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Persistence length of a strongly charged rodlike polyelectrolyte in the presence of salt
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The persistence length of a single, intrinsically rigid polyelectrolyte chain, above the Manning condensation
threshold is investigated theoretically in the presence of added salt. Using a loop expansion method, the
partition function is consistently calculated, taking into account corrections to mean-field theory. Within a
mean-field approximation, the well-known results of Odijk, Skolnick, and Fixman are reproduced. Beyond
mean field, it is found that density correlations between counterions and thermal fluctuations reduce the
stiffness of the chain, indicating an effective attraction between monomers for highly charged chains and
multivalent counterions. This attraction results in a possible mechanical instabditapse, alluding to the
phenomenon of DNA condensation. In addition, we find that more counterions condense on slightly bent
conformations of the chain than predicted by the Manning model for the case of an infinite cylinder. Finally,
our results are compared with previous models and experiments.
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[. INTRODUCTION chain, is very useful in describing elastic properties of semi-
flexible polymers in general, and PEs, in particular. Accord-
The behavior of charged polymers has received consideing to the OSF theory, the total persistence length of the
able attention since the early 1970s. However, despite extefpolymer can be written as a sum of two contributions: the
sive efforts, much of the phenomena observed in systemiare persistence length and an electrostatic orlg. Elec-
containing polyelectrolyte€PES is still not very well under-  trostatic interactions are treated on a mean-field level and the
stood[1]. PEs are frequently used in various industrial ap-charges on the polymer are assumed to be smeared uni-
plications, such as stabilization of charged colloidal suspenformly. Within a linearized version of the Poisson-Boltzmann
sions and in flocculation processes. They also are an essentfeory, the interaction between any two charges is screened
ingredient of many biological systems. These reasons motiand given(in units ofkgT) by the Debye-Huakel expression,
vated theoretica]2—6], experimenta[7—11] and computer V°"(r)=Ige”*"/r. The Bjerrum lengtHg=e*/ckgT is de-
simulation[12—15 investigations of PEs. For instance, DNA fined as the distance at which the electrostatic interaction
is known to be a particularly strongly charged polymer, bearbetween two ions of unit chargeequals the thermal energy
ing a charge density of one electron charge per 1.7 A. kgT, wheree is the dielectric constant of the medium. For
Despite the strong electrostatic repulsion, PEs show #ater at room temperaturég=7 A. The inverse Debye-
wide range of complex behavior, depending on the concenHuckel screening length is thern=[47z(z+ Dlgc]¥2 It
tration of added salt and its valency. It is observed that witrdepends on the concentration of saland the counterion
monovalent counterions, PEs are usually stretched and agalencyz, where throughout this paper we will explicitly use
sume a rodlike conformatiofl6—18. On the other hand, a 1:z salt. Finally, the polymer is considered to be intrinsi-
introduction of a small amount of multivalent counterions cally rigid, |;>L. According to the OSF theory, the electro-
significantly reduces the rigidity of the chdi@—10. Under  static persistence length then yields
certain conditions a PE may completely collapse into a glob-
ulelike conformation[19—21]. For DNA, this is known as
DNA condensatiori22]. lp=lo+los=lo+
Even the problem of a single, uniformly charged, polymer
in aqueous solution still poses a theoretical challef&fz-
35]. Single-chain models are much simpler than real experiwhere\ =e/a denotes the average line charge density along
mental systems, as is the case for biopolymers in physiologithe chain.
cal conditions, or with synthetic PEs. However, much of the Since the OSF theory is strictly a mean-field theory, the
interesting phenomena characteristic to dilute PE solutions isffective interaction between charges on the polymer is al-
still captured in the models despite the extended simplificaways repulsivd 32,33. Indeed, Eq.(1.1) indicates that the
tion. polymer becomes more rigid due to electrostatics because
The first breakthrough in treating semiflexible PEs anadose>0. Experiments, however, clearly show that under
lytically was made by Odijk[30], and independently by some conditions, electrostatics may cause a reversed effect
Skolnick and Fixman31] (OSBH by introducing the concept [7-9,23, where enhanced chain flexibility results from a
of an “electrostatic persistence lengttiThe notion of per- negative electrostatic contribution to the persistence length.
sistence lengti4], which measures correlations along the In order to account for such behavior, corrections to linear-
ized Poisson-Boltzmann have been consid¢s2d-35. This
was done in two steps. The first is to take into account the
*Electronic address: andelman@post.tau.ac.il effect of counterion condensation. With strongly charged
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polymers, some of the counterions are loosely bound to thearrying a charge-ze. Namely, the chain is embedded in a
chain and reduce the effective charge on the polymer. For &:z electrolyte solution. In order to account for the effect of
straight infinite cylinder, this is known as Manning conden-counterion(Manning condensation we follow the two-phase
sation[3,36]. The second step is to consider correlations bemodel introduced by Oosawa]. The first phase is a 1D gas
tween the ions and thermal fluctuations of the counteriorof counterions that are bound to the polymer and can move
density [34,35. Correlations between bound ions becomeonly along the chain. The positions bfbound counterions
more significant at lower temperatures. In the-0 limit, are denoted aR(s;)---R(s)). The second phase is com-
condensed ions are arranged on a periodic lattice, similar to posed of free counterions in solution, in equilibrium with the
Wigner crystal, or a strongly correlated liqUig4]. At higher 1D gas. Since the Manning-Oosawa model regards the PE
temperatures such correlations are smeared out due to theains as an infinite-long cylinder, we will restrict ourselves
mal fluctuations. The latter introduces another correction tdereafter to rodlike polymers which satisfy>L. Finally,
mean-field theory coming from induced dipoles, similar towe will assume that the effect of the free ions is to screen out
van der Waals interactiof$5]. all electrostatic interactiongl5,43 so that the interaction

