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ABSTRACT
We study the effect of asymmetry in solvent and ionic size on the equilibrium properties of multivalent ionic solutions near a charged surface. 

For a single ionic species in solution, we derive a generalized Grahame equation at the charged surface. For a general size ratio between the 

ions and the solvent, we obtain analytical results for the concentration profiles as a function of the distance from the surface. For a weak 

surface charge and small ion-to-solvent size ratio, the profile follows the classical Poisson–Boltzmann equation in dilute solution conditions. 

However, for high surface charge and large ionic size, the concentration profile saturates near the surface, leading to distinctive dependencies 

of the solution properties on the surface charge density and size asymmetry. Furthermore, the crossover between dilute and saturated regimes 

depends on the surface charge and ionic size asymmetry. We suggest that a solution containing multiple ionic species of different valencies 

and sizes stratifies close to the surface in the saturation regime. This leads to the formation of layers that are ordered according to the ions’ 

valency-to-size ratio.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license 

(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0336084

I. INTRODUCTION

Electrostatic interactions between small and macro ions in 

aqueous solutions govern the self-organization and dynamics of 

numerous soft matter and biological systems, such as charged col-
loid suspensions, charged biomembranes, proteins, polyelectrolytes, 

and DNA. For dilute ionic solutions, the Poisson–Boltzmann (PB)
theory 

1,2 is rather successful in describing equilibrium solution
properties. The main advantage of the PB theory is its simplic-
ity, which allows for analytical or numerical solutions, in broad 

agreement with experiments.

At higher concentrations (above 1M for monovalent salts, 

corresponding to an inter-ion distance of about 1.2 nm), steric 

and other short-range interactions as well as ion–ion correlations 

become important, and more refined theories are needed. In par-
ticular, as the PB theory does not account for the finite ion size, it 

does not predict a maximal density (saturation) at charged surfaces 

in cases where the ionic density approaches close packing. These 

effects require modifications of the PB theory, either in terms of cor-
rections that go beyond mean field, non-electrostatic contributions 

or using a lattice-gas model that accounts for the mixing entropy 

more correctly. 

2,3
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One of these extensions is the sterically modified PB (sMPB) 

theory that accounts for the finite ionic and solvent (water) molec-
ular volume via a lattice-gas model for the mixing entropy. 

4,5 The 

conceptual basis of this approximation is to combine the Pois-
son equation of electrostatics with a lattice-gas entropy of mixing, 

accounting also for the solvent entropy.
In the more specific case where the ions and solvent (water) 

molecules have roughly the same size, it is possible to obtain
analytical predictions 

2,4,5 and a description of the ion concentration
saturation close to charged surfaces. The more general case of ions 

and solvents having different molecular sizes has also been studied
in experiments, theory, and numerical simulations. 

6–15 For exam-
ple, ionic solutions containing multiple counterions were shown 

to exhibit stratification close to a strongly charged surface, where 

the concentration of different counterion species peaks at different 

distances from the surface.
In the present study, we incorporate size asymmetry effects 

using the Flory–Huggins entropy of mixing. We extend the mean-
field theory used in Refs. 14 and 15 and present results for the 

multivalent ion concentration and electrostatic potential profiles 

close to charged surfaces. One of our main results is to show how the 

ionic valency-to-size ratio determines the order in which different 

ionic layers stratify close to the surface.
The outline of this paper is as follows. Section II presents the 

model applicable to a single counterion species near a charged sur-
face, whose size differs from the solvent’s. A modified PB equation 

is obtained in the dilute and saturated regimes, and the effect of 

size-asymmetric steric repulsion is presented for strongly charged 

surfaces. Then, in Sec. III, we generalize the model for a multi-
species ionic solution, and the profile equations, the Grahame equa-
tion, and the osmotic pressure are derived. We apply our findings 

from the single-counterion case to propose a theoretical argument 

for the stratification effect in multi-species ionic solutions. We end 

up presenting the conclusions and connections with experiments in 

Sec. IV.

