
Analytical Model of Local Distribution
of Chemicals in Tissues with First-Order-Rate

Metabolism Kinetics

ALEXANDER GOLBERG

Department of Mechanical Engineering, University of California
at Berkeley, Berkeley, California, USA

The profile of regional distribution of chemicals in tissue is important for the devel-
opment of novel locally applied therapies. Here we introduce an analytical approach
for the temporal and spatial regional distribution of chemicals in living tissues. The
new aspect of this model is in local chemical concentration dependence on the tissue
perfusion rate, in addition to diffusion and metabolism rates. Using the Duhamel
theorem we performed dimensionless and dimensional analysis for local chemical
distribution and report on steady-state and transient solutions for tissues with the
first-order kinetic rate of clearance by perfusion and metabolism. The predictions
of our model are in good correlation with clinically observed data on percutaneous
ethanol ablation of liver. Our results emphasize the importance of mathematical
modeling that includes perfusion in the planning of therapies with local chemical
distribution in living tissues.
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Introduction

Once introduced to tissue, chemical species diffuse, decompose, are metabolized by
cells, absorb to cell membranes and extracellular matrix, and are washed out by body
fluids by a process called ‘‘clearance’’ (Kwon, 2001). Understanding regional trans-
port phenomena in living tissue is important for local therapy development.
However, living tissues are extremely complex systems and have multiple processes
that affect transport phenomena (Saltzman, 2001).

Various regional therapies use the direct injection of chemical species to tissues.
For example, ethanol and acetic acid are injected percutaneously for ablation of
hepatocellular carcinoma (Schlag and Stein, 2007; Tsai et al., 2008), parathyroid
tumors (Bennedbaek et al., 1997), skin melanoma (Nakayama et al., 1997), pancre-
atic cystic lesions (DiMaio et al., 2011), benign prostatic hyperplasia (Goya et al.,
1999), benign nodular and cystic thyroid diseases (Lee and Ahn, 2005), and bone
metastases (Gangi et al., 1994). In addition, local anesthetic maldistribution is
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thought to be one of the causes of cauda equina syndrome (Myers, 1996; Ross et al.,
1992); thus, there is interest in the spatial and temporal distribution of a locally
injected anesthetic in the body for local anesthesia procedures (Doherty et al.,
1995; Ummenhofer et al., 2000).

Furthermore, electrochemotherapy (ECT), an emerging clinical method for
tumor treatment, involves direct injection of chemotherapeutical drugs such as bleo-
mycin and cicplatin into tumors (Gothelf et al., 2003; Heller et al., 1999). Following
the injection, pulse electric fields are applied to facilitate efficient drug transport
from the intracellular space to the cells (Mir et al., 1991; Sersa et al., 2008).
Additional emerging personal therapies, such as electro-gene therapy, require that
the whole region of interest is covered with an appropriate concentration of specific
DNA and RNA molecules before the application of electric fields (Andre and Mir,
2004; Paganin-Gioanni et al., 2011).

One of the challenges for regional therapies is the synchronization among the
injected dose, time, toxicity level, and treatment efficiency. Therefore, real-time ima-
ging and optimization experiments are performed today to define and control the
treatment protocols. For instance, real-time ultrasound (Heilo et al., 2011; Papini
et al., 1993) or MRI (Kim et al., 2005) is used today to control percutaneous ethanol
injection therapy (PEIT) to insure full coverage of the area of interest with ethanol.
In the currently applied ECT protocol, synchronization between the pharmaceutical
injection and the delivery of pulse electric fields is done by trial and error. Specifi-
cally, optimization experiments are performed to find the most effective time
between the injection of a specific drug and application of a pulse electric field
(Cemazar et al., 1998; Glass et al., 1997). In these studies, chemotherapy drugs are
injected at various time points before and after the delivery of pulse electric fields,
and post-treatment tumor growth is monitored. Even though specific recommenda-
tions for the injected volume of drugs have been published, synchronization between
the drug injection and pulse delivery varies among reports (Cemazar et al., 1998;
Glass et al., 1997; Heller et al., 1999).