Both correlations and thermal fluctuations are mechabetween any two chargésmeared charges on the polymer
nisms that can cause the effective interaction betweeand boundzvalent counterionsis given by the screened
charges on the polymer to become attractive. Ngugteal.  Debye-Hickel interaction:VP(r) =zzjlge™ *'/r, wherez
[34] considered the former and calculated the persistencandzj are the valencies of the two respective ions. Because
length of a polymer close t6=0. Alternatively, Golestanian we employ a continuum approach, it is necessary to have
et al. [35] considered the fluctuation mechanism. The twoxa<1 (a is comparable to the size of the smallest molecule
models do not agree with each other, and there is still ndn the system—free monovalent ions and monomefsir-
consensus on the question of which of the mechanisms iermore, we require that the chain is long enough so that its
more significant at intermediate temperatures, which argontour lengthL is much longer than the screening length,
used in experiment37-41]. kL>1. These limits,a<x~ <L, usually hold in experi-

The aim of the present work is to propose a model whichmental and physiological conditions, and are necessary con-
takes into account both correlations and thermal fluctuationgitions for our model. In particular, the no added salt limit
of a single, intrinsically rigid, charged polymer, immersed in (x—0) is not covered by our model.
a bulk and continuous dielectric medium. This will facilitate  We can proceed by writing down the grand-canonical par-
a closer and consistent examination of the different mechaition function of the system. Up to a normalization constant
nisms that cause the fundamentally repulsive electrostatic rét is
pulsion to become attractive. Since the deviation from mean-
field predictions, as seen both in experiments and in previous e 'L
theoretical works, is so pronounced, an analytical under- Z=f DR(s) |—,H (Ef dSi)e_Ho_H”“. 21

K . . I=0 1:i=1 0

standing of the problem will be of high value.

In the following section, we introduce our model for treat- where the path integral is a sum over all possible spatial

ing a single, rodlike PE in presence of added electrolyte : L : .
(salt [42]. In Sec. Ill, a mean-field approximation is used, conformations of the chairy is the chemical potential of the

. - as of bound counterions and is related to the counterion
and the well-known result of OSF is reproduced. Section IV1D 9

finds the first-order correction to mean field, taking into ac_concentration in the bulk reservol, is the Hamiltonian of
countboth correlations and thermal fluctuatié)ns T?lis is thea neutral chain with bare persistence lenigthandHiy is the
main result of the paper where a new ex reésion for theelectrostatic interaction Hamiltonian. It consists of screened
electrostatic ersistgn(?e length is obtained pThi:s expressi %Iectrostatic interactions between all charged monomers and
P 9 8 ) P Pound counterions and is written as a sum of three different
accounts for the observed attraction between monomers for_ . .~ =~ -
. . contributions:H;,;=Hmt+Hpp+Hmp, Where
strongly charged polymers and multivalent counterions. In
the last sections, our results are compared to experiments and
. e . 11 (L (L
other theoretical models. Our findings are further discussed J' j dsd<VPH(R(s)—R(s"))
0

N . mm— 5 5
in view of these comparisons. 2 a%Jo

|
1L
IIl. THE THEORETICAL MODEL Hmb:gfo dszl VPH(R(s)—R(s))),

Consider a polymer chain consisting §&1 monomers '
of lengtha each. Taking a worm-like chain approdeH, the 1
polymer is modeled as a spatial curés),0<s<L=Na, _- DH N ,
with a total persistence lengthy. Charges on the chain are Hoo=3 .21 121 VIR(s)=R(s;). @2
assumed to be smeared with a positive constant line charge
density A =e/a (one unit chargee per monomer size), All energies are dimensionless and written in terms of the
while mobile ions are taken to be pointlike charges. Thethermal energykgT. In this form, the integrations of Eg.
system is immersed in a continuous dielectric medium with §2.2) diverge as the terms contain also self-interactios
dielectric constant. For simplicity, we have assumed that instance, whers—s’ in H,,,). All integrations, therefore,
coions are monovalent, while counterions are multivalentshould have a lower cutoff at a distance of order
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In order to treat the interaction term analytically, it is where we have defined
more convenient to use continuous volume concentrations
defined in the following way44—47 no=e*/L. (2.6

and &, was simplified in the following way:

1L
d>”‘(r)=—f dsé(r—R(s)),
alo 1 | Lds;

— J— M -
£ zo|' i—l(JO L)

|
<z>b<r>=i§1 8(r—R(s)), (2.3

|

xexp{if dsrwb(r)( > 5(r—R(sk))”
where ¢™ and ¢° are the monomer and bound counterion k=1
concentrations at location respectively. These can be sub- % [ Ld [
stituted into the partition function, E@2.1), by making use => —eu (f S) F{ Z b(R(s,))
of the identity operator that couples discrete and continuous =0l =1l Jo k=
concentrations. This is done using the path integral represen-