II. MODEL FOR A SINGLE COUNTERION SOLUTION
We derive the free energy of an aqueous ionic solution using a 

discrete lattice-gas formulation with the ions and solvent molecules 

fully occupying a three-dimensional cubic lattice. The lattice cell 

volume, a 

3 , is taken as the volume of a solvent molecule.
In the first step, we consider a solution containing only a single 

ionic species (counterion) of molecular volume a 

3 v and an oppo-
site charge q = ze < 0 to the surface charge, where z is the valency 

and e the electronic charge. The parameter v is the ratio between the 

molecular volume of the counterion and that of the solvent (a 

3 

). 

In the more common case of an electrolyte solution, the 

validity of such a counterion-only model depends on the inequal-
ity of two lengths, l GC 

≪ λD 
. The first length, l GC 

∼ T/σ, is the
Gouy–Chapman length 

2 defined in Eq. (15), which depends on the 

temperature T and the surface charge density σ. The second, λD

∼
√

T/n, is the Debye screening length 

2 that depends on T and the
monovalent bulk electrolyte concentration, n. The limit l GC 

≪ λD
implies that σ should be sufficiently large and/or Tn sufficiently 

small.
The free energy, F = U el 

− TS, is expressed in terms of the
local electrostatic potential ψ(r) and the counterion number

concentration c(r) and volume fraction ϕ(r) = a 

3 vc(r). The elec-
trostatic contribution is 

2

Uel = ∫ d3r(−
ε
2
∣∇ψ∣2 + qcψ). (1)

The first term is the electric field’s self-energy, where ε is the dielec-
tric constant; the second term is the sum of the ions’ electrostatic 

energy. The Flory–Huggins entropic contribution to the free energy 

is written as

− TS =
kBT
a3 ∫ d3r(

ϕ
v

ln ϕ + (1 − ϕ) ln (1 − ϕ)), (2)

where k B 
T is the thermal energy. The first term is the counterions’ 

mixing entropy. The second one is the mixing entropy of the solvent 

whose volume fraction is 1 − ϕ.
At equilibrium, the system has a spatially uniform thermody-

namic pressure P, which can be derived, e.g., through the contact
theorem. 

16,17 It yields the following equation of state:

−
Pa3

kBT
=

a3ε
2kBT

∣∇ψ∣2 + ln (1 − ϕ) +wϕ = const, (3)

where we make use of another size parameter, w ≡ 1 − 1/v. The first 

term on the right-hand-side of Eq. (3) is the contribution to the pres-
sure from the electrostatic stress, while the second and third terms 

come from the lattice-gas entropy pressure. At equilibrium, the total 

pressure is uniform. It can be evaluated at a reference position, 

where the electrostatic field vanishes. This determines the constant 

of Eq. (3).

A. Counterion profile equations
Minimizing the total free energy with respect to ψ yields the 

Poisson equation, expressed in terms of volume fraction,

∇
2ψ = −

1
ε

qϕ(r)
a3v

. (4)

Next, minimizing the free energy with respect to c (or ϕ) gives the 

equation of state for the ionic concentration,

ϕ
(1 − ϕ)v

=
ϕref

(1 − ϕref)
v e−βqψ , (5)

where β = 1/k B 
T is the inverse thermal energy and ϕ ref 

and 1 − ϕ ref
are, respectively, the counterion and solvent volume fractions at the
reference position, where ψ ref 

= 0. Equation (5) for general v is a
transcendental equation with no analytical solution for ϕ. Together 

with Eq. (3), these two equations can be solved with the proper 

boundary conditions in order to obtain the density profile ϕ(r) and 

local potential ψ(r).
We can now derive the profile equations in the dilute (ϕ ≪ 1) 

and saturation (1 − ϕ ≪ 1) limits. In the following, we define η as 

the solvent local fraction,

η(r) ≡ 1 − ϕ(r). (6)

For the dilute limit, neglecting the solvent contribution in Eq. (5), 

we recover the standard Boltzmann distribution,

ϕ(r) ≈ ϕ refe 

−βqψ(r). (7)
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On the other hand, at the saturation limit, the solvent volume 

fraction η is the small parameter. We rewrite Eq. (5) as

η(r)
[1 − η(r)]1/v

= e−β[μ−qψ(r)]/v ,

βμ = lnϕ ref 

− v ln (1 − ϕ ref 

).

