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Abstract

Thermo-hyperelastic problems at finite strains belong to a category of non-linear
coupled problems that impose challenges on their numerical treatment. We present
the weak-form for a 1-D coupled, stationary, thermo-hyperelastic system with con-
stant or temperature-dependent material properties. The coupled system is dis-
cretized by a ‘monolithic’ high-order finite element method (p-FEM) based on hi-
erarchical shape-functions. To verify the accuracy and to investigate the convergence
rates of the p-FEM for the non-linear coupled problem, exact solutions are derived
that are compared to the numerical results. These demonstrate the accuracy and
efficiency of the applied p-FEMs.

1 Introduction

Coupled thermo-mechanical problems that undergo finite deformations with material
properties that depend on the temperature field are of interest in many engineering
applications. Such problems impose difficulties on their numerical treatment, part of
which were investigated by classical finite element methods (FEMs) in the past, see
e.g. Armero and Simo (1992). Here we apply high-order finite elements with hierar-
chical shape-functions based on integrated Legendre polynomials, constrain the prob-
lem to a one-dimensional setting, and consider the steady-state thermo-hyperelastic
problem in a bar. This problem is described by two non-linear ordinary differential
equations (ODEs) that are two-way coupled: the temperature field results in volumet-
ric expansion and affects the mechanical properties as well as the heat conductivity,
whereas the heat conduction equation has to be satisfied on a domain that deforms
due to the mechanical loads and displacements. The 1-D problem is a typical example
that is simple enough to enable exact solutions to be derived against which numerical
solutions can be compared to demonstrate the convergence and accuracy properties.

The p-version of the FEMs has been successfully applied to non-linear mechanical
problems of isotropic hyperelasticity in Düster et al. (2003); Heisserer et al. (2008);
Yosibash et al. (2007); Netz et al. (2013), for anisotropy in Yosibash and Priel (2011)
and the weakly and strongly coupled thermo-mechanical system was recently ad-
dressed in Erbts and Düster (2012). To the best of our knowledge this is the first
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monolithic 1 implementation of p-FEMs to a coupled nonlinear thermo-mechanical
system where the numerical results are evaluated against exact solutions (regular as
well as singular ones) so that the accuracy and robustness can be assessed.

Notations and weak formulation, first of the solid mechanics part followed by the
coupled thermo-mechanical system, are provided in section 2. In this section we also
derive exact solutions against which the numerical results may be assessed for accu-
racy and efficiency. The linearization of the weak-form and the p-FE discretization
are detailed in section 3. We then present p-FE results compared to the exact so-
lutions in section 4 that demonstrate the accuracy and rates of convergence of the
proposed p-FEMs.

2 Notations, preliminaries and 1-D formula-

tion

To derive the one-dimensional test case, we consider the three-dimensional kinemat-
ical relations, the constitutive equations and the local balance equations for mo-
mentum and energy and subject them to the 1-D case with laterally constrained
displacements and adiabatic boundary conditions. Consider a domain denoted by
Ω0 made of a hyperelastic material that is subjected to a temperature change Θ(X)
and to mechanical loading. The mathematical model that governs the steady-state
thermo-hyperelastic response in a 3-D domain consists of three nonlinear equilibrium
equations in terms of the displacements in addition to a heat conduction equation,
that are fully coupled. The coupling is manifested in the deformation gradient that
is composed of mechanical and thermal parts, in the mechanical material properties
that depend on the temperature, and because the heat conduction equation is to be
solved on a domain that deforms depending on the displacements. Starting with the
problem formulation in a 3-D setting, we reduce it in this section to a simplified 1-D
case so that the axial displacement U(X) and the temperature Θ(X) are governed
by two coupled non-linear equations. This problem allows us to derive a set of exact
solutions to be used as benchmark problems for verifying finite element schemes.

We denote the location of a material point in the undeformed configuration by
X and its corresponding location in the deformed configuration Ω by x(X). The
displacement vector is therefore U(X) = x(X) − X. The deformation gradient is
denoted by

F = Grad x,→ Fij =
∂xi
∂Xj

= δij +
∂Ui

∂Xj
.

In the following we introduce J
def
= detF describing the local volumetric deformation.

According to Lu and Pister (1975) the deformation gradient can be multiplica-
tively decomposed into a mechanical and a thermal part, F = FMFΘ. Alternatively,
the decomposition F = FΘFM can be done leading to the same results in thermo-

1Monolithic is an accepted terminology to a fully coupled approach when equations are discretised and
solved simultaneously.
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hyperelasticity if a pure volumetrically thermal expansion is assumed, see Hartmann
(2012).

The deformation gradient associated with temperature change is

FΘ = φI (1)

with
φ

def
= 1 + αΘ(Θ−Θ0)

where αΘ is the thermal expansion coefficient and Θ0 is a reference temperature. This
results in a pure volumetric deformation

JΘ
def
= det(FΘ) = φ3 = (1 + αΘ(Θ−Θ0))

3 . (2)

This is the expected outcome of heating, which reduces to the well-known expression
in small strain, linear thermo-elasticity at the limit.

The mechanical part of the volumetric deformation is JM = det(FM ), which can
be determined by the total deformation and the temperature

J = det(F ) = det(FΘFM ) = det(FΘ) det(FM ) = (1 + αΘ(Θ−Θ0))
3 JM

⇓
JM = J

φ3 = J
(1 + αΘ(Θ−Θ0))

3 (3)

that will be used in the definition of the specific free-energy.
Additionally, the right Cauchy-Green tensors

C = F TF , CM = F T
MFM , (4)

are defined, where, in the following, the unimodular right Cauchy-Green tensors

C̄
def
= (detC)−1/3C, → det C̄ = 1 (5)

C̄M
def
= (detCM )−1/3CM , → det C̄M = 1. (6)

are required. One observes by simple mathematical evaluation that C̄M = C̄ (see
also Hartmann (2012)), and accordingly, IC̄M

= IC̄ hold.
On the basis of these deformation measures the specific free-energy

ρRψ(CM ,Θ) = ρRψvol(JM ) + ρRψiso(IC̄M
) + ρRψΘ(Θ) (7)

is assumed, where we have ρRψiso(IC̄) = ρRψiso(IC̄M
). According to Hartmann and

Neff (2003) the volumetric part reads

ρRψvol(JM ) =
κ

50

(
J5
M + J−5

M − 2
)
, (8)

which does not lead to physically unlikely results in uniaxial compression and tension
in a huge range of deformation, see Ehlers and Eipper (1998) for the underlying
problem as well. For the isochoric part the Neo-Hookean model is assumed

ρRψiso(IC̄) = ρRψiso(ICM
, JM ) = c10(IC̄M

− 3) = c10(ICM
J
−2/3
M − 3) (9)
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with c10 usually related to the shear modulus µ/2 in the limit of the small strain case.
The expression of the 2nd Piola-Kirchhoff stress tensor