A critical role in the distribution profile of the injected chemicals is played by
‘‘clearance’’ or washing out. The clearance rate depends on tissue perfusion levels
with body fluids. Starting with Pennes’s seminal work in 1948, the critical role of
tissue perfusion levels was investigated by bioheat groups in the context of body
thermoregulation (Pennes, 1948; Shitzer, 2011). An important conclusion from
bioheat studies in the field of cryobiology and thermal tissue ablation is that tissue
perfusion level limits externally induced heat propagation in living tissues
(Nakayama et al., 2011). Thus, it was analytically and experimentally shown that
a cryogenic probe with a certain diameter and temperature could freeze a limited vol-
ume of tissue, the radius of which was defined by blood perfusion levels (Nakayama
et al., 2011).

Mathematical modeling of biotransport phenomena is an important tool in drug
delivery planning, cell signaling, and tissue engineering research (Baish et al., 2011;
Eungdamrong and Iyengar, 2004). Upton et al. (1991) reviewed analyses of regional
drug clearance due to blood perfusion. The models, however, deal with the transfer
and clearance function and do not incorporate metabolism and temporal and spatial
distribution of the drug in the tissue. Due to the critical clinical consequences of mal-
distribution during spinal anesthesia, Myers (1996) developed a numerical model to
analyze various factors that affect spinal anesthetic distribution. Saltzman and
Radomsky (1991) introduced a numerical model that incorporates cell uptake and

Local Distribution of Chemicals in Tissues 103



elimination for drugs released by diffusion from polymers in the brain. Shen et al.
(2006) studied naked DNA diffusion in mucus, aiming at the development of a tool
set for future personalized gene therapy. These models, however, do not describe the
spatial-temporal distribution of chemical species in perfused, metabolically active
tissues. Furthermore, in clinical therapies such as PEIT and ECT the volumes of
locally administrated drugs are based today on the calculated tumor size and depend
on assumed, simplified tumor geometry (Mir et al., 2006; Schlag and Stein, 2007;
Sersa et al., 2008; Tsai et al., 2008). Even though sophisticated numerical mathemat-
ical models are used to plan effective ECT, these models assume that the chemother-
apeutic drug is equally distributed in the tissue of interest and focus on the
optimization of the electric field distribution needed to cover the whole tissue area
of interest (Miklavcic et al., 2010). To the best of our knowledge, the role of per-
fusion and metabolism is not included in PEIT and ECT planning procedures today.
Due to the amount of emerging applications where drugs are introduced into tissue
for local therapy, there is need for a mathematical, mechanistic model that will pre-
dict the temporal and spatial distribution of chemical species in living perfused
tissues.

The goal of this study, therefore, is to develop an analytical model to predict dis-
tribution of chemical species inside tissues in time and space in perfused tissues.
Based on a nonhomogeneous mass transport equation we analyzed a 1-D transient
and steady-state concentration of chemical species in living, metabolically active
tissue. Heterogeneity of the governing equation of the model is due to two para-
meters, blood perfusion rate and metabolism, represented as an irreversible uptake
of a compound by tissue. Here we demonstrate the steady-state and transient ana-
lytical solutions in the range of physiologically relevant parameters. We validated
our model on data available from PEIT of liver carcinoma and show that the effec-
tive volume of the treated tumor is limited by the liver perfusion level.

Materials and Methods

Physical Model

The dimensional physical model of the system is shown in Figure 1. The figure
describes a living tissue in a 1-D Cartesian coordinate system. In this
one-dimensional model, we approximated the tissue as a cylinder and the source
covers the whole cross section. Therefore, there is diffusion in only one direction,
outside from the central plane that is a source. Constant concentration is applied
at one side of the tissue and is used as a boundary condition in this study. This

Figure 1. Analyzed physical system scheme.
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boundary condition is valid when the quantity of the distributed compound is much
less than that in the source, or if a constant rate infusion is performed. This assump-
tion is practical for PEIT, with a multipronged injection with high dosage, or during
continuous spinal anesthesia (Denny and Selander, 1998; Kuang et al., 2009). Fur-
thermore, this assumption can be used when the chemicals are produced by devices
implanted with living cells, for example, growth factor secretion by encapsulated
mesenchymal stromal cells, as appeared in work by Barminko et al. (2011). We
assumed that the tissue is significantly long in relation to the source plane; therefore,
the system is described as a semi-infinite solid bar. The initial concentration of the
introduced compound in the tissue is zero.

