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Abstract

The solution to elasticity problems in three-dimensional (3-D) polyhedral multi-material anisotropic domains in the vicinity of an
edge is addressed. It includes eigen-functions (similar to 2-D domains) complemented by shadow-functions and their associated edge
stress intensity functions (ESIFs), which are functions along the edge. These can be complex and are of major engineering importance
in composite materials because failure theories directly or indirectly involve them.

The p-version finite-element methods presented in Yosibash and Omer [Z. Yosibash, N. Omer. Numerical methods for extracting edge
stress intensity functions in anisotropic three-dimensional domains. Comput. Methods Appl. Mech. Engrg., 196 (2007) 3624–3649] are
extended herein to compute complex eigen-functions and shadows and applied to multi-material anisotropic interfaces. The quasidual
function method [M. Costabel, M. Dauge, Z. Yosibash. A quasidual function method for extracting edge stress intensity functions.
SIAM J. Math. Anal. 35(5) (2004) 1177–1202] is also extended for extracting complex ESIFs from finite element solutions.

Numerical examples for 3-D isotropic and anisotropic multi-material interfaces are provided for which the complex eigen-pairs and
shadow functions are numerically computed and ESIFs extracted. These examples show the efficiency and high accuracy of the numerical
approximations.
� 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Elastic solutions for realistic three-dimensional (3-D)
domains in the vicinity of an edge (as a crack front for
example) are of major engineering importance because
these are associated with failure initiation and propagation
in brittle materials. To the best of our knowledge the num-
ber of publications addressing edge singularities in 3-D
anisotropic multi-material interfaces is very limited. These
works do not address the complete elastic solution and are
mainly interested in the first most singular stress intensity
pointwise values. The available numerical methods all
extract pointwise values of SIFs along the 3-D singular
edges, and some employ restrictive assumptions of plane
stress/strain situations. Among works applying plane

strain/stress assumptions we refer to [6,5,7]. In Ref. [6],
the energy release rate is extended to 3-D interface crack
between dissimilar anisotropic materials for the computa-
tion of KI;KII, and KIII. The volume integral, obtained
by extending the 2-D J-integral to 3-D domains, was used
in [5] and straight or penny-shaped cracks are addressed in
[7] by the ‘‘near field’’ integral – in these works bi-material
cracks are considered restricted to only modes I and II
loading.

SIF extraction for anisotropic cracked domains is
reported in [2,8]. Employing the M-integral good pointwise
approximations of SIFs are reported in [2], and in [8] aniso-
tropic penny-shaped cracked configurations are investi-
gated based on both the traditional displacement
boundary element method and the displacement disconti-
nuity method. Transversely isotropic bi-material cracked
domains are investigated in [13] by the dual boundary ele-
ment method. The fundamental solution for the bi-material
solid occupying an infinite region is incorporated into the
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dual boundary integral equations and modes I, II, and III
SIFs are computed by the crack opening displacements
method.

In the vicinity of an edge the 3-D elastic solution may be
represented by a family of eigen-functions (denoted primal
and are the well known eigen-functions in 2-D domains)
with their associated edge stress intensity functions (ESIFs)
which are functions along the edge. At 3-D edges the pri-
mal eigen-functions are complemented by shadow-functions

so the series expansion in the vicinity of an edge is given
by (see [4,12] and details in Section 2):

~u ¼
X
iP1

X
jP0

o
j
3Aiðx3ÞUðaiÞ

j ðr; hÞ;

UðaiÞ
j ðr; hÞ ¼ raiþju

ðaiÞ
j ðhÞ; ð1Þ

where ~u is the displacement vector in cylindrical coordi-
nates, Aiðx3Þ is the edge stress intensity function (ESIF)
associated with the ith eigen-pair, the primal singular func-

tion UðaiÞ
0 ¼ raiu

ðaiÞ
0 ðhÞ being the well known two-dimen-

sional eigen-function, whereas UðaiÞ
j ; j P 1 are the shadow

functions of the primal singular function. In isotropic mate-
rials one may compute analytically the primal eigen-func-
tions and their shadows in (1) to be used in conjunction
with a newly developed quasi-dual function method
(QDFM) [4] for extracting ESIFs from finite element solu-
tions. However, in anisotropic materials and multi-material
interfaces difficulties are encountered due to the possible
existence of complex eigen-pairs on one hand and intracta-
ble analytical derivation on the other hand.

In Ref. [11] a numerical method based on the p-version
of the finite element method (p-FEM) was presented for the
computation of eigen-pairs and shadow functions for
anisotropic domains, used for the extraction of ESIFs.
For specific pathological cases (one of which is the cracked
configuration being of major importance in fracture
mechanics) the numerical methods for computing sha-
dow-functions break down because of conceptual difficul-
ties. These difficulties and the required modifications in
the numerical methods for their resolution are addressed
herein.

Thereafter the numerical method in [11] is extended to
complex eigen-pairs and multi-material interfaces. This
case is of particular interest when considering cracks at
bi-material interfaces, frequently encountered in laminated
composites due to debonding occurring between two aniso-
tropic layers. As a result of the complex eigen-pairs the
edge stress intensity functions (ESIFs) are complex also,
and the efficient and robust QDFM [4,11] is being extended
for extracting complex ESIFs.

We start with a brief description on the series expansion
of the elastic solution in the vicinity of a 3-D edge in Sec-
tion 2. Thereafter the weak formulation for the computa-
tion of eigen-pairs and their shadows (complex or real)
and the discretization by p-FEMs is addressed in Sections
3 and 4. At this point an explanation on the difficulties in
the numerical treatment of the pathological cases is pro-

vided in Section 4.3 and a remedy is proposed. A numerical
example is provided that illustrates the problems and the
remedy. Finally, the quasi-dual function method QDFM
is extended to extract complex ESIFs in Section 5. Numer-
ical examples for multi-material interfaces involving aniso-
tropic materials are provided in Section 6 for which the
complex eigen-pairs and shadow functions are numerically
computed and complex ESIFs extracted. These examples
show the efficiency and high accuracy of the numerical
approximations.