F{ f dse?’R(s)

tation of the Dirac delta function

— m m 1fL
1 fDd; (r)5[¢ (N-3 Odsé(r R(9) =ex p{anof d3rel " gM(r) . 2.7
=f D¢m(r)D¢m(r)expr —if d3ry™(r) It is easily seen that carrying out the integrations over the
new fields¢™, ™, P, y° reproduces Eq2.1) exactly. How-
1 (L ever, the form of the continuous partition function, E2.5),
X ¢>m(r)——J dsé(r—R(s)) } (2.9 is better organized: single-body interactions of the monomer
alo concentrationp™ and the bound counterion concentratiph

| are collected into the termg,, and &,. The two-body inter-

_ b by _ action termH .., has the form of a quadratic interaction be-

! f D¢ (r)&[q& (r) ,Zl o R(Sk))} tween the concentrations vector fiele] where the interac-
tion between the two vector fieldB(r) and®(r’) is given

v 7\/DH ' :
— | DUP(rYDSP _-J 3, b by the matrixZV-"(r—r"). In the above equation, we use
J yAnDS (r)exp[ ] ATy vector notation to write the interaction between the different
fields as
b _ _ A
X[ 0= o R“‘k””' B(1)ZD(r )VOH(r =) =[$7(1)$™(r') —22"(1) $(r")
DH/\ _

The extra complexity of this method is the introduction of +Z7¢°(r) P (r) [VI(r—r’).
two new auxiliary fields, denoted™ and ¢°, which couple (2.9
to ™ and ¢, respectively. Substituting Eq€2.4) and (2.3
into Eq. (2.1), the partition function reads This method can be easily generalized in order to account for

any additional species the system may contain, or to different

types of (nonelectrostatic interactions. For instance, a

=f DR(s)(il;[bwa‘fi[R]

ZVPH(r—r") in order to include excluded volume interac-

exp(—Heond, local interaction can be added to the matrix elements of

tions. If counterions are replaced by more complex charged

i L
fm[R]:eXF{_HidJrgfo dsy™(R(s)) amphiphiles, a hydrophobic attraction between the species
can be added in a similar manner:
+if d3r¢m(r)1pm(r)}, 1 -z Umm U
L, 2 VOH(r—pry4| ™ T

)5(r—r’),

Umb Ubb

§b[R]=exp{f d3r[ange’ ‘/’b(r)¢m(r)+i¢b(r)zij(r)]J, wherev;; (i,j=m or b) denote second viral coefficients.
So far, the partition function E¢q2.5) is exact up to the

1 general assumptions of the model—wormlike polymer,
Hcont:_f f d3rd3 ®(r)Zd(r')VPH(r—r"), smeared charges on the chain, separation into two phases and
2 screening by free ions. However, the integrations cannot be

carried out analytically and some approximations have to be

_[¢" 5_ 1 -z made. The first-order correction just reproduces the well-
b= o z _, 2/ (2.5
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Higher-order terms in the expansion represent corrections tgf (1—anyz). Note thatH ., depends on the conformation
mean field and will be presented in Sec. IV. of the polymerR(s) through the definition ot™, Eq. (2.3).

lll. THE MEAN-FIELD APPROXIMATION A. Averages and correlations

The approximation method we use is a systematic expan- After presenting the partition function, our aim is to inte-
sion in powers of the auxiliary fielg/®, similar to loop ex- grate out the degrees of freedom of bound ions and obtain
pansion in field theorj44,45. Expanding to first order ig® averaged quantities up to first order #P. Averages over
results in a mean-field approximation. The partition functionconfigurations of the 1D gas of bound ions are defined as
takes into account the average interaction between the mono-
mers and the bound counteriof#]. Note that this method Z1=Trr gm ymEmTrig o€ M1=Trig ym ymépe el
is somewhat different than calculating the zeroth-order

saddle-point approximation of the integral oZeR(s) in Eq. Trige wb}Oe_Hl Trigp wb}Oe_Hl
(2.5). For a detailed comparison between the two methods (0),= = 4 (3.9
see Ref[45]. Trigpgoe e e

Expanding to first order in/®, appearing only ir¢, we

Taking derivatives of the partition function, different aver-

obtain . . .
ages and correlation functions can be calculated. For instance

§b=exp{ f d3r[ano<1+i¢b<r>>¢m<r>+i¢b(r>wb<r>]]. () =iz(1-angz)VH ey,
| | 6 (U 0) = (R (U ), — (2m) P ZVEN a(key ),
Applying a Fourier transform the partition function reads
o (B, bi), = (BR) (DR,

2= f DR(s)( 1 D¢'D¢f')§me“l

i=m,

(B, 08, = () (W), —1(2m) %8k ko). (3.5

3
lef d kg[l@lzq,kV5H+i¢E¢bk_iano¢ka It is interesting to observe that the effective interaction
(2m)3(2 HamiltonianH . , of Eq. (3.3) can be rewritten as

—angpp(2m)35(k) |, (3.2

B d3k i by am
Heff,l_f 2m° — 55 (1=angz)(¥i), 4%

whereZ; is the partition function up to first order . The

Fourier transform of°(r),4°(r) and ¢™(r), is denoted by _ano(lgﬂﬂ(zﬂ)%(k)} (3.6)
#L, 42 and @', respectively. The interaction Hamiltonian

H, consists of three contributions: the first term is the two-
body Debye-Huakel interactions. The second term is a bilin-
ear coupling of the concentration fields™ and ¢®, with the
auxiliary field 4°, generated by the bound counterions. As
for the third term, we will later show that it is only a con-
stant. The integrations over the degrees of freedom of th
bound ions{ ¢®,#*} can now be carried out:

Up to a constant prefactor, the first termldfy, is the in-
teraction of the monomer concentration figfd" with the
auxiliary field 4 averaged within mean-field approximation.
Therefore, it is the averaged interaction between each mono-
mer and the auxiliary field produced by the counterions.