T̃ = 2ρR
∂ψ(C,Θ)

∂C
(10)

can be computed by the stress tensor Ŝ relative to the thermal intermediate configu-
ration

Ŝ = 2ρR
∂ψ

∂CM
= 2ρR

(
dψvol

dJM

∂JM
∂CM

+
∂ψiso

∂JM

∂JM
∂CM

+
∂ψiso

∂ICM

∂ICM

∂CM

)
, (11)

where
T̃ = F−1

Θ ŜF−T
Θ . (12)

In view of Eq.(11) the derivatives read

ρR
dψvol

dJM
=

κ

10

(
J4
M + J−6

M

)
ρR
∂ψiso

∂JM
=

−2c10
3

ICM
J
−5/3
M

ρR
∂ψiso

∂ICM

= c10J
−2/3
M (13)

The calculation of ∂JM/∂CM is performed similarly to ∂IIIC/∂C = IIICC−1. First
we evaluate

∂IIICM

∂CM
= IIICMC−1

M (14)

On the other hand

IIICM = J2
M , → ∂IIICM

∂CM
= 2JM

∂JM
∂CM

, → ∂JM
∂CM

=
1

2JM

∂IIICM

∂CM
(15)

holds. Substituting (14) in (15) leads to

∂JM
∂CM

=
1

2JM
IIICMC−1

M =
1

2
JMC−1

M . (16)

Analogously to ∂IC/∂C = I we calculate

∂ICM

∂CM
= I. (17)

In conclusion, the substitution of (13), (16) and (17) into (11) yields

Ŝ =
κ

10

(
J5
M + J−5

M

)
C−1

M + 2c10J
−2/3
M

[
I − 1

3
ICM

C−1
M

]
(18)

or by applying (12) the 2nd Piola-Kirchhoff tensor reads

T̃ =
κ

10

(
J5
M + J−5

M

)
C−1 + 2c10J

−2/3

[
I − 1

3
ICC−1

]
(19)
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using Eq.(18) with JM defined in (3).

Restriction to a 1-D problem
Consider a prismatic cylinder constrained in the transverse directions (Y and Z).

Denote by U(X) the displacement at location X, thus

x(X) = X + U(X) → ∂x

∂X
= 1 +

∂U(X)

∂X
≡ 1 + U ′,

where the prime indicates the derivative with respect to the axial coordinate X in the
reference configuration, U ′ = dU(X)

dX . In the other two directions z = Z and y = Y ,
leading to the deformation gradient

F =

1 + U ′ 0 0
0 1 0
0 0 1

 (20)

Following (20) one obtains

J = det(F ) = 1 + U ′ =⇒ JM =
J

φ3
=

1 + U ′

[1 + αΘ(Θ−Θ0)]
3 , (21)

C = F TF =

(1 + U ′)2 0 0
0 1 0
0 0 1

⇒ C−1 =

 1
(1+U ′)2 0 0

0 1 0
0 0 1

 , (22)

and, furthermore,

CM = φ−2C ⇒ ICM
= tr(CM ) = φ−2tr(C) = φ−2

(
2 + (1 + U ′)2

)
. (23)

Substituting (22), (23) and (3) in (19) we can explicitly express the axial stresses

T̃XX =
κ

10

[
(1 + U ′)3

φ15
− φ15

(1 + U ′)7

]
+

4c10
3

(1 + U ′)−2/3

[
1− 1

(1 + U ′)2

]
. (24)

2.1 1-D Weak Form of Mechanical Part

The derivation of the weak form includes one part that is associated with the body
forces. Denoting by ρg the force per unit of volume (g may be interpreted as the
acceleration or as force per unit of mass in spatial configuration), then equilibrium
equations in spatial configuration are

divσ + ρg = 0, in Ω,

where σ = J−1F T̃F T is the Cauchy stress tensor. Multiplying the equilibrium
equations by a test function v and integrating over the domain Ω, the weak form
associated with the body forces is given by∫

Ω
ρg(x) · v(x)dΩ. (25)
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Expressing this in the reference configuration we make use of the connections

Ω = JΩ0, ρ = ρR/J, G(X) = g(x(X)), (26)

where ρRG is the force per unit of volume of the reference configuration. Thus, (25)
becomes ∫

Ω0

ρRG(X) · V (X)dΩ0. (27)

The stationary Total-Lagrange formulation in 3-D is given in general as

Seek U ∈
o
E(Ω0) such that ∀V ∈

o
E(Ω0) (28)∫

Ω0

T̃ : E(V )dΩ0︸ ︷︷ ︸
PInt(u,V )

−
(∫

∂Ω0T

(
T ·N

)
· V dΓ0 +

∫
Ω0

ρRG · V dΩ0

)
︸ ︷︷ ︸

PExt(u,V )

= 0

where

E(V )
def
=

1

2

[
(∇0V )TF (U) + F T (U)∇0V

]
(29)

defines the virtual strain tensor, with GradV = (∇0V ), T being the first Piola-
Kirchhoff stress tensor (T = JσF−T ), and N being the normal to the boundary in

the reference configuration. The space
o
E(Ω0) is defined according to (Le Tallec, 1994,

(7.2) on p. 492):
o
E(Ω0)

def
=

{
U ∈W 1,s(Ω0),U

∣∣∣∣
∂Ω0U

= 0

}
Where W 1,s(Ω0) is the Sobolev space and the number s is such that the first integral
in (28) makes sense for any choice of U and V . ∂Ω0U denotes the part of the reference
configuration’s boundary on which homogeneous displacement boundary conditions
are applied.

Reducing (28) to the 1-D case, results in the following simplifications:

U → U(X),

∫
Ω0

→
∫ L

X0

, dΩ0 → dX

T̃ : E(V ) → T̃XX(U ′,Θ, X)
dV

dX
(1 + U ′) = T̃XX(U ′,Θ, X)

dV

dX
J

Furthermore, since accelerations are negligible and that we clamp the specimen at
X = X0 and prescribe a given force FL = TXxA = F11T̃XX (assuming the area is 1)
at X = L, (28) becomes

Seek U(X) ∈
o
E(X0, L) such that ∀V (X) ∈

o
E(X0, L)∫ L

X0
T̃XX(U ′,Θ, X)V ′J dX −

∫ L
X0
ρRGXV dX − FLV (L) = 0 (30)

Here
o
E(X0, L) is :

o
E(X0, L)

def
=

{
U ∈W 1,s(X0, L), U

∣∣∣∣
∂Ω0U

= 0

}
, Ω0

def
= {X0 < X < L}

Where s is such that the first integral in (30) makes sense for any choice of U and V .
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2.2 Analytic Solutions to the Mechanical Part of the
Thermo-Hyperelastic Problem

In the following the reference domain Ω0 = {X|1 < X < 2 } is assumed. In the first
example, we consider a decoupled problem, i.e. φ = 1 and according to (21)

J = JM = 1 + U ′, and also F11 = 1 + U ′ (31)

The material properties are taken to be

κ = 1/2, c10 = 3/16.