Governing Equations

Based on mass conservation laws, the general equation that describes the transport
of chemical species inside living tissue is:

@C

@t
þ v � rC ¼ Dr2C þ ReðCÞ þ RmðCÞ þ RdðCÞ ð1Þ

where C [M] is the concentration of chemical species, t [s] is the time following the
compound introduction, v [cm � s�1] is the fluid velocity, D [cm2 � s�1] is Fick’s dif-
fusion coefficient of the chemical in the tissue, Re [M � s�1] is the rate of chemical
elimination by body fluids, Rm [M � s�1] is the rate of chemical species uptake by
the tissue, and Rd [M � s�1] is the chemical self-degradation rate.

To find the exact solution to Equation (1) the parameters must be measured
experimentally; those, however, are not available yet. Therefore, in this work we
used the following simplifications. Following Saltzman and Radomsky (1991) we
neglected the fluid convection. Based on Smith et al. (1993) and Levitt and Levitt
(1998) we assumed that the rate of chemical elimination due to perfusion and
absorption by tissue is a linear function of the concentration. In addition, we
assumed that Rd is much smaller than its clearance or tissue metabolism rates.
Hence, in 1-D with a Cartesian coordinate system Equation (1) transforms to the
simplified version as Equation (2):

dC

dt
¼ D � d

2C

dx2
� ðwp þ kbÞ � C ð2Þ

where x [cm] is the distance from the source plane (Figure 1), wp [s�1] is the tissue
perfusion rate, and kb [s

�1] is the first-order absorption rate constant. In this model,
the chemical absorption includes the compound uptake by cells and irreversible
absorption of the compound by other tissue elements such as extracellular matrix
and cell membrane.

Boundary Conditions

The starting concentration of the introduced chemical in the tissue is 0, and a constant
concentration is maintained at the source plane (Figure 1). Therefore, the boundary
conditions (BC) and the initial conditions (IC) for Equation (2) are as follows:

BC : Cð0; tÞ ¼ B ð3Þ
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IC : Cðx; 0Þ ¼ 0 ð4Þ

where B [M] is the concentration of the chemical at the source plane as described in
Figure 1.

Results and Discussion

Parametric Study

Tissues have various geometries and properties; therefore, we introduce a general
dimensionless analysis in the following section. We define the following dimension-
less variables:

W ¼ wp½1=s� þ kb½1=s�
D½m2=s� � x2½m2� ð5Þ

F ¼ D � ½m2=s� � t½s�
x2½m2� ð6Þ

h ¼ C½M�
B½M� ð7Þ

where W is the dimensionless metabolic rate, F is the dimensionless time, and h
is thedimensionless concentration. In addition, we define a new dimensionless
coordinate

ffiffiffiffiffiffi
W

p
, in terms of which we will solve the equation.

The dimensionless form of Equation (2) as a function of ð
ffiffiffiffiffiffi
W

p
Þ and (F �W) is.

@h
@ðF �WÞ ¼

@2h

@ð
ffiffiffiffiffiffi
W

p
Þ2

� h ð8Þ

The dimensionless forms of the BC and IC appear in Equations (9) and (10) respect-
ively:

BC : hð
ffiffiffiffiffiffi
W

p
¼ 0;F �WÞ ¼ 1 ð9Þ

IC : hð
ffiffiffiffiffiffi
W

p
;F �W ¼ 0Þ ¼ 0 ð10Þ

Steady-State Concentration Profile

Steady state shows the concentration profile of the chemical compound in living
tissue at infinite time after the chemical introduction initiation. The steady-state
condition implies @h

@ðF �W Þ ¼ 0. Equations (11) and (12) show the solution for concen-
tration profile for the steady-state ð

ffiffiffiffiffiffi
W

p
Þ and (F �W) coordinate system:

@2h

@ð
ffiffiffiffiffiffi
W

p
Þ2

� h ¼ 0 ð11Þ
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hssð
ffiffiffiffiffiffi
W

p
Þ ¼ expð�

ffiffiffiffiffiffi
W

p
Þ ð12Þ

where hss is the concentration at the steady state.

