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Abstract

Follower loads, i.e. loads which depend on the boundary displacements by definition, frequently occur in finite deformation bound-
ary-value problems. Restricting to axisymmetrical applications, we provide analytical and numerical solutions for a set of problems in
compressible Neo-Hookean materials so to serve as benchmark problems for verifying the accuracy and efficiency of various FE methods
for follower load applications. Thereafter, the weak formulation for the follower-load in 3-D domain is reduced to an axisymmetrical
setting, and, subsequently, consistently linearized in the framework of p-FEMs, exploiting the blending function mapping techniques.
The set of axisymmetric benchmark solutions is compared to numerical experiments, in which the results obtained by a p-FEM code
are compared to these obtained by a state-of-the-art commercial h-FEM code and to the ‘‘exact’’ results. These demonstrate the efficiency
and accuracy of p-FEMs when applied to problems in finite deformations with follower loads.
� 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Problems of continuum mechanics are usually associ-
ated with large deformations and large strains, i.e. the
length, shape and orientation of the domain’s boundary
changes during these highly non-linear loading processes.
Cold Iso-static Pressing (CIP) of metal powders is a typical
example of such problems, in which the tractions on the
boundary and their directions, due to the applied pressure,
change according to the deformation. So far, verification
examples are unavailable in general, and numerical

approximations, usually by finite element methods
(FEMs), are sought.

Follower-loads have been addressed for over three dec-
ades and implemented in various low-order FEMs (also
known as h-FEMs), see e.g. [1–4]. However, to the best
of our knowledge no analytical solutions for finite defor-
mations are available for compressible material models,
which are commonly used in FE codes, and that may serve
as benchmark problems for verification of the numerical
solvers. For this reason, the first step herein is to derive
simple analytical and comparable solutions for axisymmet-
ric problems which may serve as benchmark problems to
assess the accuracy and efficiency of numerical approxima-
tions. In the second step, we concentrate our attention on
follower loads (also known as ‘‘deformation-dependent’’,
or ‘‘path-following’’ loads) in the framework of high-order
FEMs (p-FEMs) [5,6], which have been shown to perform
well for finite deformations analyses [7]. Following [3], the
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ter@bv.tum.de (A. Düster), rank@bv.tum.de (E. Rank), mszan@ bgu.ac.il
(M. Szanto).

www.elsevier.com/locate/cma

Comput. Methods Appl. Mech. Engrg. 196 (2007) 1261–1277



Aut
ho

r's
   

pe
rs

on
al

   
co

py

weak formulation associated with the follower-load in
three-dimensional domain is reduced to an axisymmetrical
setting, and, subsequently, consistently linearized in the
framework of p-FEMs, exploiting the blending function
mapping techniques. A set of axisymmetric numerical
experiments is then addressed, in which the results obtained
by a p-FEM analysis are compared to these obtained by a
state-of-the-art commercial h-FEM code and to ‘‘exact’’
results. These demonstrate the efficiency and accuracy of
p-FEMs when applied to problems in finite deformations
with follower loads.

We start with notations and by deriving analytical solu-
tions to finite deformation axisymmetric problems in Sec-
tion 2. A compressible hyper-elastic material described by
a Neo-Hooke type constitutive relation and loaded by pres-
sure boundary condition (follower load) is considered. For
these example problems we provide analytical solutions
and numerical approximations computed by the shooting
method for solving the underlying two-point boundary-
value problem. In the sequel, these solutions serve as
benchmark examples. Section 3 compiles the theoretical
basis for the implementation of pressure loads into a FE
code. In this section, we derive the weak form associated
with the follower load for a three-dimensional domain,
and present the consistent linearization of it. This results
in two terms – a non-linear form, and a bi-nonlinear form.
These two terms are restricted to axisymmetric domains.
The formulation for p-axisymmetric elements is then pro-
vided in Section 4. We start this section by briefly present-
ing the special features of p-FE methods followed by a
more detailed discussion on the implementation of the fol-
lower loads in p-FE framework. The iterative scheme for
the solution of the non-linear problem is discussed. The
efficiency and accuracy of our implementation is demon-
strated in Section 5 on five example problems, and com-
pared to the commercial h-FE code Abaqus.1

2. Verification examples in axisymmetric domains

In the following, we generate analytical/semi-analytical
solutions for axisymmetric domains, based on constitutive
assumptions of compressibility and isotropy. A brief
description of notations for finite strain hyper-elasticity
is provided followed by derivation of several analytical/
semi-analytical solutions that serve as benchmarks against
which the FE implementation can be verified.

The basic quantity is the deformation gradient
F ¼ GraduðX ; tÞ ¼ oukðX 1;X 2;X 3;tÞ

oX K gi � GK , where x = u(X, t)
defines the placement of the material point X at time t.
XK, k = 1,2,3, are material (curvilinear) coordinates, gi

are tangent and GK gradient vectors in current and the ini-
tial configurations. Since the most general strain-energy
function for isotropic hyper-elastic material w(C) =

W(IC, IIC,IIIC) or w(b) = W(Ib, IIb, IIIb) depends on the
invariants of the right Cauchy–Green tensor C = FTF, or
the left Cauchy–Green tensor b = FFT, we define

IC ¼ trC ; IIC ¼
1

2
ððtrCÞ2 � trC2Þ;

IIIC ¼ det C ¼ ðdet FÞ2 ¼: J 2; ð1Þ

Ib ¼ trb; IIb ¼
1

2
ððtrbÞ2 � trb2Þ;

IIIb ¼ det b ¼ ðdet FÞ2 ¼: J 2; ð2Þ

where trC ¼ CN
N (equivalently, trb ¼ bn

n) symbolizes the
trace operator. In the current configuration the Cauchy
stress tensor r reads

r ¼ 2qR

J
dwðbÞ

db
b ¼ 2qR

J
b

dwðbÞ
db

¼ a0I þ a1bþ a2b2 ð3Þ

where qR is the density in initial configuration and

a0 ¼ 2qR
oW

oIIIb

III
1=2
b ;

a1 ¼ 2 qR
oW
oIb

þ qR
oW
oIIb

Ib

� �
III
�1=2
b ;

a2 ¼ �2qR
oW
oIIb

III
�1=2
b : ð4Þ

Here, use is made of

dIb

db
¼ I ;

dIIb

db
¼ IbI � b;

dIIIb

db
¼ IIIbb�1 ¼ adjb; ð5Þ

which result from the application of the chain rule. The
above relations are valid for any isotropic hyper-elastic
material. We consider herein the simplest strain-energy
function (SEF) of Neo-Hooke type:

qRwðCÞ ¼
K
2
ðJ � 1Þ2 þ c10ðIC � 3Þ ð6Þ

¼ K
2
ðIII

1=2
C � 1Þ2 þ c10ðIC III

�1=3
C � 3Þ: ð7Þ

IC ¼ IC III
�1=3
C defines the first invariant of the unimodular

right Cauchy–Green tensor C ¼ ðdet CÞ�1=3
C resulting

from the multiplicative decomposition of the deformation
gradient into a volumetric and an iso-choric part (see [8]
and the literature cited therein). The specific SEF has been
chosen because it describes a compressible deformation
and is implemented in many standard FE codes. Previous
studies addressing closed form solutions for compressible
materials under finite deformations, see for example [9–
11], consider special SEFs different than the common ones
in standard FE codes.