2. Notations and elastic solution in the vicinity of an edge

Consider a domain X in which one straight edge E of
interest is present. For simplicity of presentation let the
domain be generated as the product X ¼ G� I , where I

is the interval [�1,1], and G is a plane bounded sector of
opening x 2 ð0; 2p� (the case of a crack, x ¼ 2p, is
included), as shown in Fig. 1. Of course G may be com-
posed of several materials and any I can be chosen, and
the simplified ones have been chosen for simplicity of
presentation.

The variables in G and I are ðx1; x2Þ and x3, respectively,
and the coordinates ðx1; x2; x3Þ are denoted by x. Let ðr; hÞ
be the cylindrical coordinates centered at the vertex of G so
that G ¼deffðx1; x2Þ 2 R2jh 2 ð0;xÞg. The edge E of interest is
the set fx 2 R3jr ¼ 0; x3 2 Ig. The two flat planes that
intersect at the edge E are denoted by C1 and C2. For future
purposes we also define the cylindrical surface CR as
follows:

CR ¼
deffx 2 R3jr ¼ R; h 2 ð0;xÞ; x3 2 Ig: ð2Þ

Remark 1. Methods are restricted to geometries where
edges are straight lines and the angle x is fixed along x3.

To distinguish between the displacement vector in
Cartesian or Cylindrical coordinates, we denote these by
u ¼ fu1; u2; u3gT and ~u ¼ fur; uh; ux3

gT, respectively and

x1

x3

x2

r

θ

Γ1

Γ2

ω
The  Edge  ε

Fig. 1. Domain of interest X.
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use either of them when convenient. The strains and stres-
ses are denoted by e ¼ fe11; e22; e33; c23; c13; c12g

T
; ~e ¼

ferr; ehh; e33; ch3; cr3; crhg
T and r ¼ fr11; r22; r33; r23; r13;

r12gT, ~r ¼ frrr; rhh; r33; rh3; rr3; rrhgT.
Usually, for a general anisotropic domain Hooke’s law

is given in a Cartesian coordinate system and may be rep-
resented also in a cylindrical coordinate system:

r ¼ ½E�e; or ~r ¼ ½eE�~e; ð3Þ
where [E] (respectively ½eE�) is a symmetric matrix and ½eE�
depends on [E] and h as provided in Appendix A. The Na-
vier–Lamé (N–L) equations for an elastic anisotropic do-
main without body forces in cylindrical coordinates are
[11]:

�eE22

1

r
þ eE15o3 þ eE55ro2

3 þ 2eE56oho3 þ eE66

1

r
o2

h

�
þeE11or þ 2eE15roro3 þ 2eE16oroh þ eE11ro2

r

�
ur

þ eE26

1

r
þ ðeE14 � eE24 � eE56Þo3 þ eE45ro2

3

�
�ðeE22 þ eE66Þ

1

r
oh þ ðeE25 þ eE46Þoho3 þ eE26

1

r
o

2
h � eE26or

þðeE14 þ eE56Þroro3 þ ðeE12 þ eE66Þoroh þ eE16ro2
r

�
uh

þ ðeE13 � eE23Þo3 þ eE35ro2
3 � eE24

1

r
ohðeE36 þ eE45Þoho3

�
þeE46

1

r
o

2
h þ ðeE15 � eE25Þor þ ðeE13 þ eE55Þroro3

þðeE14 þ eE56Þoroh þ eE15ro2
r

�
u3 ¼ 0; ð4Þ

eE26

1

r
þ ðeE24 þ 2eE56Þo3 þ eE45ro2

3 þ ðeE22 þ eE66Þ
1

r
oh

�
þðeE25 þ eE46Þoho3 þ eE26

1

r
o2

h þ ð2eE16 þ eE26Þor

þðeE14 þ eE56Þroro3 þ ðeE12 þ eE66Þoroh þ eE16ro2
r

�
ur

þ �eE66

1

r
þ eE46o3 þ eE44ro2

3 þ 2eE24oho3 þ eE22

1

r
o2

h

�
þ eE66or þ 2eE46roro3 þ 2eE26oroh þ eE66ro2

r

�
uh

þ 2eE36o3 þ eE34ro2
3 þ eE46

1

r
oh þ ðeE23 þ eE44Þoho3

�
þ eE24

1

r
o2

h þ 2eE56or þ ðeE36 þ eE45Þroro3

þðeE25 þ eE46Þoroh þ eE56ro2
r

�
u3 ¼ 0; ð5Þ

ðeE23 þ eE55Þo3 þ eE35ro2
3 þ eE24

1

r
oh þ ðeE36 þ eE45Þoho3

�
þeE46

1

r
o2

h þ ðeE15 þ eE25Þor þ ðeE13 þ eE55Þroro3

þðeE14 þ eE56Þoroh þ eE15ro2
r

�
ur þ ðeE45 � eE36Þo3

�
þeE34ro2

3 � eE46

1

r
oh þ ðeE23 þ eE44Þoho3 þ eE24

1

r
o

2
h

þðeE36 þ eE45Þroro3 þ ðC25þ eE46Þoroh þ eE56ro2
r

�
uh

þ eE35o3 þ eE33ro2
3 þ 2eE34oho3 þ eE44

1

r
o2

h þ eE55or

�
þ 2eE35roro3 þ 2eE45oroh þ eE55ro2

r

�
u3 ¼ 0: ð6Þ

The N–L equations can be split into three operators as
follows:

Lð~uÞ ¼ ½M0ðor; oh; h; eEijÞ�~uþ ½M1ðor; oh; h; eEijÞ�o3~u

þ ½M2ðor; oh; h; eEijÞ�o2
3~u ¼ 0: ð7Þ

2.1. Series expansion of the solutions in the vicinity of E

The splitting (7) allows an expression of the solution ~u as
the series (1) in which the shadow functions are determined
by the following recursive relations (see [4,12]):

½M0�UðaiÞ
0 ¼ 0;

½M0�UðaiÞ
1 þ ½M1�UðaiÞ

0 ¼ 0; ðr; hÞ 2 G;

½M0�UðaiÞ
jþ2 þ ½M1�UðaiÞ

jþ1 þ ½M2�UðaiÞ
j ¼ 0; j P 0

ð8Þ

accompanied by homogeneous boundary conditions (BCs)
on the two surfaces C1 and C2. The PDE system (8) results
in an ODE system for the computation of u

