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Abstract

Uncompensated charges do not usually occur in Nature and
any local charge should be a result of charge separation.
Dissociable chemical groups at interfaces in contact with ions
in solution, whose chemical equilibrium depends both on
short-range non-electrostatic and long-range electrostatic in-
teractions, are the physical basis of this charge separation,
known as charge regulation phenomena. The charged groups
can be either fixed and immobile, as in the case of solvent-
exposed solid substrate and soft bounding surfaces (e.g.,
atomically smooth mica surfaces and soft phospholipid mem-
branes), or free and mobile, as in the case of charged macro-
ions (e.g., protein or other biomolecules). Here, we review the
mean-field formalism used to describe both cases, with a focus
on recent advances in the modeling of mobile charge-
regulated macro-ions in an ionic solution. The general form of
the screening length is derived, and is shown to combine the
concept of intrinsic capacitance (introduced by Lund and
Joénsson) with bulk capacitance, resulting from the mobility of
small ions and macro-ions. The advantages and disadvan-
tages of different formulations, such as the cell model vs. the
collective approach, are discussed, along with several sug-
gestions for future experiments and modeling.
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Introduction

The mechanism of ion exchange between dissociable
amino acids and their surrounding solution has been
proposed already in the 1920’s by Linderstrgm-Lang of
the Carlsberg Laboratory [1]. Early advances in the
dissociation/association equilibria and acid—base prop-
erties of polyelectrolytes [2,3] were introduced in the
pioneering works of Kirkwood and Schumaker [4].
These, as well as the dissociation equilibria of proteins
(Tanford and Kirkwood [5]), have been authoritatively
reviewed by Borkovec, Jonsson, and Koper [6].

Another important contribution came in the 1970’s
when Ninham and Parsegian [7] introduced the charge
regulation (CR) mechanism. In their seminal work, they
developed a self—consistent relationship between the
local electrostatic potential and the dissociated state of
chargeable surface groups. The novelty at that time was
to introduce a more special charge-regulated boundary
conditions for the Poisson-Boltzmann (PB) model. The
charge association/dissociation process (CR mechanism)
couples the local electrostatic field with the local charge,
and results in a self-consistent partitioning of dissoci-
ated and associated surface states [8,9].

Charge regulation governs many electrostatic in-
teractions in biological systems, making it fundamental
to the understanding of protein complexation [10,11]
and adsorption onto surfaces [12,13], bacterial adhe-
sion [14], viral capsids assembly [15], translocation of
DNA through solid-state nanopores [16] and several
other bio-processes [17]. It is also a key ingredient for
the design of materials based on polyelectrolytes in so-
lution and polyelectrolyte brushes [18—20].

Charge regulation was also found to be useful in several
electrochemical systems. For example, it affects the
charge density of silica surfaces [21] immersed in
aqueous electrolytes, and was applied to biomolecules
detection via silicon field effect transistors (FET) [22].
Moreover, CR changes the ionic conductance through
nano-fluidic devices such as nano-tubes and nano-
channels [23,24]. It may even lead to a new mecha-
nism for over-limiting current (faster than electro-
diffusion) in electrodialysis [25].
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The CR formulation can be implemented either via the
law of mass action [26,27], or by modifying the surface
part of the total free-energy [28—35]. The latter
approach leads to the same results as the law of mass
action, but with the advantage that it can be easily
generalized to include any non-electrostatic surface in-
teractions [36,37].

The Poisson-Boltzmann theory with CR surfaces has
been studied in the past for uniform charge distributions
of dissociable groups, in contact with an electrolyte so-
lution [9,38,39]. Other studies involved modeling of a
single CR colloid in solution, in the proximity of another
charged surface [40]. Most of previous calculations
employed linearized CR boundary conditions or a line-
arized version of the PB equation itself (known as the
Debye-Hiickel limit) [41—44]. The assumption of
uniform charge distribution was dropped in later works
[45,46], and CR surfaces with patchy chargeable groups
were analyzed as well. In some cases, it was found that
higher-order electrostatic multipoles may need to be
considered in relation to the CR process, in addition to
the monopolar ones [47,48].