(8) 

Expanding to the first order in η, we find that the solvent volume 

fraction follows a modified Boltzmann distribution

η(r) ≈ e 

−β[μ−qψ(r)]/v , (9)

while the counterion volume fraction approaches saturation with an 

exponentially small correction term that depends on the electrostatic 

potential,

ϕ(r) ≈ 1 − e 

−β[μ−qψ(r)]/v . (10)

Compared to Eq. (7) of the dilute limit, Eqs. (8)–(10) of the sat-
uration limit contain an extra factor of 1/v in the exponent. A simple 

argument can explain the origin of this size dependency. Consider 

that the ions in the saturated regime (ϕ ≲ 1) are in a system of vol-
ume V . Then, slightly dilute the system by adding a small amount 

of solvent, such that η → η + δη. As all lattice cells are occupied, 

the ionic volume fraction changes by δϕ = −δη, and each solvent 

molecule replaces 1/v ions. The resulting change in free energy has 

three contributions,

(
V
a3 )kBT(ln η − 1) δη mixing entropy gain,

(
V
va3 ) qψ δϕ = −(

V
va3 ) qψ δη electrostatic penalty,

(
V
va3 )μ δϕ = −(

V
va3 )μ δη chemical potential.

(11)

Minimizing the total change in free energy with respect to δη, we 

obtain δη = exp [−β(μ − qψ)/v], in agreement with Eq. (9).

B. Counterion adsorption on a charged surface
We now explore the ionic profile for the single counterion 

species near a charged surface with charge density σ > 0. We assume 

that the system is homogeneous in the directions parallel to the sur-
face. The profiles are then only a function of the distance away from 

the surface, x, making the system one-dimensional (1D). As the pres-
sure is uniform, it can be evaluated [Eq. (3)] at infinite distance from 

the surface, where the electrostatic field vanishes ψ 

′ 

(x → ∞) = 0. 

The counterions have to balance the surface charge, and their con-
centration vanishes at infinity, ϕ(x → ∞) = 0 and η(∞) = 1. Hence, 

the pressure in this counterion-only case is zero, and Eq. (3) can be 

rearranged as

ln η +wϕ = −
a3ε

2kBT
∣∇ψ∣2. (12)

1. The generalized Grahame equation 

Substituting the electrostatic boundary condition, ψ 

′ 

(x = 0)
= −σ/ε in Eq. (3), we obtain the condition for the counterion frac-
tion at the surface, ϕ s 

≡ ϕ(0), expressed via a dimensionless surface
parameter ζ,

ln (1 − ϕ s 
) +wϕ s 

= −ζ. (13)

This is a modification of the Grahame equation 

2 where

ζ = 2πlBa3
(
σ
e
)

2
=

a3

2πlBl2
GC

, (14)

and the Bjerrum length l B 
and Gouy–Chapman length l GC are

defined 

2 as usual,

lB =
e2

εkBT
, lGC =

1
2πlB

e
σ

. (15)

Throughout the paper, we take the relative dielectric constant of 

water to be 80. At room temperature, T = 300 K, this leads to
l B ≃ 7 Å. Since the dimensionless surface parameter ζ does not 

depend on v, the effect of the ion size on ϕ s 

enters only through the 

parameter w = 1 − 1/v defined earlier.
The solution to the transcendental Eq. (13) can be expressed in 

terms of the Lambert W function (also called the product logarithm), 

W(u), defined as the inverse function of u(W) = We 

W ,

ϕs = 1 +
1
w

W(−we−ζ−w). (16)

Equation (16) is one of our central results. It can be viewed as a 

generalized Grahame equation, relating the counterion fraction at 

the surface, ϕ(0) = ϕ s, with the surface charge density σ for a single 

counterion species of arbitrary size asymmetry.
Equation (16) is presented in Fig. 1 for both a weakly charged 

surface (ζ = 0.5) and a strongly charged one (ζ = 2). [Note that even 

for small (but not vanishing) values of ζ, the counter-ion-only model 

can be justified for dilute enough electrolytes. Moreover, ζ ∼ a 

3 , 

where a is the smallest length in the system, implying that ζ can 

be quite small without affecting the validity of our counter-ion-only 

model.]
In addition, we present three limiting cases. First, substitut-

ing v = 1 (w = 0, no asymmetry) reproduces the corresponding 

Grahame equation for the symmetric MPB case, 

2

ϕ s 
= 1 − e 

−ζ . (17)