ðaiÞ
j after the

substitution of ½Mi� and UðaiÞ
j ðr; hÞ ¼ raiþju

ðaiÞ
j ðhÞ:

½M0�uðaiÞ
0 ¼ 0;

½M0�uðaiÞ
1 ¼ �½M1�uðaiÞ

0 0 < h < x;

½M0�uðaiÞ
jþ2 ¼ �½M1�uðaiÞ

jþ1 � ½M2�uðaiÞ
j ; j P 0;

ð9Þ

where

½M0�uðaiÞ
c ¼ ð½A1�o2

h þ ððai þ cÞ½A2� þ ½A3�Þoh þ ððai þ cÞ2½A4�
þ ðai þ cÞ½A5� þ ½A6�ÞÞuðaiÞ

c

½M1�uðaiÞ
c ¼ ð½A7�oh þ ððai þ cÞ½A8� þ ½A9�ÞÞuðaiÞ

c

½M2�uðaiÞ
c ¼ ½A10�uðaiÞ

c

ð10Þ

and

½A1� ¼

eE66
eE26

eE46eE26
eE22

eE24eE46
eE24

eE44

0BB@
1CCA;

½A2� ¼
2eE16

eE12 þ eE66
eE14 þ eE56eE12 þ eE66 2eE26
eE25 þ eE46eE14 þ eE56

eE25 þ eE46 2eE45

0BB@
1CCA;

½A3� ¼
0 �eE22 � eE66 �eE24eE22 þ eE66 0 eE46eE24 �eE46 0

0BB@
1CCA;
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½A4� ¼
eE11

eE16
eE15eE16

eE66
eE56eE15

eE56
eE55

0B@
1CA;

½A5� ¼
0 �eE16 � eE26 �eE25eE16 þ eE26 0 eE56eE25 �eE56 0

0B@
1CA;

½A6� ¼
�eE22

eE26 0eE26 �eE66 0

0 0 0

0B@
1CA;

½A7� ¼
2eE56 ðeE25 þ eE46Þ ðeE36 þ eE45Þ

ðeE25 þ eE46Þ 2eE24 ðeE23 þ eE44Þ
ðeE36 þ eE45Þ ðeE23 þ eE44Þ 2eE34

0B@
1CA;

½A8� ¼
2eE15 ðeE14 þ eE56Þ ðeE13 þ eE55Þ

ðeE14 þ eE56Þ 2eE46 ðeE36 þ eE45Þ
ðeE13 þ eE55Þ ðeE36 þ eE45Þ 2eE35

0B@
1CA

½A9� ¼
eE15 ðeE14 � eE24 � eE56Þ ðeE13 � eE23Þ

ðeE24 þ 2eE56Þ eE46 2eE36

ðeE23 þ eE55Þ �ðeE36 � eE45Þ eE35

0B@
1CA;

½A10� ¼
eE55

eE45
eE35eE45

eE44
eE34eE35

eE34
eE33

0B@
1CA: ð11Þ

Notice that c ¼ 0; 1; 2; . . . correspond to u0;u1;u2; . . ..
For any eigen-value ai also ��ai is an eigen-value with an

associated dual function which is the solution of (9)1 [4]:

WðaiÞ
0 ¼ cðaiÞ

0 r��aiw
ðaiÞ
0 ðhÞ; ð12Þ

where cðaiÞ
0 is a real coefficient chosen for normalization

purposes (will be discussed in the following). The shadow

dual functions are obtained from (9)2,3:

WðaiÞ
j ¼ r��aiþjw

ðaiÞ
j ðhÞ; j ¼ 1; 2; . . . ð13Þ

The ODE system (9) is complemented by either homoge-
neous Dirichlet boundary conditions (clamped-BCs) on
C1 and C2, which reads:

u
ðaiÞ
j ðh ¼ 0;xÞ ¼ 0; j ¼ 0; 1; . . . ð14Þ

or traction free BCs:

½T0�u0 ¼ 0

½T0�ujþ1 þ ½T1�uj ¼ 0; j P 0 for h ¼ 0;x; ð15Þ

where

½T0�uðaiÞ
c ¼ ð½B1�oh þ ððai þ cÞ½B2� þ ½B3�ÞÞuðaiÞ

c ;

½T1�uðaiÞ
c ¼ ½B4�uðaiÞ

c ;
ð16Þ

and

½B1� ¼ ½A1�; ½B2� ¼
eE16

eE66
eE56eE12

eE26
eE25eE14

eE46
eE45

0B@
1CA;

½B3� ¼
eE26 �eE66 0eE22 �eE26 0eE24 �eE46 0

0B@
1CA; ½B4� ¼

eE56
eE46

eE36eE25
eE24

eE23eE45
eE44

eE34

0B@
1CA:
ð17Þ

Remark 2. The matrices ½Ai� and ½Bi� are eE dependent. If
material properties are given in a Cartesian coordinate
system, eE is represented in terms of [E] and each
of the matrices is a combination of 9 independent
matrices, multiplying trigonometric functions: ½Ai�þ
½Ai�c1 cosðhÞ þ ½Ai�c2 cosð2hÞ þ ½Ai�c3 cosð3hÞ þ ½Ai�c4 cosð4hÞ
þ½Ai�s1 sinðhÞ þ ½Ai�s2 sinð2hÞþ ½Ai�s3 sinð3hÞ þ ½Ai�s4 sinð4hÞ.
Although in the practical computational scheme we use the
decomposition above, herein we condense our notation by
using ½eE�.
3. Computing eigen-pairs

Any eigen-value a and primal eigen-functions rau
ðaÞ
0 ,

(and dual eigen-functions r�aw
ðaÞ
0 ) are the solution of (9)1

with c ¼ 0, resulting in a quadratic eigen-problem:

½A1�u000 þ ða½A2� þ ½A3�Þu00 þ ða2½A4� þ a½A5� þ ½A6�Þu0 ¼ 0;

h 2 ð0;xÞ: ð18Þ

The above equation is augmented by either homogeneous
Dirichlet BCs, or traction free BCs according to (15)1:

f½B1�u00 þ ða½B2� þ ½B3�Þu0gh¼0;x ¼ 0; Traction free;

fu0gjh¼0;x ¼ 0; Homogeneous Dirichlet:

