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First- and second-order phase transitions with random fields at low temperatures
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It is shown, within mean-field theory of the random-field Ising model, that a maximum of the
distribution function at zero field does not necessarily imply a second-order transition at low
temperature, as was previously suggested. The order of the low-temperature transition is dis-
cussed in terms of the maxima of the distribution function.

In a previous work,! it was suggested that Ising sys-
tems in a random ordering field undergo a first-order
(second-order) phase transition at low enough tem-
peratures, provided that the distribution function is
symmetric and has a minimum (maximum) at zero
field. We present here a correction to this criterion.

The random-field Ising system has the Hamiltonian
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FIG. 1. Solutions of the self-consistent Eq. (6), M,
+M,, £+ M,, and + M, are drawn. +M; and * M; corre-
spond to minima of the free energy. These solutions are
represented graphically. They occur when the area under
the curve P(M) is equal to the area under the horizontal
line 1/(2¢]).

where {H;} are uncorrelated local random fields, with
a distribution function P(H,).

Following Aharony,! and Schneider and Pytte,?
within the mean-field theory, the free energy per spin
can be written as

F= %cJMZ—%(lnIZ coshB(cIM +H) )y , )

where c is the coordination number and the magneti-
zation M minimizes the free energy, Eq. (2), thus
satisfying the self-consistent equation

M = (tanh(BcJM +BH)) ).y . (3)

FIG. 2. First-order transition (a) —(b) —(c) —(d) and
second-order transition (a) — (¢) — (f) when P''(0) is neg-
ative.
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For T —0 limit, we can write the free energy as
F=2cIM>—(|cIM +H), . )

For a symmetric distribution P(— H), Eq. (4)
reduces to

= oM '
F=7cJM2—2£) (cJM—-H)P(H)dH , (5)
leading to the self-consistent equation
chM
M=2 o P(H)dH . )

We investigate the order of the phase transition
between the ferromagnetic (M > 0) phase and the
paramagnetic (spin-glass?) phase (M =0) at T =0.
If M is small we can expand the free energy, Eq. (5),
in powers of M:

F=cJl5—cIP(0)1M?~-P"(0) (cJM)*+0(M®)
@)
For P”"(0) >0, the transition cannot be second or-

der, so it has to be first order. For P"”(0) <0, the
transition can be second order or first order. In the

latter case, we need to expand the free energy at least
up to order M2, and the order of the transition will
not depend on P’/(0) alone.

By considering the most general symmetric distri-
bution, we arrived at the following conclusions:

(a) When P(H) has n maxima, F(M) will have at
most n +1 minima, as seen in Fig. 1.

(b) For neven, P"(0) is positive. In this case,
only a first-order transition is allowed at 7 =0.

(c) For n >1 odd, P"(0) is negative. In this case
a second-order transition is possible, if it is not
preempted by a first-order transition (Fig. 2). Note
that for n =1, the transition is always second order.

For a general symmetric distribution, we can also
get phase transitions between two different ferromag-
netic phases.
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