B. Density of bound ions

z :f DR(s) D™Dy, e Hefa In the Manning-Oosawa modgB,36], the PE is consid-
! m ered an infinite charged cylinder, and the average number of
bound counterions of valen@per unit length is

d®k [1
Heff,lzf W[E(l—anoz)ZVEHd’km(ﬁmk v 1f1 1] g-1 3
“zla 7 2l @2
_ m 3
ANgpic(2)73(K) . 3.3 where the dimensionless parameter zlg/a is used in Eq.

(3.7). Condensation of-valent counterions occurs far>1
The effective interaction Hamiltonian between the mono-and effectively lowers the value af to unity, ge=1 [48].
mers,Heg 1, IS correct up to first order ig°. The first term  Note that below the Manning condensation threshaid (
of Heg 1 cOnsists of screened electrostatic interactivf') < 1) one should simply set™=0.
between Fourier components of the monomer concentration The average number of bound counterions per unit length
field ™. The interaction includes a reduced charge densitys
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1 1L L e «IR(-R(]
n“[R]= Ef d3r g®(r). 3.9 X[R]= —f dsj ds——.  (3.12
LJo 0 |R(s)—R(s")]
where the dependence on the polymer conformatgs), is . .
through the definition of°, Eq. (2.3). Since we treat here Up to a constant, the integrand is just the screened Coulomb

only single polymer chains, the system is assumed to pihteraction ”betwre]en any two monlomert?]. Tf;}elmte.?hralhls a
infinitely dilute, in the sense that each PE chain occupie§um over all such monomer pairs along the chain with charge

only a small fraction of the overall system volume. SmalldenSIty set at the Manning valug£ 1 is equivalent to

changes in the polymer conformation are not expected to e/a=elzlg). This is exactly the interaption Ham““’”i"’?”
ssumed by OSF for a polymer carrying a uniform line

change the chemical potential of the free counterion gaé‘h density of = o/z
which occupies the entire volume. As the 1D phase of bound Egg?k, en3|tyhod—fe z ® eulating the el . .
counterions is in equilibrium with the free counterion phase, ks method Tor calculating the electrostatic persis-
their chemical potential is equal. We conclude thatand tence length30] assumes small, constant curvature deforma-
consequentlyl,=e“/L, should not depend on the conforma- tions from the straight rod conformation. The persistence
tion of the chain in the dilute polymer limit. Of particular '€N9th is then obtained from the rigidity coefficient of a
interest is the straight-rod conformation. In this conforma—Semlflexlble rod. The procedure will be described in greater

tion, the density of bound counterions should be c:onsisterﬁ!(:“tall in the following section. Using the effective Hamil-

with the Manning theory, and°] R] should, therefore, sat- tonianHer, of Eq. (3.11), the OSF result, Eq1.D) is repro-
isfy duced, with the average density of bound counterions as pre-

dicted by Manning:

nfrod]=nM, (3.9
|p: |0+|e,1!
wherenM is the Manning value given in E¢3.7). Within the
mean-field approximation, the average number of bound 1
counterions per unit length can be obtained by substitut- le1=losF= 55— (3.13
ing Eq. (2.3 and Eq.(3.5) into Eq.(3.9 4z7°k"lg
1 1 d*k
NOR]= _f (o)) = _f dsrf e Tang gD IV. BEYOND MEAN FIELD
L 1L (2m)3

The results obtained in the preceding section are strictly

an d3k 1 (L on a mean-field leve]44,45. In order to go beyond this
= —Of d3rf —eik~faf dsdk R(E) approximation, higher than linear powers 9? have to be
0

L (2m)? included in the partition function, Eq2.1). The exact parti-
N . 1 . tion function, Eq.(2.1), can be rewritten as
O .
=— d3kf dsé“RE) s(k)=—n f ds=ng.
L f 0 L °Jo ° Z=Trg gm yméme Hefi(e™4H) |

1

(3.10

Equation(3.10 gives us the connection between the average AH= —anof d3r p™(r)
density of the bound counterions®®{ R], and the chemical

potential, . (throughn,), up to first order ing®. According

to (3.10, n?TR] does not depend on the conformation of the X
polymer and is just equal to the concentration In the

following section we will see that this is strictly a mean- Performing a cumulant expansion
field result. Comparing Eqg93.9) and (3.10 we find that

no=nM.

i2 i"
ST e @P() '+ | (4D

1
Z= Tr{wm,wm}fmeHe”’lex"[ ~(AH)eut 5 (AH%)cs
C. The persistence length .

Substitutingn, into the effective interaction, Eq3.3),

1 AH3
yields TR

, 4.2

° where (O")., denotes thenth cumulant. The subscript 1

indicates that the cumulants are calculated using the first-
order expansion ofAH. For instance,(O?),=((0?),
—(0)2), where the moment&) "), are defined according to
Eq. (3.4).