A number of models of single protein and protein—
protein interactions [49] in aqueous solution have
been studied by various simulation techniques [50—54],
and extensively reviewed in Ref. [55]. For proteins, the
CR contributes significantly to the fluctuation part of
the electrostatic interaction (the Kirkwood—Schumaker
interaction [4]). This contribution can be quantified in
terms of the charge capacitance, which is a measure of
the molecular charge fluctuations defined by the charge
variance [56].

In order to evaluate the importance of charge regulation
in protein and polyelectrolyte systems, the standard MC
algorithm has to be augmented in order to account for
the protonation/deprotonation reaction of the acidic/
basic sites. This implies an additional MC step with
energy change that follows the Nerst equation, AU =
AUgg + #g7log;(pH —pKy), where AUgg is the change
in the standard electrostatic energy [57].

Charge regulation was shown to have pronounced ef-
fects on the properties of weak polyelectrolytes, such as
the pH-dependence of chain conformation and ioniza-
tion [19,30,31]. This has been explored for linear [57]
and star-like polymer chains [58], macroscopic net-
works [59,60], as well as microgel architectures [61] of
weak polyelectrolytes, and for physically deposited and
chemically grafted polyelectrolyte layers [30,62].

The PB theory of interacting CR macro-ions in solution
was addressed to a much lesser extent, mostly within the
context of the cel/ model/ |63], for which each macro-ion is
placed in the center of a cell whose external boundary
mimics the presence of neighboring macro-ions. In this
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way, the interactions between the macro-ions are taken
into account on a simple mean-field level [6]. The cell
model was later generalized to include charge regulation
of macro-ion surfaces [64], which allowed to find the
macro-ion effective charge as a function of their con-
centration [65], and the phase behavior of oppositely
charged macro-ion mixtures [66—68].

While the cell model gives a reasonable approximation
for the effective charge of the macro-ions in the ho-
mogeneous bulk, it cannot describe the collective ef-
fects due to external electric fields, where both the
effective charge and macro-ion concentrations vary in
space, as is depicted in Figure 1. To account for such
effects, one needs to employ a more refined and col-
lective description.

An attempt in that direction was done in a study of the
sedimentation of CR colloids [69]. However, as the
theory was not derive from first principles, its consis-
tency remains uncertain. To that end, a general
formalism was introduced in Refs. [70,71], and account
for mobile macro-ion effects in dilute solutions. The
macro-ions are treated as point-like particles, resem-
bling small salt ions, while retaining their internal de-
grees of freedom that determine the macro-ions charge
state in a self-consistent way. Such theories of mobile
macro-ions are relevant for recent experiments with
non-polar colloids, where the colloid macro-ions are
dispersed in hydrophobic dodecane (non-polar) solvent
and carry a charge that can self-adjust due to dissocia-
tion/association of weakly-ionized surface groups
[72,73].

In this short review, we discuss some recent de-
velopments in the theoretical modeling of CR macro-
ions in solution. First, the general free-energy formalism
is introduced. Then, we review the cell model for
charge-regulated macro-ions and concentrate on the
collective description of mobile macro-ions, as was set
forward in Refs. [70,71]. We end the review by offering
several concluding remarks and future prospects.
Throughout this review, we shall employ the mean-field
formalism and neglect any fluctuation effects that are
addressed elsewhere [32,55,74].

General free-energy formalism for charge
regulation

The PB mean-field theory of charge-regulating pro-
cesses can be formulated as a density functional theory
of the free energy. The free-energy functional consists of
bulk and surface terms, and the combined free energy
assumes the form

F = /d%,ﬂ,(w,w,m) + /dzrfs(xps,nf), (1)
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Figure 1
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(color online) (a) Schematic drawing of a solution confined in between two negatively charged surfaces, containing simple salt ions (red and
green) and charge regulated macro-ions (blue). (b) Charge regulation process on a single macro-ion, for which the positive salt ions are free to
adsorb/desorb onto the macro-ions. The extent of adsorption/desorption is determined by the local electrostatic potential, causing both the
macro-ion effective charge and macro ion concentration to vary in space.

where y(r) is the local electrostatic potential, #;(r) is the
local concentration of species7 = 1,2,...,and their values
on the surface are denoted as ¥ and #}, respectively. The
volume free-energy, fy, contains the electrostatic energy
and free-energy terms of an uncharged system. In a dilute
solution, these terms represent the ideal-gas entropy of
the ions. The surface part, f;, essentially includes the CR
effect via the ion—surface interaction, ze., charge
regulation.