Steady-State Drug Penetration Depth

One of the most important outcomes of our model is the method to calculate the
depth at which the introduced chemical compound is at an active concentration;
xt is defined as the depth at which the compound concentration is at the effective
level e, and e is the dimensionless minimum fraction of the chemical compound that
still has the desired functional biological effect. The solution for dimensionless active
drug penetration depth Xt is shown as follows:

hss ¼ expð�
ffiffiffiffiffiffi
W

p
Þ ¼ e ð13Þ

ffiffiffiffiffiffi
W

p
¼ ln

1

e
¼ Xt ð14Þ

The dimensional solution for xt is

xt ¼
ffiffiffiffiffiffi
W

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D

wp þ kb

s
¼ ln

1

e
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D

wp þ kb

s
¼ ln

1

e
� db ð15Þ

where xt [cm] is the active chemical compound penetration depth and characteristic
length db [cm] is defined as follows:

db ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D½cm2s�1�
wp½s�1� þ kb½s�1�

s
ð16Þ

The results for the steady-state active penetration depth and steady-state concen-
tration for parameters described in Table I, which were chosen for the parametric

Table I. Model inputs and values investigated in the parametric study

Variable Physical property Unit
Investigated

range

t Time from the compound
introduction

s 1� 10�3–1� 103

X Distance from the source m 1� 10�3–1� 10�1

B Boundary concentration M 1
D Diffusion coefficient of a chemical

compound in the tissue
m2 � s�1 5� 10�6

wpþ kb Total first-order elimination
rate constant

s�1 1� 10�4–7� 10�2

e Minimal fraction of the chemical
compound that causes
a desired effect

4� 10�1–9.5� 10�1
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study, are presented in Figure 2. Figure 2(a) shows the dimensionless active pen-
etration depth for e of 0.4–0.95 as described in Equation (14). Figure 2(b) shows
the dimension penetration depth as a function of e, wp, and kb. Figure 2(c) describes
the dimensionless concentration profile for a range of dimensionless metabolic rates
(W). Figure 2(d) shows the steady-state concentration profile in living tissue as a
function of the distance from the source, perfusion, and absorption rates.

Analysis of Figure 2 reveals certain trends relevant to maximum possible con-
centration of a chemical compound in living tissue. Figures 2(a) and 2(b) show that
large active penetration depth is possible if a small fraction of the chemical com-
pound has the desired effect. The exponential dependence between e and Xt is parti-
cularly important for the application of compounds that have long-term cytotoxic
effects in concentrations much smaller than the concentrations needed for the locally
desired result. For example, in percutaneous ethanol therapy 98% ethanol is usually
directly injected into tumors, and the procedure is effective for 2–3 cm tumor size.
However, it was recently shown that much smaller concentrations of ethanol cause
a modified gene expression profile and lead to cell apoptosis (Castaneda and
Rosin-Steiner, 2006). Therefore, using the proposed model may be useful for the
evaluation of the low-concentration-affected areas before treatment. Figures 2(b)–(d)
reveal the impact of metabolic activities of the tissue. In this study, we investigated the

Figure 2. (a) Dimensionless drug penetration depth (Xt) as a function of minimum active con-
centration (e), (b) drug penetration depth as a function of a drug fraction in %, (c) dimension-
less steady-state concentration as a function of dimensionless metabolic rate (W), and (d) drug
steady-state concentration for various perfusion and absorption rates. (Figure provided in
color online.)
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impact of tissue perfusion rate and irreversible uptake by cells and tissues. Figure 2(c)
shows that increased metabolic rate decreases the maximum concentration of the
chemical compound in the steady-state at any location. Figures 2(b) and 2(d) demon-
strate the dimensional impact of a range of physiologically relevant perfusion=absorp-
tion rates on the steady-state concentration and on maximum active penetration
depth. Therefore, our findings suggest that chemical dosages can be different for
different tissue types and must be correlated with tissue metabolic rates.

Transient Solution

For practical applications, it is valuable to know the temporal and spatial concen-
tration profile following the chemical introduction. To solve inhomogeneous
Equation (8) with initial and boundary conditions described in Equations (9) and
(10) we use a Duhamel theorem as described in the appendix. The solution described
in the appendix leads to the analytical solution of a dimensionless concentration as a
function of ð

ffiffiffiffiffiffi
W

p
Þ and (F �W) as follows:

hð
ffiffiffiffiffiffi
W

p
;F �WÞ ¼

ffiffiffiffiffiffi
W

p
� e�F �W

2
ffiffiffi
p

p
ZF �W
s¼0

es�
W

4ðF �W�sÞ

ðF �W � sÞ3=2
ds ð17Þ

Figure 3 shows the solution for Equation (17). Transient concentration is calculated
for various dimensionless metabolic rates. We solved the integral in Equation (17)
numerically using MATLAB software (ver. 3.5, Mathworks, Natick, Mass.) with
the parameters that appear in Table I. The dimensionless analyses were performed
as described in Equations (5)–(7).