These values are taken so that at the limit of small strain linear elasticity the Poisson
ratio is within the limits 0 and 0.5. For the particular choice one obtains (µ = 2c10)

ν =
3κ− 2µ

6κ+ 2µ
= 0.2

To generate Neumann BCs at X = 2, one needs to use the constitutive equation to
determine the stress by (24)

T̃XX =
κ

10

[
(1 + U ′)3 − (1 + U ′)−7

]
+

4

3
c10(1 + U ′)−2/3

[
1− (1 + U ′)−2

]
(32)

A common scalar “measure” of the solution is the strain-energy U(Ω0) which may
be computed for a given free-energy by

U(Ω0) =

∫ X=2

X=1
(ρRψvol + ρRψiso) dX. (33)

2.2.1 An exact solution without body forces U(X) = X − 1

Consider the solution

U(X) = X − 1 → U ′ = 1, J = 2, F11 = 2 (34)

The boundary conditions associated with the analytical solution (34). At X = 1, by
substitution, one obtains the Dirichlet boundary conditions (BC)

U(1) = 0 (35)

If (34) is substituted in (32) one obtains

T̃XX = 0.517726973428 (36)

Having the 2nd Piola-Kirchhoff stress, one may immediately compute the Cauchy
stress:

σxx =
1

J
F11T̃XXF11 = 1.03545394686 (37)
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which is a constant stress at each point of the domain. Thus, it satisfies the equilib-
rium equation without body forces (homogeneous deformation and stress state).

For a cross section of 1, the force (Neumann BC) at the right end X = 2 is given
by

FL = F11(X = 2)T̃XX(X = 2) = 2× 0.517726973428 = 1.03545394686 (38)

The strain energy for this case is computed by (33) and reads

U(Ω0) = 0.446518090566. (39)

2.2.2 An exact 1st solution U(X) = X2−X that generates body forces

The solution is taken to be

U(X) = X2 −X → J = 1 + U ′ = 2X, F11 = 2X (40)

The Dirichlet boundary condition associated with the analytical solution (40) at
X = 1 is defined by

U(1) = 0 (41)

To generate Neumann BCs at X = 2, we first compute the 2nd P-K stress using (32)

T̃XX =
κ

10

(
(2X)3 − (2X)−7

)
+

4c10
3

(2X)−2/3
[
1− (2X)−2

]
⇒ T̃XX(X = 2) = 3.29300872863 (42)

For a cross section of 1, the force (Neumann BC) at the right end X = 2 is given by:

FL = F11(X = 2)T̃XX(X = 2) = 4× 3.29300872863 = 13.1720349145 (43)

For (40) to be the solution, it has to satisfy the equilibrium equation in the deformed
configuration, i.e.

∂σxx
∂x

+ ρgx = 0, (44)

The equilibrium equation can also be stated in the reference configuration:

1

F11

d(F11T̃XX)

dX
+

1

J
ρRGX = 0, X ∈ (1, 2) (45)

If we choose to consider (44) we have σ = 1
JF T̃F T which in 1-D turns into σxx =

1
JF11T̃XXF11. To compute ρgx and from it ρRGX , we proceed as follows:

∂σxx
∂x

=
dσxx
dX

dX

dx
=
d(2XT̃XX)

dX
× 1

2X
= −ρgx (46)

which yields:

ρgx = −
{
κ

10

[
8(2X)2 + 12(2X)−8

]
+

8c10
9

(2X)−2/3
(
1 + 5(2X)−2

)}
(47)
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X

X=1 X=2

ρ
R
G

X
(X)

U(1)=0 FL(=2)

Figure 1: An illustration of the hyperelastic problem.

ρRGX = Jρgx = −2X ×
{
κ

10

[
8(2X)2 + 12(2X)−8

]
+

8c10
9

(2X)−2/3
(
1 + 5(2X)−2

)}
(48)

An illustrative example of the hyperelastic problem is depicted in Figure 1. Finally,
the strain energy for this case is computed by (33)

U(Ω0) = 3.779765536600198. (49)

2.2.3 An exact 2nd solution U(X) = X3−X that generates body forces

Next, the solution is taken to be

U(X) = X3 −X, → J = F11 = 1 + U ′ = 3X2 (50)

The boundary conditions associated with the analytical solution (50) are computed
similarly to (41) and (43)

U(1) = 0 (51)

F (2) = F11(X = 2)T̃XX(X = 2) = (52)

= 12×
{
κ

10

(
(12)3 − (12)−7

)
+

4c10
3

(12)−2/3
[
1− (12)−2

]}
= 1037.3683824

and the body forces are:

ρRGX = −3X2 ×
{
κ

10

[
8(3X2)3 + 12(3X2)−7

]
+

8c10
9

(3X2)−2/3
(
1 + 5(3X2)−2

)} 1

X
(53)

The strain energy for this case is computed by (33)

U(Ω0) = 454.3184883477279. (54)

2.2.4 An exact 3rd solution U(X) = X4−X that generates body forces

In the third example the solution is assumed to be

U(X) = X4 −X, → J = F11 = 1 + U ′ = 4X3 (55)
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According to the previous examples the boundary conditions associated with the
analytical solution (55) are computed similarly to (41) and (43) first

U(1) = 0 (56)

F (2) = F11(X = 2)T̃XX(X = 2) = 32×
{
κ

10

(
(32)3 − (32)−7

)
+

4c10
3

(32)−2/3
[
1− (32)−2

]}
= 52429.5929254 (57)

yielding the body forces

ρRGX = −4X3 ×
{
κ

10

[
4(4X3)3 + 6(4X3)−7

]
+

4c10
9

(4X3)−2/3
(
1 + 5(4X3)−2

)} 3

X
(58)

Accordingly, the strain energy reads

U(Ω0) = 41949.27332501347 (59)

Remark 2.1 Notice that the solution is such that at the end of the bar of length 1
we obtain a displacement of 24 − 2 = 14. This results in an enormous stretch ratio.

2.3 The Weak Form for the Heat-Conduction Part of the
Thermo-Hyperelastic Problem

The point of departure is the weak formulation in current configuration, equation
(33) in Hartmann et al. (2013):

−
∫
Ω
cpR(Θ)Θ̇ΥdΩ+

∫
∂ΩN

qnΥdΓ−
∫
Ω
kR(∇Θ) · (∇Υ)dΩ+

∫
Ω
ρ(r−γ(Ė,Θ))ΥdΩ = 0

(60)
Since we are interested in the steady-state solution, then the outmost left term of
(60) is zero. We also assume quasi-static processes thus Ė = 0 so that (60) simplifies
to ∫

∂ΩN

qnΥdΓ−
∫
Ω
kR(∇Θ) · (∇Υ)dΩ+

∫
Ω
ρrΥdΩ = 0 (61)

To formulate (61) in reference configuration, we need to perform a pull-back opera-
tion. Since dΩ = JdΩ0, and in 1-D, ∇ → d

dx , thus
d
dx = d

dX
dX
dx = 1

F11

d
dX .