The effective interaction not included iHg¢, of Eq.
where (3.11) is therefore

k
(am Vi FEAT L

1
Heﬁ,lzz(l—azrf"')zf

L M
= ARl (310
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1 5 1 . According to the theory of Manning condensation, the
(AH)ea= 57(AH st 57 (AH st -+ (43 density of bound counterions for a straight rodniS{ rod]
=nM [48,49. The chemical potentigk, defined througm,,

should therefore satisfy
A. Second-order corrections

The only term in Eq(4.3) which is of second order ig® ang+nez(1—azry)lgx[rod]=an", (4.9
is the first term of the first cumulant:
where y[rod] is the value ofy[ R] for the straight rod con-

1 H H H 2 ’ H H H
H.=-an fd?:r MW gP(r)]3). . (4.4  formation, in which|R(s) —R(s")|=|s—s'[. Substituting in
2270 PO, Eq. (4.8 the expression fon™, Eq. (3.7), yields

Applying a} Fourier transformtd, can be expressed in Fou- qx[rod]+ 1= \(qx[rod]— 1)2+ 4x[ rod]
rier space: Ng= 2721 x[rod]
B

4.9

<¢E1¢EZ)1¢Tkl_k2, (4.5 In the limit of extremely high salt concentrationsa>1, all
correlation and fluctuation effects are screened out com-
pletely and decay exponentially witta. The smaller of the
Substitutingg(" and ¢ into the correlation expression, Eq. WO solutions of Eq.(4.8) is therefore chosen in order that
(3.5), yields a correction to the effective interaction Hamil- the Manning valuen;{R]=n""is reproducedn,[ xa— =]
tonianH g , obtained in Eq(3.11) =nM. As explained in the preceding section, the chemical
potentialx (and consequentlyy=e*/L) is not expected to
5 depend on the polymer conformation. The density of the
H =—£22n0—|B(1—azrb)2 JLdsodes deSz bound counterions1y{R] does, however, depend on the
of2 a2 0 o Jo polymer conformation through E@4.7).

oL f d3k, d3,
2270 (2m)3 (2m)®

2
e kIR(s)—R(so)| g~ «|R(s2) —R(sp)|

X + 72 ) C. Persist length
IR(s1)—R(So)] [R(5,)—R(sg] |+ 2 18N ersisience feng

Using the effective Hamiltonian, E¢4.6), and the chemi-
(4.6 cal potential, Eq(4.9), it is now possible to repeat Odijk’s
method and calculate the electrostatic persistence length. The
The above result is obtained by using a lower cutoff at dis-difference between the effective interaction energy at a gen-
tancea on one of the three integrations, and expanding theeral conformatiorR(s) as compared to the straight-rod one
integral in powers oka, neglecting all but the leading term. is
In the expansion methog® represents an auxiliary field that
is generated by the bound counteridi2¥,44). Examining AHe=Hefr )l R]+ Hegr d R] = Hegr 1 rod] — Hegr o rod].
the mean-field interaction, E¢4.5), each mode of the mono- (4.10
mer concentration fielgp™ interacts with the average of two
P auxiliary fields. The result is a counterion-monomer-Odijk’s method for calculating the persistence length re-
counterion interaction, and appropriately, the first term ofquires expanding\H¢ in small deformations of the chain
Hefr 2 in Eq. (4.6) has the form of a three-body interaction. As around the straight-rod conformati$&0]. In this limit, the
explained in the previous section, the chemical potential distance between pointgsands’ can be approximated as
does not depend on the polymer conformati®fs). As a
consequence, the second termHy , in Eq. (4.6) does not |R(s)—R(s")|=|s—s'|[1— a(s,s") ]+ O(a?),
depend on the conformatidR(s) and does not contribute to

the persistence length. 1
a(S,S’) = ﬂ

S_SI)Z

(4.1
p

B. Density of bound ions

Taking into account second-order corrections, the averagfhere > L is the small overall radius of curvature of the
number of bound counterions changes as well fluctuating chainnot to be confused with a spontaneous ra-
dius of curvaturg The persistence length is then given by

1 |
ny{R]= Ef d3r(gP(r)),=ng+ngz(1— azrb)gBX[R],
2
4.7 loo= 2’%AHeﬁ. (4.12

where (O), denotes the average @ calculated with the
second-order Hamiltonia, of Eq. (4.5). It is, therefore, additive in terms &fH:
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FIG. 1. The electrostatic persistence lengtlas function ofxa 'h:,llG' 2. T_he excess number of boynd counteridrfsiy'{ ]
according to OSHdashed ling and ourl,, of Eq. (4.14 (solid —n") according to Eq(4.19, as a function of. The number of
82 excess bound ions is plotted for three salt concentrations corre-

gﬂige\éaﬁgge_iaf IS pf(;lffd Sr:)e>t<rt];toq Ealci;fsur_l\_/sé Lzzaﬁsl':metegsponding toka=0.02, 0.04, and 0.08. The radius of curvature was
- y 1B 1 — . e

values forz=2,3 indicate a possible collapse transition of the PElcalcg(l)ege}g according tb;, Eq. (4.19, with 2=3, a=4 A, and
0_ .

chain.
P terions reduces significantly the rigidity of the PE and usu-
le.o= 2%(Heﬁ,l[R]_ Her 4[rod]) ally 1,<0, indicating an effective attraction between mono-
mers.
p? The vanishing of the total persistence lengftunder cer-
+2r(Heﬁ’2[R]— Hesr o rod]). (4.13  tain conditions is alluding to the phenomena of PE collapse.

A full consideration of the rod-globule transition requires a
more consistent elastic model for the polymer chain than the
Cpersistence length prescription used here. Furthermore,
Odijk’s method for calculatind, does not hold for flexible
Eeolymers[28]. However, the condition that total persistence
ngth vanishes|,=0, is the validity limit of the rodlike

On the other hand, we note that the electrostati
persistence length isot additive in orders ofy® [le1#
2p2/L(Heﬁ’1[R]—Heﬁyl[rod])] as the expression for the
chemical potential also changes, as compared to the mea|
field approximation. Inserting in Eq4.13 the value fomo,  egime and is indicative of some mechanical instability. For
Eg. (4.9, and expanding the result in powers ofplthe inqtance  using parameters applicable to DNA chains:
different integrations can be evaluated. This requires cuttlnq;oz500 A, 3:1 salta=1.7 A, andlg=7 A we get a DNA
of all uItravioIet.divergences at a distanaeln the limit of collapse at«~1=30 A, corresponding to a 3:1 salt concen-
a<x <L we find tration of about 17 m M.

