
ture, the resistance coefficients satisfy a generalized symmetry
under the sign reversal of the odd-viscosity parameter d, such
that zij(d) = zji(�d). This reciprocal relation is a manifestation of
the Onsager-Casimir reciprocity,83 which is a direct conse-
quence of the generalized Lorentz reciprocal theorem under
certain boundary conditions in fluids with odd viscosity.84

VI. Summary and outlook

The Evans–Sackmann model has provided a fundamental
framework for inferring membrane properties and has moti-
vated extensive theoretical and experimental work over the past
four decades. Its lasting impact derives in large part from the
conceptual simplicity and broad applicability of the ES frame-
work to support and confine membrane geometries. Owing to
this generality, the framework has been extended to a wide
range of problems, including correlated diffusion in supported
biomembranes, boundary-induced active transport, and the
dynamics of viscoelastic membranes. Although the ES model
also underlies experimental approaches for probing protein
dynamics, the present review has focused primarily on theore-
tical developments concerning transport under various bound-
ary conditions, phase-separation dynamics, active diffusion,
and the hydrodynamics of chiral active fluids.

In this review, we have mainly focused on translational
transport and related collective dynamics, although the original
ES model also accounted for the rigid disk’s rotational motion.

Fig. 6 Translational motion of a circular liquid domain with an odd viscosity Z0o in a supported membrane with an odd viscosity Zo, as represented in
Fig. 2(c). The domain moves laterally in the negative x-direction with a velocity V = (�V,0). Streamlines of the fluid velocity are shown in the comoving
frame, v�V, when (a) Zo ¼ Z0o ¼ Zm (uniform odd viscosity), (b) Zo = Zm and Z0o ¼ 0 (vanishing odd viscosity inside the domain), (c) Zo = 0 and Z0o ¼ Zm
(vanishing odd viscosity outside the domain), and (d) Zo ¼ �Z0o ¼ Zm (positive odd viscosity outside the domain and negative odd viscosity inside). We have

chosen the same shear viscosity inside and outside the domain, E ¼ Zm=Z
0
m ¼ 1, and ka = 0.1. The circular black line represents the perimeter of the liquid

domain. The color indicates the magnitude of the rescaled velocity with the minimum and maximum velocities vmin = 0 and vmax = 0.5, respectively.
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It was shown that, for small inclusions, the rotational drag
coefficient scales as a2 with the disk size. In contrast, in the
friction-dominated regime, it exhibits a stronger algebraic depen-
dence, scaling as a3.19 This stronger size dependence reflects the
increased importance of substrate-induced momentum decay.
Building on these resistance laws, Suja et al.85 have recently
developed a predictive theory that allows the interleaflet friction
to be estimated from the intrinsic membrane viscosity.

While we have mainly discussed isotropic inclusions, several
studies have shown that anisotropic extended objects, such as
rods, needles, and filaments, exhibit qualitatively different
hydrodynamic resistance.13,86–88 For rod-like inclusions in
membranes, the drag becomes anisotropic, with distinct long-
itudinal, transverse, and rotational components. In particular,
for sufficiently long objects, the longitudinal resistance grows
linearly with length up to a weak logarithmic correction,
whereas the transverse and rotational resistances can show
stronger algebraic growth.86 Similar behavior has also been
reported for needles in Langmuir monolayers and for filaments
in supported bilayers.87 These results suggest that, for aniso-
tropic inclusions, ES-type momentum screening does not lead
to a single scalar drag coefficient but to direction-dependent
transport laws that depend sensitively on geometry.

Looking ahead, several open problems remain for supported
membrane hydrodynamics. On the theoretical side, it will be
important to extend the ES framework to account for nonlinear
effects, viscoelasticity, and strongly heterogeneous environments.
On the experimental side, advances in high-resolution imaging
and microfabrication are expected to provide more quantitative
tests of hydrodynamic screening and collective dynamics in
complex membrane systems. In particular, the interplay between
activity, chirality, and confinement may reveal new mechanisms
of transport and self-organization that go beyond the current
linear-response description.77

Author contributions

Conceptualization: all authors; investigation: all authors; writing –
original draft: all authors; writing – review & editing: all authors.

Conflicts of interest

There are no conflicts to declare.

Data availability

No new data were created or analyzed in this study. Data sharing
does not apply to this article, as this manuscript is a Review
Article based exclusively on previously published literature.

Appendices
Appendix A: Derivation of the translational drag coefficient, eqn (4)

We present the derivation of the translational drag coefficient
for a disk moving in a 2D fluid membrane supported by a rigid

substrate.19 According to the Helmholtz decomposition, any 2D
fluid velocity can be expressed as a gradient of a scalar potential j
and the curl of a vector A = (0, 0, A) that has only a z-component.
Then, the velocity is expressed as49

v = �rj + r � A. (A1)

Taking the 2D curl of eqn (1) gives the Helmholtz equation
for A

(r2�k2) A = 0, (A2)

while j satisfies the Laplace equation

r2j = 0. (A3)

The hydrodynamic problem reduces to solving eqn (A2) and
(A3) under appropriate boundary conditions on the moving
object.