Similar to the treatment of the body forces in (25), r(x) is the heat source per
unit of mass and we have the following connections

Ω = JΩ0, ρ = ρR/J, R(X) = r(x(X)) (62)

where ρRR(X) is the heat-source per unit of volume in the reference configuration.

Consider Dirichlet boundary conditions (Θ−Θ0)

∣∣∣∣
X=X0

= 0, (61) becomes:

Seek Θ(X) ∈
o
E(X0, L) such that ∀Υ(X) ∈

o
E(X0, L)

0 = −
∫ L
X0
kR

∂Θ
∂X

∂Υ
∂X

1
J dX − kR

dΘ(X)
dX

1
F11

∣∣∣∣
X=L

Υ(L)−
∫ L
X0
ρRRΥdX (63)
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In (63) we used the following notation

qn
def
= −kR

dΘ

dx
= −kR

dΘ

dX

dX

dx
= −kR

dΘ(X)

dX

1

F11
(64)

One may easily notice that (63) is linear in Θ(X) and the only non-linearity results
from the coupling with U ′ through J . Here, we have assumed that Fourier’s model
has a constant heat conductivity in the material description, kR = const.

2.4 The Coupled Thermo-Hyperelastic Weak Form in 1-
D

Combining (30) and (63) we finally obtain the nonlinear coupled system to be solved

Seek (U(X),Θ(X)) ∈
o
E(X0, L)×

o
E(X0, L) such that ∀(V (X),Υ(X)) ∈

o
E(X0, L)×

o
E(X0, L)∫ L

X0
T̃XX V ′J dX −

∫ L
X0
ρRGXV dX − FLV (L) = 0 (65)∫ L

X0
kR Θ′Υ′ 1

J dX −
∫ L
X0
ρRRdX − kR

dΘ(X)
dX

1
F11

∣∣∣∣
X=L

Υ(L) = 0 (66)

To simplify notation, the nonlinear functionals (65) and (66) are denoted by

S
(
U(X),Θ(X);V (X),Υ(X)

)
= 0 (67)

T
(
U(X),Θ(X);V (X),Υ(X)

)
= 0 (68)

2.4.1 A solution to the coupled thermo-hyperelastic problem with
constant coefficients

Consider the same 1-D bar and and material properties as in the previous examples
with κ = 1/2, c10 = 3/16. Additionally, the coefficient of thermal expansion is
αΘ = 10−5 and the thermal conductivity is kR = 1. The solution is taken to be

U(X) = X2 −X → J = 1 + U ′ = 2X, F11 = 2X (69)

Θ(X) = X2 −X (70)

Since the temperature Θ is to be understood as the difference compared to a reference
stress-free temperature, we choose the reference temperature Θ0 = 0.

The boundary conditions associated with the solution (69)-(70) at X = 1 are

U(1) = 0, Θ(1) = 0 (71)

Two BCs are required at X = 2 for the coupled system. For the mechanical system
one must first compute the 2nd P-K stress using (24). For this purpose φ = 1 +
αΘ(Θ−Θ0) = 1 + αΘ(X

2 −X), so that

T̃XX =
κ

10

(
(2X)3

(1 + αΘ(X2 −X))15
− (1 + αΘ(X

2 −X))15

(2X)7

)
+
4c10
3

(2X)−2/3
[
1− (2X)−2

]
(72)
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For a cross section of 1, the force at the right end X = 2 is given by:

FL = F11(X = 2)T̃XX(X = 2) = 13.1681955252 (73)

The flux BC at X = 2 is computed according to (64):

qn(X = 2) = −kR
dΘ(X)

dX

1

J
= −kR

2X − 1

2X

∣∣∣∣
X=2

= −kR
3

4

In addition to the BCs one has also to prescribe a body force and a distributed
heat source so to obtain the required analytical solution. The body force is obtained
by inserting (72) into (46), and using the relationship ρRGX = Jρgx:

ρRGX = 2X ×
{[

4X2

φ15
1

− φ15
1

256X8

]
+

κ

10
G2 −

c10

9(2X)2/3

(
4

X
+

5

X3

)}
(74)

with
φ1 = −(1 + αΘ(X

2 −X)),

G2 =
24X2

φ15
1

+
7φ15

1

128X8
+

128X3αΘ(2X − 1)

φ16
1

+
15αΘ(2X − 1)φ14

1

128X7
.

The strong form of the heat equation in the deformed configuration is:

−dq
dx

+ ρr(x) = 0.

For the particular case addressed herein we have kR = 1 and

d

dx
=

1

2X

d

dX
.

Furthermore, the Fourier heat conduction q = −kR dΘ
dx yields

ρr(x) = − 1

4X3
(75)

Thus, similarly to the equilibrium equation we have:

ρRR(X) = Jρr(x) = −2X × 1

4X3
= − 1

2X2
(76)

The heat equation can also be stated in the reference configuration where the
coupling between the temperature and displacement is clearly stated:

1

F11

d

dX

(
kR

1

F11

dΘ

dX

)
+

1

J
ρRR(X) = 0, X ∈ (1, 2) (77)

Since in 1-D F11 = J , (77) becomes:

d

dX

(
kR

1

F11

dΘ

dX

)
+ ρRR(X) = 0, X ∈ (1, 2) (78)

An illustrative figure of the coupled thermo-hyperelastic problem is depicted in Figure
2. Finally, the strain energy for this case is computed by (33)

U(Ω0) = 3.779092061139837. (79)
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X

X=1 X=2

ρ
R
G

X
(X)

U(1)=0 FL(=2)

ρ
R
R(X)

Θ(1)=0 -kR dΘ/dX (1/F11)(2)

Figure 2: An illustration of the coupled problem of interest.

2.4.2 An exponential solution to the coupled thermo-hyperelastic
problem with varying material properties

The material properties are taken to be functions of the temperature

κ(Θ) = κ0 + κ1Θ+ κ2Θ
2 =

1

2
+ Θ+Θ2,

c10(Θ) = c100 + c101Θ+ c102Θ
2 =

3

16
+ Θ+

1

2
Θ2 (80)

kR(Θ) = kR0 + kR1Θ+ kR2Θ
2 = 1 + Θ+

1

10
Θ2

In addition the coefficient of thermal expansion is taken to be αΘ = 10−5.
The solution is taken to be

U(X) = X − e1−X → J = 1 + U ′ = 2 + e1−X , F11 = 2 + e1−X (81)

Θ(X) = X − e1−X (82)

Since the temperature Θ is to be understood as the difference compared to a reference
stress-free temperature, we choose the reference temperature Θ0 = 0. The boundary
conditions associated with the solution (81)-(82):
At X = 1, by substitution one obtains the Dirichlet BC:

U(1) = 0, Θ(1) = 0 (83)