Expanding the density of the bound ions, E4.7), for

lo=lotle2, small deformations of the chain yields
(q-1)?
Ievzzlosp{q(z—q)— qinxal’ (4.14 ntoc[p]znlvl(l_;i) (4.15
2 8«?In ka p? '

where we have expanded, in (In xa) 1 and kept the two

leading terms. Note that we have already taken the first-ordefor a straight chainp—o and the Manning valua™ is
(mean-field interaction into account in Eq4.10. Equation  obtained. However, more counterions are condensed on a
(4.14 is our main prediction and is depicted in Fig. 1 for bent polymer with a finite radius of curvature. This enhanced
different counterion valenciez=1,2,3 as a function oka. condensation drives a further reduction of the persistence
At low salt concentrationsia<1) or highgq, the persistence length. For a rodlike polymep?= LI,/3 and the correction
length maintains the OSk ™2 dependencé,.~lose~« 2.  tonM is small and of order N. Figure 2 depicts the excess
We find that the electrostatic persistence length dependsumber of bound counterions as a functiorgqdbr three salt
strongly on the valency of the counterions. For monovalentoncentrationgcorresponding taca=0.02, 0.04, and 0.08
counteriond is usually positive, indicating an effective re-  This difference does, however, have a significant effect on
pulsion between the monomers. However, its value is smallethe electrostatic persistence length, becadsg, is a triple
than that predicted by OSF. Introduction of multivalent coun-integral over the monomers. In order to examine the effect of
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increased condensation, we look at the asymptotic form oferms represent only a relatively small correction to the
Eq. (4.19 for g=1+Aq,Ag<1, in two cases. In the first second-order one. For instance, €pr 10 and«a<0.01, the

we allow the density of the bound counterions to be adjustethird-order correction is less than 4% of the second-order
according to the equilibrium condition with the bulthis is  one. The fourth-order correction is again less than 4% of the
an expansion of Eq4.14) in power of Aq). This is consis- third-order one.

tent with the general considerations of our paper. In the sec- Furthermore, we find that the convergence is better for
ond case we add a constraint that fixes the density to blarge q and smallxa [45]. This is the more interesting
according to the Manning theory for all conformations of theregime since, for instance, in DNA solutions with trivalent
polymer. This more restrictive constraint is added in order tacounterions we get roughig=12.

make comparisons with other models. Expanding\ip we

recalculatd , for both cases V. COMPARISON WITH OTHER MODELS
le=losd 1+ 0O(AG?)], (4.16 Our model is closely related to several previous ones. Ha
_ and Thirumalai have used a similar loop expansion method
|Txed=| oqd 1—[1/In(xa)]Ag+O(Ag?)]. for calculating the persistence length of polyampholy2&]

and of bundles of polymef£5]. For the case of a single PE,
The lack of a linear term ilAq in the first expression of Eq. Golestaniaret al.[35] took into account thermal fluctuations
(4.16 indicates that corrections to Manning condensation forof the bound counterions density. This is strictly an all-
bent polymer chains have a substantial influence on the pefluctuations model, which is expected to become accurate at
sistence length. high temperaturesg=1+ Aq,Aq<<1). Their expression for

An interesting effect is charge inversion, where the totalthe electrostatic persistence lengtt 38]

charge of the polymer with the bound counterions changes
sign (zn°'<1/a). The persistence length at which charge

I
inversion occurs is given by o= 20227 1— (q—Din(xa)]° (5.9

M

inv_ 3zn 1 417 where we have explicitly omitted terms with a higher-order
P 8k2(az"—1)Inka N’ ' dependence ora.

A second model, suggested by Nguyadral.[34] assumes
According to our model, charge inversion will not occur on athat condensed ions are arranged in a Wigner crystal, or a

long (N>1), rodlike polymer, becausl(g“’oc 1/N. strongly correlated liquid on an infinite cylinder with diam-
eter d. This picture becomes accurate at low temperatures
D. Higher-order corrections (g>1). For the case of no added salt, their expression for

the electrostatic persistence length is
In order to examine the convergence of the loop expan-

sion u;ed a}bove bvge have ILgza}llculated the next two orders of 1= 5\/z(d/a)¥2 (5.2
approximation: (°)° and (°)*. The effective interactions
are obtained by taking into account terms of higher orders ofAs Nguyenet al. did not take into account the effect of salt
4” in Eq. (4.3). The third and fourth-order terms are given as(they considered only counteriopsve have slightly modi-
i3 fied their derivation for the purpose of comparison with our
__ 3p M\ /(00 1)3 model. Equation13) of Ref. [34] estimates the interaction
Hs anof d°r "(r) (WD), energy of an ion with its Wigner-Seitz cell of background
charges. Up to a constant of order unity, it is found to be