Without loss of generality, we consider a 2D object with lateral
translational velocity along the x-direction. In the laboratory
frame, the boundary condition for this motion is v = 0 for
r -N. It is convenient to work in the 2D polar coordinates (r, y)
with the origin at the center of the circular disk. For a disk of
radius a moving with V = (�V,0), the no-slip boundary condition
at r = a is

vr = �V cos y, vy = V sin y. (A4)

Under these boundary conditions, one can write the solutions
to eqn (A2) and (A3) as

j ¼ C1

r
cos y; A ¼ C2K1ðkrÞ sin y; (A5)

where the coefficients are given by

C1 ¼ �Va2 1þ 2K1ðkaÞ
kaK0ðkaÞ

� �
; C2 ¼

2V

kK0ðkaÞ
: (A6)

Here, Kn(z) are the modified Bessel functions of the second kind
of order n.

By inserting the above solutions into eqn (A1), the radial
and tangential components of the velocity are obtained
as49

vr ¼
C1

r2
þ C2

r
K1ðkrÞ

� �
cos y; (A7)

vy ¼
C1

r2
þ C2kK0ðkrÞ þ

C2

r
K1ðkrÞ

� �
sin y: (A8)

Then, the components of the stress tensor r = �pI + Zm[rv +
(rv)T] (T indicates the transpose) become

srr ¼ �Zm C1
k2

r
þ 4

r3

� ��
þ C2

4

r2
K1ðkrÞ þ

2k
r
K0ðkrÞ

� ��
cos y;

(A9)

sry ¼ �Zm
4C1

r3
þ C2

4

r2
K1ðkrÞ þ k2K1ðkrÞ þ

2k
r
K0ðkrÞ

� �� �
sin y:

(A10)
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To evaluate the net force exerted on the moving disk, we
calculate the following integrals of the stress tensor over the
disk perimeter:

Fx ¼ a

ð2p
0

dyðsrr cos y� sry sin yÞ; (A11)

Fy ¼ a

ð2p
0

dyðsrr sin yþ sry cos yÞ: (A12)

For a no-slip disk in a supported membrane, the perpendicular
force vanishes, Fy = 0. From the linear relation, z = Fx/V, the drag
coefficient becomes

z
4pZm

¼ ðkaÞ
2

4
þ kaK1ðkaÞ

K0ðkaÞ
; (A13)

which is eqn (4).

Appendix B: Derivation of the mobility tensor, eqn (9)

To derive the mobility tensor of a supported membrane, we
start with the ES hydrodynamic eqn (1) and (2),

Zmr2v�rp� Z
h
v ¼ �f; r � v ¼ 0; (B1)

where we have introduced the 2D external force f(r). We define
the 2D Fourier transform as

vðrÞ ¼
ð

dk

ð2pÞ2 vk expðik � rÞ; (B2)

where k = (kx,ky) is the 2D wave vector. Then, eqn (B1) can be
rewritten as

Zmk
2vk þ ikpk þ

Z
h
vk ¼ fk; k � vk ¼ 0; (B3)

where k = |k|. Hence, we obtain the velocity and pressure fields
in Fourier space as

vk ¼
1

Zmðk2 þ k2Þ I� kk

k2

� �
� fk; (B4)

pk ¼ �i
k

k2
� fk; (B5)

where we have used eqn (3) for k. Then, going back to real
space, we have

vðrÞ ¼
ð
dr0Gðr� r0Þ � fðr0Þ; (B6)

where

GðrÞ ¼
ð
dk

1

ð2pÞ2
1

Zmðk2 þ k2Þ I� kk

k2

� �
expðik � rÞ: (B7)

The pressure field is given by

pðrÞ ¼ 1

2p

ð
dr0

r� r0

jr� r0j2 � fðr
0Þ: (B8)

Since the tensor G(r) depends only on the position vector r, it
can be written as

GðrÞ ¼ c1Iþ c2
r r

r2
; (B9)

with two coefficients c1 and c2. By considering the trace and
longitudinal component of eqn (B9), we obtain

2c1 þ c2 ¼
1

2pZm

ð1
0

dk
kJ0ðkrÞ
k2 þ k2

¼ 1

2pZm
K0ðkrÞ; (B10)

and

c1 þ c2 ¼
1

2pZm

ð1
0

dk
J1ðkrÞ

rðk2 þ k2Þ ¼
1

2pZm

1

ðkrÞ2 �
K1ðkrÞ
kr

� �
;

(B11)

where Jn(z) are Bessel functions of the first kind of order n.
Solving these equations, we obtain

c1 ¼
1

2pZm
K0ðkrÞ þ

K1ðkrÞ
kr

� 1

ðkrÞ2

� �
; (B12)

c2 ¼
1

2pZm
�K0ðkrÞ �

2K1ðkrÞ
kr

þ 2

ðkrÞ2

� �
: (B13)

Hence, we obtain eqn (9).
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