The second limit corresponds to saturation of the ionic concen-
tration near the surface. It can be treated by assuming a large surface 

charge density σ so that ζ is sufficiently large, and the argument of 

W is exponentially small. Then, we can expand W(u) to first order 

in u, W(u ≪ 1) ≈ u, yielding

ϕ s 
≈ 1 − e 

−ζ−w . (18)

The argument of W in Eq. (16) depends not only on ζ, but 

also on v (through w = 1 − 1/v). The third limit is that of small 

ionic size v. Even for large ζ, if the ionic size is sufficiently small 

such that v ≲ v 

∗ 

= 1/(1 + ζ), we cannot use the expansion of W for 

small arguments. Instead, we should use the asymptotic expansion 

for large arguments, W(u ≫ 1) ∼ ln u. This is the case in the limit
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FIG. 1. Counterion fraction at the charged surface ϕ s 

(solid blue line) as a function 

of the size ratio v [Eq. (16)]. (a) The weakly charged surface case; and (b) the 

strongly charged surface case. Convergence to the low v limit (dashed purple 

line), Eq. (19), is seen in both cases, whereas in the high v limit (dashed green 

line), Eq. (18) is a good approximation only for strongly charged surfaces where ϕ s 

is close to saturation. The vertical dashed–dotted black line marks the crossover 

between the two limiting behaviors, v 

∗ 

= 1/(1 + ζ).

of point-like ions (v → 0), holding for a dilute solution. Then, we 

recover the Grahame equation of the PB model, 

2

cs ≈ 2πlB(
σ
e
)

2
, ϕs = a3vcs. (19)

Therefore, ϕ s 

in this limit is proportional to v.
In Fig. 1, we plot ϕ s 

as a function of the size asymmetry v for 

small ζ [ζ = 0.5 in Fig. 1(a)] and large ζ [ζ = 2 in Fig. 1(b)]. The 

solid blue line represents the full solution from Eq. (16). For large 

ζ in Fig. 1(b), the approximate Eq. (18) (dashed green line) con-
verges well to the full solution in the limit of large v, reaching the
maximum value of 1 − e 

−ζ−1 . However, the approximation substan-
tially deviates from the full solution for small ζ [dashed green line in 

Fig. 1(a)]. The crossover asymmetry v 

∗ 

= 1/(1 + ζ) is marked by a 

vertical dashed–dotted line. For v < v 

∗ , the solution for ϕ s 

tends to 

the linear curve v, given by the Grahame equation, Eq. (19) (dashed 

purple line). This is clearly evident for both values of ζ < 1 and ζ > 1 

shown in the figure.

2. Ionic profile: ϕ(x )
Taking the spatial derivative of Eq. (3) and combining it with 

the Poisson equation [Eq. (4)], we obtain a first-order differential

equation relating ϕ(x) and its derivative ϕ 

′ 

(x). This equation can be 

integrated, yielding

x(ϕ) =
1
α

¿
Á
ÁÀ a3

8πlB

ϕ(x)

∫

ϕs

dϕ
(1 − ϕ)−1

−w

ϕ
√
− ln (1 − ϕ) −wϕ

, (20)

where α = ∣z∣/v is the valency-to-size ratio. Once the boundary value 

ϕ s 

is obtained from Eq. (16), we can calculate the profile ϕ(x) 

numerically by inverting x(ϕ) from Eq. (20). Then, using Eq. (5)
with ϕ ref 

= ϕ s, the profile of the electrostatic potential ψ(x) can be
obtained as well.

In a saturated region, the right-hand-side of Eq. (4) tends to a
constant, ψ 

′′ 

≈ −q/(εva 

3 

), and this second-order ODE for 1D sym-
metry can be integrated twice. The resulting spatial dependence of 

the electrostatic potential is parabolic, 

4

βeψ(x) ≈ −
ζ
α
+

2πlBα
a3 (x − ℓ

∗
)