Assuming that the system is composed of monovalent
salt, then

f‘\’(w7V‘//7”i) :fPB(w7V¢7”i)7 (2)

is the standard PB free-energy density [8]. For simplicity,
we further assume that the only ion type that exchanges at
the surface is one of the salt species, chosen to be the cation.
An additional assumption is that only a single adsorption/
desorption mechanism is involved. Consequently, f, is a
function of the surface potential ¥, and of the surface
concentration of the adsorbed cations, 7% . Its exact func-
tional form depends on the CR model that is employed
[36].

The volume part of the Euler—Lagrange equations is
given by

-afv — %:0 and U
ovVy oy 04

=0, 3)

while the surface part is

~ O s

_ s
n E)Vzp‘jL 0 and

oy, on’,

=0, )

where 0 is a unit vector normal to the bounding surface(s).
Eq. (3) reduces to the PB equation, and Eq. (4) yields the
exact CR boundary condition that was originally derived
using chemical equilibrium equation [7]. The above
formalism can be extended to describe a variety of surface
geometries, with the only limitation being that the
boundaries are taken to be fixed (immobile) in space.

Cell-model for charge-regulated macro-ions
As mentioned in the introduction, a viable way to
describe charge regulation of immobile macro-ions is the
cell-model approach. Each macro-ion occupies the
center of an imaginary Wigner-Seitz cell, and is
surrounded by solvent molecules and salt ions. Both the
cell and the central macro-ion are taken to have a
spherical shape for simplicity (although a cylindrical cell
is used to model polyelectrolytes in solution).

The macro-ion fixed radius is denoted by «, while the
cell radius, R, is determined by the concentration (per
unit volume) of macro-ions, p, such that R~p71/3. We
can now apply the formalism presented in Section
General free-energy formalism for charge regulation,
with the additional demand of electro-neutrality in each
cell, separately. For the bulk part, Eq. (3) remain the
same and the CR boundary is described by Eq. (4),
while at the outer cell boundary, the additional boundary
condition is

n-Elg =0, (5)

as is stipulated by symmetry.
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Solving these equations, one can derive ionic profiles,
effective macro-ion charges and electrostatic pressure as
function of the macro-ion concentration p, while the
interactions between the macro-ions are taken into ac-
count in an indirect manner, via the external boundary
condition at R.

This single-particle cell-model approach is mostly
appropriate at high density of the macro-ions, where their
translational entropy is small or even vanishing [63], or
when one wants to describe a homogeneous bulk. How-
ever, it cannot describe collective effects such as the
response of macro-ions in solution to external fields.

Collective approach for charge regulated
macro-ions

In the collective approach, applicable in the limit of
dilute macro-ion solutions, the macro-ions themselves
are treated in analogy to point-like ions [70,71].
Assuming a solution containing many point-like CR
macro-ions with concentration p, the surface term in
Eq. (1) vanishes and is replaced by additional terms in
the volume part of the free energy. Eq. (2) now reads,

](V(\IG V‘pa”ivp?Qﬁ) = fPB(¢7 Vl//7”j:7p) +pg(¢/7 Qﬁ)v
(6)

where 0, is the overall macro-ion charge, and g(y, 0, ) is the
point-like version of the former f(, 75, ), satisfying

¢(r) = f A2 £ (W + 1), 7% (r +1)) = 2((x), Op(r))-
(7)

As can be easily seen, Eq. (6) is composed of the PB free
energy for the three ionic species, 7z and p, and the bulk
CR term pg(¥, 0p)-

In this formalism, Eq. (3) remains the same, but is
complemented not by Eq. (4), but by two other
conditions,

%:O and % _

op 00,

0. (8)

The macro-ions are now described on the same footing
as the solution salt ions, except that their charge, 0, is
not fixed, but is determined self-consistently.