H4=—anof d3r¢m(r) ((¢b(r))4) nl2,2e2
e(n)=— , (5.3
2 &
B Eaz(nO)z[ < [ f d°r ¢m(r) (¢b(r)) } > wheren is the average surface charge density on the cylinder.
! The only change we include in the above equation is to as-
3 m i2 b o 2 sume that in the presence of salt, the interaction energy
J d°r ¢"™(r) = (¢°(r)) (418 should be proportional to the number of Wigner-Seitz cells

that reside within a circle with a radius equal, roughly, to the

Higher orders ofy® can be taken into account following the spre_ening length ™. Up to a constant prefactor, this modi-
same prescription used above for calculating the chemicdlcation gives
potential and the persistence length for the second-order cor- 5
rection. The expression fdg 3 andl, 4 are not detailed here “(n)=— nze n (5.4)
because they are quite complex. However, they do not € 2 '

y q p , y K
change the polymer behavior in any qualitative fashion. We
find that Eq.(4.14), valid to second order, accounts for most Repeating the derivations of R¢84] with this modification
of the deviation from the OSF result. Third- and fourth-orderof their Eq.(13), and assuming that=a yields

1/2,2
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q? of the polymerlg/a, and the valency of the counterioms
= _|OSF$- (5.5  Furthermore, their expressions do not have similar limits in
the two q limits discussed above. However, in the limit

Our loop expansion method can be shown to accouni=1, our result is similar to that obtained by the fluctuation

qualitatively for both limits of the parameter As discussed Model [35]. Conversely, in the limitq>1, our result re-
in the preceding section, we firgito be the relevant, tem- Sembles that obtained by the correlation mod#]. Some
perature dependent parameter that determines the system [crepancies are apparent. As explained above, the differ-

havior. This is the reason we expand the results in the tw&"C€ between our model and the fluctuations one is mainly
limits g>1 andg=1 rather than low or high temperatures due to the different method used for obtaining the persistence

(k—c or 0). The limits of very low or high temperatures !ength. The difference with the correlations governed model

are beyond the validity range of our model which explicitly 'S mostly due to the discreteness of the charges assumed in

assumes thdt 1< x<a~L. However, experimental systems Ref. [34] and their specific arrangement in a 2D Wigner lat-

usually have a large value gfwith a finite screening length. tice. , , )

For instance, typical parameter values in experin}_\ents witre4 ?grniﬁﬁﬁs\?;onrilsrrgrs rt]rc‘)e disggtézs;:t{ﬁeﬁﬁ; ?tI:tg?(I:S\’N Erq
[:)N1A7 ﬁs\'(egr_nle:tlso_altooroﬁc\)r;n dt\le;n Esegét\tj\;ﬁh 3:\%' e7nt éouallq_ high temperatures. Fluctuation co_ntributiops to the electro-
static persistence length vanish in the linfit-0. Con-
versely, correlation contributions vanish in the lifiits .
This illustrates that Eq(4.14 contains contributions from
,Loth fluctuations and correlations.

I corr,
e

terions =3) we getq=12>1 and«xL>1. This is an ex-
ample where we can consider the relatively higlimit at
room temperature.

In order to compare the three models, we expand the e
pressions for the electrostatic persistence length: tﬁ.ﬂ“s

11Ut of Ref. [35]; andI$°" of Ref.[34], in these two limits. VI. COMPARISON WITH EXPERIMENTS
Including terms up to linear order ihq close tog=1 we Comparison between our expression for the persistence
get length, Eq.(4.14), with that obtained in experimenfg—11]

is difficult. Althoughl,, correctly predicts that the persis-
tence length should be smaller than OSF, it seems that the
reduction we obtain is too large as compared with experi-

1luet=| o 1—2 In(ka)Aq+O(AGD) ],

~ _ _ 2
19"~ o5 — 1Nz~ 2/\zAq+0(Ag?)], ments. Actually, at present, we are not aware of any other
loop ) theoretical modeling which explains quantitatively the ex-
leP=losd 1+0(Aq9)]. (5.6 perimental data.

However. th lculations of Golestanianal mes that Measurements of rigid PEs usually involve short DNA
owever, the caiculations of Lolestanianal. assumes tha segments. Experiments show that adding of very small

the amount of condensed counterions Is according to .Manémounts of multivalent counterions greatly reduce the persis-
ning for all polymer conformations. In the loop calculation,

we have relaxed this assumption and took the Manning cou tence length of DNAJ,=lo* 1. even beliow its bare value
i P . Y r]O [7,10,5Q, indicating a negative electrostatic persistence
terion value only for the completely straight-rod case. For,

X : . i -length. However, substituting DNA parametes~(1.7 A,
the sake of comparison, we impose now this restriction. Th|s|, ~500 A) and salt concentrations common to experiments
has been done already in £¢.16 0

(10 A<k ~1<100 A) into the total persistence length of
I'ef"’p‘ﬁxed:Iosp[l—Aq/In(Ka)JrO(qu)]. (5.7 Eqg. (4.14, we find that DNA should collapsd {<0), for
z=3 or 4. This does not agree with experiments where the
With the new restriction, the linear term ikq reappears but DNA is still in the rigid-rod limit for the same system pa-
with a different coefficient than inS®" of Eq. (5.6). The  rameters. .
differences in the coefficients, as well as the different depen- This discrepancy may be caused by several important ex-
dence on the cutoff distanedis due to the different methods Perimental features which are neglected in our model as well
and approximations used in calculating the persistenc@S in Refs[34,35. DNA segments are prepared in a buffer
length. which stabilizes the solutiopH and removes free divalent
The second case is that of largefor which the models ~calcium ions[50]. The buffer itself contributes a finite, non-
give negligible concentration of monovalent ions. In a second
stage, multivalent ions such as spermidirze=@) or sper-
IMuet=] sd 11 q In(ka)]?+ O(1/g°%), mine (z=4) are added. In experiments, the monovalent salt
concentration may be much higher than the multivalent one,
|o"= |OSF[_q2/\/E+ o(q)], making the contribution of the multivalent salt to the screen-
ing lengthx~* quite negligible. In the model we did not take
|:3°°P:|OSF[_q2+ o(q)]. (5.9 into account mixtures of monovalent and multivalent ions.
According to the Manning-Oosawa model which was em-
We note that the electrostatic persistence length of the twployed by us, entropy considerations dictate that condensa-
previous model$34,35 depends very differently on each of tion of multivalent counterions is much more favorable than
the fundamental parameters of the system: the charge densityonovalent ones. At low concentrations of multivalent salts,