Figure 3 describes the dimensionless concentration profile in living tissue as a
function of metabolic rate; however, sometimes it is more convenient to analyze
transient concentration profiles as a function of time and location. We defined the
dimensionless time F in Equation (6), and Equation (18) defines the dimensionless

Figure 3. Transient dimensionless concentration as a function of dimensionless perfusion and
time. (Figure provided in color online.)
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coordinate X:

X ¼ x½cm�
db½cm� ð18Þ

Transfer of Equations (2)–(4) to the dimensionless form in the X and F coordinates
leads to Equations (19)–(21):

@h
@F

¼ @2h

@X2
� h ð19Þ

BC : hðX ¼ 0;FÞ ¼ 1 ð20Þ

IC : hðX ;F ¼ 0Þ ¼ 0 ð21Þ

Following the methodology developed for transient solution (appendix) we solved
Equation (19) with the boundary and initial conditions as described in Equations
(20) and (21) as follows:

hðX ;FÞ ¼ X � e�F

2
ffiffiffi
p

p
ZF
s¼0

es�
X2

4ðF�sÞ

ðF � sÞ3=2
ds ð22Þ

The dimensional form of Equation (22) appears in Equation (23):

Cðx; tÞ ¼ xBffiffiffiffiffiffiffiffiffi
4pD

p e�ðwpþkbÞt
Z t

s¼0

eðwpþkbÞs� x2

4Dðt�sÞ

ðt� sÞ3=2
ds ð23Þ

Figure 4 shows the chemical compound concentration profile as a function of
time and distance from the source plane for a specific matabolic rate. Figure 4(a)

Figure 4. (a) Transient dimensionless concentration as a function of dimensionless time and
location for dimensionless perfusion rate W¼ 50, (b) transient concentration as a function of
time and location for perfusion rate wpþkb¼ 5� 10�3 s�1. (Figure provided in color online.)
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describes the dimensionless concentration profile, while Figure 4(b) shows the
dimensional concentration profile for data described in Table I.

Figures 3 and 4(a) show the dimensionless profile of the chemical compound
concentration as a function of time, location, and metabolic rate.

An interesting additional parameter that describes the system is time to achieve
steady state, tss. To simplify the calculation, we assumed that once the difference
between h and hss is less than 10% when steady state is achieved. Using Equation
(6) the time to reach steady state is:

tss ¼ Fss �
d2b
D

ð24Þ

where Fss is a dimensionless time to achieve a steady state, which is found from the
solution of Equation (22). Figure 5 shows the dependence of time to steady state on
the perfusion rate in dimensionless (Figure 5(a)) and dimensional (Figure 5(b))
forms. Figure 5 reveals a strong dependence of time to steady state on W at low
metabolic rates; however, at high metabolic rates time to steady state shows very
small dependence on W. This information is valuable since it indicates that the
steady state is achieved at different times in different organs. For instance, this find-
ing has an impact on the synchronization of drug injection and application of pulse
electric fields during ECT. Specifically, in highly perfused and metabolically active
organs, for example, liver, pulses should be applied in proximity to the injection
of the chemical agent, before the drug is washed out. However, in tissue with low
perfusion and metabolism rate, for example, bone, pulses should be applied for
longer periods after drug injection.

Moreover, the injection planning of toxic substances is important because of
their effect on non-target tissues and organs. For example, pancreatitis was reported
due to ethanol injection in liver (Zardi et al., 2008).

These findings have a broader impact on mass transport analyses in living
tissues. For instance, these findings suggest that for effective cell-cell communication
the synthesis rate of signaling molecules will be different in organs with different

Figure 5. (a) Dimensionless time to steady state as a function of dimensionless metabolic rate,
(b) time to reach steady state as function of perfusion and metabolism rates. (Figure provided
in color online.)
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perfusion and absorption rates. Indeed, cells need to synthesize more signaling
molecules in highly perfused organs to deliver a signal for the same distance than
in organs with a low perfusion rate.