The invariants of C and b are equivalent so in the fol-
lowing we mainly use b

qRwðbÞ ¼
K
2
ðJ � 1Þ2 þ c10ðI�b � 3Þ ð8Þ

¼ K
2
ðIII

1=2
b � 1Þ2 þ c10ðIbIII

�1=3
b � 3Þ: ð9Þ

For the Neo-Hooke models (8) and (4) are explicitly
expressed as:

1 Abaqus is a trademark of ABAQUS, Inc., Rising Sun Mills,
Providence, RI, USA.
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a0 ¼ KðIII
1=2
b � 1Þ � 2c10

3
IbIII

�5=6
b ;

a1 ¼ 2c10III
�5=6
b ; a2 ¼ 0: ð10Þ

2.1. Homogeneous deformation – cylinder under tension

Consider the 1 · 1 axisymmetric domain shown in
Fig. 1, loaded at its top boundary by tension t = tzez =
�Pez kept constant during the entire deformation, and
constrained at its bottom boundary, uz(z = 0) = 0. P

defines the prescribed pressure. This is the simplest example
of a follower load yielding a homogeneous deformation.
The upper surface is deformation-dependent. Thus, the
problem represents a follower load in which the direction
of the load is preserved during the deformation but the
force magnitude is not. In the case of cylindrical coordi-
nates, the deformation reads r = kQR, # = H, and
z = kZ, where k and kQ are the axial and lateral stretches,
and (r,#,z) and (R,H,Z) the cylindrical coordinates in
the current and the initial configuration. The deformation
gradient has the representation F = kez � ez + kQ(er �
er + e# � e#) with the tangent vectors g1 = er, g2 = re#,
and g3 = ez, as well as the gradient vectors G1 = er,
G2 = 1/R e#, and G3 = ez. Accordingly, the invariants (1)
read

IC ¼ k2 þ 2k2
Q; IIC ¼ ð2k4 þ 1Þk4

Q; IIIC ¼ k2k4
Q: ð11Þ

Because of the homogeneous deformation, the equilibrium
equations are identically satisfied. The 2nd Piola–Kirchhoff
stress tensor can be computed by

S¼ 2qR
dwðCÞ

dC

¼ 2qR

oW
oIC

þ IC

oW
oIIC

� �
I�2qR

oW
oIIC

C þ2qRIIIC

oW
oIIIC

C�1;

using the SEF (7). Having only axial stress and zero radial
stress, one obtains the two equations for Szz ¼ rzzk

2
Qk�1 and

Srr = 0:

� P ¼ 2qR c10k
�5=3k�10=3

Q þ K
2
ðkk2

Q � k1=3k2=3
Q Þ

�
� 1

3
c10ðk2 þ 2k2

QÞk
�1=3k�10=3

Q

�
; ð12Þ

0 ¼ c10k
�2=3k�10=3

Q 1� 1

3
k2 þ 2k2

Q

� �� �
þ K

2
ðk2k2

Q � k4=3k2=3
Q Þ: ð13Þ

For a given axial stretch k, (13) represents a scalar-valued
non-linear equation for the determination of the lateral
stretch kQ. If the axial stress rzz = �P is prescribed, (13)
and (12) define two non-linear equations for the computation
of k and kQ. Although we solved the two linear equations
numerically, see Fig. 8, we call the solution an exact solution
because it can be obtained with any desired precision.

In contrast to the statement that strain-energy functions
of the type (6) yield a non-physical behavior in the uniaxial
tensile or compression test, see [12], this could not be
observed for the Neo-Hooke model. However, if other
strain-energy functions are utilized, instead of the term
U(J) = K(J � 1)2 another volume-changing term has to
be proposed in order to circumvent a non-physical behav-
ior like a widening in lateral direction if a positive stretch
is applied (see [8]).

2.2. Tube and sphere under axisymmetric boundary

conditions

In order to find analytical expressions for the case of
inhomogeneous deformations, it is not possible to derive
a general solution of an arbitrary strain-energy function
w(b), particularly, in view of follower loads. Under the
assumption of incompressibility and isotropy we can find
exact solutions for finite strain hyper-elasticity represented
by the thick-walled tube or sphere under internal pressure
(see [13, p. 189] or [14]). In the case of compressibility two
approaches are commonly utilized. The first makes use of
strain-energy functions satisfying the equilibrium condi-
tions of the underlying boundary-value problem a priori
([9–11]), which restricts the kind of strain-energy function.

The other possibility for general hyper-elasticity rela-
tions yields a one-dimensional boundary-value problem
on the basis of a non-linear second order ordinary differen-
tial equation (ODE). In what follows, this approach is
adopted to derive simple verification examples.

The thick-walled tube and sphere deformations under
internal pressure and external tractions (see Fig. 2) are
described by

r ¼ f ðRÞ; # ¼ H; z ¼ Z;

) F t ¼

f 0ðRÞ 0 0

0
f ðRÞ

R
0

0 0 1

2664
3775ek � el; k; l ¼ r; #; z;

ð14Þ
Fig. 1. Geometry and dimensions for the axisymmetric uniaxial tensile
problem.
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r ¼ f ðRÞ; u ¼ U; # ¼ H;

) Fs ¼

f 0ðRÞ 0 0

0
f ðRÞ

R
0

0 0
f ðRÞ

R

26664
37775ek � el; k; l ¼ r;u; #:

ð15Þ
A distinction between basis vectors ek in the initial and the
spatial configuration is not necessary in the problems inves-
tigated here.

For the sphere the tangent vectors are g1 = er, g2 = reu,
and g3 = r sinue#, and the gradient vectors are G1 = er,
G2 = (1/R)eu, and G3 = (R sinU)�1e#. The deformation
gradients Ft and Fs yield the left Cauchy–Green tensors

bt ¼

f 02ðRÞ 0 0

0
f ðRÞ

R

� �2

0

0 0 1

2664
3775ek � el;

bs ¼

f 02ðRÞ 0 0

0
f ðRÞ

R

� �2

0

0 0
f ðRÞ

R

� �2

2666664

3777775ek � el;

ð16Þ

and their invariants according to (2)

Ibt ¼ f 02 þ f
R

� �2

þ 1; IIbt ¼ f 02
f
R

� �2

þ f 02 þ f
R

� �2

;

IIIbt ¼ f 02
f
R

� �2

; ð17Þ

and

Ibs ¼ f 02 þ 2
f
R

� �2

; IIbs ¼ 2f 02
f
R

� �2

þ f
R

� �4

;

IIIbs ¼ f 02
f
R

� �4

: ð18Þ

The function f(R), if known, determines the stress state
according to (3). For the tube and the sphere the Cauchy
stresses are:

rrrðRÞ ¼ a0 þ a1f 02 þ a2f 04; ð19Þ

r##ðRÞ ¼ a0 þ a1

f
R

� �2

þ a2

f
R

� �4

¼ ruuðRÞ ð20Þ

rzzðRÞ ¼ a0 þ a1 þ a2 ð21Þ

although the expressions for the tube and the sphere seem
to be similar, they are different due to the different invari-
ants (17) and (18).

In addition to the kinematical relations and the constitu-
tive equations, the stress tensor has to fulfill the equilib-
rium equations without body forces divr = 0, expressed
in the assumed curvilinear coordinates. For the stress com-
ponents in (19)–(21) a single differential equation in r direc-
tion (the equations in the other two directions are satisfied
identically) is obtained

orrr

or
þ c

rrr � r##
r

¼ orrr

oR
1

f 0ðRÞ þ c
rrr � r##

f ðRÞ ¼ 0;

c ¼
1; tube

2; sphere

�
ð22Þ

The equilibrium equation has to be supplemented by two
boundary conditions (BCs) (herein we are interested in fol-
lower loads). These are the pressure at the internal surface
ti
r and tension on the outer surface to

r (in the initial config-
uration are at Ri and Ro respectively, see Fig. 2):

�rrrðRiÞ ¼ ti
r; and rrrðRoÞ ¼ to

r : ð23Þ
The ODE for f(R), is obtained by substituting (19)–(21) in
(22). Considering the second term in (22):

rrrðRÞ � r##ðRÞ ¼ f 02ðRÞ � f ðRÞ
R

� �2
 !

� a1 þ a2 f 02ðRÞ þ f ðRÞ
R

� �2
 !" #

: ð24Þ

Remark 1. One may notice that if f 0 = f/R then rrr = r##
and the expression (24) is zero so (22) results in
orrr
oR ¼ 0) rrr ¼ constant, i.e. a state of homogeneous
deformations. Also, since (24) is zero, then also r## =
rrr = constant.