011805-9



GIL ARIEL AND DAVID ANDELMAN PHYSICAL REVIEW E 67, 011805 (2003

experiments clearly show that this is not always the casevith the correlation model in thg>1 limit, and may offer
[50-52. At low but finite polymer and multivalent salt con- new insight for intermediate values qgf
centrations(as is usually the case in experimentsntropy It is interesting to note thag=2 corresponds to the case
and the finite size of the counteriofspermidine and sper- where the average electrostatic interaction between bound
mine are relatively large moleculeprohibit multivalent  ions equalkgT. This means that for £q<2, thermal fluc-
counterions from condensing on the chain. Generalization oations are expected to dominate over correlations. On the
the Manning-Oosawa model to account for this effect is no©ther hand, folg>2, correlations become more significant.
straightforward. Our concluslon is that although th_ermal fluctuations reduce
In experiments the change from a rigid rodlike behaviorth® (mean-field electrostatic repulsion between monomers,
to a flexible one is highly sensitive to the multivalent con- they are not sufflc_lent to induce _effectlve attraction. In order
centration[7,10]. The above discussion emphasizing the delo correctly describe the attractive, collapsed case, correla-

aion o e Manning Oosawa model may aiso explan!*(5 PSS SoUtern e o ne e
this changeover. At low concentrations of multivalent ions, . 9 y :

. . and found that more counterions condense on the chain than
less counterions are condensed than according to the Ma

ning value. Hence, the chain is still rigid in disagreement& predicted by the Manning-Oosawa model. The increased

: . : ; condensation has a significant effect on the persistence
with our prediction. At higher multivalent salt and polyme_r length and cannot be neglected. Furthermore, we have esti-

concentlr_a'[éonsivlvx;]h?crje thr? '\E')al\fl‘/i"ﬂg valuei folr Conﬁensadt'oﬂwated the conditions under which collapse of a rigid PE may
on a cylindern™ holds, the Is completely collapsed, .\ The results are reasonable and relate, at least qualita-

”_‘aking both theory and experimental measurements Qf pE”El'vely, to the phenomena of DNA condensation. As explained
sistence length useless. Therefore, the main difficulty in ou

o X ’ n previous sections, our theory cannot yet be directly com-
(and similay models is the small window of parameter val- P y y y

. . N ared with experimental resulfg particular with DNA).
es where the model can be applied. Experiments with DNA We believe that additional work is needed to shed more
do not, in general, fall in this window due to the strong

charging of the chains. light on the mechanical instability of the chain, indicating a

. . _ . rod-globule transition. Different, more complex, methods are
We briefly mention other features not considered in ou g P

. ; . rrequired in order to calculate the persistence length of flex-
model, and which may influence the persistence length. They, i chains. For instance, the validity range of some varia-

include the finite size of the counteriof3], the ordering of tional methods are known to be wider than that of the OSE
the charges along the ponme_r chgf#,59, the concentra- theory [27,28, and may better apply to flexible chains.
tion profile of the condensed ions around the polyiies] Moreover, the entire notion of persistence length for describ-

and other, more specific, details of the polymer type and iong, ' the chain elastic properties breaks down close to the in-
used in experiments6]. stability. The vanishing of the persistence length indicates
that the method is no longer consistent, and higher powers of
the radius of local curvaturé’R/ds? have to be taken into

We have found significant corrections to the persistenc&ccount. ,
length of a single, stiff, strongly charged and long PE, as PNA experiments are usually performed for polymer and
compared to the standard mean-field result of Odijk-salt concen_tratlons requiring a more detailed examm'atlon'of
Skolnick-Fixman. Our method takes into account both correthe counterion condensation phenomena than the 5|_mpl|f|ed
lations between condensed ions and thermal fluctuations. Af@nning-Oosawa model. Some effects that are unique to
low salt concentrations, the calculated electrostatic persighixtures of different types of ions need to be taken into
tence length . , is proportional tol sr. However, the pre- account. A quantitative gnaly3|s qf this .phenomenqn requires
factor, which depends 0g=zlg/a, drastically changes the further and rather detailed considerations and will be pre-
system behavior. Foq=<1, |o,=logr is obtained exactly, S€nted elsewhere.
For 1<q<2, the electrostatic persistence lentih is posi-
tive, indicating an effective repulsion between the mono-
mers. Forg>2, the interaction becomes attractive causing a We would like to thank |. Borukhov, H. Diamant, A.
reduction in the chain stiffness, ,<<0. This observation is Grosberg, B.-Y. Ha, M. Kozlov, R. Mints, R. Netz, T. Odijk,
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length, Eqg.(4.14), with two previous models and found that from the Israel Science Foundation founded by the Israel
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