2,

ℓ∗ = a3σ/αe,
(21)

where the potential at the surface is set as the reference potential, 

ψ ref 

= ψ(x = 0) = 0. Clearly, there is an extremum at a distance ℓ 

∗ 

from the surface. Since the counterion concentration profile depends 

exponentially on ψ, Eq. (10), the length ℓ 

∗ characterizes well the 

thickness of the saturation layer.
Figure 2(a) shows the counterion volume fraction profile, ϕ(x), 

as a function of the distance from the surface, x, obtained from 

Eq. (20). Similarly, Fig. 2(b) shows the respective electrostatic poten-
tial profile, obtained from Eq. (8). The profiles shown are for the 

symmetric case (v = 1; green line), as well as for a smaller size ratio 

between counterion and solvent (v = 1/8; purple line) and a larger 

one (v = 8; blue line). The solvent size a is adjusted while the coun-
terion size va 

3 is kept constant. Since a 

3 

/α ∼ va 

3 , the characteristic 

length ℓ 

∗ is also unchanged.
Figure 2 demonstrates the enhanced saturation effect caused by 

larger solvent molecules. This is due to the smaller entropy gained 

by mixing the counterions with the larger solvent molecules. From 

a more intuitive perspective, the large solvent molecules osmotically 

push the smaller ions closer to the surface.
The volume fraction profiles intersect around x ≈ ℓ 

∗ , demon-
strating the role of ℓ 

∗ as a characteristic thickness of the saturated 

layer. For x > ℓ 

∗ , the parabolic approximation of the potential pro-
file [Eq. (21)] is no longer valid and deviates largely from the exact 

profile. Clearly, this approximation can be used only for x < ℓ 

∗ .
The length ℓ 

∗ can be heuristically inferred from the typical 

thickness of a saturated layer required to neutralize the charged 

surface, as follows. The area per surface charge is e/σ. A single coun-
terion of valency z participating in the saturated layer has volume 

a 

3 v and neutralizes ∣z∣ monovalent surface charges, i.e., an area of 

∣z∣e/σ. Placing the counterion inside a fictitious rectangular box of 

base area ∣z∣e/σ and volume a 

3 v leads to a box length of va 

3 σ/∣z∣e, 

which is exactly ℓ 

∗ as derived in Eq. (21).

III. FREE-ENERGY AND PROFILES FOR A 

MULTI-SPECIES IONIC SOLUTION
We now consider the generalization of the single ionic species 

presented in Sec. II to the case of M ionic species. Each species
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FIG. 2. (a) Counterion volume fraction ϕ(x) = a 

3 vc(x) and (b) dimensionless 

electrostatic potential βeψ(x), as a function of distance from the surface, x, for 

different solvent sizes and size asymmetries. In all cases, the ionic size is held 

constant, a 

3 v = 125 Å 

3 , the ions are monovalent, z = 1, and α = ∣z∣/v = 1/v. 

The surface charge density is σ = 2e/nm 

2 . The profiles shown are for the sym-
metric case (v = 1, a = 5 Å, ζ ≈ 2.7; green line), as well as for a smaller size 

ratio between counterion and solvent (v = 1/8, a = 2.5 Å, ζ ≈ 0.3; purple line) 

and a larger one (v = 8, a = 10 Å, ζ ≈ 17.6; blue line). The dashed–dotted vertical 

line marks the value of ℓ 

∗ 

= a 

3 σ/αe = 2.5 Å. Since a 

3 

/α ∼ va 

3 , the characteris-
tic length ℓ 

∗ is unchanged. The approximate parabolic profile of the electrostatic 

potential (dashed black line) for v = 1/8 and a = 10 Å is drawn in (b) from Eq. (21).

i = 1, . . . , M, is characterized by a molecular volume a 

3 v i 
and ionic

charge q i 

= z i 
e (valency z i 

). The parameter v i 
is the ratio between 

the molecular volume of the ith ionic species and that of the solvent 

(a 

3 

).
As in Sec. II, the free energy, F = U el 

− TS, is expressed in terms
of the local electrostatic potential ψ(r) and the ionic concentra-
tions c i 

(r) or, equivalently, volume fractions ϕ i 

(r) = a 

3 v i 
c i 
(r). The 

electrostatic energy is

Uel = ∫ d3r(−
ε
2
∣∇ψ∣2 +

M

∑
i=1

qiciψ). (22)

The first term is the electric field’s self-energy, and the second term 

is the sum of the ions’ electrostatic energy. Then, the Flory–Huggins 

entropic contribution to the free energy is written as

− TS =
kBT
a3 ∫ d3r(

M

∑
i=1

ϕi

vi
lnϕi + η ln η). (23)

The first term is the mixing entropy of the ions summed over all 

ionic species. The second one is the mixing entropy of the solvent. 

