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1. INTRODUCTION

The information representation literature pioneered by Aumann (1976) h:
led to the surprising “no-trade theorem” of Milgrom and Stokey (1982) tha
states that given ex-ante Pareto efficient allocations, the arrival of new inform
tion will not induce further trade under the assumption that trade is commc
knowledge among traders. This counterintuitive result is generally interprete
as a “no-speculation” result. It is perplexing for two main reasons: first, it stanc
in stark disagreement with the general image of the stockbroker as, mostly
speculant and, second, it is generally believed that without at least some amo
of speculative trade we cannot explain the huge volumes of trade that we obse
in security markets around the world. Ross (1989), for example, states “itis diff
cultto imagine that the volume of trade in securities markets has very much at .
to do with the modest amount of trading required to accomplish the continuot
and gradual portfolio rebalancing inherent in our current intertemporal models

In general, no-trade results rely heavily on the strength of the common know
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edge assumption. While common knowledge of various facts, most notably th
model itself, is implicitly assumed in much of economic theory, this concept
does not perfectly capture our ordinary, everyday notion of “knowledge.” In
particular, the absolute certainty which is implied by knowing, as opposed tc
believing, seems exaggerated. Especially when the subject of this knowledc
may sometimes involve other people’s thoughts or future actions. It therefor:
seems desirable to investigate whether an appealing weakening of the comm
knowledge assumption may generate speculative trade.

In this paper we attempt to formalize the intuition that people trade becaus
they think they are smarter than others. We show that rationality may be “almost
common knowledge and still allow for trade to take place. Thus, there is no nee
to introduce “noise” or liquidity traders in order to justify speculative trade.
Rational traders may speculate against each other because they believe that tl
are right while others may be wrong.

Several models of “bounded rationality” have already been proposed as &
planations of the no-trade puzzle. Among the many contributions, a number ¢
papers have focused on the axiomatic approach to common-knowledge (e.f
Bacharach, 1985; Geanakoplos, 1988; Samet, 1990). These papers focus on
axioms on the knowledge operator that characterize no-trade results. They shc
that to avoid no-speculation results partitional information structures must b
replaced with information structures that represent less rational modes of re:
soning. (For a simple example, see Rubinstein and Wolinsky, 1990.) A differen
approach is proposed by Dow, Madrigal, and Werlang (1990) that retains pal
titional information structures and generalizes Milgrom and Stokey’s result ac
follows: given an ex-ante Pareto efficient allocation, there does not exist an
other allocation which is ex-post Pareto dominating the first with respect to the
traders’ information and is commonly known. Thus, any motivation for trade is
eliminated. Their result does not depend on the ex-ante and ex-post partition
nor on the preferences of the traders which need not be concave (i.e., risk avers
or even increasing. More importantly, it allows traders to have different priors.
Their result requires only that markets be complete and that the utility func-
tions be state additive. In fact, they show that this requirement is also necessal
The intuition for their result is that when an event is commonly known (ex-
post), this very fact is agreed upon by all traders, and thus can be incorporate
into state-contingent trade ex-ante. However, they are able to provide an exar
ple where no-speculation fails, that is, where there is trade, under nonadditiv
probabilitiest

1 This result seems to conflict with Morris (1994) that demonstrates the possibility of speculative
trade when traders have different priors. The difference follows from the fact that ex-ante efficien
allocations are defined differently in these two papers. Indeed, Morris notes that “if it is possible tc
make trade contingent on some event prior to the arrival of new information, the differences in priol
beliefs about the event will not lead to trade” (Morris, 1994, p. 1339).
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The literature thus offers two “bounded rationality” explanations for the no
trade puzzle: one suggests that information structures are nonpartitional, and
other—that beliefs are nonadditive. In both cases, the notion of “rationality” an
the extent of deviation from it can only be described in a meta-model. That is,
statement such as “trader 1 beliefs that trader 2 is rational” has no formal conte
and, perhaps, no meaning at all.

By contrast, this paper suggests a model in which rationality of a trader
a well-defined event. We retain the classical assumptions regarding knowlec
and beliefs; that is, the information structures are partitional and the priors a
additive; furthermore, we retain the common prior assumption. We follow Au
mann (1987) in that “rationality” is defined behaviorally as acting optimally
given the available information and others actions. It is thus a well-defined eve
over which traders have beliefs (see Remark 5.7).

In the formal model, relaxing the assumption of common knowledge of ra
tionality implies that there exist states of the world in which traders are indee
“irrational”; that is, traders behave suboptimally. However, we introduce thes
states of the world into the model in order to represent tragengeptionof
the world. We do not mean to imply that traders actually act suboptimally, onl
that they believe that others may do so. The states at which traders may ir
tional are thus not claimed to actually materialize. An illustration to the way
we think about rationality is the following: Suppose that a trader arrives at hi
office every morning at 9 a.m. On the way, he goes over the morning news, a
when he gets to his office, based on this information, he decides which trad
to make. However, this trader may be late to work—in which case, importar
trading opportunities may be lost, or a junior trader might buy a certain ass
instead of selling it. We think of the trader who arrives at his office on time a
being “rational,” and of the same trader, when he is late and a suboptimal acti
is taken, as being “irrational.” The main point is that to explain trade, no trade
actually needs to be late. It suffices that some traders suspect that others r
suspect that others may suspect that a trader has not shown up on time.

Two alternative concepts have been proposed in the literature as possil
weakenings of common knowledge. The first is Rubinstein’s (1989) “almos
common knowledge” that allows only a finite hierarchy of knowledge. How-
ever, Rubinstein shows in an example that is the game-theoretic formulation
the “coordination attack” problem (see Halpern, 1986) that even for arbitraril
high levels of knowledge, “almost common knowledge” does not approximat
common knowledge in the sense that optimizing agents that are in a state
“almost common knowledge” about the game they play cannot behave as
the game is common knowledge; that is, they cannot play the “natural” Nas
equilibria in this game. Monderer and Samet (1989) suggest yet another way
weakening the common knowledge assumption. Instead of truncating the know
edge hierarchy, they replace common knowledge with what they call commc
belief. This notion weakens “knowledge” to “belief” while retaining an infinite
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hierarchy of the latter. In this setup, they obtain an approximation to Aumann’s
(1976) “agreeing-to-disagree” result as well as continuity of the set of Nast
equilibria “at common knowledge.” They quantify the degree of belief by a pa-
rameterp € [0, 1] and show that if there is commanbelief of the “true” game
being played¢-optimizing players can almost mimic the behavior of players to
whom the game played is common knowledge and therefore play one of its Nas
equilibria.

In this paper we use Monderer and Samet’s definition of compvbelief
to develop a model of speculative trade in which there is a positive probability
of common belief of arbitrarily large volumes of trade. Natural questions to ask
then, are, is commop-belief the “right” concept to use? To what extent should
we expect commorp-belief of trade to arise in actual markets? And lastly, is
commonp-belief more plausible than common knowledge? For example, if the
trade mechanism that we have in mind is trade that is finalized by a handshak
common knowledge is the natural concept to use. Each of the two traders shaki
hands knows that trade takes place, knows that the other trader knows, and so «
The handshake is a means of instantaneously arriving at common knowledge

Yet, we argue that commop-beliefs does arise naturally in many realistic
settings. Consider, for example, a trade mechanism that operates as follows: tv
traders receive private information about a certain stock. Each decides wheth
to send a market maker a “buy” or a “sell” order. The market maker has no asse
of his own, and he would therefore execute trade if and only if he can matct
“buy” and “sell” orders. Thus, when the traders choose their actions, they do nc
know that trade is about to take place, even if it eventually will and so the even
of trade may be commop-belief without being common knowledge. Hence
the notion of commorp-belief is weaker than that of common knowledge, not
only in a theoretical sense; many realistic trading mechanisms permit the forme
although not the latter. Of course, one may convincingly argue that in many
realistic examples the infinite hierarchies of beliefs is also unreasonable. Th
main point of this paper is, however, thatsiifficesto weaken knowledge to
belief, to account for trade.

The first step in establishing this result is the observation that, excluding ris}
management considerations, any speculation or bet originates from a state
conflicting opinions, or more colorfully, “it is difference of opinion that makes
horse-races.” (Mark Twain, 1992, p. 117) Namely, in the context of this paper
starting with a Pareto-efficient allocation, traders must have conflicting views
regarding the outcome of a certain event in order to induce trade. Following
the previous literature, we start with ex-ante Pareto-efficient markets in orde
to exclude risk management considerations, so that pure speculation is the or
possible motivation for trade after the arrival of new information. Nevertheless.
disagreement among traders, and even common belief of disagreement, inter
as it might be, is not enough to create motivation for trade among completel
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rational traders. This observation enables us to strengthen Milgrom and Stoke
(1982) result; namely, starting with an ex-ante Pareto efficient allocation, a po
itive probability of a feasible and mutually acceptable trade implies that trade
must be indifferent between this trade and the null trade (a similar result
stated in Geanakoplos, 1992). Consequently, the second step in constructing
argument is to allow traders to entertain some doubts concerning the perfe
rationality of other traders. We then show that common belief of disagreemer
together with the presence of doubts about the rationality of other traders, is s|
ficient for obtaining common belief of trade of arbitrarily large volumes amonc
not-too-risk-averse traders. Itis worth noting that the doubts about the rationali
of other traders may be slight enough as to allow for commdaelief of ratio-
nality for p arbitrarily close to 1, together with “almost common knowledge”
(as in Rubinstein, 1989) of arbitrarily high degree, while still being sufficient fol
our results.

In a related (but independently developed) paper, Sonsino (1995) also de
with commonp-belief of trade. His main results are as following: first, suppose
that a proposed tradgis fixed, then if the expected valuations®are common
p-belief then they cannot differ significantly (the bound on their difference
however, depends dB and can be arbitrarily large). Second, it is shown that ac
p approaches 1, there can be no commpepelief of trade. In his paper “trade”
is implicitly assumed to occur whenever the traders have different condition
expectations for some trad® Since Sonsino’s model does not allow traders to
be irrational at any state of the world, his results seem to be in contradiction
ours. The resolution to this apparent contradiction lies in the implicit notion o
rationality; in Sonsino’s paper, acts are not formally introduced into the mode
Thus, when a trad® is offered, each trader simply computes its expectation
implicitly assuming it would be accepted by the other trader. By contrast, i
the model presented above, each trader is explicitly aware of the possibili
that the other trader may refuse to trade and, thus, the trade may be cal
off. That is, he is facing uncertainty both regarding the “objective” state o
the world and other traders’ actions. Thus, Sonsino (1995) implicitly assume
some type of irrationality in that his traders do not fully analyze the model a
it is known to the outside observer. In this paper, irrationality is explicit anc
the model and be assumed to be commonly known. One way or another, ¢
second theorem proves that common knowledge of “full” rationality preclude
trade.

The rest of the paper is organized as follows. In Section 2, we present tl
fundamental results of the knowledge/belief literature, following Monderer an
Samet (1989). In Section 3, we develop a model a model of speculative tra
for the simpler case of risk neutral traders. In Section 4, we develop the gene
version of the model, allowing for risk-averse traders. Section 5 concludes.
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2. COMMON BELIEF

Let | be afinite set of players and Ig®, =, 1) be a probability space, where
Q is the space of states of the worlg, is ao-algebra of events, and is a
nonatomic probability measure dn (to be interpreted as a common prior).
For each e |, IT is a finite partition ofQ into measurable sets with positive
measure. We use the notatioh = (ITy, I}, ..., TT) }. Forw € €, denote
by IT' (w) the element ofT' containingw. IT' is interpreted as the information
available to ageni; IT' () is the set of all states which are indistinguishable
to i whenw occurs. We denote b’ the (o)-field generated byT'. That is,
F' consists of all unions of elements Bf . Fori € |, E € =, w € Q, and
p € [0, 1], we say thati‘believes E with probability at least p at,” or simply
“i p-believes E aw” if w(E | IT'(w)) > p. Denote byBL(E) the event
p-believesE.” That is,

BL(E) = {0 w(E | M'(w)) > p}.

Notice that this is an event (i.e., measurable with respe&l)tdMoreover, it is
measurable with respect 18 .

DErINITION 1. An eventE € ¥ is evidentp-belief if for eachi € |, E C
Bl (E).
p

DEFINITION 2. An eventC is commonp-belief atw if there exists an evident
p-belief eventE such that € E, and foralli € I, E < B,(C).

Monderer and Samet (1989) showed that the definition of compabalief
above is equivalent to the, perhaps more intuitive, following iterative definition.

DEFINITION 3. For every even€ and every O0< p < 1, letCo(p) = C, and
foranyn > 1, letC,(p) = ;i B'p(Cn_l(p)). The evenC is commonp-belief
atw if w € (21 Cn(P)-

Note that in all the above definitions, common 1-belief coincides with common
knowledge up to measure 0. Lastly, we present Rubinstein’s (1989) definition o
“almost common knowledge.”

DEFINITION 4. An eventC iscommonly known of degreeatw if w € C,(1).

3. SPECULATIVE TRADE AMONG RISK-NEUTRAL TRADERS

We formulate the following results for an environment similar to the one used
by Milgrom and Stokey (1982). Consider an economy with al set {1, 2} of
tradersin an uncertain environment represented by a probability €pads w),
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wherepu is a nonatomic measure. All subsets of and functionQ ane assumed
2-measurable. Set inclusion should be interpreted.aaltnost everywhere.”
Traders have information structuré8, over which they have belief operators
B;)(-) for some 0< p < 1. We restrict our attention to a one-dimensional
commodity space (“consumption®)Letu’: R — R be traderi’s increasing
linear (i.e., traders are risk-neutral) von Neumann-Morgenstern utility functior
Without loss of generality, we set(x) = x for x € R. Let€ (w) denote trader
i’s allocation at state, €: Q — R. Since the traders are risk-neutral, any pair
e', € of allocations is Pareto-efficient; that is, there does not exist a trade whic
is ex-ante strictly beneficial to both traders. So, without loss of generality, we s
el(w) = €(w) = 0forallw € Q. Finally, we letB: Q@ — R denote a proposed
trade or “bet.”

The following condition, dubbeg-overlapping is going to play a major role
in the results.

DEFINITION 5. Two information structures$I* and I12 are p-overlapping if
for every trader € |, there exist a nonempty set = (_J,_: IT; such that the
following two conditions hold:

p(r! | ) > pforall I} € #'; and ey

for any two nonempty index subsefs’ c K1
andK? ¢ K2, u(xrVArn?) > 0, where (2)
7' = Uyexi I and A denotes symmetric difference.

p-overlappingcan be interpreted as follows: (1) itis a necessary and sufficier
condition for the existence of the commgnbelief eventr® N 72; and (2) it
guarantees that neither this commpy#belief event, nor any of its subsets, is
common 1-belief or common knowledge. The intuition behind this condition i
thatin order to have commambelief of trade, the traders must agree to disagree
for otherwise, why would two risk-neutral traders wish to engage in trade in th
first place? (1) is responsible for the agreement part; it guarantees the existe
of an event that is the commaambelief. (2) is responsible for the disagreement
part. The reason that (2) is crucial is that, as Aumann (1976) shows, agents can
have common knowledge of disagreement.

The notion of trade involves acts, which, in turn, raise the question of re
tionality. It may be helpful to formulate an auxiliary result that deals only
with beliefs. The following result shows that the condition @bverlapping
applied to the original information partitions, characterizes the common
belief of disagreement between traders. We introduce the following notatio

2 We do not view this set up as conceptually restrictive. It is believed that, while it simplifies the
exposition, the results follow in a more general setting as well.
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let C' (B, v) denote the event where tradegiven his information, assigns ex-
pectationv to the tradeB. That is,C' (B, v) = {w: E(B | [T (w)) = v}. Define
C(B, v1, v2) = CY(B, v1) N C%(B, v5). C(B, vy, v) is the event where each
traderi given his information, assigns expectatigrto B.

THEOREM1. There exist a trade B and two values # vy, such that
w(C(B, v1, vp) is the common p-beligt> 0, if and only if the information
structuresI1! andI1? are p-overlapping

(All proofs are relegated to the appendix.)
Let A be the set of acts available to the traders,

A = {"buy” “sell” “ refrain”}.

Let o' denote tradei’s strategy,a' (w, B,q) € A. That is,a is a function
attaching to each statg and an offered tradB at priceq, an act inA. When the
offer (B, q) isimplied by the context we writg () € Aanda(w) = (@ (®))ic -
Rationality is defined behaviorally as follows: a trader is rational with respect to
acertaintrade if, given this trade, he chooses the action that maximizes his utilit
given his information and the other trader’s action. Thus, rationality is actually
no more than the best response of tradera’, and it follows naturally that the
“rationality” of one trader is defined with respect to the actions of andther.
Formally, we say that trader € | is rational atw € Q with respect to a
proposed trad® and a pricey if v € R'(a, B, q), whereR/ (a, B, q) is defined
as

R(a, B,q) = {a) |a (w, B,q) € argmaxE(u' (@', al (w), B, q) | n‘(w))},

aeA

whereu' (@' (w), al (w), B, q) denotes tradeir’s utility given » € €, the acts
(strategiesh(w) and the fact that trade takes place if and only if one trader is
willing to buy and the other to sell. That is,

_ u'(€(w) + Bw) —q) if a'(w) =“buy” al(w) = “sell
u'(a(w), B,q) = {U' (€ (w) — Bw) +q) if d(w) ="“sell” al (w) = “buy
u' (€ (w)) otherwise.

THEOREM2. Let there be given pair utility functionst¢), u?(-) (not nec-
essarily risk-neutralor even increasingand a pair of Pareto-efficient initial
allocations é(-), €(-) (not necessarily zejoSuppose that there exist a trade

3 Alternatively, one may define “rationality” independently of other traders, namely, as choosing
best responses to one’s beliefs. But then one would have to explicitly require that these beliefs coincic
with the conditionalx. For simplicity of exposition we stick to the traditional definition of a Nash
equilibrium in which beliefs are only implicit.
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B, a price g and a pair of strategies Hw), a%(w) such that both traders are
rational (that is, ©(R'(a, B,q)) = 1fori e {1, 2}) and such that there is a
positive probability of tradeThen neither trader can strictly prefer trade to
no-trade

This result, which has also been noted by Geanakopolos (1992), seems
strengthen Milgrom and Stokey'’s result (and even Dow, Madrigal, and Werlang’
1990, result) significantly, since it merely requires the existence of a positiv
probability of trade, as opposed to common knowledge of trade. It hinges ¢
the assumption that rational traders “know” (in an informal sense) when the
partner will trade and that rationality is common knowledge at eaeh<.

The immediate implication of the result above is that in our framework we
must dispense with common knowledge of rationality if we want to accour
for trade. We therefore assume that traders act suboptimally with a probabili
p > 0 and use a weaker concept than Nash equilibrium, namely, the followin

DEFINITION 6. A pair of strategieda' (w, B, d)}ic1 constitutes &1 — p)-
rationality Nash equilibrium if for all € |, w(R'(@)) > 1 — p. (That is, with
probability at least1 — 2p), both traders optimize with respect to each other.)

Remark The concept ofl — p)-rationality Nash equilibrium is related to
ex-poste-Nash equilibrium of Monderer and Samet (1989). However, while
they define the deviation from Nash equilibrium or “perfect rationality” in terms
of expected payoff(1 — p)-rationality NE defines the deviation in terms of
probabilities. That is, i1 — p)-rationality NE it is required that every agent
is, with probability 1— p, perfectlyrational. Moreover, given a game, finite
partitions, and am > 0, there exists @ > 0 such that everyl — p)-rationality
NE is an ex-post-Nash equilibrium. The converse, however, does not hold
An ex-poste-Nash equilibrium allows the traders to behave suboptimally for
all o € @, which would correspond to a probability of irrationality = 1.
Thus, (1 — p)-rationality NE may be viewed as stricter than ex-podtash
equilibrium.

For simplicity we assume that irrational traders choose any suboptimal actic
with equal probability and that this choice is independent of the suggested tra
(B, g). Note that the three actions cannot all be suboptimal, but, they may |
optimal; for example, il (w) = “refrain”forall w € Q,thenu(R (@', al)) =1
for all possiblea' and trade$B, q). (The suggested intuition for the case where,
say, ‘sell’ is the only suboptimal action, is that the trader’s computer was lef
with a “sell’ order that will be implemented for any offer if the trader oversleeps.)
However, it should be noted that our results can be easily extended to inclu
all the cases where a positive probability is assigned to each of the suboptin
acts on(R)¢. We do not assume that a rational trader always knows whether
is rational. This follows from the behavioral definition of rationality; that is, a
trader who oversleeps may still be lucky enough to behave rationally.
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We state the following result about trading in markets:dix 1 andp > 0,
then, there exists a tradkand a(1 — p)-rationality Nash equilibrium where the
trade ofB is supported by an interval of prices and is the comrpeduelief; o
can be arbitrarily close to 0 arlarbitrarily close to 1. Furthermore, it is shown
that the volume of trade in this case can be arbitrarily large. We introduce som
more notation first; without loss of generality, let trader 1 be the buyer and trade
2 be the seller. LeT (a, B, ) denote the event where both traders are rational,
and trade is beneficial to both traders, that is,

{“buy’'} = arg maxE (u*(a(w), B, q) | M (w))

_ 1 2 al(w)eA
T@B.g=10cRNR {“sell'} = arg maxE (u?(a(w), B, q) | [T?(w))

a(w)eA

Note that by definition, “trade” implies rationality of the traders. In particular,
when trade is the commambelief, so is rationality. Also, sincéstly’ and “sell’

are the only respective optimal actions foralk T (a, B, q), the definition of
trade implies that tradin® at priceq is strictly ex-post Pareto-improving with
respect to the traders’ informatién.

THEOREM3. Let there be giverfan arbitrarily smal) o > 0 and(an arbi-
trarily large) p < 1. The following two conditions are equivalent

(I) There exists a proposed trade 8price g and strategies 8 w), a%(w)
such that
(a)the strategies &w), a%(w) form a(1 — p)-rationality Nash equilib-
rium with respect to the tradeB, q).
(b) u(T (a, B, q) is the common p-beligf 0.
(I) The information structures are p-overlapping

Furthermore the volume of trade in this case is arbitrarily large

Remarks 1. Trade, as well as rationality, can also be known up to an arbi-
trarily large degree in 1 — p)-rationality Nash equilibrium. Specifically, given
information structures that apeoverlapping one may subdivide the events over
which trade occurs to arbitrarily many events, in such a way that at some states
them the original events are commonly known to any prespecified degrek
While n is bounded for any given information structure (say, byr@ni¢, {N; }),
andn may be supported by appropriately defined partitions.

2. While the theorem only guarantees that trade (and rationality) be com
mon p-belief with somepositive probability, this probability may be arbitrarily
close to 1 with an appropriate choice of the information partitions. (Specifically,

_4 The term ex-post is used in this context to denote the timeafierealized and each trader knows
IT (w). Notice that ifw itself becomes known to the traders then the traders cannot both strictly prefer
trade to no trade. In fact, B(w) # 0, then one of the traders would rather call the trade off.
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w(mt N w?) may be very close to 1, or, alternatively, one may have trade ove
the intersection of more than one pair{af', 72}.)

3. The event of “trade” that we construct in the theorem is independent ¢
the event “trader is rational” given any element of tradgis partition. That is,
to explain trade, one need not assume any correlation between the value of
trade and the rationality of the traders.

4. SPECULATIVE TRADE: THE GENERAL CASE

In this section we extend the results obtained in the previous section to tl
general case of risk averse traders. An analogous argument shows that the re:
hold for risk-seeking traders as well. Under risk aversion, the prices and volume
under which trade is the common belief, reflect a “risk-premium” which is
associated with the degree of risk aversion. We show that the results approxim
the results obtained for risk-neutral traders as traders become less risk ave
This is hardly surprising, given that we have proved that risk-neutral traders ha
a strict preference for trade. On the other hand, there is some interest in this re:
since the volume of trade will be limited in this case.

We employ the same framework of Section 3, allowing the functidn®
reflect risk aversion. That is, preferences are represented by strictly increasi
concave, von Neumann—Morgenstern utility functioms, R — R. Let e*(-)
ande?(-) denote the initial allocations that are assumed to be Pareto-efficier
The problem that arises with risk-averse traders is that they may still refuse
trade because trade increases their exposure to risk; thus, they may refrain fr
trade even if trade holds a positive expectation for them. What we show is th
as long as traders are “sufficiently risk tolerant” they will still be willing to pay
a positive price for a trade that they believe has a positive expecfation.

In order to proceed we need a measure of risk aversion that bypasses
difficulty associated with the Arrow—Pratt measure of risk aversion, namel;
that it is only a partial ordering. The following construction provides a genere
framework that allows us to determine whether a trader with a given utilit
function can be said to be sufficiently risk tolerant for our purposes. We fix a
interval [-M, M]. Our discussion is confined to the following family of utility

5 Compare with Ross (1989) that states “Surely there can be nothing more embarrassing to
economist than the ability to explain the price in a market while being completely silent on the quantity

6 Alternatively, we can strengthen the conditionmbverlappingin a way that will guarantee that
the constructed trade will be “noise” with respect to the traders’ information and initial endowment:
Consequently, the traders’ decisions will be independent of their initial endowments, their willingne:
to pay will increase, and more risk averse traders will also be willing to engage in trade. We prefe
however, to pursue the former formulation for its simplicity and because it leads to a characterizati
result.
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functions which is parametrized By and,

Um,y = {u: [-M, M] — R | uis concave, differentiable,
strictly increasing, and’(M) > v},

Note thatU o is the family of general smooth preferences that exhibit risk
aversion.

THEOREM4. Let there be given any positive M, v, k, and p < 1. The
following two conditions are equivalent

() There exists & > 0 such that there exists a trade B witi E) > k, a
price g, and strategies &w), a?(w) such that for all traders with utility functions
u € Uy y that satisfysup,, ., [U"(X)| < § (that is sufficiently risk-tolerant
traders:

(a) the strategies Hw), a’(w) form a (1 — p)-rationality Nash equi-
librium with respect to the tradéB, q).
(b) u(T (a, B, q) is the common p-beligf 0.
() The information structureBI* andI1? are p-overlapping

As in Section 3, a similar result holds for Rubinstein’s (1989) notion of almost
common knowledge. Trade, as well as rationality, can also be known up to a
arbitrarily large degree among sufficiently risk-tolerant traders i a p)-
rationality Nash equilibrium.

5. CONCLUDING REMARKS

1. Inorderto understand the relationship between the conprimelief and
common knowledge in the context of this paper, we should check what happer
as we letp approach 1. Observe that as we peapproach 1 p-overlapping
is harder to satisfy. That is, for any given information structures thatpare
overlappingfor somep < 1, there exists & < p < 1 such that for alp > p,
these information structures are nwverlapping (On the other hand, notice
that for anyp < p, p-overlappingdoes hold.) Hence, given any information
structure, as we lep approach 1, commop-belief of trade disappears. For
p = 1, we are in the case of common knowledge of trade (and of rationality) anc
the no-trade result of Milgrom and Stokey holds. Similarly, using Rubinstein’s
notion of “almost common knowledge,” given thi&’s, the maximal possible
level of knowledge of trade is bounded by @in;¢; {N;}.

2. We wish to emphasize that for ay < 1 there exists an information
structure such that for any > 0, when preferences are fixed, there exist a bet
B, a priceq, and a small enoughsuch that for ank < k, traders may have the
commonp-belief of tradingk - B. Alternatively, fixk arbitrarily large. Then, for
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all sufficiently risk-tolerant preferences, traders can have the conprtmlief
of trade of any volumé < k.

3. Asshown by the proofs of Theorems 3 and 4, there exists anondegener
price interval that supports commerbelief of trade. This suggests a more active
role for the “market-maker” that was mentioned in the introduction. Namely, hi
role would be to find a trad® that will induce the commom-belief of trade
by solving a linear programming problem (as in Proposition 2 in the Appendix]
Moreover, when such a tradeexists,v1-v, is unbounded. Therefore the market-
maker can charge a bid/ask spread and guarantee himself a positive payoff.

4. The main motivation of this paper was to explain trade in real market:
where trade is a persistent phenomenon. While our model deals only with tv
periods, the argument made here can be generalized in a dynamic setting to al
for repeated trade. Suppose that we have a model with infinitely many perioc
Q is fixed through time and, at period &, € 2 is realized. The information
partitions of the traders may depend on time, but at tim&ligw) =  for
alli € I, and traders “learn” over time so that the information partitions a
timet + 1 are refinements of the respective information partitions at time
At time 0, we start with Pareto-efficient allocations. In this setting, we migh
still get the commom-belief of trade at every period. At tinte rationality is
defined as behaving optimally on that day. Traideray want to trade, since he
believes that the other traders might not be rational. After trading, the allocatiol
may be Pareto-optimal with respect to each trader’s information atttiiet,
since rational behavior may be independently determined at each period and
each trade, the trader cannot be sure about the rationality of other traders ant
himself in the future. Thus, at the following day, new trade might occur precisel
for the same reasons. In general, arriving at Pareto-efficiency at timght still
allow for further trade at timé + 1 as the traders’ information becomes more
refined.

5. The argument of this paper can, of course, be repeated without usi
the common prior assumption. On the other hand, as Dow, Madrigal, and We
lang (1990) show, dispensing with the common prior assumption by itself is na
enough to support trade. We should note, however, that using different pric
enables us to “close” the model with each trader’s prior assigning a probabili
o > 0to other players being irrational, while leaving himself perfectly rational
Thus, it might be argued that using different priors alleviates some of the diff
culties with the interpretation of the model, in particular regarding the way wi
chose to model “irrationality.”

6. No-trade results are closely related to (no) agreeing-to-disagree resul
Indeed, if risk-neutral traders cannot even disagree about the expected value
a certain prospect, why should they trade it if they are already in possession
a Pareto-efficient allocation? In fact, as was shown in Geanakoplos (1988) a
Rubinstein and Wolinsky (1990) agreeing-to-disagree results, with the comma
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prior assumption, are stronger than no-trade results in the sense that they contin
to hold under weaker requirements on the knowledge operator. As for relaxin
these results, Monderer and Samet (1989) show that with conprioslief,

the posteriors of an event cannot differ by more thah-2 p).” So, for any

p < 1, players can have commanbelief of disagreement over the values of
the posteriors of a certain event. As belief approaches knowledge, that is,
p — 1, they get the agreeing-to-disagree result.

7. The argument made here can be repeated in Aumann’s (1987) setu
namely, where a state of the world specifies all objects of uncertainty, including
the trader’s actions. The results, in this case, will be similar to the results obtaine
here. Specifically, instead of postulating the existence of an equilibrium unde
which trade is the commop-belief, in Aumann’s (1987) formulation, we can
show the existence of a prior probability that assigns probability 1 to the
event where traders adopt actiani$w), a%(w) that form a(1 — p)-rationality
equilibrium and under which trade is the commpibelief.

8. The conclusion of Theorem 2 was that the assumption of common knowl
edge of rationality must be relaxed in order to allow for the existence of an equi
librium with trade. If, however, we replace the notion of equilibrium with the
notion of rationalizability (as in Bernheim, 1984, and Pearce, 1984) we can stil
get trade without relaxing the assumption of common knowledge of ratiofiality.
Yet, since the concept of rationalizability implicitly assumes that the traders
do not know anything about other traders’ choices (apart from the restriction:
imposed by common knowledge of rationality), this explanation is somewha
unsatisfactory for a dynamic context. That is, over time traders are likely to
gather some information about others’ choices, and thus may deviate from
rationalizablen-tuple of strategies which is not an equilibrium.

APPENDIX: PROOFS
The following proposition is a characterization of the comnpshelief and
is a first step towards characterizing the comnpelpelief of trade.

PrOPOSITIONL. An event C is the common p-beliefaate € if and only if
foralli e I there exists a nonempty set = J,_: IT} such thatw € 7' and
such that the following two conditions hold

M(m | HL)

w(C| M) > p forallielandIl, Cx'. (A2)

v

p foralli elandIl, C ' (A1)

7 Neeman (1993) improves this bound te-1p.
8 This fact was pointed out to me by Asher Wolinsky as well as by Roger Guesnerie.
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Proof. Suppose tha€ is the commonp-belief atw € Q. There exists an
evident p-belief eventE such thatw € E andE < ;. By(C). Fori € I,
definex’ = U, ming)-o0 k- By definition, for all [T, < x' there exists an

' € E such thatlT, = ' (), andE < ;. 7". Therefore, it follows that
w(Mher " 1 l‘[k) > M(E | 1)) > pforall 1, C = Slmllarly,u(C | T) > p
for all ITj, € ='. Conversely, defin€ = ﬂhel 7", o € E, so it is enough
to show thatE is an evidentp-belief and thatE C ﬂ.d B,,(C). Suppose that
' € E. By definitionTT' (') = I for someIT} < n‘_and,u(E | I () =
w(E | M) = pby (A1), andu(C | IT'(w')) = n(C | ITy) = pby (A2). =

In order to create incentives for trade it is necessary to have a proposed tre
over which traders have different posterior expectations. The following propc
sition provides a construction of such a trade by solving a linear programmir
problem.

PROPOSITION2. Letthere be giventwo sets = | J;_, ©fands? = | ., ©2
that are each composed of dISjOIn'[ nonempty.Seisre exists a trade .BQ —
R, andv; # vy suchthat EB | ©}) = v, forall ®} € 61,and E(B | ©2) = v,
for all ®2 < 62 if and only if9* and 62 satlsfy(2) Furthermore when it ex-
ists B can be such that B | ©\#?) > v; whenever it is well defined and
E(B | ®2\61) < v, whenever it is well defined

Proof. Definetheset{sl“”}asfollows:fori e{l,...,nlandj € {1, ..., m},
letTij = O NOF for j e (1,...,m}, letlnyy; = ©A\0Y fori e (1,...,n},
let [imi1 = ©; \92 and Ietrn+1 me1 = (BHC N (62)C. We adopt the notation,
vij = p(Tip, A = XMy, ands; = Y5y . Note thati, & > 0.
Consider the following Imear programming problem (P),

() maxvi — v
m+1
subject to()»i)‘lzyl,jbi,j =v, forief{l,...,nk (A3)
=

n+1
Gy yiby=v.  forje(l....m) (A4
i=1
bime1 > vy fori e {1,...,n}; and (A5)
Py < v2 forj e{1,...,n}. (A6)

Notice that (P) is feasible. We write the dual problem (D) for (P).

(D) min0
subject to(A) "'y, %i + (8) MwjY; =0
fori e{l,....n;jefl,....m}k (A7)
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) imXx —z =0

fori e {1,...,n}; (A8)
(&) M nsrjy; +wj =0
forje{l,...,m} (A9)
n n
dYoxi=> z=-1 (A10)
i=1 i=1
m m
Y+ wi =1 (AL1)
j=1 =1
and whereg, > O andwj > O fori € {1,...,n}
andj € {1,..., m}, respectively. (A12)

We show that (P) has a feasible point with > v,. This is true iff (P) is
unbounded and by the duality theorem for linear programming, iff its dual (D)
is infeasible. We show that the dual constraints are inconsistent.

Define the set8” = [, _, 0}, 6% = U, ., ©F.

LEMMA. Either6¥ or 6% are empty

Proof. Suppose otherwise. We show that in this c&%Se= 92 (= denotes
equal up to measure zero) in contradiction to (2). Noteakat U, =0 @t and
0% = Uy. =0 ®2. We distinguish among three cases: (1) whea {1, ..., n}
andj € {1, ..., m}, (A7) implies thatwhen; ; > 0,x < Oifandonlyify; > 0
and, thereforel’; ; € 6V if and only if Iij © 6?.(2) Wheni € {1, ...,n} and
j = m+1, (A8) and (A12) imply that whem; 11 > 0,% > 0, and, therefore,
T m+1 IS NOt contained in eithet” or 62. Similarly, (3) wheni = n 4 1 and
j € {1,...,m}, (A9) and (A12) imply that wherns,1; > 0,y; < 0, and,
therefore ;1 j is not contained in eithet* or6?. =

Hence, eithex; > Oforalli € {1,...,njory; <Oforall j € {1,..., m}.
In the former case it follows that; > z > Oforalli € {1,...,n} and
> x — Y.,z > 0, in contradiction to (A10); and in the latter, it follows
thaty; < —w; < Oforallj e {1,....myand> ", y; + > o, wj < 0in
contradiction to (A11). Therefore, we conclude that (D) is infeasible.

To prove the other direction, suppose there exist nonempty index subse
KY € {1,...,n}andK? C {1, ..., m} such thatu (¥ A6?%) = 0. It follows
thatv, = E(B | 6Y) = E(B | #%) = vy, in contradiction taw; # vp. =

Proof of Theorenl. By Proposition 1, the fact th&t(B, vy, v,) is the com-
mon p-belief implies the existence of set$ =  J, . ITi andn? = (2 7
suchthap(z*Nx? | IT}) > pandu(C(B, vy, vp) | IT}) > pfori € {1,2} and
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all T1l, € =" which implies (1).7* andr? satisfy (2) as well. Otherwise, there
exist nonempty sets”” = |, ITj fori € | such thaju(z¥Ax?) = 0. But,
7V Na? C By(C(B, vy, vp)); therefore forw € 7V N 7%, E(B | MY (w)) = vy
and E(B | IT%(w)) = v,. However, sinceu(m¥YA7?) = 0, v; = E(B |
Ukexr ) = E(B | Uyekz Y = v, which contradictsv; # v,. Con-
versely, suppose th&i! andI1? are p-overlapping. There exist two nonempty
setst? = Uy ME andn? = |- [12 that satisfy (1) and (2) and by Propo-
sition 2 there exist a beB andv; # v, such thatE(B | I1}) = v, for all
M} € 7', andE(B | M12) = v, for all 117 € 2. By Proposition 1, to show
thatC (B, vy, v,) is commonp-belief for allw € 7' N 7% we need only to show
that .(C(B, v, vp) | TT}) > pforalli € | andIl, € ='. This holds since
' cC'(B,v)foriel. m

Proof of Theoren2. The conditions imply that there exists a positive proba-
bility eventT = {w | @ (w, B, q) = “buy’, al (w, B, q) = “sell'}, where trader
i buysB at priceq, and traderj sells it. The rationality of the traders implies
that for anyw € ,

E(U'(€ (@) + (B(@) —q) - 11) | IT'(@)) > E(U' (€ (@) | TT' (@)
aggregating over the differefit’ (w)’s, we get
E(U'(€ (@) + (B(w) — q) - 11)) = E(U (€ ()))
Similarly, for traderj,
E(U (¢ (0) — (B(@) — ) - 11)) = E(U! (&) (@))).

Thus, if even one of the traders strictly benefits from trade, we obtain a contr
diction to the Pareto-optimality of the initial allocatiogsande!. =

Proof of Theoren8. (l) implies (II) Suppose that there exists a proposed
tradeB, a priceq, and strategiea?, a? such thafl (a, B, q) is commonp-belief
atw € Q. By Proposition 1 there exist two sets andz? that satisfy (A1)
and (A2). (Al) coincides with (1). For any € T (a, B, q), “buy’ is the unique
optimizing action o1 (), and since trader 1 is rationalTi(a, B, q),a(w’) =
“buy’ for all o' € I (w) as well. Similarly,a?(w’) = “sell’ for all o’ € M%(w)
such thatw € T(a, B, (). Suppose now that (2) fails to hold. There exist, then,
nonempty index subseté¥ € K! andK? < K2 such thatu(r¥An?) = 0.

It follows that atw € 7V N 72, #¥ N 7% is common knowledge, and so at
w € ¥ Nn?, there is common knowledge of strictly improving trade among
rational traders which contradicts Theorem 2.

(1) implies (1) Suppose that! = |, _: I} andz? = |J, . [1Z satisfy
(1) and (2). Define the sef®ilkck: and {OZ}kk2 as follows: fori, j € I,
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i #j,k e Kl suchthaflli, C 7, let®} = I1.. Otherwise, foii, j € I,i # j,

k € K' such thatll, ¢ =/, chooseR, < I \x! with 0 < u(F)) < p/N;,
and let®} = (T, N 7)) UF). FI = U, F¢ will be the event over which
trader j is irrational. It is straightforward to verify that' = (J,_«: ©f and
6% = Uik ©F satisfy (2). By Proposition 2 there exists a traBlesuch that
E(B | 6}) = v, forall ©} C 0, E(B | ®2) = v, forall ®2 € 62, v, < vy,
and where EB | F}) < v, andE(B | F?) < v; wheneveru(F}) > 0 and
n(F2) > 0, respectively. Without loss of generali, can be assumed to be
a constant over all sets of the forfi{ N I1Z. Fix q € (v, v1) and define the
strategies® anda? as follows:

“buy’ wentUF!
1 —

a(w, B,g) = { “refrain”  otherwise

, [ “selr wen?UF?
a’(w, B,q) = { “refrain” otherwise.

We show that forms a(1 — p)-rationality NE and thaf (a, B, q) is held as
commonp-belief at anyw € 7! N 72, For anyw € MY (w) C 72, “buy’ is the
optimal action for trader 1; becauBés conditional expectation is, itis offered

at a priceq < vy, and trade takes place with probability 1. koe IT'(w) Z 72
such thatlT*(w) N 72 # @, “buy’ is still the only optimal action for trader 1,
because by constructio®’'s expected value conditional dfi*(w) and on the
event of trade is stilh,. Forew ¢ m* U2, trader 2 refrains from trade and so any
action is optimal. Finally, forw € 72\n! E(B | IT}(w) N {0 | 8%(w, B, q) =
“sell'}) < v,. Therefore, buyind at a priceg > v, is irrational. Thus trader 1

is irrational atw € F! and rational otherwise. A similar argument shows that
trader 2 is rational everywhere except. By constructionu(F') < p and

it therefore follows that(wB, q) is a(1 — p)-rationality NE equilibrium. To
complete the proof note thai(a, B, q) is held as the commop-belief at any

o € m' N w2 because it satisfies (A2) amd andr? satisfy (A1). Finally, the
risk-neutrality of the traders implies that they are willing to trade arbitrarily large
guantities ofB. =

Before presenting the proof of Theorem 4, we present the following lemma.

LEMMA. Letthere be giventwo random variables X and Y such|ikéb)|,
Y (w)| < M/2for all € 2, and two positive constants and ¢ Let T andIl
be two measurable subsets<psuch thatu (T NIT) > 0and E(Y | TNII) > 0.
Then

(i) There exists &> Osuch thatforallue Uw 4 satisfyingsupy <y, [U”(X)|
<8, EUX+(Y+0)-17) | IT) > E(X) | ), and

(i) Define€(u) such that Eu(X + (Y 4+ €(u)) - 1) | IT) = E(u(X) | IT).
For all ¢ > O there exists & > 0 such that for all ue Uy, satisfying
SURxj<my U7 (X)] < 8, E(U) < e.
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Proof (i) We record the following fact. Its proof is straightforward and is
omitted.

Fact. Forall e > Othere exists @ > 0 such that for all ue U, o satisfying
SUR<my W' (X)] < 8 there exists a linear functiom: R — R, such that
v’ > U (M) andsup y<w; [UX) — v(X)| < €.

Sete < (¥ - ¢/2)u(T N II). By the fact above, there existda- 0 such that
forallu € Uy, satisfying sup, -y, [U”(X)| < 8, there exists a linear function
v such that’ > u' (M) andv(x) — e < u(X) < v(x) + ¢ for all |[x| < M.
Therefore,

EUX+ (X +0)-1r) [T) > EX+ (Y +0)-17r) | IT) —€
EQX) | +¢-C—e
E@(X) | TI) + e

E(X) | ID).

VoV

v

(if) Fix an € > 0, by (i) there exists & > 0 such that for alu € Upn_y
satisfying sup,<m, IU"(X)| < 8, EWU(X +Y +¢€) | T) > EUX) | T).
Replacing: with €(u) causes the last inequality to become an equality; therefor
we deduc€(u) <e. m

Proof of Theorend. (l) implies (Il) The proof is identical to the proof of

Theorem 3.
(1) implies (1) The proof follows the proof of Theorem 3 while making the

necessary corrections for risk. As in Theorem 3, we generate thé'satslo?
and a traddB that satisfies all the conditions specified in the proof of Theorem 3
Without loss of generality, we multipl§3 such thatE (B) > k. Define¢ (IT})
such thatE(u' (€' (w) + (=1)'"3(B — ¢ (I1}))) | ML) = EU (€ (w)) | TI})
for all [T, € #»' and denoté’ = min{nikgﬂi}{é‘(l‘li()}. By the previous lemma
there exist & > 0 such that if traders’ utilities satisfy syp_y, [U"(X)| < &
then there exists a priag e (v, + €%, v1 — ¢'). Consider the strategies and
a® that were defined in the proof of Theorem 3. These strategies constitute
(1 — p)-rationality NE. As in the proof of Theorem 3, art trader 1 is rational;
when he is also sufficiently risk toleranthdy’ is the unique optimal action
when the tradeB is proposed at the pricg. On F* trader 1 is irrational and
“buy’ is the unique suboptimal action. @\ (7! U F1), “refrain” is an optimal
action. Similarly, trader 2 is rational everywhere excepEdnHencea! anda?
constitute g1 — p)-rationality NE for sufficiently risk-tolerant traders. Finally,
as in the proof of Theorem 3;(a, B, q) is held as the commop-belief at any

werlnn? =m



96 ZVIKA NEEMAN

REFERENCES

AUMANN, R. (1976). Agreeing to disagre&nn Statist 4, 1236-1239.

AUMANN, R. (1987). Correlated equilibrium as an expression of Bayesian ratiortadibyyometrica
55, 1-18.

BACHARACH, M. (1985). Some extensions to a claim of Aumann in an axiomatic model of knowledge.
J. Econ Theory37, 167-190.

BERNHEIM, D. (1984). Rationalizable strategic behavibconometriceés2, 1007-1028.

Dow, J., MADRIGAL, V., and VWERLANG, S. R. (1990). “Preferences, Common Knowledge, and Spec-
ulative Trade,” Fundacao Getulio Vargas Working Paper.

GEANAKOPLOS, J. (1988). “Common Knowledge, Bayesian Learning, and Market Speculation with
Bounded Rationality, Mimeo, Yale University.

GEANAKOPLOS, J. (1992). Common knowledgé,Econ Perspective$, 53—-82.

HALPERN, J. Y. (1986). “Reasoning about Knowledge: An Overview,Timeoretical Aspects of Rea-
soning about Knowledgé®roceedings of th&986ConferencdJ. Y. Halpern, Ed.), pp. 1-18.

MILGROM, P., and $OKEY, N. (1982). Information, trade, and common knowledge&scon Theory
26, 17-27.

MONDERER D., and 3WMET, D. (1989). Approximating common knowledge with common beliefs,
Games EcorBehav 1, 170-190.

MORRIS S. (1994). Trade with heterogeneous prior beliefs and asymmetric informationpmetrica
62, 1327-1347.

NEEMAN, Z. (1993). A note on approximating agreeing to disagree results with conpyiaeiiefs,
Games EcorBehav 12 (1996), 162—-164.

PEARCE, D. (1984). Rationalizable strategic behavior and the problem of perfe&ommometricé?2,
1029-1050.

Ross S. A. (1989). “Discussion: Intertemporal Asset Pricing,Timeory of ValuatiorfS. Bhattacharia
and G. Constantinides, Eds.), pp. 85-96, Rowman & Littlefield, Totowa, NJ.

RUBINSTEIN, A. (1989). The electronic mail game: Strategic behaviour under “Almost Common Knowl-
edge,”Amer Econ Rev 79, 385-391.

RUBINSTEIN, A., and WOLINSKY, A. (1990). On the logic of “agreeing to disagree” type results,
Econ Theory51, 184-193.

SAMET, D. (1990). Ignoring ignorance and agreeing to disagiedécon Theory52, 190-207.

SONSINO, D. (1995). “Impossibility of speculation” theorems with noisy informati@ames Econ
Behav8, 406-423.

TwaIN, M. (1894, 1992)Pudd’nhead Wilson and Other TaléR. D. Gooder, Ed.). Oxford: Oxford
Univ. Press.