The most important difference between the cell model
and the collective description is the macro-ion trans-
lational entropy included in fpg (¥, Vy,71,p). In addition,
the CR affects the charge of the macro-ion 0,, as well as
its concentration p and the corresponding electrostatic
potential, Y. The latter is averaged over a local
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The three contributions to the total charge density,

p(2) = en, — en_+Qpp as function of the distance from a positively
charged surface, z/1;. Cation charge density, en,, is plotted as a
solid black line, anion charge density, — en_, as dashed blue line,
and macro-ion charge density, Q,p, as dotted red line. The density
p(z) is normalized by eny, where e is the unit charge, nt is the total
salt concentration, and the distance is normalized by the Debye
screening-length, 25 = 1/y/8nlgnr. Note that the total amount of
ions, ny, includes the free and adsorbed ions, and is different than
np. The total concentration and 1} are used here merely to rescale
the charge concentration and distances, respectively. The macro-ion
charge is regulated by a simple mechanism described in Ref. [70].
Inset: the macro-ion effective charge Qy(z) (normalized by the unit
charge e) as function of the distance from the surface, z/1;. Results
are adapted from Ref. [70].

distribution of macro-ions and that of the salt ions around
the macro-ions.

The mobility of the macro-ions has several important
consequences. In the presence of external fields, both
the macro-ion concentration, p, and charge, (,, vary in
space, as is demonstrated in Figure 2. Some insights on
this behavior can be obtained by looking at the effective
ionic screening-length, A,

2 _ _ 1 2(¥)
;{eff - €0 aw o ) (9)

defined in analogy with the Debye screening-length, Ap,
where p is the local charge density, to be introduced below.

We recall that the charge density for an electrolyte solu-
tion having N ionic species, each with bulk concentration
nlb and with constant charge ¢; on each ionic species 7 is:

p(¥) = 2gimi(¥), where n(y) = mexp(— gy /ksT),

and the Debye screening-length is given by }{62 =
quznlb /(eoekgT). For a monovalent solution, 7% = #,,

1
and the Debye length reduces to Ap = 1/+/8w/gmy,
where /g is the Bjerrum length. /s = ¢/ (4megekpT).
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In the CR case, the screening length depends similarly
on p(y), the local charge density, but as the macro-ions
are charge regulated, the expressions are somewhat
different:

p(¥) = eni(Y) —en—(¥) + Op(V)p(¥), (10)
and

_ 471'/3 —2 2

Acf% =7 {62”3 + 4 + py (Qp + (AQp) )}, (11)
where GI) =(,(¥ = 0) is the average charge, and the fluc-
tuations around this average due to charge regulation are
given by

00, (v
(A0,)*= _/éBT% - (12)

The above relations for the average macro-ion charge
and its variance remain the same for all CR models,
while the specific form of ép and AQ, may vary ac-
cording to the CR model in mind.

An interesting feature of Eq. (11) is that it allows us to
understand the system in terms of the overall capaci-
tance, ze., the charge density response to the imposed
variation in the electrostatic potential. The capacitance
of the system has two contributions: the bu/t capaci-
tance, stemming from the spatial redistribution of the
charged particles (#+ and p), and the mzrinsic capaci-
tance due to the ability of each of the CR particles to
adjust its charge, 0,. Hence, simple ions having a fixed
charge, contribute only to the bulk capacitance, whereas
the macro-ions contribute to both. Note that the
intrinsic capacitance is the same as the capacitance
defined by Lund and Joénsson [55] in order to quantify
the Kirkwood—Schumaker interaction. Furthermore,
Eq. (11) is a generalization of that capacitance for the
mobile macro-ion case.

When using a theory that does not take collective effects
properly into account, one might derive Eq. (11)
without the important AQ, term [72]. However, this
term may modify the screening substantially, especially
if the macro-ions are close to the point of zero charge,
such that the Qg term is small.

Different forms of g() depend on the specific model
under investigation, and give rise to a pronounced and
non-monotonic variation in the screening length, and
consequently affect the electrostatic properties. In
particular, it is possible to classify CR mechanisms by
their asymmetry between the positive and negative ions
adsorption [70]. In this review, we assumed for simplicity
that only cations can be adsorbed on the macro-ions, but

the generalization to include a second adsorption process
for the anions is straightforward as is presented in
Refs. [9,70,71]. For symmetric CR models, the macro-
ions adsorb or release cations and anions in the same
amount, resulting in a preference to an overall zero
macro-ion charge, @p = 0. Asymmetric models, on the
other hand, lead to highly charged macro-ions.

The asymmetry is determined by the model parameters,
for example the number of positive/negative dissociable
groups, and the free energy gain from each dissociation.
Symmetric and asymmetric models lead to very
different dependence of the screening length on the
macro-ion concentration [71], and are reproduced in
Figure 3. Apart from the models discussed in Ref. [71],
other classification and more complicated CR mecha-
nisms surely exist, their rich behavior awaiting to be
uncovered.

Concluding remarks and future prospects
Our understanding of charge regulation phenomena
grew immensely in the passing decades since its dis-
covery [1] and first rigorous formulation [7]. Most of the
attention has been given to the problem of a single CR
macromolecule in solution, or the interaction between
two CR macromolecules or between two CR surfaces
[6,41,52,57,75]. However, the many-body problem of
multiple and coupled CR macromolecules was
addressed to a much lesser extent, being mainly
analyzed within two frameworks: the cell model [63,64]
and the collective approach [70,71], each having its own
advantages and merits in different situations.

Figure 3
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The effective screening-length ¢4, Eq. (11), normalized by the Debye
length, 1, = 1/,/8xlgny, plotted as function of the macro-ion bulk
concentration, p,, normalized by the total salt concentration nr. The
three curves represent three different CR mechanisms with a
common theme: the macro-ions can adsorb both cations and anions
from the solution via two distinct adsorption processes. The black
solid curve represents the case where the two adsorption cancel one
another such that the overall macro-ion charge is zero (symmetric
case), whereas the dashed blue and dotted red curves represent
cases where one adsorption is more dominant than the other,
dashed blue being the more extreme case (asymmetric cases). Re-
sults are adapted from Ref. [71].
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The collective description of mobile CR macro-ions in
an electrolyte solution is a simple generalization of the
PB paradigm to the case of more complex ionic solu-
tions, composed of macro-ions or nano-particles with
non-trivial association/dissociation properties. It is
particularly useful in order to understand the screening
properties of the bulk solution, as well as the inhomo-
geneous density and electrostatic potential distribution
close to an externally imposed charge, as in the case of a
bounding charged interface.

Such a collective description provides an explicit
generalization of the screening length that consistently
takes into account the redistribution of charge density of
all the mobile charged species (just as is done for the
standard Debye screening-length), combined with
specific changes in the macro-ion charge due to the
charge regulation process itself. These two properties
together determine the screening response of the so-
lution. The understanding of the screening phenome-
non in such complex ionic solutions should have
repercussions not only conceptually but also practically
when decay lengths are extracted from experimental
data and compared to theoretical predictions.

The possibly high values of the macro-ion charge, 0,
which can reach up to hundreds of unit charges, make
the applicability range of the collective approach diffi-
cult to delimit. As the charge of the macro-ions itself
varies, a systematic electrostatic coupling constant
expansion that defines the strong coupling limit [76] is
hard to obtain. Therefore, further detailed testing of the
collective approach either by new experiments and/or
detailed simulations is highly desirable.

The collective approach may lead to other important
applications in the future. In particular, in the in-
vestigations of inhomogeneous systems subjected to
external fields, such as centrifugal sedimentation of
colloids, proteins near charged membranes, or protein
near impermeable membranes that generate electric
fields due to the Donnan equilibrium.

On the theoretical side, it would be interesting to study
different and perhaps more detailed CR models,
including interactions between different dissociable
groups, within the collective approach. Such short-range
non-electrostatic interactions will generate higher-order
terms in the free energy, and may lead to yet unexplored
phase separations and phase transitions. Hopefully,
these and other unsolved issues will be addressed in the
future by experiments and theory.
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