The first term in the equilibrium equation (22) is derived
by:

orrr

oR
¼ drrr

dR

¼ da0

dR
þ da1

dR
f 02 þ da2

dR
f 04 þ 2f 0f 00ða1 þ 2a2f 02Þ: ð25Þ

Because ai = ai(Ib, IIb, IIIb), i = 0,1,2, then

dai

dR
¼ oai

oIb

dIb

dR
þ oai

oIIb

dIIb

dR
þ oai

oIIIb

dIIIb

dR
with

d�
dR
¼ f 0

o�
of
þ f 00

o�
of 0
þ o�

oR
; � ¼ Ib; IIb; IIIb ð26Þ

Fig. 2. Geometry and dimensions of the tube and the sphere: (a) tube and
(b) sphere (0 6 u < p,0 6 # 6 2p).
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The 2nd order nonlinear ODE for f(R) is obtained after
substitution of (10) and (24)–(26) into (22) (see Appendix
A):

For the tube:

f 00f 10c10ðf 2 þ R2Þ þ f 02 9K
ff 0

R

� �2=3

f 2 þ 4c10R2

 !" #

¼ 2c10R2 � 9f 2K
ff 0

R

� �2=3
" #

f 04

þ 1

R
9f 3K

ff 0

R

� �2=3

� 20c10fR2

" #
f 03

þ ð20c10f 2 � 10c10R2Þf 02 � 2c10f
R
ðf 2 � 5R2Þf 0 ð27Þ

(the sequence of the terms underly no specific order). The
follower load (pressure) BCs are obtained by expressing
the radial Cauchy stress in terms of f(R). Substituting
(17) into (10) and then into (19), one obtains the required
two BCs, supplementing the ODE (27):

rrr ¼ K
ff 0

R
� 1

� �
�

2c10 f 2 þ 1� 2f 02ð ÞR2
	 

3

f 2f 02

R2

� �5=6

R2

)
�rrrðRiÞ ¼ ti

r

rrrðRoÞ ¼ to
r :

�
ð28Þ

For the sphere:

f 00fR 20c10f 2 þ 4c10f 02R2 þ 9K
f 2f 0

R2

� �8
3

R2

 !
¼ 22c10f 04R3 � 40c10ff 03R2

� f 0 �16c10f 3 � 18fK
f 2f 0

R2

� �8
3

R2

 !

� f 02R �2c10f 2 þ 18K
f 2f 0

R2

� �8
3

R2

 !
: ð29Þ

Pressure boundary conditions are obtained by substituting
(18) into (10) and then into (19):

rrr ¼ K �1þ f 2f 0

R2

� �
�

4c10 f 2 � f 02R2
	 


3
f 2f 0

R2

� �5
3

R2

)
�rrrðRiÞ ¼ ti

r

rrrðRoÞ ¼ to
r :

�

ð30Þ

2.2.1. Analytical solution

The ODEs (27) and (29) are highly non-linear, and,
accordingly, an analytical solution is difficult to obtain.
Nevertheless, in view of Remark 1, we can obtain for a spe-
cial simplified case an analytical solution. Notice that if

r ¼ f ðRÞ ¼ AR; ) f 0ðRÞ � f ðRÞ=R ¼ 0 ð31Þ
the constraint in Remark 1 is fulfilled so rrr = r## = con-
stant, and a homogeneous deformation is obtained with a

constant stress state for any hyper-elastic material. For
f(R) = AR, ! f 0(R) = A and f00(R) = 0 and the equilibrium
equations (27) and (29) are satisfied identically. For any A

the stress state is known by evaluating (19)–(21).
For the tube:

rrr ¼ r## ¼ ðA2 � 1Þ K þ 2c10

3A10=3

� �
; ð32Þ

rzz ¼ ðA2 � 1Þ K � 4c10

3A10=3

� �
: ð33Þ

For A > 1 we have at the inner and outer radius the same
traction.

For the sphere:

rrr ¼ ruu ¼ r## ¼ KðA3 � 1Þ: ð34Þ

For the thick-walled sphere, the hydrostatic stress state is
obtained.

In both solutions it becomes obvious that for given pres-
sure a non-linear equation for computing A is necessary.
However, if A is given at the inner radius (displacement
control) the stress state is defined by pure function
evaluations.

2.2.2. Numerical solution

For a non-homogeneous solution, the ODEs (27) or (29)
in combination with the BCs (28) or (30) define two-point
boundary-value problems. These are solved by the shoot-
ing method, applying of the algorithm in [15] using an
explicit fifth order Runge–Kutta method with an embed-
ded method of fourth order for step-size control. In Appen-
dix A a general formulation for solving the tube and sphere
problems for an arbitrary SEF and different BCs is
described.

Herein we consider the sphere problem in Fig. 2(b). In
this case (29) is transferred into a system of first order
ODEs,

u1 ¼ f ðRÞ u2 ¼ f 0ðRÞ; ð35Þ

i.e.

u01ðRÞ ¼ u2ðRÞ ð36Þ

u02u1R 20c10u2
1 þ 4c10u2

2R2 þ 9K
u2

1u2

R2

� �8
3

R2

 !
¼ 22c10u4

2R3 � 40c10u1u3
2R2

� u2 �16c10u3
1 � 18u1K

u2
1u2

R2

� �8
3

R2

" #

� u2
2 �2c10u2

1Rþ 18K
u2

1u2

R2

� �8
3

R3

" #
: ð37Þ

For traction free BCs on the outer surface Ro, and constant
pressure P on Ri (as in Section 5.4) the BCs (30) read

Z. Yosibash et al. / Comput. Methods Appl. Mech. Engrg. 196 (2007) 1261–1277 1265



Aut
ho

r's
   

pe
rs

on
al

   
co

py

P ¼ �ti
r ¼ K �1þ u2

1u2

R2
i

� �
�

4c10 u2
1 � u2

2R2
i

	 

3

u2
1u2

R2
i

� �5
3

R2
i

;

0 ¼ K �1þ u2
1u2

R2
o

� �
�

4c10 u2
1 � u2

2R2
o

	 

3

u2
1u2

R2
o

� �5
3

R2
o

;

In this case, an inhomogeneous deformation arises which
serves for code verification. A solution for P = 1 MPa,
for a sphere with Ri = 10 mm, R0 = 30 mm, with
K = 2000 MPa and c10 = 1/2 MPa is shown in Fig. 10.

3. Weak formulation

The aforementioned analytical and numerical solutions
are aimed to serve as benchmark solutions against which
FE results are to be compared to verify the accuracy and
efficiency of the newly developed finite element codes. In
the following, the weak formulation is developed for treat-
ing follower loads in the framework of p-FEMs, because the
incorporation of blending functions, which are intrinsically
embedded in p-FEM for taking into account the ‘‘exact’’
geometry of curvilinear boundaries, have to be considered.

Consider the domain X � R3 that represents the initial
configuration with X = (X1,X2,X3)T being the position-vec-
tor to a generic point in it. A deformation x = u(X) maps
the initial configuration into the current (spatial) configura-
tion. Denote by E the set of admissible deformations then
u � E. If we assume that on a part of the boundary
oPX � oX a pressure load – P is activated, then according
to Cauchy’s theorem the traction on this boundary is

t ¼ �Pn ¼ rn on uðoPXÞ ð38Þ
where n is the unit normal at the deformed body’s bound-
ary (see Fig. 3).