Practical Example of Local Distribution Model for Percutaneous Ethanol Injection
of Liver

To demonstrate the practical application of the developed model we analyzed the
clinical application of the direct injection of a chemical compound, PEIT. In this
example, we focused on PEIT of a liver.

Although during classic PEIT treatment a 98% ethanol solution is injected into
the tumor, recent studies suggest that significantly lower concentrations may be used
to induce cell necroses and apoptosis (Castaneda and Rosin-Steiner, 2006; Tapani
et al., 1996).

The goal of this part of the study is to demonstrate the possible application of
the developed model for liver carcinoma PEIT planning. In this example, we use
the data from the low ethanol ablation experiments previously reported in Castaneda
and Rosin-Steiner (2006) and Tapani et al. (1996) to analyze the maximum possible
ablation area using the methodology developed in the previous sections. For the con-
centration profile calculation (Equation (23)), we used the parameters given in
Table II. Instead of ethanol diffusivity rates in liver, which is unavailable to the best
of our knowledge, we used the liver diffusivity for magnetic resonance (MR) contrast
agent in liver tumors, as reported by Jia et al. (2008). There the authors measured
and built a model for the diffusion coefficient of an extracellular small molecule in
a liver tumor (Jia et al., 2008).

For demonstration purposes we assumed that blood and tissue have the same
density (1.059 gr �mL�1 has been measured for liver (Shephard, 1991) and
1040–1055 gr �mL�1 for blood (Kenner, 1989)); therefore, we simplified the per-
fusion rate as follows:

wp ¼ 45:5mL� 100gr�1min�1 ¼ 7:5� 10�3s�1 ð25Þ

The transient solution for the ethanol concentration in liver (with B¼ 1 [M] as
the boundary condition at the source) is shown at Figure 6. Figure 6 and the solution
of Equation (38) suggest that due to the high perfusion of liver the maximum dis-
tance from the source where significant concentration of ethanol can be found in
the steady state is about 3 cm (a 6-cm diameter of the affected area). Our model

Table II. Diffusion and metabolic parameters for PEIT model

Variable Physical meaning Value Reference

D Diffusivity 2.2� 10�3 cm s�1 Jia et al., 2008
kb First-order kinetics of

ethanol absorption in liver
8.1� 10�4 s�1 Smith et al., 1993

wp Average perfusion rate
of small rat liver tumor

45.5mL
100gr�1min�1

Muller and
Rogga, 1995
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prediction correlates with the clinical data, where successful treatments are reported
on PEIT of hepatocellular carcinoma in patients with lesions of up to 5 cm in
diameter (Figure 7) (Kuang et al., 2009; Livraghi et al., 1995).

Previous works (Castaneda and Rosin-Steiner, 2006; Tapani et al., 1996)
reported on the critical time exposures needed to inactivate hepatomelanoma cells

Figure 6. Ethanol concentration in a liver as a function of location and time. (Figure provided
in color online.)

Figure 7. Transverse contrast-enhanced CT scans in 55-year-old female patient who under-
went multipronged ethanol ablation of HCC at unfavorable location. (a) Pre-ablation scan
(portal venous phase) shows 4.1� 4.5 cm tumor (arrow) located above bifurcation of left
and right portal veins; (b) scan obtained 1 month after ethanol ablation (one session, 40mL
of ethanol injected) shows hypoattenuating change of whole target tumor area (arrow). Image
adopted from Kuang et al. (2009) with permission.
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at specific low concentrations of ethanol. Using Equation (15), the solution to
Figure 6, and data from Tables II and III, we calculated the active penetration
depth (xt), the distance from the source plane at which cells will be killed at the
concentration and time defined in Table III. Figure 8 shows xtas a function
of time.

Figure 7 suggests that given in vitro experiments on chemical substance toxicity
effect, our model might predict the effective range of the chemical substance in vivo
in metabolically active tissue.

It is important to point out that we present a primary mathematical model with
only one set of boundary conditions assumed. Multiple situations will demand
solution with different boundary conditions appropriate to the specific condition.
Furthermore, experimental data are still needed for the model’s in vivo validation.
Our analyses, however, add complexity, based on physiological factors, to previously
reported models on chemical distribution in living tissues. We emphasize the need to
include important properties of living tissues, such as perfusion and metabolism, to
mass transport modeling in tissues.