Two Neumann BCs are given for the coupled system at X = 2. Similar to the
previous subsection, for the mechanical system the Neumann BC (first Piola-Kirchhoff
stress tensor ) at the right end X = 2 is given by:

FL = F11(X = 2)T̃XX(X = 2) = 19.672325991 (84)

The flux BC at X = 2 is:

qn(X = 2) = −1.67441029811

13



ρRGX = e1−X

{
1

10

[
G3

1

φ15
1

− φ15
1

G7
1

] (
κ0 + κ1G2 + κ2G

2
2

)
(85)

−4

3

(
1

G2
1

− 1

)
c100 + c101G2 + c102G

2
2

G
2/3
1

+
G3

1

10

(
κ0 + κ1G2 + κ2G

2
2

)(3e1−X

φ15
1

+
7e1−Xφ15

1

G10
1

+
15αΘG3G1

φ16
1

+
15αΘφ

14
1 G3

G9
1

)
−aG3

5
(κ1/2 + aκ2G2)

(
G3

1

φ15
1

− φ15
1

G7
1

)
+

8e1−X

3

c100 + c101G2 + c102G
2
2

G
11/3
1

+
4G3

3

(
1

G2
1

− 1

)
c101 + 2c102G2

G
2/3
1

+
8e1−X

9

c100 + c101G2 + c102G
2
2

G
5/3
1

[(
1

e1−X
+ 2

)2

− 1

]}

with

φ1 = 1 + αΘ

(
X − e1−X

)
, G3 = 1 + e1−X , G2 = X − e1−X , G1 = e1−X + 2

The distributed heat source is

ρRR(X) = − 1

G3
1

{
G2

3G1 (kR1 + 2kR2G2) + e1−X
(
kR0 + kR1G2 + kR2G

2
2

)
(G3 −G1)

}
(86)

and the strain energy reads

U(Ω0) = 7.360556086526126594927128. (87)

2.4.3 A singular solution to the coupled thermo-hyperelastic prob-
lem with constant material properties

The material properties are taken to be

κ =
1

2
, c10 =

3

16
, kR = 1 (88)

In addition the coefficient of thermal expansion is αΘ = 10−5.
The solution is taken to be

U(X) = (X − 1)4/3 → J = F11 = 1 + U ′ = 1 +
4

3
(X − 1)1/3 (89)

Θ(X) = (X − 1)4/3 (90)

Remark 2.2 The second derivative of the displacement and the temperature is sin-
gular at X = 1. This example problem is being considered to evaluate the performance
of the p-FEM for problems that are singular.
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Since the temperature Θ is to be understood as the difference compared to a
reference stress-free temperature, we choose the reference temperature Θ0 = 0. The
boundary conditions associated with the solution (89)-(90) at X = 1 are

U(1) = 0, Θ(1) = 0 (91)

The Neumann BCs at X = 2 read

FL = F11(X = 2)T̃XX(X = 2) = 1.75225076584, qn(X = 2) = −4/7 (92)

nd the body force is

ρRGX =
16c10G2

27G1G
2/3
3

(
1

3
− 2

G2G2
3

)
− 4κ

45G1

(
2G3

3

φ15
1

+
3φ15

1

G7
3

)
(93)

with

φ1 = 1+αΘ (X − 1)4/3 , G1 = (X − 1)2/3 , G2 =
1

G2
3

−1, G3 =
4

3
(X − 1)1/3+1.

The distributed heat source is

ρRR(X) =
4kR

9G1G3

[
4

3
(X − 1)1/3 − 1

]
(94)

The strain energy for this case is computed by (33)

U(Ω0) = 0.4996644085129540977. (95)

3 Linearization and p-FE Implementation

We formulate here the numerical scheme, based on the p-version of the FE method,
for the discretization of the weak forms. The two weak forms (65) and (66) are to be
solved simultaneously. This leads to a coupled system of non-linear equations, which
is solved using the Newton-Raphson method.

Assuming that the solution for a given state of loading and temperature boundary
conditions is known, denote it by U (k)(X),Θ(k)(X), one can perform a linearization
in the vicinity of that state, that yields the following system:

S
(
U (k)(X),Θ(k)(X);V (X),Υ(X)

)
+DUS +DΘS = 0 (96)

T
(
U (k)(X),Θ(k)(X);V (X),Υ(X)

)
+DUT +DΘT = 0 (97)
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where

DUS
def
=

d

dα

[
S
(
U (k)(X) + α∆U,Θ(k)(X) + β∆Θ;V (X),Υ(X)

)]
α=0,β=0

(98)

DΘS
def
=

d

dβ

[
S
(
U (k)(X) + α∆U,Θ(k)(X) + β∆Θ;V (X),Υ(X)

)]
α=0,β=0

(99)

DUT
def
=

d

dα

[
T
(
U (k)(X) + α∆U,Θ(k)(X) + β∆Θ;V (X),Υ(X)

)]
α=0,β=0

(100)

DΘT
def
=

d

dβ

[
T
(
U (k)(X) + α∆U,Θ(k)(X) + β∆Θ;V (X),Υ(X)

)]
α=0,β=0

(101)

Remark 3.1 The material properties κ(Θ), c10(Θ) and k(Θ) are explicit functions of
the temperature, but we assume that αΘ is a constant independent of the temperature.
Otherwise, if αΘ is temperature-dependent, the formulation may easily be adjusted.

We define the following notations that are used in the linearization process:

J (k) def
= 1 +

(
U (k)

)′
(102)

φ(k) def
= 1 + αΘ

(
Θ(k) −Θ0

)
(103)

T̃
(k)
XX

def
=

κ(Θ(k))

10

[
(J (k))3

(φ(k))15
− (φ(k))15

(J (k))7

]
+

4c10(Θ
(k))

3
(J (k))−2/3

[
1− (J (k))−2

]
(104)

The index (k) defines the iteration index of the Newton-method. Detailed derivation
of the various terms as a result of the linearization of the non-linear weak form are
provided in Appendix A. Collecting all terms in Appendix A we finally obtain the
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linearized explicit weak formulation for the coupled thermo-hyperelastic 1-D problem:∫ L

X0

{
κ(Θ(k))

10

(
3(J (k))3

(φ(k))15
+

7(φ(k))15

(J (k))7

)
+

8c10(Θ
(k))

9
(J (k))−2/3

[
−1 + 4(J (k))−2

]}
V ′∆U ′ dX

+

∫ L

X0

(
T̃
(k)
XX

)
V ′∆U ′ dX +

∫ L

X0

1

10

∂κ(Θ(k) + β∆Θ)

∂β

∣∣∣∣
β=0

(
(J (k))4

(φ(k))15
− (φ(k))15

(J (k))6

)
V ′ dX

−
∫ L

X0

3κ(Θ(k))

2

(
(J (k))4

(φ(k))16
+

(φ(k))14

(J (k))6

)
αΘV

′∆Θ dX

+
4

3

∫ L

X0

∂c10(Θ
(k) + β∆Θ)

∂β

∣∣∣∣
β=0

(J (k))1/3
(
1− (J (k))−2

)
V ′ dX

= FLV (L) +

∫ L

X0

ρRGXV dX −
∫ L

X0

T̃
(k)
XXV

′J (k) dX (105)

∫ L

X0

k(Θ(k))Υ′∆Θ′ 1

J (k)
dX +

∫ L

X0

k(Θ(k)) (Θ(k))′Υ′∆U ′ 1

(J (k))2
dX

+

∫ L

X0

dk(Θ(k) + β∆Θ)

dβ

∣∣∣∣
β=0

(Θ(k))′Υ′ 1

J (k)
dX

= k(Θ)
dΘ

dX

1

F11

∣∣∣∣
L

Υ(L) +

∫ L

X0

ρRRΥ dX −
∫ L

X0

k(Θ(k)) (Θ(k))′Υ′ 1

J (k)
dX (106)

3.1 Discretization of the Coupled Thermo-Hyperelastic
Weak Form by p-FEMs

The linearized thermo-hyperelastic weak form is discretized in this section by means
of p-FEMs. Both ∆U and ∆Θ have to be in H1. Let us consider material properties
κ(Θ), c10(Θ) and kR(Θ) that are quadratic functions in Θ, see Eqns.(80), then

∂κ(Θ(k) + β∆Θ)

∂β

∣∣∣∣
β=0

=

(
κ1 + 2κ2Θ

(k)

)
∆Θ (107)

∂c10(Θ
(k) + β∆Θ)

∂β

∣∣∣∣
β=0

=

(
c101 + 2c102Θ

(k)

)
∆Θ (108)

dkR(Θ
(k) + β∆Θ)

dβ

∣∣∣∣
β=0

=
(
kR1 + 2kR2Θ

(k)
)
∆Θ (109)

hold.
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3.1.1 Shape functions, mapping to the standard element & element
matrices

The integral over the entire domain is split to a sum of integrals on elements. Each el-

ement j =

{
X

∣∣∣∣Xj+1 < X < Xj

}
is mapped to a standard element and the quantities

of interest are represented as a linear combination of the shape functions (polynomials
up to degree p) in the standard element.

X =
1− ξ

2
Xj +

1 + ξ

2
Xj+1

For p+ 1 shape functions we use these based on the Legendre polynomials in Szabó
and Babuška (1991).

N⃗T = {N1(ξ), N2(ξ), · · · , Np+1(ξ)}

∆U(ξ) = U⃗T
∆N⃗ (110)

∆Θ(ξ) = Θ⃗T
∆N⃗ (111)

V (ξ) = N⃗T V⃗ (112)

Υ(ξ) = N⃗T Υ⃗ (113)

A “combined” vector is constructed:

a⃗T =
{
U⃗T
∆, Θ⃗

T
∆

}
(114)

with dima⃗ = 2(p+1). In this case the “tangent stiffness matrix” and “out of balance
vector” associated with the coupled system (105)-(106) on the element level can be
partitioned as follows: [

KSS KST
KT S KT T

]
a⃗ =

{
r⃗S
r⃗T

}
(115)

After the mapping to the standard element and since dX = ℓm
2 dξ (ℓm is the length

of element m) we have

(Θ(k))′ =
2

ℓm

dΘ(k)

dξ

18



(KSS)ij =
2

ℓm

∫ 1

−1

{[
κ(Θ(k))

10

(
3(J (k))3

(φ(k))15
+

7(φ(k))15

(J (k))7

)

+
8c10(Θ

(k))

9
(J (k))−2/3

(
−1 + 4(J (k))−2

)]
+ T̃

(k)
XX

}
dNi

dξ

dNj

dξ
dξ

(KST )ij =

∫ 1

−1

{
1

10

(
κR1 + 2κR2Θ

(k)

)(
(J (k))4

(φ(k))15
− (φ(k))15

(J (k))6

)

−3κ(Θ(k))

2

(
(J (k))4

(φ(k))16
+

(φ(k))14

(J (k))6

)
αΘ

+
4

3

(
c10R1 + 2c10R2Θ

(k)

)
(J (k))1/3

(
1− (J (k))−2

)} dNi

dξ
Nj dξ

(KT S)ij = −
(

2

ℓm

)2 ∫ 1

−1
k(Θ(k))

dΘ(k)

dξ

1

(J (k))2
dNi

dξ

dNj

dξ
dξ

(KT T )ij =
2

ℓm

∫ 1

−1

(
kR1 + 2kR2Θ

(k)
) dΘ(k)

dξ

dNi

dξ
Nj

1

J (k)
dξ +

2

ℓm

∫ 1

−1
kR(Θ

(k))
1

J (k)

dNi

dξ

dNj

dξ
dξ

(rS)i = FLV (L)−
∫ 1

−1
T̃
(k)
XXJ

(k) dNi

dξ
dξ +

ℓm
2

∫ 1

−1
ρRGX(X(ξ))Ni dξ

(rT )i = kR
dΘ

dX

1

F11

∣∣∣∣
L

Υ(L)− 2

ℓm

∫ 1

−1
kR(Θ

(k))
dΘ(k)

dξ

1

J (k)

dNi

dξ
dξ

+
ℓm
2

∫ 1

−1
ρRR(X(ξ))Ni dξ (116)

Remark 3.2 The strong coupling of the two systems is manifested though the ma-
trices [KT S ] and [KST ] which are not zero.

Remark 3.3 One may observe that the tangent stiffness matrix is non-symmetric.

Remark 3.4 Both ∆U and ∆Θ lay in the same FE space since both have to satisfy
a 2nd order elliptic ODE.

The computation of the strain energy is performed by adding the contribution of
the strain energy of each element. For each element, having the FE solution of the
displacement and the temperature one computes the following:

U ′(ξ) = a⃗TMech,ℓ

dN⃗

dξ

dξ

dX
= a⃗TMech,ℓ

dN⃗

dξ

2

L(ℓ)

Θ(ξ) = a⃗TΘ,ℓN⃗ , → φ(ξ) = 1 + αT (Θ−Θ0)

J(ξ) = 1 + U ′, JM (ξ) = J/φ3, ICM
(ξ) =

2 + (1 + U ′)2)

φ3
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After having these for each element, then

UFE =
∑
ℓ

∫ 1

−1
c10R(Θ(ξ))

(
ICM

(ξ)/J
2/3
M − 3

)
+
κ(Θ(ξ))

50

(
J5
M + 1/J5

M − 2

)
L(ℓ)

2
dξ

4 Numerical Examples

The problems for which an analytic solution was derived are being solved here by the
p-FE methods presented. The numerical results are compared to the analytical solu-
tions first for the uncoupled hyper-elastic problem, then for the coupled thermo-elastic
problem with constant material coefficients, and we conclude by considering the cou-
pled thermo-hyperelastic problem with material properties that change quadratically
with the temperature.

Solid-mechanics part.
The example problems presented in section 2.2 are solved by a p-FE program im-

plemented within Matlab. First the uncoupled solid mechanics problem is considered
and the code is verified by comparing the FE results to the exact solutions in section
2.2. The FE results for the problem without body forces in section 2.2.1 converged
immediately to the exact solution and are not shown herein.

The error in percentage between the FE and analytical solution is defined by:

Err(%)
def
=

|UFE(X)− U(X)|
|U(X)|

× 100 (117)

The errors of the FE results for the three problems in sections 2.2.2-2.2.4 are
presented in the graphs in Figure 3 for different p-levels of the FE solution. Also
the number of load steps used, the number of elements in all example problems is 3
and the accumulated number of iterations are shown in the graphs. In all cases the
Newton-Raphson convergence criterion was set to 10−10 relative error in consecutive
solutions. The iterative procedure terminates if the relative error of each element
of the out of balance vector is smaller than 10−10. One may notice that the exact
solution is fully recovered (up to roundoff error) when the polynomial degree of the
FE space reaches that of the exact solution. It is worthwhile to mention that the bar
of length 1 extends to a length of 2,6 and 14 (extreme stretch ratios) for the three
problems shown in Figure 3. For the last case for example we applied the load in
10 steps, obtaining convergence within an accumulated around 70 iterations (seven
iterations per load step on average).

Coupled system with constant material properties.
The coupled thermo-mechanical problem with constant material coefficients pre-

sented in section 2.4.1 is next solved. In this case both the displacement and the
temperature are a polynomial of degree two. Using 3 equal elements and one load
step, we increase the polynomial degree over the elements from 1 to 3, and use a
tolerance of 10−10 as the relative error to terminate the Newton-Raphson iterations.
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p = 4, # Iterations: 69

Figure 3: Solid mechanics problems and convergence.

A very fast convergence is obtained within 10 accumulated iterations. The error of
the FE results is presented in the graphs in Figure 4 for the three different p-levels.
As expected the exact solution is recovered at p = 2 for both the displacement and
temperature.
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Figure 4: Coupled problem with constant material properties. Top - Convergence of tem-
perature. Bottom - Convergence of displacement.
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Coupled system with exponential solution and varying material properties.
The coupled thermo-mechanical problem with varying material coefficients pre-

sented in section 2.4.2 is next solved. In this case both the displacement and the
temperature are smooth functions, therefore as the p-level is increased we expect an
exponential convergence rate. Using 3 equal elements and five load steps, we increase
the polynomial degree over the elements from 1 to 8, and use a tolerance of 10−10 as
the relative error to terminate the Newton-Raphson iterations. A very fast conver-
gence is obtained within 30 accumulated iterations. The error of the FE results is
presented in the graphs in Figure 5 for the sequence of 8 polynomial-levels. The expo-
nential convergence rate in energy norm, typical to the p-FEMs for linear problems,
is demonstrated here. We define the relative error in energy norm (in percentage) by:

||e||U (%)
def
=

√∣∣∣∣UFE − U
U

∣∣∣∣× 100 (118)

Having computed the exact strain energy for this example problem in (87), we plot
the error in energy norm versus the number of degrees of freedom for p = 1, 2 · · · , 6
in Figure 6 (for p ≥ 7 the error is less than 10−6% corresponding to an error of less
than 10−12% in strain energy). For comparison we also present the convergence rate
of the h-FEM with linear shape functions (keeping p = 1 or p = 2 on all elements and
increasing the number of elements by a uniform mesh). The exponential convergence
rate for the p−extension compared to the algebraic convergence rate of h−extension
is clearly visible.
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Figure 5: Coupled problem with varying material properties and exponential solution. Top
- Convergence of temperature. Bottom - Convergence of displacement.
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Coupled system with a singular solution and constant material properties.
The coupled thermo-mechanical problem with constant material coefficients pre-

sented in section 2.4.3 has a singular solution, i.e. both the temperature and displace-
ment second derivative is unbounded at X = 1. Therefore as the p-level is increased
over a mesh consisting of elements equally distributed (no mesh refinement in the
vicinity of the singular point X = 1) we expect an algebraic convergence rate (sim-
ilar to the linear problem of elasticity), however, with a rate that is faster than the
conventional h-version of the FEMs. Using 6 equal elements and one load step, we
increase the polynomial degree over the elements from 1 to 8, and use a tolerance of
10−10 as the relative error to terminate the Newton-Raphson iterations. The stiff-
ness matrix and load vector are integrated with a Gauss quadrature of order 54 to
minimize the numerical integration error. A very fast convergence is obtained within
6 accumulated iterations. The error of the FE results is presented in the graphs in
Figure 7 for the sequence of 8 polynomial-levels. One may clearly see the large nu-
merical error concentrated in the first left element that has its node at the singular
point.

The convergence rates in energy norm both for the p-FEM and h-FEM solutions,
are demonstrated here. Using the exact strain energy for this example problem in
(95), we plot the error in energy norm versus the number of degrees of freedom for
p = 1, 2 · · · , 8 in Figure 8 For comparison we also present the convergence rate of the
h-FEM with parabolic shape functions (keeping p = 2 on all elements and increasing
the number of elements by a uniform mesh). The faster algebraic convergence rate for
the p−extension compared to the convergence rate of h−extension is clearly visible.
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Figure 7: Coupled problem with constant material properties and singular solution. Top -
Convergence of temperature. Bottom - Convergence of displacement.
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5 Summary and Conclusions

Thermo-hyperelastic two-way coupled problems under finite deformation with tem-
perature dependent material properties are of major engineering importance. Such
problems are realized in the tire industry (rubber under load and elevated temper-
atures) for example. To allow a transparent analysis and to develop high-order FE
methods with demonstrated accuracy, a thermo-hyperelastic problem was formulated
in an one-dimensional setting, for which several analytical solutions were computed.
The weak-form for the coupled problems including temperature-dependent material
properties (typically realized in reality) were also considered and the weak formu-
lation was presented for such cases. The temperature dependence of the material
properties resulted in a non-symmetric weak formulation.

High-order (p) monolithic finite element methods have been developed and their
results were compared to several analytic solutions, demonstrating the extremely
high accuracy at a very moderate number of degrees of freedom. The convergence
properties of p-FEMs were investigated for coupled smooth solutions, as well as for
solutions that contain singularities (second derivatives are unbounded at a point in
the domain). Exponential convergence rates with respect to degrees of freedom were
demonstrated for smooth coupled solutions whereas classical h-FE methods converge
in an algebraic rate. For singular coupled solutions on uniform meshes an algebraic
convergence rate is realized that is faster for p-FEMs compared to h-FEMs.