The departure point is the weak form for the continuum
problem in the current (spatial) configuration:

Find u 2 E such that Gðu;wÞ ¼ 0; 8 w 2 E ð39Þ

where

Gðu;wÞ ¼
Z

uðXÞ
r : rSwdv�

Z
uðXÞ

qb � wdv�
Z

uðoP XÞ
t � wds

ð40Þ

q is the density in the current configuration, b is the body
force. $Sw denotes the symmetric part of the current gradi-
ent (in respect to the spatial coordinates x) of the admissi-
ble test functions, with components ($w)ij = owi/oxj and
$Sw = 1/2($w + $Tw). Thus,

rw ¼def owi

oxj
¼ owi

oX k

oX k

oxj
¼ GradwF�1: ð41Þ

If both the deformation-independent traction and the
deformation-dependent pressure (follower loading in gen-
eral changes orientation according to the displacements)
are prescribed on oPX, the term associated with tractions
in (40) is split into two contributions, one due to constant
tractions in space, and one because of pressure (38). Here-
in, we address the term G associated to the pressure normal
to the boundary:

Gðu;wÞ ¼
Z

uðoP XÞ
�Pn � wds: ð42Þ

3.1. Pressure loading – representation in a referential

configuration

We define a referential configuration given by
Xreferential ¼ fnT ¼def ðngfÞj � 1 6 n 6 1;�1 6 g 6 1;�1 6
f 6 1g, and let C denote a mapping from this referential
configuration into the initial configuration X = C(n).
Assume that the face n, g, f = 1 of the referential configu-
ration is mapped onto the face of oPX where the pressure
is applied, then the unit normal vector N is given by

N ¼

oC
on
� oC

og
oC
on
� oC

og

���� ����
L2

ð43Þ

and an infinitesimal surface element dS on oPX is

dS ¼ oC
on
� oC

og

���� ����
L2

dndg: ð44Þ

Thus, the unit normal times dS is obtained in terms of the
referential coordinates as

ðNdSÞ ¼ oC
on
� oC

og

� �
f¼1

dndg: ð45Þ

The spatial description of the same boundary with respect
to the referential variables is obtained by setting
c = u(C(n,g,f = 1)). Using the chain rule one obtains

oc

on
¼ ou

oX i

oX i

on
¼ F

oC
on
;

oc

og
¼ ou

oX i

oX i

og
¼ F

oC
og
; ð46Þ

Fig. 3. Parametrization.
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consequently, the unit normal vector times an infinitesimal
surface area corresponding to the initial configuration is

ðndsÞ ¼ oc

on
� oc

og

� �
f¼1

dndg

¼ F
oC
on
� F

oC
og

� �
f¼1

dndg: ð47Þ

An alternative representation, see the implementation
issues in Section 4, expresses the deformed configuration
by c(n) = C(n) + u(X). Hence we arrive at

ðndsÞ ¼ oc

on
� oc

og

� �
f¼1

dndg

¼ oC
on
þ ou

on

� �
� oC

og
þ ou

og

� �� �
f¼1

dndg: ð48Þ

Substituting (47) in (42) one obtains:

Gðu;wÞ ¼ �
Z 1

�1

Z 1

�1

P
oc

on
� oc

og

� �
� w

� �
f¼1

dndg: ð49Þ

3.2. Linearization of the weak form

The expression (49) is non-linear because the integrand
involves the unknown deformation u as can be clearly seen
in Eq. (48). Non-linear problems of this type may be solved
by an iterative Newton–Raphson process. There, for a
given solution estimate u(i) (and its corresponding mapping
c(i)) at iteration i, a correction lðiÞ ¼def

uðiþ1Þ � uðiÞ is obtained
by a linear approximation

Gðuðiþ1Þ;wÞ � GðuðiÞ;wÞ þ DGðuðiÞ;wÞ½lðiÞ	 ð50Þ

where DGðuðiÞ;wÞ½lðiÞ	 is the directional derivative of G in
the direction of l(i). In the consistent linearization proce-
dure of (49) two terms are generated, the first is a regular
linear form, and the second is a tangential form derived
in this subsection. As the Newton–Raphson iterative
scheme is known to converge only in a certain range close
to the solution it may be necessary to apply the load in k
steps or use more sophisticated approaches to improve
the convergence. In the former case we apply instead of
the entire pressure P, a fraction of it jaP, with a =
1/k 6 1. The equation G(u,w, ja) = 0 is solved for a pre-
scribed load level jaP. After convergence the next load
increment is applied (j + 1)aP until the desired total load
is reached kaP.

Define a map l(i)(x) acting on the u(i)(X) configuration,
and let e be an arbitrary small scalar. We construct a one
parameter family of configurations that represents the
transformation to the configuration, uðiÞe

uðiÞe ðXÞ ¼ uðiÞðXÞ þ elðiÞðxÞ ð51Þ

and let cðiÞe ¼
def

cðiÞ þ elðiÞ be the parametrization of the sur-
face uðiÞe . Then the directional derivative (Gateaux deriva-
tive) of G is obtained by

DGðuðiÞ;w; aÞ½lðiÞ	 ¼ d

de

����
e¼0

GðuðiÞ þ elðiÞ;wÞ: ð52Þ

Substituting cðiÞe ¼ cðiÞ þ elðiÞ into (49) and using the prod-
uct rule, the consistent linearization of G in the direction
of l is obtained,

DGðuðiÞ;w;aÞ½lðiÞ	

¼�
Z 1

�1

Z 1

�1

P ðaÞ olðiÞ

on
�ocðiÞ

og
þocðiÞ

on
�olðiÞ

og

� �
�w

� 
f¼1

dndg:

ð53Þ

Remark 2. From the finite element implementation point
of view, a follower load produces two contributions in
the linearization process – the linear form (49), based on
which a load vector will be computed, and the consistent
tangential derivative (53) which, in general, will yield an
unsymmetric tangent matrix. A detailed discussion under
which circumstances the tangent matrix will be symmetric
or unsymmetric can be found in [16,17].

Remark 3. Note that in the iterative solution scheme (New-
ton-type iterative scheme) both (49) and (53) depend on the
configuration defined by c(i). However, this is known in each
iteration from the previous one and a vector function to be
found is l(i), which is the addition to c(i) at iteration i.

3.3. Axisymmetric domains

In the axisymmetric case the three-dimensional problem
is reduced to a two dimensional cross-section at an arbi-
trary plane, # = 0 for example, see Fig. 4. The referential
configuration is the unit square [ � 1,1] · [ � 1,1] and its
boundary is a one-dimensional curve in the initial or cur-
rent configuration, mapped from the line �1 6 n 6 1 in
the referential configuration. We use the notation:

Fig. 4. Axisymmetric parametrization.
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x ¼ uðR; ZÞ; with
r ¼ urðR; ZÞ ¼ crðn; gÞ
z ¼ uzðR; ZÞ ¼ czðn; gÞ

�
; ð54Þ

g3 = re# = cre#, where ek, k = r,#,z, is a unit vector in the
cylindrical coordinate system. The outward normal vector
to the boundary (g = 1 for example) in this case is obtained
by the cross product of the tangent vector along the coor-
dinate #, g3 with the tangent vector to dS:

ðndsÞ ¼ g3 �
oc

on

����
g¼1

dn ¼
� ocz

on
ocr

on

0BB@
1CCA

g¼1

crðn; 1Þdn: ð55Þ

Substituting (55) in (49), one obtains the load vector for
the axisymmetric case and load level a

Gðu;w; aÞ ¼ �2p
Z 1

�1

P ðaÞ � ocz

on
;
ocr

on

� �T

� wcrðn; 1Þ
" #

g¼1

dn:

ð56Þ
Similarly to (52), the directional derivative in the axisym-
metric case is

DGðuðiÞ;w;aÞ½lðiÞ	

¼ d

de

����
e¼0

GðuðiÞ þ elðiÞ;w;aÞ¼�2p
Z

oXP

PðaÞ d

de

����
e¼0

nðiÞe dse

� �
�w

¼�2p
Z 1

�1

PðaÞ d

de

����
e¼0

ðcðiÞr þ elðiÞr Þe#�
ocðiÞ

on
þ e

olðiÞ

on

� �
dn

� �
�w

� 
g¼1

¼�2p
Z 1

�1

PðaÞ d

de

����
e¼0

cðiÞr e#�
ocðiÞ

on
þ

��
e cðiÞr e#�

olðiÞ

on
þlðiÞr e#�

ocðiÞ

on

� �
þ e2 lðiÞr e#

	 

�olðiÞ

on

�
�w


g¼1

dn

¼�2p
Z 1

�1

PðaÞ cðiÞr e#�
olðiÞ

on
þlðiÞr e#�

ocðiÞ

on

� �
�w

� �
g¼1

dn: ð57Þ

We finally obtain the consistent linearization of G in the
direction of l(i) for the axisymmetric domain:

DGðuðiÞ;w; aÞ½lðiÞ	

¼ �2p
Z 1

�1

P ðaÞ
� olðiÞz

on
cðiÞr �

ocðiÞz

on
lðiÞr

olðiÞr

on
cðiÞr þ

ocðiÞr

on
lðiÞr

0BB@
1CCA � w

2664
3775

g¼1

dn:

ð58Þ

Remark 4. Notice that the variation of the radius
cr 
 r(n, 1) (the second term in (57) involving the term
ocðiÞ

on ) is neglected in [3], which is believed to be an error
corrected in [4] (in Section 4.2.5 the full term is
represented).