ð19Þ
Since the eigen-pairs may be complex, we formulate the
sesquilinear form corresponding to (18) on the element le-
vel, followed by an assembly procedure. Multiplying (18)
by a test function �vei then integrating over the 1-D element
(from xi�1 to xi) and integrating by parts the second deriv-
ative term ðuei

0 ¼ u0ðxi�1 6 h 6 xiÞÞ one obtains:

½A1�uei
0
0� �T

�vei

n o
jxi
xi�1
�
Z xi

xi�1

½A1�uei
0
0� �T

�vei 0 dh

þ
Z xi

xi�1

ða½A2� þ ½A3�Þuei
0
0� �T

�vei dh

þ
Z xi

xi�1

ða2½A4� þ a½A5� þ ½A6�Þuei
0

� �T
�vei dh ¼ 0: ð20Þ

After enforcing traction free BCs (19):

½A1�uei
0
0� �T

�vei

n o
jxi
xi�1
¼ ½B1�uei

0
0� �T

�vei

n o
jxi
xi�1

¼ � ða½B2� þ ½B3�Þuei
0

� �T
�vei

n o
jxi
xi�1

;

ð21Þ
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we define the elemental sesquilinear forms:

B0
0ðu

ei
0 ;�v

eiÞ ¼ �
Z xi

xi�1

½A1�uei
0
0� �T

�vei 0 dhþ
Z xi

xi�1

½A3�uei
0
0� �T

�vei dh

þ
Z xi

xi�1

½A6�uei
0

� �T
�vei dh� ½B3�uei

0

� �T
�vei

n o
jxi
xi�1

;

B0
1ðu

ei
0 ;�v

eiÞ ¼
Z xi

xi�1

½A2�uei
0
0� �T

�vei dhþ
Z xi

xi�1

½A5�uei
0

� �T
�vei dh

� f½B2�uei
0 g

T�vei

n o
jxi
xi�1

;

B0
2ðu

ei
0 ;�v

eiÞ ¼
Z xi

xi�1

½A4�uei
0

� �T
�vei dh:

ð22Þ

Finally, assembling all elements, the quadratic sesquilinear
eigen-form for the evaluation of the primal and dual eigen-
pairs is obtained:

Seek a 2 C; 0 6¼ u0 2 H 1ð0;xÞ; s:t: 8v 2 H 1ð0;xÞ
B0

0ðu0;�vÞ þ aB0
1ðu0;�vÞ þ a2B0

2ðu0;�vÞ ¼ 0

ð23Þ

where H 1 is the Sobolev space, B0
0ðu0;�vÞ, B0

1ðu0;�vÞ and
B0

2ðu0;�vÞ are the assembled sesquilinear forms resulting
from B0

0ðu
ei
0 ; v

eiÞ, B0
1ðu

ei
0 ; v

eiÞ and B0
2ðu

ei
0 ; v

eiÞ, respectively.
In the assembly procedure continuity of the displacement
is enforced which insures continuity of traction between
two materials in case of multi-material interfaces. The
two surfaces h ¼ 0;x are therefore under traction free con-
dition. In the case of Dirichlet BCs the Sobolev space H 1 is
replaced by H

�
1 ¼ fvjv 2 H 1; vðh ¼ 0;xÞ ¼ 0g.

3.1. p-FEMs for the solution of the weak eigen-formulation

The eigen-functions are smooth functions, thus the
application of p-FEMs for the solution of (23) should
result in exponential convergence rates. To this end
u0 ¼ u0 v0 w0ð ÞT is expressed in terms of the basis func-
tions NkðnÞ (integrals of Legendre polynomials) in the stan-
dard element:

uei
0 ðnÞ ¼

Xpþ1

k¼1

akN kðnÞ; vei
0 ðnÞ ¼

Xpþ1

k¼1

apþ1þkNkðnÞ;

wei
0 ðnÞ ¼

Xpþ1

k¼1

a2pþ2þkNkðnÞ ð24Þ

or

uei
0

¼
N 1ðnÞ � � �N pþ1ðnÞ 0 � � � 0 0 � � � 0

0 � � � 0 N 1ðnÞ � � �Npþ1ðnÞ 0 � � � 0
0 � � � 0 0 � � � 0 N 1ðnÞ � � �N pþ1ðnÞ

0B@
1CA

�

a1

..

.

a3ðpþ1Þ

0BB@
1CCA ¼def½N �aei

0 : ð25Þ

Similarly �vei ¼def½N �bei
0 , and dh ¼ x

2
dn. Substituting (25) in

(23) one obtains the FE formulation of the weak eigen-
form:

aT
0 ða2½K0

2� þ a½K0
1� þ ½K0

0�Þ ¼ 0; ð26Þ

where ½K0
0�; ½K0

1�; ½K0
2� are the assembled matrices corre-

sponding to ½K0
0�

ei ; ½K0
1�

ei ; ½K0
2�

ei , respectively and
xei ¼ xi � xi�1.

½K0
2�

ei ¼ xei

2

Z 1

�1

½N �T½A4�T½N �dn;

½K0
1�

ei ¼ � ½N �T½B2�T½N �
n o

jxi
xi�1
þ
Z 1

�1

½N 0�T½A2�T½N �dn

þ xei

2

Z 1

�1

½N �T½A5�T½N �dn;

½K0
0�

ei ¼ � ½N �T½B3�T½N �
n o

jxi
xi�1
� 2

xei

Z 1

�1

½N 0�T½A1�T½N 0�dn

þ
Z 1

�1

½N 0�T½A3�T½N �dn

þ xei

2

Z 1

�1

½N �T½A6�T½N �dn:

ð27Þ

a0 is the vector of assembled coefficients of aei
0 . For clamped

BCs ½B2�j0 ¼ ½B2�jx ¼ ½B3�j0 ¼ ½B3�jx ¼ ½0�. The quadratic ei-
gen-problem (26) is solved by a linearization process
according to [1]. Setting d0 ¼ aa0 the ð3pQþ 3Þ�
ð3pQþ 3Þ (Q is the number of elements) quadratic eigen-
problem is transformed into a linear ð6pQþ 6Þ�
ð6pQþ 6Þ ‘‘standard eigen-problem’’:

a0

d0

 !T
0 ½K0

0�

I ½K0
1�

 !
¼ a

a0

d0

 !T
I 0

0 �½K0
2�

 !
: ð28Þ

Because the eigen-pairs may be complex, the complex a and
a0 are denoted by: a ¼ aR þ iaI and a0 ¼ a0R

þ ia0I
.

3.2. The normalization factor c0

The dual eigen-functions w0 are the solutions of (28)
associated with negative eigen-values. The normalization
factor cðaÞ0 is determined so that the primal and dual
eigen-functions satisfy an orthonormal condition (see
[4,12]) under the integration along a circular curve with
the edge being its center:Z x

0

TCRUðaÞ0 �W
ðaÞ
0 �UðaÞ0 � TCRWðaÞ0

n o
Rdh ¼ 1; ð29Þ

where TCR is Neumann trace operator (related to L) on a
circular surface around the edge:
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The operator TCR is split according to TCR ¼ TCR
0 ðor; ohÞþ

TCR
1 ðor; ohÞo3 with:

TCR
0 ðor; ohÞUj ¼ ½T a�

1

r
oh þ ½T b�or þ ð½T c� þ j½T b�Þ

1

r

� �
Uj;

TCR
1 ðor; ohÞUj ¼ ½T d �Uj;

ð31Þ

½T a� ¼
eE16

eE12
eE14eE66

eE26
eE46eE56

eE25
eE45

0B@
1CA; ½T b� ¼

eE11
eE16

eE15eE16
eE66

eE56eE15
eE56

eE55

0B@
1CA;

½T c� ¼
eE12 �eE16 0eE26 �eE66 0eE25 �eE56 0

0B@
1CA; ½T d � ¼

eE15
eE14

eE13eE56
eE46

eE36eE55
eE45

eE35

0B@
1CA:
ð32Þ

Because the eigen-pairs and their duals are independent of
x3 one obtains:

TCRUðaÞ0 ¼ TCR
0 UðaÞ0 ¼ Ra�1 ½T a�u00 þ a½T b�u0 þ ½T c�u0

� �
;

TCRWðaÞ0 ¼ TCR
0 WðaÞ0 ¼ R�a�1 ½T a��w00 � a½T b��w0 þ ½T c��w0

� �
:

ð33Þ

Inserting (12) and (33) in (29), the expression for the nor-
malization factor c0 is obtained:

cðaÞ0

Z x

0

ð½T a�u00 þ a½T b�u0 þ ½T c�u0Þ � �w� u0

��
�ð½T a��w00 � a½T b��w0 þ ½T c��wÞ

�
dh

�
¼ 1: ð34Þ

Substituting c0 ¼ c0R
þ ic0I

; a ¼ aR þ iaI; u0 ¼ u0R
þ iu0I

and �w0 ¼ w0R
� iw0I

into (34) the following system is
obtained:

cðaÞ0R
IR

c0
� cðaÞ0I

II
c0
¼ 1

cðaÞ0R
II

c0
þ cðaÞ0I

IR
c0
¼ 0

(
)

cðaÞ0R
¼ IR

c0

IR2
c0
þII2

c0

cðaÞ0I
¼ �II

c0

IR2
c0
þII2

c0

8>><>>: ; ð35Þ

where

IR
c0
¼
Z x

0

ð½T a�u00R
þ aR½T b�u0R

� aI½T b�u0I
þ ½T c�u0R

Þ � w0R
dh

þ
Z x

0

ð½T a�u00I
þ aR½T b�u0I

þ aI½T b�u0R
þ ½T c�u0I

Þ � w0I
dh

þ
Z x

0

u0R
� ð½T a�w00R

� aR½T b�w0R
þ aI½T b�w0I

þ ½T c�w0R
Þdh

þ
Z x

0

u0I
� ð½T a�w00I

� aR½T b�w0I
� aI½T b�w0R

þ ½T c�w0I
Þdh;

II
c0
¼ �

Z x

0

ð½T a�u00R
þ aR½T b�u0R

� aI½T b�u0I
þ ½T c�u0R

Þ � w0I
dh

þ
Z x

0

ð½T a�u00I
þ aR½T b�u0I

þ aI½T b�u0R
þ ½T c�u0I

Þ � w0R
dh

þ
Z x

0

u0I
� ð½T a�w00R

� aR½T b�w0R
þ aI½T b�w0I

þ ½T c�w0R
Þdh

�
Z x

0

u0R
� ð½T a�w00I

� aR½T b�w0I
� aI½T b�w0R

þ ½T c�w0I
Þdh:

ð36Þ

4. Computing complex primal and dual shadow functions

4.1. The weak form for the computation of primal and dual

shadow functions

The primal and dual shadow functions uc and wc are the
solutions of system (9) u1;w1 are the solutions of (9)2

whereas uc;wc; c P 2 are the solutions of (9)3. wc is com-
puted by replacing ðuðaÞcR

þ iuðaÞcI
Þ and ðaR þ iaIÞ by

ðwðaÞcR
þ iwðaÞcI

Þ and ð�aR þ iaIÞ in the relevant equation of
system (9). Notice that aR þ iaI is known, obtained by
solving the eigen-value problem in the previous section.
The weak formulation for uei

c , on the element level, is
obtained by multiplying the appropriate equation in (9)
by a test function �vei and integrated over xei . Applying inte-
gration by parts on the second derivative term one obtains:

ð½A1�u
e0i
c ÞT�vei

n o
jxi
xi�1
�
Z xi

xi�1

ð½A1�u
e0i
c ÞT�vei 0 dh

þ
Z xi

xi�1

½ððaþ cÞ½A2� þ ½A3�Þu
e0i
c �T�vei dh

þ
Z xi

xi�1

½ððaþ cÞ2½A4� þ ðaþ cÞ½A5� þ ½A6�Þuei
c �

T�vei dh

þ
Z xi

xi�1

ð½A7�u
e0i
c�1Þ

T�vei dhþ
Z xi

xi�1

½ððaþ c� 1Þ½A8�

þ ½A9�Þuei
c�1�

T�vei dh

þ .
Z xi

xi�1

½ð½A10�Þuei
c�2�

T�vei dh ¼ 0; ð37Þ

where

. ¼
0 c ¼ 1;

1 c P 2:

�
ð38Þ

Traction free boundary conditions are applied on each ele-
ment and by using (16) we represent the first term in (37):

T CR~u ¼def
rrr

rrh

rr3

0@ 1A ¼ 1
r
eE12 þ eE15o3 þ 1

r
eE16oh þ eE11or � 1

r
eE16 þ eE14o3 þ 1

r
eE12oh þ eE16or

eE13o3 þ 1
r
eE14oh þ eE15or

1
r
eE26 þ eE56o3 þ 1

r
eE66oh þ eE16or � 1

r
eE66 þ eE46o3 þ 1

r
eE26oh þ eE66or

eE36o3 þ 1
r
eE46oh þ eE56or

1
r
eE25 þ eE55o3 þ 1

r
eE56oh þ eE15or � 1

r
eE56 þ eE45o3 þ 1

r
eE25oh þ eE56or

eE35o3 þ 1
r
eE45oh þ eE55or

0B@
1CA ur

uh

u3

0@ 1A:
ð30Þ
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ð½A1�u
e0i
c ÞT�vei

n o
jxi
xi�1
¼ ð½B1�u

e0i
c ÞT�vei

n o
jxi
xi�1

¼ � ½ððaþ cÞ½B2� þ ½B3�Þuei
c �

T�vei

n o
jxi
xi�1

� ð½B4�uei
c�1Þ

T�vei

n o
jxi
xi�1

:

ð39Þ

The sesquilinear form for the computation of the shadow
function uc is:

Seek uc 2 H 1ð0;xÞ; s:t: Bcðuc;�vÞ ¼Fcð�vÞ;
8�v 2 H 1ð0;xÞ ð40Þ

where Bcðuc;�vÞ and Fcð�vÞ are the assembled forms of
Bcðuei

c ;�v
eiÞ and Fcð�veiÞ:

Bcðuei
c ;�v

eiÞ ¼ �
Z xi

xi�1

ð½A1�u
e0i
c ÞT�vei 0 dhþ

Z xi

xi�1

½ððaþ cÞ½A2�

þ ½A3�Þu
e0i
c �T�vei dh;þ

Z xi

xi�1

½ððaþ cÞ2½A4�

þ ðaþ cÞ½A5� þ ½A6�Þuei
c �

T�vei dh

� ½ððaþ cÞ½B2� þ ½B3�Þuei
c �

T�vei

n o
jxi
xi�1

; ð41Þ

FcðveiÞ ¼ �
Z xi

xi�1

ð½A7�u
e0i
c�1Þ

T�vei dh�
Z xi

xi�1

½ððaþ c� 1Þ½A8�

þ ½A9�Þuei
c�1�

T�vei dh

� .
Z xi

xi�1

½ð½A10�Þuei
c�2�

T�vei dh

þ ð½B4�uei
c�1Þ

T�vei

n o
jxi
xi�1

: ð42Þ

In the assembly procedure continuity of the displacement is
enforced. The two surfaces h ¼ 0;x are therefore under
traction free condition. In the case of Dirichlet boundary
condition Sobolev space H 1 is replaced by
H
�

1 ¼ fvjv 2 H 1; vðh ¼ 0;xÞ ¼ 0g.

4.2. p-FEMs for the solution of (40)

We apply p-FEMs for the solution of (40) similarly to
Section 3.1. To this end uc ¼ uc vc wcð ÞT ¼ ½N �ac and
�v ¼def½N �bc.

The resulting FE formulation is

aT
c ½Kc� ¼ FcT; ð43Þ

where

½Kc�ei ¼ � ½N �Tððaþ cÞ½B2�T þ ½B3�TÞ½N �
n o

jxi
xi�1

� 2

xei

Z 1

�1

½N 0�T½A1�T½N 0�dn

þ
Z 1

�1

½N 0�Tððaþ cÞ½A2�T þ ½A3�TÞ½N �dn

þxei

2

Z 1

�1

½N �Tððaþ cÞ2½A4�T þ ðaþ cÞ½A5�T þ ½A6�TÞ½N �dn;

Fcei ¼ aeiT
c�1½N �

T½B4�T½N �
n o

jxi
xi�1
�
Z 1

�1

aeiT
c�1½N 0�

T½A7�T½N �dn

�xei

2

Z 1

�1

aeiT
c�1½N �

Tððaþ c� 1Þ½A8�T þ ½A9�TÞ½N �dn

� .
xei

2

Z 1

�1

aeiT
c�2½N �

Tð½A10�TÞ½N �dn: ð44Þ

½Kc� are the assembled matrices formed of ½Kc�ei and Fc are
the assembled vectors formed of Fcei . For clamped BCs
½B2�j0 ¼ ½B2�jx ¼ ½B3�j0 ¼ ½B3�jx ¼ ½0�.

Substituting a ¼ aR þ iaI; ac ¼ aR
c þ iaI

c ; ac�1 ¼ aR
c�1þ

iaI
c�1 and ac�2 ¼ aR

c�2 þ iaI
c�2 into (44) we obtain the FE

formulation:

aR
c

aI
c

 !T ½Kc�R ½Kc�I
�½Kc�I ½Kc�R

 !
¼

Fc
R

Fc
I

 !T

; ð45Þ

where

½Kc�ei
R ¼� ½N �

TððaRþ cÞ½B2�T þ ½B3�TÞ½N �
n o

jxi
xi�1

� 2

xei

Z 1

�1

½N 0�T½A1�T½N 0�dn

þ
Z 1

�1

½N 0�TððaR þ cÞ½A2�T þ ½A3�TÞ½N �dn

þxei

2

Z 1

�1

½N �TðððaR þ cÞ2� a2
IÞ½A4�T

þ ðaRþ cÞ½A5�T þ ½A6�TÞ½N �dn;

½Kc�ei
I ¼� ½N �

TðaI½B2�TÞ½N �
n o

jxi
xi�1
þ
Z 1

�1

½N 0�TðaI½A2�TÞ½N �dn

þxei

2

Z 1

�1

½N �Tð2ðaR þ cÞaI½A4�T þ aI½A5�TÞ½N �dn;

Fcei
R ¼ a

ReT
i

c�1 ½N �
T½B4�T½N �

n o
jxi
xi�1
�
Z 1

�1

a
ReT

i
c�1 ½N 0�

T½A7�T½N �dn

�xei

2

Z 1

�1

ððaRþ c� 1ÞaRei
c�1 � aIaIei

c�1Þ
T½N �T½A8�T½N �dn

�xei

2

Z 1

�1

a
ReT

i
c�1 ½N �

T½A9�T½N �dn�x
2

Z 1

�1

a
ReT

i
c�2 ½N �

T½A10�T½N �dn;

Fcei
I ¼ a

IeT
i

c�1½N �
T½B4�T½N �

n o
jxi
xi�1
�
Z 1

�1

a
IeT

i
c�1½N 0�

T½A7�T½N �dn

�xei

2

Z 1

�1

ðaIaRei
c�1þ ðaR þ c� 1ÞaIei

c�1Þ
T½N �T½A8�T½N �dn

�xei

2

Z 1

�1

a
IeT

i
c�1½N �

T½A9�T½N �dn

�xei

2

Z 1

�1

a
IeT

i
c�2½N �

T½A10�T½N �dn;

ð46Þ

½Kc�R; ½Kc�I are the assembled matrices from ½Kc�ei
R and

½Kc�ei
I . Fc

R;F
c
I are the assembled vectors from Fcei

R and Fcei
I .
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4.3. Difficulties in computing shadows and remedies for

several pathological cases

There are several pathological cases, among which one is
of major importance being the cracked case, where the
numerical methods presented fail, and remedies are to be
implemented. These pathological cases occur when
ai ¼ aj � n for n being an integer. For a cracked configura-
tion for example, a1 ¼ a2 ¼ a3 ¼ 1=2; a4 ¼ a5 ¼ a6 ¼ 1;
a7 ¼ a8 ¼ a9 ¼ 3=2, etc. In this case consider for example
the first shadow function associated with a1 ¼ 1=2 – which
has to satisfy the non-homogeneous ODE (9)2:

½M0�uða1Þ
1 ¼ ½A1�o2

h þ
3

2
½A2� þ ½A3�

� �
oh

�
þ 3

2

� �2

½A4� þ
3

2
½A5� þ ½A6�

 !!
u
ða1Þ
1

¼ �½M1�uða1Þ
0 : ð47Þ

Formally, the solution (47) may be obtained by the inverse
of the operator ½M0� applied to the RHS. Practically, when
FE discretization is applied the operator ½M0� results in the
matrix ½K1� that has to be inverted and must not be singu-
lar. This is equivalent to requiring a particular solution
without the homogeneous part of the solution. However,
the LHS of (47) is exactly the ODE for the computation
of u

ða1þ1Þ
0 , only that for u

ða1þ1Þ
0 the ODE is homegeneous:

½M0�uða1þ1Þ
0 ¼ ½A1�o2

hþ
3

2
½A2� þ ½A3�

� �
oh

�
þ 3

2

� �2

½A4� þ
3

2
½A5� þ ½A6�

 !!
u
ða1Þ
1 ¼ 0: ð48Þ

In the continuum case (i.e. theoretically as the number of
degrees of freedom tend to infinity) ½K1� is singular and
may not be inverted. Practically, because the eigen-values
are computed numerically, the larger the eigen-value the
worse is the approximation, so ½K1� is not identically singu-
lar, but ill-conditioned, and as the polynomial degree is in-
creased (resulting in better approximation of eigen-values)
the more ill-conditioned ½K1� becomes. Of course this situ-
ation occurs with any of the dual shadow functions com-
puted numerically.

The remedy to this problem is achieved if one notices
that only a particular solution of (47) is sought, therefore
a constraint can be added that the sought solution is
orthogonal to the homogeneous solution for the operator
½M0�. Practically, in the FE formulation one has to enforce
the additional condition that the scalar product between
a
ða1Þ
1 and �a

ða1þ1Þ
0 , for example, is zero. Or in general, we

add scalar product between aðaiÞ
c and �a

ðajÞ
0 where

aj ¼ ai þ c (if aj exist) to ensure that aðaiÞ
c is not a

ðajÞ
0 ; �a

ðajÞ
0

dependent.
The system (45) for these pathological cases becomes

therefore:

aRðaiÞ
c

aIðaiÞ
c

 !T

|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
ð1�SÞ

½Kc�R ½Kc�I a
RðajÞ
0 �a

IðajÞ
0

�½Kc�I ½Kc�R a
IðajÞ
0 a

RðajÞ
0

 !
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ðS�ðSþ2ÞÞ

¼

Fc
R

Fc
I

0

0

0BBB@
1CCCA

T

|fflfflfflfflffl{zfflfflfflfflffl}
ð1�ðSþ2ÞÞ

;

ð49Þ

where S ¼ 3pQþ 3;Q is the number of elements. Since sys-
tem (49) is now over-determined system of equations, we
use least squares solution to determine aRðaiÞ

c and aIðaiÞ
c .

To demonstrate the pathological case discussed, as an
example, we compute the eigen-pairs and first two shadow
functions of an orthotropic bi-material cracked domain
shown in Fig. 2. Both materials are made of the same
high-modulus graphite-epoxy system with different fiber
orientation. Referring to the principle direction of the
fibers, the material properties are:

EL ¼ 1:38� 105 MPa ET ¼ Ez ¼ 1:45� 104 MPa

GLT ¼GLz ¼GTz ¼ 0:586� 104 MPa; mLT ¼ mLz ¼ mTz ¼ 0:21;

ð50Þ

X1

X2

X3

360˚

Material # 1

Material # 2

Fig. 2. Bi-material cracked domain.
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Fig. 3. Condition number of ½K2� associated with u
ða1;2Þ
2 ; a1;2 ¼ 0:5�

i0:0510612.
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Fig. 5. The functions v2 of u
ða1;2Þ
2 ; a1;2 ¼ 0:5� 0:0510612, computed using 8 elements without (top) and with (bottom) the scalar product condition.
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Fig. 7. The real part of the eigen-functions (left) and dual eigen-functions (right) associated with a1;2 ¼ 0:5� i0:075812, of example A, computed by 4
elements, p ¼ 6.

968 N. Omer, Z. Yosibash / Comput. Methods Appl. Mech. Engrg. 197 (2008) 959–978



Author's personal copy

where the subscripts L; T ; z refer to fiber, transverse and
thickness direction of individual material. The orientation
of fibers of the upper material (Material # 1) is in x1 direc-
tion whereas the orientation at the lower material (Material
# 2) is in x3 direction. The first three eigen-values for this
example problem, computed using 8 elements at p ¼ 15
are:

a1;2 ¼ 0:5� i0:05106124425; a3 ¼ 0:5: ð51Þ

In this example also the eigen-values a ¼ 2:5�
i0:05106124425; ða ¼ a1;2 þ 2) which causes the ½K2� matrix
of u

ða1Þ
2 to be singular. Fig. 3 shows the condition number

of the matrix ½K2� associated with u
ða1Þ
2 , computed using

increasing p-level. It may be noticed that the condition
number of ½K2� increases continuously as p is increased.
The condition number of ½K2� after incorporating the con-
strain of the scalar product remains constant.

The functions u2 and v2 of u
ða1;2Þ
2 computed with and

without the scalar product condition are presented in Figs.
4 and 5, respectively.

It is visible from Figs. 4 and 5, that the functions com-
puted without any additional condition are scattered
whereas the functions computed using the scalar product
condition converge.
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Fig. 8. The image part of the eigen-functions (left) and dual eigen-functions (right) associated with a1;2 ¼ 0:5� i0:075812 of example A, computed by four
elements, p ¼ 6.
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5. Extracting complex edge stress intensity function by the

quasi-dual function method (QDFM)

The QDFM was theoretically introduced in [4], applied
for the extraction of edge stress intensity functions (ESIF)
in isotropic domains using high-order finite elements in [12]
and extended to anisotropic domains in [11]. Herein, it’s
extension to complex ESIFs and multi-material interfaces
is provided. Assume the ESIF Aiðx3Þ is of interest. For its
extraction the quasidual-singular function KðaiÞ

m ½B� is con-
structed where m is a natural integer called the order of
the quasidual function, and Bðx3Þ is a function, provided
in the sequel, called extraction polynomial. KðaiÞ

m ½B� is char-
acterized by the number of dual singular functions m

needed for its construction and the extraction polynomial
B:

KðaiÞ
m ½B� ¼

def
Xm

j¼0

o
j
3Bðx3ÞWðaiÞ

j : ð52Þ

A scalar product of Aiðx3Þ with Bðx3Þ on E can be extracted
with the help of the anti-symmetric boundary integral J ½R�,
over the cylindrical surface CR (2).

J ½R�ð~u;KðaiÞ
m ½B�Þ ¼

def
Z

I

Z x

0

ðTCR ~u � KðaiÞ
m ½B� � ~u

� TCR KðaiÞ
m ½B�Þjr¼RR dhdx3; ð53Þ

where I � E (the edge) along x3 axis (Fig. 1) and TCR is the
radial Neumann trace operator presented in (30). Note that
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Fig. 9. Eigen-functions (left) and dual eigen-functions (right) associated with a3 ¼ 0:5 of example A, computed by four elements, p ¼ 6.
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J ½R� in (53) is unrelated to the classical J-integral [9], but
rather it is an extension of the dual singular function meth-
od [3] to 3-D domains.

With the above definitions we have the following theo-
rem [4]:

Theorem 1. Take Bðx3Þ such that

o
j
3Bðx3Þ ¼ 0 for j ¼ 0; . . . ;m� 1 on oI ð54Þ

then, if the ESIFs Ai in the expansion (1) are smooth

enough:

J ½R�ð~u;KðaiÞ
m ½B�Þ ¼

Z
I

Aiðx3ÞBðx3Þdx3 þ OðRRða1Þ�RðaiÞþmþ1Þ;

as R! 0: ð55Þ

Here Rða1Þ is the smallest of all positive eigen-values ai.
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Fig. 11. Relative error of extracted ESIF. Eigen-functions computed using p ¼ 6 and 4 element model, ESIF computed using BðkÞ with k ¼ 3; 4; 5 and
R ¼ 0:05 for Example A.
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In the case of complex eigen-values Aiðx3Þ ¼
AR

i ðx3Þ þ ıAI
i ðx3Þ and Bðx3Þ ¼ BRðx3Þ þ ıBIðx3Þ. Choosing

m ¼ 2 we have in (55) OðRRða1Þ�RðaiÞþ3Þ. Theorem 1 allows
a precise determination of

R
I Aiðx3ÞBðx3Þdx3 by computing

(55) for two or three R values as R! 0. The extraction
functions Bðx3Þ are based on Jacobi polynomials [12] so
that if Aiðx3Þ is a polynomial of degree N, it is expanded
as a linear combination of Jacobi polynomials. For the
functions Bðx3Þ we chose them to satisfy o

j
3Bðx3Þ ¼ 0 for

j ¼ 0; 1; 2; 3, more than required in (54) (see reasoning in
[12]). The family of extraction polynomials is constructed
by:

BRðkÞðx3Þ ¼ BIðkÞðx3Þ ¼ ð1� x2
3Þ

4 J
ðkÞ
4 ðx3Þ
hk

;

hk ¼
29ðk þ 4Þ!ðk þ 4Þ!
ð2k þ 9Þðk þ 8Þ! ; ð56Þ

where J
ðkÞ
4 ðx3Þ is the Jacobi polynomial of degree k and or-

der 4. If we take an approximation of Aiðx3Þ as a polyno-
mial of Nth order, being a linear combination of Jacobi
polynomials:

Aiðx3Þ ¼ AR
i ðx3Þ þ iAI

i ðx3Þ;
AR

i ðx3Þ ¼ ~aR
0 J

ð0Þ
4 ðx3Þ þ ~aR

1 J
ð1Þ
4 ðx3Þ þ � � � þ ~aR

NJ
ðNÞ
4 ðx3Þ

AI
i ðx3Þ ