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SUMMARY

We demonstrate the locking-free properties of the displacement formulation of p-finite elements when
applied to nearly incompressible Neo-Hookean material under finite deformations. For an axisymmetric
model problem we provide semi-analytical solutions for a nearly incompressible Neo-Hookean material
exploited to investigate the robustness of p-FEM with respect to volumetric locking. An analytical solution
for the incompressible case is also derived to demonstrate the convergence of the compressible numerical
solution towards the incompressible case when the compression modulus is increased. Copyright q 2007
John Wiley & Sons, Ltd.
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1. INTRODUCTION

The p-version of the finite element method (p-FEM) based on the displacement formulation
is known to be locking free beyond a moderate polynomial order for nearly incompressible
problems in linear elasticity (see [1–3] and references therein). Recently, p-FEMs have been
shown to be efficient for finite-deformation problems [4, 5], and we demonstrate herein that
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the locking-free property carries over to finite-deformation analyses of nearly incompressible
Neo-Hookean materials.

The locking problem has accompanied and fuelled the development of finite elements since the
sixties, see for example the synopses of Zienkiewicz and Taylor [6], Hughes [7] and Belytschko
et al. [8]. Three main strategies to overcome locking can be named: reduced integration with
stabilization, mixed methods that either enhance the strain field to compensate for parasitic stresses
or eliminate them, and high-order elements. Zienkiewicz and Taylor [9] report that high-order
elements are applied with excellent results for incompressible problems [10, 11] but would pose
other difficulties and are thus seldom used in practice. In the mean time most difficulties are
resolved, see the monographs of Szabó and Babuška [12] and Schwab [13]. For geometrical
linear thin Reissner–Mindlin plates it was observed that a moderate polynomial degree of p= 4 is
sufficient to avoid shear locking, see for example Holzer et al. [14], Rank et al. [15], and Szabó
and Babuška [12]. Nübel [16] demonstrates the robustness of geometrical linear p-FEM used in
nearly incompressible problems also for the deformation theory of plasticity.

This paper shows that the locking-free properties of p-FEM carry over to geometrical non-linear
problems of near incompressibility where hyperelastic constitutive models are used. We investigate
the Neo-Hookean model problem of a sphere under internal pressure where a semi-analytical
solution exists. This solution is provided in Section 2.1. It serves as a benchmark problem against
which p-FEM results are compared to demonstrate that an increase in polynomial order overcomes
locking, and to explain amplification of the errors in the stresses for near incompressibility. In
Section 4, numerical results demonstrating the locking-free properties of our implementation are
provided and discussed for the model problem.

2. CONSTITUTIVE RELATIONS

2.1. A verification example with a semi-analytical solution

In the following, we present a solution for the problem of a sphere under internal pressure
(see Figure 1) made of a Neo-Hookean hyperelastic material based on the constitutive assumption

Figure 1. Geometry and dimensions of the sphere of interest (0��<�, 0�ϑ�2�).
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of compressibility and isotropy. The detailed derivation is provided in [5] so that herein only the
main results are summarized.

We denote by capital letters the placement of the material point R, �, � in the initial con-
figuration, and by lower case letters r, �, ϑ its position in the current configuration where �, ϑ
denote the circumferential direction. In order to find analytical expressions for a non-trivial case
of inhomogeneous deformations (with deformation dependent loads) we consider the following
deformation describing a radial inflation of the sphere:

r = f (R), �=�, ϑ = � spherical coordinates (1)

The sphere is considered to be made of a compressible Neo-Hookean material having a strain-
energy density function

�R�̃(C) = K

2
(J − 1)2 + c10(IC̄ − 3) (2)

= K

2
(IIIC

1/2 − 1)2 + c10(ICIIIC
−1/3 − 3) (3)

= K

2
(IIIb

1/2 − 1)2 + c10(IbIIIb
−1/3 − 3) = �R�(b) (4)

where C=FTF is the Cauchy–Green tensor and b=FFT is the left Cauchy–Green tensor, defined
in terms of the deformation gradient F. K denotes the compression modulus, J the determinant
of the deformation gradient and c10 a parameter of the constitutive relation. The first and third
invariants of C (and b) are IC = trC and IIIC = detC (and Ib = tr b and IIIb = detb, respec-
tively). IC = ICIIIC−1/3 defines the first invariant of the unimodular right Cauchy–Green tensor
C̄= (detC)−1/3C resulting from the multiplicative decomposition of the deformation gradient into
a volumetric and an isochoric part (see [17] and the literature cited therein).

This specific strain-energy function has been chosen because it describes a compressible
deformation becoming increasingly more incompressible as K → ∞. Moreover, it is implemented
in many available finite element codes and the solution given here can be used as benchmark
example.

The function f (R), if known, determines the deformation and stress state. The radial Cauchy
stress, for example, is given by (see [5])

�rr = K

(
−1 + f 2 f ′

R2

)
− 4c10( f 2 − f ′2R2)

3

(
f 2 f ′

R2

)5/3

R2

(5)

The prime defines the derivative with respect to R, f ′ := d f (R)/dR.

Remark 1
The deformation gradient for the inflation of the sphere is F= f ′er ⊗ eR + ( f/R)e� ⊗ e� +
( f/R)e� ⊗ e�, cf. [5, Equation (18)] and its determinant is detF= f 2 f ′/R2. In the incompressible
case the volume must remain constant which is equivalent to the constraint detF= 1. Hence, the
term in (5) in the brackets must vanish. If small errors in the solution f or it’s derivative violate
this condition, the error is amplified by large K�1 for nearly incompressible materials.
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To determine the function of deformation f (R), the equilibrium equation in r direction, for
simplicity without body forces, has to be satisfied (the other two equilibrium equations are
identically satisfied for the deformation chosen), leading to the following non-linear second-
order ODE:

f ′′ f R
(
20c10 f

2 + 4c10 f
′2R2 + 9K

(
f 2 f ′

R2

)8/3

R2

)

= 22c10 f
′4R3 − 40c10 f f

′3R2 − f ′
(

−16c10 f
3 − 18 f K

(
f 2 f ′

R2

)8/3

R2

)

− f ′2R
(

−2c10 f
2 + 18K

(
f 2 f ′

R2

)8/3

R2

)
(6)

The ODE is supplemented by two boundary conditions: a pressure applied on the inner surface
Ri and traction free boundary conditions on the outer surface Ro. These boundary conditions are
expressed in terms of (5):

t ir = P = K

(
−1 + f (Ri)

2 f ′(Ri)

R2
i

)
− 4c10

(
f 2(Ri) − f ′2(Ri)R2

i

)
3

(
f 2(Ri) f ′(Ri)

R2
i

)5/3

R2
i

tor = 0= K

(
−1 + f (Ro)

2 f ′(Ro)

R2
o

)
− 4c10

(
f 2(Ro) − f ′2(Ro)R2

o

)
3

(
f 2(Ro) f ′(Ro)

R2
o

)5/3

R2
o

(7)

where P defines the internal pressure.

2.2. Numerical solution

The second-order ODE (6) in combination with the boundary conditions (7) defines a two-
point boundary-value problem. It can be solved by a shooting method. In this context, we make
use of the algorithm proposed by Engeln-Müllges and Reutter [18] using an explicit fifth-order
Runge–Kutta method with an embedded method of fourth order for step-size control. Details are
given in [5].

For the subsequent application, solutions for internal pressure P = 1MPa, for a sphere with
Ri = 10mm, Ro = 30mm, with c10 = 1

2 MPa and increasing bulk modulus K=10k MPa, k=1, . . . , 5
are computed (an accuracy of 10−8 is obtained for the displacements). Figure 2 shows the re-
sults for K = 10 and 100 000. In view of the geometrical linearized theory the material pa-
rameters correspond to the shear modulus � = 2c10 = 1 (MPa) or the Poisson ratio 	 = (3K −
2�)/(6K + 2�), i.e. 	 = 0.451613 and 0.499995 for K = 10 and 100 000, respectively, see [17].
The solution for those compression moduli sampled at 11 points over the radius is tabulated in
Appendix A.
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Figure 2. ‘Semi-analytical’ solution for K = 10, 100 000MPa. P = 1MPa.

3. FINITE ELEMENT DISCRETIZATION

The aforementioned solutions are aimed to serve as benchmark solutions against which
numerical results are to be compared to demonstrate the locking-free characteristic and efficiency
of p-FEMs applied to finite-deformation nearly incompressible problems. A detailed description
of the p-finite element formulation and its application to plane, axisymmetric and 3D domains
for geometrically linear and non-linear as well as physically non-linear problems like hyper-
elasticity and elastoplasticity can be found in [5, 19]. Since the blending function method is
used (see, for example, [12]) the geometry of the discretized domain may be quite complex for 2D
and 3D applications. Follower-loads in the context of p-FEM exploiting the blending possibilities
are presented in [5]. The overall solution process is realized by applying an incremental/iterative
procedure. The non-linear system of equations arising from the spatial discretization based on the
p-version is linearized in the light of a Newton–Raphson scheme.

4. NUMERICAL RESULTS

The thick-walled sphere under internal pressure was discretized by two and four p-axisymmetric
elements (see meshes in Figure 3) using blending functions for an exact representation of the
circular curves. The calculations were done with the academic p-finite element code AdhoC [20].
The main purpose of this example is to demonstrate the convergence characteristics of p-FEMs for
progressively more incompressible materials. This is realized by raising the compression modulus
K = 10k , k = 1, . . . , 5. The number of degrees of freedom was increased by uniformly incrementing
the polynomial order from 1 to 9 yielding in the two-element case 6, 16, 26, 40, 58, 80, 106, 136

Copyright q 2007 John Wiley & Sons, Ltd. Commun. Numer. Meth. Engng 2008; 24:1019–1032
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(a) (b)

Figure 3. Axisymmetric meshes with curved elements and symmetry boundary condition: (a) two-element
p-FE mesh and (b) four-element p-FE mesh.

Figure 4. Average relative error in ur (%).

and 170 degrees of freedom. Throughout all runs 15× 15 integration points for each element were
used for comparison.

Figure 4 shows the average relative error in displacement ur in per cent versus the degrees of
freedom calculated from sampling the data at 101 points along a radial cutline

Avg. error
.= 1

101

101∑
j=1

∣∣∣∣∣u
EX
r (R j ) − uFEr (R j )

uEXr (R j )

∣∣∣∣∣× 100 (8)

in a log–log scale. As reference the exact solution described in Section 2.2 was evaluated at the
sampling points. The average error in radial stress �rr in per cent calculated in the same manner
is shown in Figure 5. Each of the dots corresponds to an increment in the polynomial order of

Copyright q 2007 John Wiley & Sons, Ltd. Commun. Numer. Meth. Engng 2008; 24:1019–1032
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Figure 5. Average relative error in the radial stresses �rr (%).

one. Hence, it is clearly visible that total locking for the case of two elements and K = 100 000 is
present until p= 4, afterwards the solution converges rapidly and with p= 5 the average error in
displacement is already down to less than 2%. If four elements are used p= 4 corresponds to an
error of about 6% while the error decreases to 0.1% for p= 5.

From Figure 5 we can see that the relative error in stress is amplified as the material becomes
more and more incompressible. This can be readily explained by noting that in Equation (5)
governing the radial stresses any error in the placement r = f (R) or its derivative violating the
incompressibility constraint is magnified by K , in our examples K up to 100 000 for the nearly
incompressible case. The relative error in stress along a radial cutline in Figure 6 shows that this
is not only true in an average sense, but also pointwise.

It is interesting to note that with a moderate number of 170 degrees of freedom (p= 9) and only
two elements even for the nearly incompressible case of K = 100 000 an average relative error in
ur smaller than 0.000 32% is obtained while the large K results in an average error in �rr of about
6.5%. However, in the stresses there is rapid convergence for polynomial order p>4 as well. As
one would expect from Equation (5) if the bulk modulus is increased by one magnitude also the
error in stresses grows approximately one magnitude, this can be verified in Figure 6 and
Table AI (compare the values for p= 9).

Figure 7 shows how the pointwise deviation from incompressibility (detF= 1) is decreas-
ing as the compression modulus grows. Using the incompressible analytical solution given in
Appendix B, we can assess how ‘incompressible’ is the solution for a given compression modulus
K . Note that incompressible solutions are provided for a series of problems for which the internal
displacement and pressure are computed that satisfy the equilibrium equations. Figure 8 shows the
relative difference in internal pressure in per cent between the (compressible) numerical p-finite
element solution and the incompressible reference for a given internal displacement ur (Ri). For
the computations with K up to 10 000 a polynomial order p= 9 was sufficient. If the compression

Copyright q 2007 John Wiley & Sons, Ltd. Commun. Numer. Meth. Engng 2008; 24:1019–1032
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Figure 6. Mesh with two elements, p= 9: relative error in �rr (%) for increasing K .

Figure 7. Pointwise error in the incompressibility constraint |detF − 1| for p= 9.

modulus reaches K = 100 000 the oscillations on a very small scale noticeable in Figure 8(b)
vanish if p is raised to 13. In this latter case the plot shows that a relative difference between the
compressible semi-analytical solution and the incompressible solution (denoted by the diamond
shape) matches the numerical solution.
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(a) (b)

Figure 8. The relative difference 
 = |PFE(ui) − P IC(ui)/P IC(ui)| × 100 in internal pressure P between
the compressible FE solution (two-element mesh) and the incompressible analytic solution as a function
of the displacement ui = ur (Ri). 
 decreases as K is increased. Note that in (b) the semi-analytic
compressible solution for K = 100 000 (computed within an accuracy of 10−8 in ui) has an apparently
same small relative difference compared to the incompressible result as the FE solution for p= 13:

(a) p= 9, K = 10 → 10 000 and (b) p= 9 → 13, K = 100 000.

Following Suri [3] we can conclude that p-finite elements are locking free in the presented
finite-deformation example as the error curves for displacements and stresses in Figures 4 and 5
remain parallel and converge for p>4 also for very high compression moduli K .

5. CONCLUSIONS

We discuss a semi-analytic solution with the compression modulus K as parameter for the finite
deformation of a Neo-Hookean sphere under internal pressure. The benchmark solution is used
to show that for this model problem the locking-free properties of high-order finite elements well
known for geometrically linear problems carry over to the finite-deformation case. The analytical
dependence of the stresses on the compression modulus for this model problem readily explains
why small errors in the numerically computed displacement are amplified by a large factor K .
The example shows that displacement formulations of p finite elements can overcome locking by
raising the polynomial order p. Furthermore, the derived analytic solution for the incompressible
case gives the possibility to assess the relative difference of the compressible solution with a given
compression modulus.

APPENDIX A: SOLUTION TABLES

The solution for the investigated compression moduli K = 10 to 100 000 sampled at 11 points over
the radius is tabulated in Tables AI–AIII.
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APPENDIX B: ANALYTICAL SOLUTION FOR THE SPHERE UNDER
INTERNAL PRESSURE

In the case of the Neo-Hookean elasticity under the assumption of (isotropy and) incompressibility
it is possible to derive an analytical solution for the boundary-value problem of a thick-walled
sphere under internal pressure. Let the deformation be described in spherical coordinates. Then, the
deformation has the form: r = f (R), �=�, ϑ = �. The deformation gradient F=Gradu(X, t) =
��k(X1, X2, X3, t)/�XK gi ⊗ GK reads

F=

⎡
⎢⎢⎣

f ′(R) 0 0

0 f (R)/R 0

0 0 f (R)/R

⎤
⎥⎥⎦ ek ⊗ el , k, l = r, �, ϑ (B1)

with the tangent vectors g1 = er , g2 = re�, and g3 = r sin�eϑ, as well as the gradient vectors
G1 = er , G2 = (1/R)e�, and G3 = (R sin�)−1eϑ. In the case of incompressibility, detF= 1 must
hold leading to the ODE f ′(R) f 2(R)/R2 = 1, with the result f (R) = (R3 + B)1/3. B defines
an undetermined integration constant defined later on by the stress boundary condition. The left
Cauchy–Green tensor b=FFT reads b= diag( f ′2, ( f/R)2, ( f/R)2) relative to the basis er , e�, eϑ.
The Neo-Hookean material is defined by r= − p̃I+2c10b, r symbolizes the Cauchy stress tensor,
i.e. in coordinate representation

�rr =− p̃ + 2c10(R/r)4, ��� = �ϑϑ =− p̃ + 2c10(r/R)2 (B2)

p̃ is the undetermined pressure of the reaction stress guaranteeing the constraint detF= 1. The
equilibrium condition

��rr
�r

+ 2
�rr − �ϑϑ

r
= 0 (B3)

defines an ODE

�′
rr (r) = 4c10(r

6 − R6)/(r5R2) (B4)

having the solution

�rr (r) =−P + c10

(
(r3 − B)1/3(5r3 − B)

r4
− (r3i − B)1/3(5r3i − B)

r4i

)
(B5)

where the boundary condition �rr (ri) =−P and the relation R = (r3 − B)1/3 are exploited. P is
again the internal pressure. From Equation (B5) the integration constant B can be determined if a
stress-free outer surface is assumed, �rr (ro) = 0,

P = c10

(
Ro(5R3

o + 4B)

(R3
o + B)4/3

− Ri(5R3
i + 4B)

(R3
i + B)4/3

)
(B6)

Ro is the outer radius and Ri the inner radius in the initial configuration. For ui = ri − Ri =
(R3

i +B)1/3−Ri it becomes obvious that B = (ui+Ri)
3−R3

i corresponds to the displacement ui at
the inner radius. This implies that for given ui the internal pressure P can be computed by
function evaluation of Equation (B6), or, vice versa, for given P , B must be computed iteratively.
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16. Nübel V. Die adaptive rp-Methode für elastoplastische Probleme. Ph.D. Thesis, Lehrstuhl für Bauinformatik,

Technische Universität München, 2005.
17. Hartmann S, Neff P. Polyconvexity of generalized polynomial-type hyperelastic strain energy functions for

near-incompressibility. International Journal of Solids and Structures 2003; 40(11):2767–2791.
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