4. p-FEM implementation for axisymmetric domains

Contrary to the classical h-version of the FEM, in p-ver-
sion the mesh is kept unchanged and the discretization
error is reduced by increasing the polynomial degree of

the shape functions. It has been proven mathematically
and demonstrated by numerical examples that the p-ver-
sion of the FEM converges faster than its h-version coun-
terpart for linear elliptic problems [5]. In problems with
smooth solutions, exponential convergence rates are real-
ized i.e. by order of magnitudes faster compared to h-
FEMs. Because the type of problems discussed herein have
smooth solutions, and are being solved by linearization, it
is anticipated that p-FEMs will carry over the high conver-
gence rates shown in linear problems.

For completeness, we briefly outline in the next subsec-
tion two important features of p-FEMs. In p-FEMs the
mesh is fixed, therefore the finite elements have to represent
exactly the domain’s boundary and each FE is mapped to
the standard element by blending functions. In our p-ver-
sion implementation the hierarchical basis functions in [5]
are used, and the blending-function mapping of Gordon
and Hall [18] is exploited. These two aspects of the p-FEMs
are shortly summarized in the next subsection.

4.1. p-FEMs: Hierarchic shape functions and blending

mappings

4.1.1. Hierarchic shape functions for quadrilateral elements

We define the tensor product space Sp;p
ps ðXq

stÞ on the
axi-symmetric (2-D) standard quadrilateral element shown
in is Fig. 5. It consists of all the polynomials on
Xq

st ¼ ½ð�1; 1Þ � ð�1; 1Þ	 spanned by the set of monomials
nigj with i = 0,1, . . . ,pn and j = 0,1, . . . ,pg. By construction,
the two-dimensional shape functions can be classified into
three groups:

(1) Nodal modes: The nodal modes

NNi
1;1ðn; gÞ ¼

1

4
ð1þ ninÞð1þ gigÞ; i ¼ 1; . . . ; 4 ð59Þ

are the standard bilinear shape functions, which are famil-
iar from the isoparametric four-noded quadrilateral ele-
ment. (ni,gi) denote the local coordinates of the ith node.
Fig. 6 (left-hand side) depicts the mode for node 1.

(2) Edge modes: These modes are defined separately for
each individual edge, they vanish at all other edges. The
corresponding modes for edge 1 read:

Fig. 5. Standard quadrilateral element: definition of nodes, edges and
polynomial degree.
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NE1
i;1ðn; gÞ ¼

1

2
ð1� gÞ/iðnÞ ð60Þ

with /i(n) given by (62). Fig. 6 (middle) plots the mode for
edge 1 with i = 2.

(3) Internal modes: The internal modes

N int
i;j ðn; gÞ ¼ /iðnÞ/jðgÞ ð61Þ

are purely local and vanish at the edges of the quadrilateral
element. Fig. 6 (right-hand side) depicts the internal mode
for i = j = 2.

The indices i, j of the shape functions denote the polyno-
mial degrees in the local directions n, g. The two-dimen-
sional hierarchic shape functions are based on tensor
products of

/jðnÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2j� 1

2

r Z n

�1

P j�1ðtÞdt

¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
4j� 2
p ðP jðnÞ � P j�2ðnÞÞ; j ¼ 2; 3; . . . ð62Þ

where Pj(n) are the well-known Legendre polynomials

P kðnÞ ¼
1

2kk!

dk

dnk ðn
2 � 1Þk; k ¼ 0; 1; . . . ð63Þ

4.1.2. Two-dimensional blending mapping

An important difference between h- and p-FEMs lies in
the mapping requirements. As coarse meshes are used in p-
FEMs, it is necessary to construct elements with a precisely
defined boundary. The blending function method [18] is
applied when mapping p-finite elements with curved
boundaries to the standard element. Consider for example
a quadrilateral element with all edges being curved bound-
aries (see Fig. 7), described by parametric functions Ei,
i = 1,2,3,4:

EiRðnÞ;EiZðnÞ; for i ¼ 1; 3; EiRðgÞ;EiZðgÞ; for i ¼ 2; 4:

ð64Þ

The nodal coordinates of the element in the reference con-
figuration are defined herein by Xi = (Ri,Zi)

T, i = 1,2,3,4.
Mapping of the standard element to the physical element
in the initial configuration by blending-functions is ex-

pressed in condensed form by X = C(n,g), or explicitly by
the two functions

R ¼ CRðn; gÞ ¼
1

2
ð1� gÞE1RðnÞ þ

1

2
ð1þ nÞE2RðgÞ

þ 1

2
ð1þ gÞE3RðnÞ þ

1

2
ð1� nÞE4RðgÞ �

X4

i¼1

N Ni
1;1ðn; gÞRi ð65Þ

Z ¼ CZðn; gÞ ¼
1

2
ð1� gÞE1ZðnÞ

þ 1

2
ð1þ nÞE2ZðgÞ þ

1

2
ð1þ gÞE3ZðnÞ

þ 1

2
ð1� nÞE4RðgÞ �

X4

i¼1

N Ni
1;1ðn; gÞZi ð66Þ

The basic idea is to accurately represent the curved edge E.
The blending function method allows for a large variety of
element shapes with parametric functions (64) describing
the geometry of the edges. In the reported example of the
sphere (circle cross section in the axi-symmetric analysis)
transcendental functions are used to exactly render the cir-
cular boundary E.

4.2. Implementing follower loads formulation into p-FEM

framework

Consider the initial configuration, i.e. c(0) = C(n),
u(0) = 0. To solve the non-linear problem G(u,w,a) = 0
for the prescribed load level a, we apply the Newton–Raph-
son iterative scheme and solve in each iteration i the linear-
ized weak form

GðuðiÞ;w; aÞ þ DGðuðiÞ;w; aÞ½lðiÞ	 ¼ 0 ð67Þ

for the displacement update l(i). In the next iteration the
updated configuration u(i+1) = u(i) + l(i) is used instead

Fig. 7. Blending function method for quadrilateral elements.

Fig. 6. Examples of hierarchical shape functions for quadrilateral elements.
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of u(i) in Eq. (67). The deformed configuration is obtained
by

cðiþ1Þ ¼ cðiÞ þ lðiÞ ¼ Cðn; gÞ þ
Xi�1

j¼0

lðjÞ

" #
þ lðiÞ: ð68Þ

The displacement vector l(i)(n,g) is represented by the
standard shape functions:

lðiÞðn; gÞ ¼ lðiÞr

lðiÞz

 !
¼def

NmðiÞ ð69Þ

where N denotes the matrix of shape functions (one column
for each generalized degree of freedom associated with a
shape function) and m(i) is the vector of the generalized
d.o.f. at iteration i. The convergence of the iterative scheme
can be established using a stopping criterion of the form:

kcðiþ1Þ � cðiÞk
kcðiþ1Þk < s

or by monitoring the residual G(u(i+1),w,a) < s where s is a
given small number. For other possible criteria see [19].
After convergence the next load level a can be set and the
iterations start again until the total pressure is activated.