Assuming incompressibility, the solvent local volume fraction is

η(r) = 1 − 

M

∑ 

i=1
ϕ i 
(r). (24)

At equilibrium, the system has a spatially uniform ther-
modynamic pressure, which can be derived through the contact
theorem. 

16,17 It yields the following equation of state that is a
generalization of Eq. (3),

−
Pa3

kBT
=

a3ε
2kBT

∣∇ψ∣2 + ln η +
M

∑
j=1

wjϕj = const., (25)

where the parameter w j 
is defined as

w j 
≡ 1 − 1/v j. (26)

The first term on the right-hand-side of Eq. (25) is the contribution 

to the pressure from the electrostatic stress, while the second and 

third terms come from the lattice-gas entropy.

A. Profile equations for M ionic species
Minimizing the total free energy with respect to ψ and {c i 

} (or 

{ϕ i 

}), i = 1, . . . , M, yields the Poisson equation, expressed in terms 

of volume fractions

∇
2ψ = −

1
ε

M

∑
i=1

qiϕi(r)
a3vi

, (27)

and the equation of state for the ionic concentrations,

ϕi

(1 −∑M
i=1 ϕi)

vi =
ϕref

i

(ηref)
vi

e−βqiψ , (28)

where ϕref
i and η ref 

are, respectively, the volume fractions of the ith
species and the solvent at the reference position, where ψ ref 

= 0.
Equation (28) represents M algebraic equations, containing 

a polynomial of degree v i. Together with Eq. (25), we have
M + 1 equations for the M density profiles ϕ i 

(r) and for the local 

electrostatic potential ψ(r).

B. Stratification of multi-counterion adsorption 

Consider a solution containing several counterion species of 

different size and valency. Close to a strongly charged surface, some
experiments 

10,11 and numerical studies 

6–8 have found that the con-
centration of lower-valency counterions is higher near the surface. In 

general, charged surfaces preferentially adsorb high-valency counte-
rions. However, if the lower-valency ions are smaller, this preference 

can be reversed. Moreover, the above-mentioned studies suggest 

that the valency-to-size ratio, α = ∣z∣/v, determines the spatial order 

of adsorption (stratification) from a multi-counterion solution—the 

larger the value of α, the closer the maximal concentration of the ion 

species to the charged surface. The dependence on α is already seen, 

indeed, in the expressions for the electrostatic potential ψ and char-
acteristic length ℓ 

∗ of the saturated region, Eq. (21). We now give a 

semi-quantitative argument to account for these observations.
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FIG. 3. Schematic of a stratified counterion system near a charged surface. The 

label α k 
represents the dominating species in layer k away from the charged

surface. In addition, the stratified layers are characterized by α 1 

> α 2 

> ⋅ ⋅ ⋅ > α M 
.

The solution has M negative ion species with valencies z i 
and 

relative specific volumes v i 
(with respect to the solvent molecu-

lar size a 

3 ), near a positively charged surface. We assume that the 

surface is strongly charged, forming a saturated layer of adsorbed 

counterions, as depicted in Fig. 3. The saturation implies that the 

electrostatic energy dominates the free energy of adsorption, and 

mixing entropy can be neglected. Let us further assume that the 

counterion species are stratified into layers indexed by k accord-
ing to their distance from the surface. We examine the energy cost 

of exchanging n k 

ions of layer k with n k+1 

ions of layer k + 1. For 

the exchange to be energetically unfavorable, we will prove that the
condition has to be α k+1 < α k 

.
Taking the electrostatic potential in the two layers to be ψ k 

and 

ψ k+1 

, the electrostatic energy cost of the exchange is

1
e
ΔU el = ψ k 

(n k+1 

z k+1 − n k 

z k 

)

+ ψ k+1 

(n k 

z k 

− n k+1 

z k+1 

)

= (ψ k 

− ψ k+1 

)(n k+1 

z k+1 − n k 

z k 

) 

= −∣ψ k 

− ψ k+1∣(nk+1 

∣z k+1 

∣ − n k 

∣z k 

∣).
(29) 

Now, to maintain the condition of saturation in the kth layer,

n k+1 

v k+1 − n k 

v k 

= 0 ⇒ n k 

/n k+1 

= v k+1/v k. (30)

Substituting this equation in Eq. (29) yields
1
e
ΔUel = ∣ψk − ψk+1∣nk+1vk+1(αk − αk+1), (31)

where we recall that α i 
= ∣z i 
∣/v i. Therefore, the condition for hav-

ing ΔU el > 0 (unfavorable exchange) is α k+1 < α k 

. This argument is
quite general, provided the electrostatic potential is sufficiently large. 

Therefore, with increasing distance from the surface, the layers are 

arranged in decreasing order of the valency-to-size ratio α.

IV. CONCLUSIONS
We have studied the effects of the size asymmetry of ions 

and solvent on the ionic concentration profiles in an electrolyte 

solution in contact with a charged surface. We have obtained ana-
lytical results for the ionic volume fraction adjacent to the surface, 

Eq. (16), and (up to an integration) for the full concentration 

profiles, Eq. (20).
The main findings are summarized in the diagram presented in 

Fig. 4. The behavior can be separated into three qualitative regimes. 

In the dilute regime, the PB theory predictions are valid. This

FIG. 4. Three regimes of counterion concentration profiles, plotted on the plane 

of surface charge (ζ ∼ σ 

2
) and size asymmetry (v). The crossover between the 

intermediate and saturation regimes occurs at ζ = 1, and the one between the 

dilute and the two other regimes at v 

∗ 

= 1/(1 + ζ).

regime can be reached by either decreasing the surface charge (σ) 

or decreasing the ion size relative to the solvent (the v parameter). 

We have been concerned mainly with the opposite case, of a solu-
tion whose concentration profile near the surface is saturated. The 

saturation regime is reached by a high surface charge σ and a large 

ion size v relative to the solvent. In this case, the layer structure near 

the surface has distinctive dependencies on surface charge and size 

asymmetry, as given by Eq. (18).
The line v 

∗ 

= 1/(1 + ζ) marks the crossover between the PB 

regime and two regimes where the PB predictions are not valid any-
more. For a weakly charged surface and large ion size (ζ < 1 and 

v > v 

∗ ), this intermediate regime is neither well described by the
PB theory nor does it have a saturated layer. The saturation regime 

occurs for v > v 

∗ and ζ > 1. 

In addition, our model accounts for stratification in solu-
tions containing multiple counterion species. In this case, separate 

saturation layers form near the charged surface. The model pre-
dicts that stratified layers are ordered according to the valency-to-
size ratio of the counterions, α = ∣z∣/v, in agreement with earlier 

observations. 

10,11

Consideration of co-ion species is straightforward by applying 

the model presented in Sec. III, as performed previously by Maggs 

and Podgornik. 

14 For strongly charged surfaces, co-ions are depleted 

from the counterion-saturated layer by both the electrostatic repul-
sion and the steric hindrance. Therefore, we expect our results for 

the saturation limit to remain unaffected by the inclusion of co-ions. 

Since we aim in this study to explore the ionic size effects, 

we have not considered additional contributions such as specific
ion-surface or ion–ion interactions and polar effects. Furthermore, 

the assumption of a uniform dielectric constant being equal to the 

solvent’s ε is problematic in situations of counterion saturation. In 

these cases, the solvent molecules are depleted from the region near 

the surface, or their orientation is strongly affected by the ions. 

18,19

This implies that the present treatment overestimates the screen-
ing by the aqueous solvent and underestimates the electrostatic 

interactions. This observation is supported by several models that 

investigated the combined effects of medium polarizability and ionic 

finite size.20–23
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The present study can be extended in several directions. Curved 

geometries (e.g., a charged cylindrical surface or charged sphere) 

introduce another length scale whose interplay with the ion size 

should be more complex to analyze and may affect, for example,
the Manning–Oosawa condensation 

24–26 for the cylindrical case or
the effective surface charge for the charged sphere. Another inter-
esting direction is to consider a continuous distribution of ion size 

and its effects on the concentration and charge density profiles of 

counterions near charged surfaces.
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