Table III. Toxic ethanol concentration for various exposure durations

Time [s]
Critical

concentration % e Reference
Point N
on Fig. 8

15 40 0.4 Tapani et al., 1996 1
300 20 0.2 Tapani et al., 1996 2
600 15 0.15 Tapani et al., 1996 3
3600 10 0.1 Tapani et al., 1996 4
21600 0.046 0.0046 Castaneda and Rosin-Steiner, 2006 5

Figure 8. Distance from the injection point at which ethanol causes liver tumor ablation by
necrosis (points 1–4) and apoptosis (point 5). (Figure provided in color online.)
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Conclusions

We report on an analytical model for analysis of temporal and spatial distribution of
chemicals in living tissues with first-order-kinetic rate metabolism. Our model sug-
gests that the maximum active distance of an introduced chemical is limited by the
tissue perfusion and metabolism rates. Our findings emphasize the need for math-
ematical planning for therapies that involve local injection of chemical compounds.
The benefit of using mathematical models in this case will be significant reduction in
preliminary experiments and assessment of long-term toxicity effects at low concen-
trations. The broader significance of the model developed in this study is that it may
contribute to the understanding of in vivo intercellular signaling and morphogenetic
gradient propagation.
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Appendix: Solution of Heterogeneous Heat Transfer Equation Using the
Duhamel Theorem

The problem for mass transfer in perfused tissue is described in Equation (1A) with
boundary and initial conditions that appear in Equations (2A) and (3A):

@h
@F

¼ @2h

@X2
� h ð1AÞ

BC : hðX ¼ 0;FÞ ¼ 1 ð2AÞ

IC : hðX ;F ¼ 0Þ ¼ 0 ð3AÞ

To solve Equation (1A) we make the following substitution:

h ¼ g � expð�F �WÞ ð4AÞ

Substituting Equation (4A) into Equation (1A), we develop Equation (5A) as
follows:

@g

@ðF �WÞ ¼
@2g

@ð
ffiffiffiffiffiffi
W

p
Þ2

ð5AÞ

Substitution of Equation (4A) into the boundary and initial conditions
(Equations (2A) and (3A)) leads to the following transformed boundary and initial
conditions:

BC : gð0;F �WÞ ¼ expðF �WÞ ¼ f ðsÞ ð6AÞ

IC : gð
ffiffiffiffiffiffi
W

p
;F �W ¼ 0Þ ¼ 0 ð7AÞ

Equation (5A) with the boundary and initial conditions described in Equations (6A)
and (7A) is a homogeneous heat equation with time-dependent boundary conditions.
To solve Equation (5A) with the initial and boundary conditions described, we use
the Duhamel theorem and base our solution on Özisik (1993). Using the Duhamel
theorem we first solve the following auxiliary problem:

@U
@ðF �WÞ ¼

@2U

@ð
ffiffiffiffiffiffi
W

p
Þ2

ð8AÞ

BC : Uð0;F �WÞ ¼ 1 ð9AÞ

IC : Uð
ffiffiffiffiffiffi
W

p
;F �W ¼ 0Þ ¼ 0 ð10AÞ
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The solution of the auxiliary problem U and g are related through the Duhamel
theorem as:

gð
ffiffiffiffiffiffi
W

p
;F �WÞ ¼

ZF �W
s¼0

f ðsÞ @Uð
ffiffiffiffiffiffi
W

p
;F �W � sÞ

@ð
ffiffiffiffiffiffi
W

p
Þ

ds ð11AÞ

The solution of the auxiliary problem is:

Uð
ffiffiffiffiffiffiffi
W ;

p
F �WÞ ¼ ercf ð

ffiffiffiffiffiffi
W

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4F �W

p Þ ð12AÞ

Therefore:
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p
Þ
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q e�
W

4ðF �W�sÞ ð13AÞ

and:
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W
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4p
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e�
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4p
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s¼0

es
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e�

W
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Therefore, the transient solution for the dimensionless concentration in the perfused
tissue is

hð
ffiffiffiffiffiffi
W

p
;F �WÞ ¼

ffiffiffiffiffiffi
W

p
� e�F �W

2
ffiffiffi
p

p
ZF �W
s¼0

e
s� W

4ðF �W�sÞ

ðF �W � sÞ3=2
ds ð15AÞ
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