4.3. The load vector

The computation of the follower load vector at iteration
i in (56) requires the following terms presented herein. The
first term is

� ocz

on
ocr

on

0BB@
1CCA ¼ 0 �1

1 0

� � ocr

on
ocz

on

0BB@
1CCA ¼def

A
oc

on
: ð70Þ

Substituting (68) and (69) in (70), one obtains

� ocðiÞz

on
ocðiÞr

on

0BB@
1CCA ¼ A

oCðn; gÞ
on

þ
Xi�1

j¼0

olðjÞ

on

" #

¼ A
oCðn; gÞ

on
þ
Xi�1

j¼0

oN

on
mðjÞ

" #
: ð71Þ

The second term cðiÞr ðn; gÞ in (56) can be represented by

cðiÞr ðn; gÞ ¼ ð10ÞcðiÞ ¼ ð10Þ Cðn; gÞ þ
Xi�1

j¼0

NmðjÞ

" #
: ð72Þ

Finally, representing the test function wT = dTNT and
substituting (70) and (72) in (56) we obtain the follower
load vector at the ith iteration and load level a:

GðuðiÞ;w;aÞ

¼ dT

Z 1

�1

�2pP ðaÞNTA
oCðn;1Þ

on
þoNðn;1Þ

on

Xi�1

j¼0

mðjÞ

" #
ð10Þ½Cðn;1Þ

þN
Xi�1

j¼0

mðjÞ	dn: ð73Þ

4.4. The tangent stiffness matrix

The tangent stiffness matrix is obtained from (58). The
terms in the integrand of (58) are rearranged to the follow-
ing form:

� olðiÞz

on
cðiÞr �

ocðiÞz

on
lðiÞr

olðiÞr

on
cðiÞr þ

ocðiÞr

on
lðiÞr

0BBB@
1CCCA ¼ cðiÞr A

olðiÞ

on
þ A

ocðiÞ

on
lðiÞr : ð74Þ

Substituting the spatial discretization (71) and (72) in (74):

� olðiÞz

on
cðiÞr �

ocðiÞz

on
lðiÞr

olðiÞr

on
cðiÞr þ

ocðiÞr

on
lðiÞr

0BBB@
1CCCA

¼ ð1 0Þ Cðn; gÞ þN
Xi�1

j¼0

mðjÞ

" #
A

oN

on

(

þ A
oCðn; gÞ

on
þ oN

on

Xi�1

j¼0

mðjÞ

" #
ð10ÞN

)
mðiÞ: ð75Þ

The last step is to substitute (75) into (58) to obtain the tan-
gent stiffness matrix for the ith iteration:

Fig. 8. Uniaxial behavior of the Neo-Hookean type model: (a) stress-stretch behavior and (b) stretch-lateral stretch behavior.
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DGðuðiÞ;w; aÞ½l	

¼ dT

Z 1

�1

�2pP ðaÞ ð1 0Þ Cðn; 1Þ þNðn; 1Þ
Xi�1

j¼0

mðjÞ

" #(

�NTðn; 1ÞA oNðn; 1Þ
on

þNTðn; 1ÞA oCðn; 1Þ
on

þ oNðn; 1Þ
on

Xi�1

j¼0

mðjÞ

" #

� ð10ÞNðn; 1Þ
)

mðiÞ dn: ð76Þ

The mapping C in (73) and (76) is the blending function
mapping.

4.5. The Newton–Raphson algorithm

For the numerical solution of the nonlinear weak form a
Newton–Raphson algorithm is applied as described by [19].
Here a multilevel-approach is followed: given the deforma-
tion gradient the nonlinear hyperelastic constitutive rela-
tions at each integration point are solved by a local
Newton algorithm yielding the stress state and consistent
material tangent. Both are needed on global level to form
the tangential stiffness matrix and residual vector. This
nonlinear system is then solved by a Newton–Raphson
algorithm on the global level where the tangential stiffness
matrix and residual vector are recomputed in each iteration
using the local stress algorithm.

5. Numerical tests comparing various solutions

In this section five verification examples for pressure-
dependent loads on axisymmetric problems are provided,
addressing the uniaxial tensile test, the thick-walled tube
and sphere for a constant stress field, a thick-walled sphere
under internal pressure as well as a plate under external
pressure loads in out-of-plane direction. Except the last
example, all problems are compared between analytical/
semi-analytical or different numerical method and an h-ver-
sion as well as a p-version finite element solution in order to
show the ideas of verification as well as the performance of
p-FEM applied to curved boundaries. In all applications
the material parameters of the Neo-Hookean type model
(6) are chosen to be K = 2000 MPa and c10 = 0.5 MPa.

5.1. Uniaxial tensile test

The simplest verification example problem for the axi-
symmetric setting is given by the uniaxial tensile problem
of Section 2.1, see Fig. 1. There, the deformation-depen-
dent load is pointed to the z-direction. Either this example
can be chosen for code verification in displacement control
or for pressure-prescribed problems as emphasized by the
objective of the article. A single element with p = 1 (i.e.
using an h-element) is sufficient to obtain the semi-analyt-
ical solution of Eqs. (12) and (13), see Fig. 8.

We have computed the FE solution using one element
with both the h-FE code Abaqus/Implicit and the p-FE
code AdhoC [20], verifying that the numerical results are
identical to the analytical solution.

5.2. Thick-walled tube with a constant stress field

As a second verification example we consider the thick-
walled tube under internal and external tractions, shown in
Fig. 2(a), where the pressure load is applied in r-direction.
According to (32) and (33), the applied tractions result in a
constant stress field (32), i.e. a linear displacement behavior
in r-direction. Therefore, again a single element of order
p = 1 can be used to obtain the exact solution because of
the homogeneous deformation. Accordingly, we checked
the correct implementation by comparing the FE results
to the exact solution, i.e. this example is only attributed
to the correct implementation of the follower load. Thus,
a comparison to the exact solution in form of a diagram
can be omitted for brevity.

5.3. Thick-walled sphere with a constant stress field

In the following example, a thick-walled sphere under
identical internal and external tractions is investigated.
The analytical result defines a linear displacement field in
radial direction and a constant hydrostatic stress field
within the wall. This example addresses the influence of
the boundary’s curvature as well as the applied mesh on
the accuracy of the displacement and stress field. Here, it
has to be emphasized that the radial stresses differ from
spherical to cylindrical coordinates so that the coordinate
line u = 0 has to be evaluated. In this example, a sphere
with an inner radius Ri = 10 mm and an outer radius of
Ro = 30 mm is chosen. From (34) we obtain for A = 2 a
displacement field ur(R) = (A � 1)R, corresponding to a
radial stress of rrr = �P = 14000 MPa (the applied pres-
sure is purely fictive and is only justified in view of a bench-
mark problem). Obviously, one p-element in combination
with the blending function, which describes the exact
geometry, has to provide the exact solution as the p level
is increased. Consider the single element mesh presented
in Fig. 9(a) and the schematic representation of the bound-
ary conditions, with uu(u = p/2) = 0. We performed a p-
FE analysis with p = 1–8 with 10 · 10 Gauss points.
Because of the 1/r term in the strains, the results at the axis
of symmetry (u = 0) are slightly different compared to
u = p/2. In Fig. 9(b) the convergence of the average dis-
placements ur in the thickness direction as a function of
the number of degrees of freedom is provided. The aver-
aged relative error over 101 points in the R direction of
ur is defined as

Avg: error ¼: 1

101

X101

j¼1

abs
uEX

r ðRjÞ � uFE
r ðRjÞ

uEX
r ðRjÞ

� �
ð77Þ
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One may notice the exponential convergence rate and the
excellent results obtained with a very small number of de-
grees of freedom. Here, we attain a relative average error
of less than 10�5 % for p = 8 . This example problem
demonstrates the efficiency of high-order methods for fol-
lower load applications when curved boundaries are con-
sidered.

5.4. Thick-walled sphere under internal pressure

A thick-walled sphere under internal pressure leads to
an inhomogeneous deformation. The main goal of this
example serves for the study of p- vs. h-finite elements.
To this end, we define Ri = 10 mm, Ro = 30 mm and
�ti

r ¼ P ¼ 1 MPa. Use is made of the shooting method
described in Section 2.2.2. There, an accuracy of 10�8 is
obtained for the displacements. Defining the relative error
in percentage (in ur for example) at any R:

eðurÞ ¼: abs
uEX

r � uFE
r

uEX
r

� �
� 100 ð78Þ

we investigate p-FE vs. the h-FE results. For the p-FE
analysis use is made of a single finite element as shown in
Fig. 9(a), and the polynomial order is increased from 1 to
8. For the h-FE analysis three different h-meshes having
20 · 20, 40 · 40 and 80 · 80 linear elements are considered
as shown in Fig. 11. The non-linear analyses are performed
using 10 load-steps (each of 0.1 MPa). The relative error in
the radial displacements along the sphere thickness be-
tween h-FE results and the exact solution is shown in
Fig. 12(a). Although the geometry and boundary condi-
tions are symmetric, the h-FE solution exhibits small differ-

 1e-07
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 1e-05

 1e-04

 0.001

 0.01
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 1
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 1  10  100

Fig. 9. Thick-walled sphere with a constant stress field �P = 14,000 MPa: (a) the single p-finite element and (b) convergence of averaged ur at u = 0,p/2.

r

z

r

z

r

z

Fig. 11. 20 · 20, 40 · 40 and 80 · 80 h-meshes for the sphere problem under internal pressure.

Fig. 10. ‘‘Exact’’ solution of thick-walled sphere under internal pressure
P = 1 MPa.
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ence when stresses are evaluated along the z = 0 axis or
along the r = 0 axis. To demonstrate the phenomenon,
we present in Fig. 12(b) the relative error in the Cauchy

stress rrr compared to the exact solution at the two differ-
ent axes. The same problem is solved on a 2-element
mesh (shown in Fig. 13(a)) using p-FEMs. Increasing the

Fig. 12. Relative error behavior for different h-meshes: (a) h-FE results – relative error in ur in percentage and (b) h-FE results – relative error in rrr in
percentage.

 1e-04
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 100
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 10000

 1  10  100  1000

a b

Fig. 13. p-FEA of thick-walled sphere under internal pressure, P = 1 MPa: (a) the p-FEM mesh consisting of two elements and (b) convergence of
averaged ur at u = p/2 p = 1 to 8.

Fig. 14. Relative error across thickness for different p-levels using two elements in thickness direction: (a) p-FE results – relative error in ur in percentage
and (b) p-FE results – relative error in rrr.
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polynomial order from 1 to 8, and using 15 · 15 integration
points we present the convergence of the averaged ur dis-
placement across the thickness in Fig. 13(b). One may ob-
serve the exponential rate of convergence, obtaining a
relative error of about 0.0002% with less than 200 DOFs.
The pointwise relative errors (%) in displacements and
stresses at p = 5,7,9 across the wall’s thickness are pre-
sented in Figs. 14(a) and (b). In Fig. 13(b) the convergence
of the average rrr stress along the thickness of the sphere
for p = 3–9 is depicted. One may observe the exponential
convergence rate in the stresses also. In Table 1 the number
of degrees of freedom and the averaged error in displace-
ment for both, the h- and p-extension are listed. It is impor-
tant to mention that by using the displacement formulation
for a nearly incompressible material (K = 2000) intro-
duces large errors in the stress computation because the

error in displacements are magnified by a factor of K (see
(30)).

5.5. Pressure on a thin circular plate

Consider a circular plate clamped at its outer edge as
shown in Fig. 15 on which a pressure of P = 0.01 MPa is
acting on the upper surface, following the boundary’s
deformation. This example problem demonstrates both
a change in the arc-length at which pressure is applied
and the direction of the pressure, however no analytical
solution is available for it. We compute the solution by
10 increments with Abaqus obtaining a deflection of
0.182571 at point A and a deflection of 0.178883 at point
D, using 8-noded elements (100 · 10 elements), see
Fig. 16. The same problem is computed by two different
p-FE meshes, a 6-element and 8-element mesh – see
Fig. 16. The deflections at the upper and lower center of
the plate obtained by h-FE and p-FE methods are summa-
rized in Table 2.

Table 1
DOF and average relative errors (%) for h-FE and p-FE solutions

Abaqus p-FEM mesh with two elements

DOF (# el.) Avg. error (ur) % DOF (p) Avg. error (ur) %

840 (20 · 20) 0.17 6 (1) 99.3941165
3280 (40 · 40) 0.04 16 (2) 98.0687522

12960 (80 · 80) 0.01 26 (3) 19.3433531
40 (4) 3.7408152
58 (5) 0.0600319
80 (6) 0.0203799

106 (7) 0.0021813
136 (8) 0.0002665

Fig. 16. Abaqus meshes (left), and AdhoC 6 and 8 elements meshes (right).

Fig. 15. Geometry and dimensions for the circular plate.
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One may notice the convergence of both h- and p-FE
methods, and the efficiency which is obtained when apply-
ing p-FEMs to finite deformation problems with follower
loads.

6. Conclusions

The formulation, finite-element implementation and ver-
ification of pressure loads in the framework of a p-FE code
have been addressed. We concentrate our attention on axi-
symmetric finite strain problems for which analytical solu-
tions are obtained for a compressible Neo-Hooke material.

The purpose of this paper is three-fold: firstly, to derive
analytical solutions for compressible axisymmetric prob-
lems with follower loads undergoing finite deformations
against which the accuracy and efficiency of FE solutions
can be assessed. Secondly, to formulate the weak form
and finite element implementation in the framework of p-
FE analysis utilizing the blending function technique which
accurately represents the outer boundary on which the fol-
lower loads act. Finally, we compared the performance of
p-FE on the basis of four problems with pressure loads
having analytical (or semi-analytical) solution and also
two more complicated problems for which an h-FE com-
mercial code, Abaqus, was used. As to the efficiency, in
terms of DOFs it is evident from the comparisons made
that in order to achieve same accuracy p-FEMs require less
than 10% compared to h-FE DOFs, and furthermore an
exponential convergence rate is observed. In terms of
CPU time, a direct comparison is difficult because the com-
puter code AdhoC (p-FE solutions) runs under a Linux OS
on a PC and Abaqus runs on a Win/XP OS on a different
PC. Nevertheless, both machines are of comparable perfor-
mance, and the CPU time required for the p-FE runs was
shorter overall by about a factor of 10.

We demonstrated for finite strain problems with follower
loads that p-FEMs produce results of high accuracy using
very little degrees of freedom, and that the convergence rate
in averaged displacements and stresses is exponential.
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Appendix A. The 2nd order ODE for a compressible

hyperelastic axisymmetric problem

A general method for the derivation of the second order
ODE for determining f(R) in the case of a tube or a sphere
is provided (general isotropic hyper-elasticity). First, the
difference of the radial and circumferential stresses (19)–
(21) is calculated according to the equilibrium conditions
(22) using (24) and (25). These expressions depend on the
functions ai, i = 0,1,2, in (4) and their derivatives in a com-
plicated manner. Therefore, the the chain rule is applied.
For the general treatment, ai in (4) are expressed as

a0 ¼ 2w3III
1=2
b ; a1 ¼ 2ðw1 þ w2IbÞIII

�1=2
b ;

a2 ¼ �2w2III
�1=2
b ; ðA:1Þ

where we use the abbreviations

w1 ¼ qR
oW
oIb

; w2 ¼ qR
oW
oIIb

; w3 ¼ qR
oW

oIIIb

; ðA:2Þ

We use for convenience the notation

ai¼ aiðwkðIjðR;f ðRÞ;f 0ðRÞÞÞ; IjðR;f ðRÞ;f 0ðRÞÞÞ;

i¼ 0;1;2

k¼ 1;2;3

j¼ 1;2;3

8>><>>:
ðA:3Þ

where I1 = Ib, I2 = IIb, and I3 = IIIb. The invariants Ij,
j = 1,2,3, see (17) or (18), are functions of R, r = f(R),
and s = f

0
(r). In (25) the derivatives of ai with respect to

R are required, yielding

dai

dR
¼
X3

k¼1

X3

j¼1

oai

owk

owk

oIj

oIj

oR
þ oIj

or
f 0ðRÞ þ oIj

os
f 00ðRÞ

� �

þ
X3

j¼1

oai

oIj

oIj

oR
þ oIj

or
f 0ðRÞ þ oIj

os
f 00ðRÞ

� �
ðA:4Þ

¼ ai1ðR; f ðRÞ; f 0ðRÞÞ þ ai2ðR; f ðRÞ; f 0ðRÞÞf 00ðRÞ ðA:5Þ

Table 2
Deflections at points A and D for the h-FE and two p-FE meshes

Abaqus 6 el mesh 8 el mesh

DOF (# el. ; # iter.) A D DOF (p) A D DOF (p) A D

315 (2 · 20 ; 57) �0.177739 �0.171180 15 (1) �0.029559 �0.029552 21 (1) �0.029818 �0.029809
1689 (5 · 50; 32) �0.181917 �0.178249 43 (2) �0.175045 �0.170344 59 (2) �0.182626 �0.177907
4143 (8 · 80; 82) �0.182409 �0.178729 71 (3) �0.170592 �0.167631 97 (3) �0.178841 �0.175423

6379 (10 · 100; 71) �0.182571 �0.178839 111 (4) �0.180264 �0.176697 151 (4) �0.181775 �0.178166
163 (5) �0.181809 �0.178141 221 (5) �0.182367 �0.178686
227 (6) �0.182250 �0.178575 307 (6) �0.182550 �0.178866
303 (7) �0.182461 �0.178778 409 (7) �0.182647 �0.178961
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with

ai1 ¼
X3

j¼1

X3

k¼1

oai

owk

owk

oIj

 !
þ oai

oIj

 !
oIj

oR
þ oI j

or
f 0ðRÞ

� �
ðA:6Þ

ai2 ¼
X3

j¼1

X3

k¼1

oai

owk

owk

oIj

 !
þ oai

oIj

 !
oIj

os
ðA:7Þ

Obviously, all derivatives oai/oI2 = 0 vanish, which are
only introduced for representational convenience. In addi-
tion, the derivatives

oa0

ow1

¼ 0
oa0

ow2

¼ 0
oa0

ow3

¼ 2I1=2
3 ðA:8Þ

oa1

ow1

¼ 2

I1=2
3

oa1

ow2

¼ 2I1

I1=2
3

oa1

ow3

¼ 0 ðA:9Þ

oa2

ow1

¼ 0
oa2

ow2

¼ �2I�1=2
3

oa2

ow3

¼ 0 ðA:10Þ

and

oa0

oI1

¼ 0
oa0

oI2

¼ 0
oa0

oI3

¼ w3

I1=2
3

ðA:11Þ

oa1

oI1

¼ 2w2

I1=2
3

oa1

oI2

¼ 0
oa1

oI3

¼ �w1 þ w2I1

I3=2
3

ðA:12Þ

oa2

oI1

¼ 0
oa2

oI2

¼ 0
oa2

oI3

¼ w2

I3=2
3

ðA:13Þ

are required. Accordingly,

drrr

dR
¼ ĉðR; f ðRÞ; f 0ðRÞÞ þ d̂ðR; f ðRÞ; f 0ðRÞÞf 00ðRÞ ðA:14Þ

with

ĉðR; f ðRÞ; f 0ðRÞÞ ¼ a01 þ a11f 02ðRÞ þ a21f 04ðRÞ; ðA:15Þ

d̂ðR; f ðRÞ; f 0ðRÞÞ ¼ a02 þ a12f 02ðRÞ þ a22f 04ðRÞ

þ 2f 0ðRÞða1 þ 2a2f 02ðRÞÞ ðA:16Þ

is calculable. To evaluate (A.6) and (A.7) one needs the
derivatives of the invariants in (17) or (18). Denoting
r = f(R) and s = f 0(R) one has for the tube

oI1

oR
¼ � 2

R
f
R

� �2
oI1

or
¼ 2

R
f
R

� �
oI1

os
¼ 2f 0 ðA:17Þ

oI2

oR
¼ � 2

R
f
R

� �2

ð1þ f 02Þ oI2

or

¼ 2

R
f
R

� �
ð1þ f 02Þ oI2

os
¼ 2f 0ðRÞ 1þ f

R

� �2
 !

ðA:18Þ

oI3

oR
¼ � 2

R
f
R

� �2

f 02
oI3

or
¼ 2

R
f
R

� �
f 02

oI3

os
¼ 2

f
R

� �2

f 0:

ðA:19Þ

In the case of the sphere these expression read:

oI1

oR
¼ � 4

R
f
R

� �2
oI1

or
¼ 4

R
f
R

� �
oI1

os
¼ 2f 0 ðA:20Þ

oI2

oR
¼ � 4

R
f 0f
R

� �2

þ f
R

� �4
 !

oI2

or
¼ 4

R
f 02f

R

� �
þ f

R

� �3
 !

oI2

os
¼ 4f 0

f
R

� �2

ðA:21Þ

oI3

oR
¼ � 4

R
f
R

� �4

f 02
oI3

or
¼ 4

R
f
R

� �3

f 02

oI3

os
¼ 2

f
R

� �4

f 0 ðA:22Þ

Combining (A.14) with (24), yields the second order ODE

f 00ðRÞ ¼ 1

d̂
cðr## � rrrÞ

f 0

f
� ĉ

� �
; ðA:23Þ

where ĉ and d̂ are defined in (A.15) and (A.16). Addition-
ally either traction or displacements BCs have to be taken
into account. If internal and/or external traction BCs are
considered (ti

r ¼ �rrrðRiÞ and to
r ¼ rrrðRoÞ) then

� ti
r ¼ ba0ðRi; f ðRiÞ; f 0ðRiÞÞ
þ ba1ðRi; f ðRiÞ; f 0ðRiÞÞf 02ðRiÞ þ ba2ðRi; f ðRiÞ; f 0ðRiÞÞf 04ðRiÞ

ðA:24Þ
to
r ¼ ba0ðRo; f ðRoÞ; f 0ðRoÞÞ
þ ba1ðRo; f ðRoÞ; f 0ðRoÞÞf 02ðRoÞ þ ba2ðRo; f ðRoÞ; f 0ðRoÞÞf 04ðRoÞ:

ðA:25Þ

Otherwise if displacements BCs are prescribed u(Ri) and/or
u(Ro),

f ðRiÞ ¼ Ri þ uðRiÞ and=or f ðRoÞ ¼ Ro þ uðRoÞ ðA:26Þ
Ri and Ro are the inner and the outer radii, respectively.
In other words, the BCs are highly non-linear functions
of the function f and f 0 in the case of traction boundary
conditions.

References

[1] H. Hibbitt, Some follower forces and load stiffness, Int. J. Numer.
Method Engrg. 14 (1979) 937–941.

[2] K. Schweizerhof, P. Wriggers, Consistent linearization for path
following methods in nonlinear FE analysis, Comput. Methods Appl.
Mech. Engrg. 59 (1986) 261–279.

[3] J. Simo, R. Taylor, P. Wriggers, A note on finite-element imple-
mentation of pressure boundary loading, Commun. Appl. Numer.
Methods 7 (1991) 513–525.

[4] P. Wriggers, Nichtlineare Finite-Elemente-Methoden, Springer, 2001.
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[7] A. Düster, S. Hartmann, E. Rank, p-fem applied to finite isotropic
hyperelastic bodies, Comput. Methods Appl. Mech. Engrg. 192
(2003) 5147–5166.

1276 Z. Yosibash et al. / Comput. Methods Appl. Mech. Engrg. 196 (2007) 1261–1277



Aut
ho

r's
   

pe
rs

on
al

   
co

py

[8] S. Hartmann, P. Neff, Polyconvexity of generalized polynomial-type
hyperelastic strain energy functions for near-incompressibility, Int. J.
Solids Struct 40 (11) (2003) 2767–2791.

[9] M.M. Caroll, On obtaining closed form solutions for compressible
nonlinearly elastic materials, Z. Angew. Math. Phys. (ZAMP) S46
(1995) S126–S145.

[10] C.O. Horgan, On axisymmetric solutions for compressible nonlin-
early elastic solids, Z. Angew. Math. Phys. (ZAMP) S46 (1995) S107–
S125.

[11] C.O. Horgan, Equilibrium solutions for compressible nonlinearly
elastic materials, in: Y. Fu, R. Ogden (Eds.), Nonlinear Elasticity:
Theory and Applications, Cambridge University Press, New York,
1995, pp. 135–159.

[12] W. Ehlers, G. Eipper, The simple tension problem at large volumetric
strains computed from finite hyperelastic material laws, Acta Mech.
130 (1998) 17–27.

[13] C. Truesdell, W. Noll, The Non-Linear Field Theories of Mechanics,
Encyclopedia of Physics, III/3, Springer Verlag, Berlin, 1965.

[14] R. Ogden, Non-Linear Elastic Deformations, Ellis Horwood,
Chichester, 1984.
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