The numerical characteristics of p-FEMs applied to 1-D thermo-hyperelastic prob-
lems in a monolithic setting should be further investigated in the context of a realistic
3-D setting, including time-dependency. The results presented here provide the en-
couraging motivation in this direction. Evidence that similar characteristics may be
expected in a 3-D setting is given in Erbts and Düster (2012). There implicit parti-
tioned coupling schemes for same class of problems in 3-D, including time dependence,
are discussed in the framework of p-FEMs, demonstrating encouraging results.

From the mathematical viewpoint the question of Hadamard’s well-posedness for
the coupled thermo-hyperelastic problem has to be yet investigated (the hyperelas-
tic problem has been thoroughly investigated Ball (1977); Le Tallec (1994)). In this
context, poly-convexity of the particular SEDF chosen has been addressed in Hart-
mann and Neff (2003). The coercivity of the nonlinear weak form, and especially the
resulting linearized coupled system (105)-(106) has yet to be addressed.

In reality, the material properties cannot be measured precisely, and therefore
are frequently provided with the uncertainties associated with their measurement.
Therefore, the deterministic 1-D formulation presented here was a first step in an
attempt to quantify the propagation of such material uncertainty through the coupled
non-linear PDEs. p−FEMs for such stochastic ODE-system will be documented in a
future publication.
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A Derivation of Terms Associated with the Lin-

earization

Explicit terms in (98)-(101) are derived in this appendix.

The term S
(
U (k),Θ(k);V (X),Υ(X)

)
:

Substituting (102)-(104) in (65) one obtains:

S
(
U (k),Θ(k);V (X),Υ(X)

)
=

∫ L

X0

T̃
(k)
XXV

′J (k) dX−
∫ L

X0

ρRGXV dX−FLV (L) (119)

The first part of “out of balance vector” is the result of (119).

The term DUS:

DUS
def
= DU

[∫ L

X0

T̃XX V ′J dX −
∫ L

X0

ρRGXV dX − FLV (L)

]
(120)

=

∫ L

X0

DU

[
T̃XX

]
V ′J dX +

∫ L

X0

T̃XX DU

[
V ′J

]
dX

Notice that DU [FLV (L)] = 0 and DU

[∫ L
X0
ρRGXV dX

]
= 0 because the force FL

and the body force GX are assumed to be independent of the deformation or the
temperature field. For follower loads and temperature dependent BCs one would also
need to take these into consideration in the linearization procedure.

Using (102) and (103) one observes that:

J(U (k)(X) + α∆U) = J (k) + α∆U ′ (121)

φ(Θ(k)(X) + β∆Θ) = φ(k) + βαΘ∆Θ (122)

and using these we may compute DU

[
T̃XX

]
in the first term of (120) according to

(98) :

DU

[
T̃XX

]
=

{
κ(Θ(k))

10

(
3(J (k))2

(φ(k))15
+

7(φ(k))15

(J (k))8

)
(123)

+
8c10(Θ

(k))

9
(J (k))−5/3

[
−1 + 4(J (k))−2

]}
∆U ′

Similarly we may compute DU [V ′J ] = DU [V ′(1 + U ′)] in the second term of
(120):

DU

[
V ′J

]
= V ′∆U ′ (124)
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We may now substitute (123) and (124) in (120) to obtain:

DUS =

∫ L

X0

{
κ(Θ(k))

10

(
3(J (k))2

(φ(k))15
+

7(φ(k))15

(J (k))8

)

+
8c10(Θ

(k))

9
(J (k))−5/3

[
−1 + 4(J (k))−2

]}
∆U ′ V ′J (k) dX

+

∫ L

X0

(
T̃
(k)
XX

)
V ′∆U ′ dX (125)

The term DΘS:
Similarly to (120), one obtains:

DΘS =

∫ L

X0

DΘ

[
T̃XX

]
V ′J dX +

∫ L

X0

T̃XX DΘ

[
V ′J

]
dX (126)

Here also DΘ [T (L)AV (L)] = 0 because these are independent of the temperature,
and furthermore DΘ [V ′J ] = 0 because there is no explicit dependency of V ′J on Θ.

One obtains

DΘ

[
T̃XX

]
=

1

10

∂κ(Θ(k) + β∆Θ)

∂β

∣∣∣∣
β=0

(
(J (k))3

(φ(k))15
− (φ(k))15

(J (k))7

)
(127)

− 3κ(Θ(k))

2

(
(J (k))3

(φ(k))16
+

(φ(k))14

(J (k))7

)
αΘ∆Θ

+
4

3

∂c10(Θ
(k) + β∆Θ)

∂β

∣∣∣∣
β=0

(J (k))−2/3
(
1− (J (k))−2

)
If κ and c10 are constants independent of Θ then (127) reduces to:

DΘ

[
T̃XX

]
= −3κ

2

(
(J (k))3

(φ(k))16
+

(φ(k))14

(J (k))7

)
αΘ∆Θ (128)

The term T
(
U (k),Θ(k);V (X),Υ(X)

)
:

T
(
U (k),Θ(k);V (X),Υ(X)

)
=

∫ L

X0

k(Θ(k)) (Θ(k))′Υ′ 1

J (k)
dX

−
∫ L

X0

ρRRΥ dX − k(Θ)
dΘ

dX

1

F11

∣∣∣∣
L

Υ(L)

(129)

The second part of “out of balance vector” is the result of (129).
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The term DUT :

DUT = DU

[∫ L

X0

kΘ′Υ′ 1

J
dX −

∫ L

X0

ρRRΥ dX − k
dΘ

dX

1

F11

∣∣∣∣
L

Υ(L)

]
=

∫ L

X0

kΘ′Υ′DU

[
1

J

]
dX

= −
∫ L

X0

k(Θ(k)) (Θ(k))′Υ′ ∆U ′

(J (k))2
dX (130)

Here we assumed that R(X) is independent of the deformation.

The term DΘT :

DΘT =

∫ L

X0

DΘ [k] Θ′Υ′ 1

J
dX +

∫ L

X0

kDΘ

[
Θ′] Υ′ 1

J
dX

=

∫ L

X0

dk(Θ(k) + β∆Θ)

dβ

∣∣∣∣
β=0

(Θ(k))′Υ′ 1

J (k)
dX +

∫ L

X0

k(Θ(k))∆Θ′Υ′ 1

J (k)
dX

(131)
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Heisserer, U., Hartmann, S., Düster, A., Yosibash, Z., 2008. On volumetric locking-
free behavior of p-version finite elements under finite deformations. Communica-
tions Numer. Meth. Engrg. 24 (11), 1019–1032.

Le Tallec, P., 1994. Numerical Methods for Nonlinear Three-dimensional Elasticity.
In: Ciarlet, P. G., Lions, J. L. (Eds.), Handbook of Numerical Analysis. Vol. 3.
Elsevier, pp. 469–622.

Lu, S., Pister, K., 1975. Decomposition of deformation and representation of the
free energy function for isotropic thermoelastic solids. Int. Jour. Solids Struc. 11,
927–934.
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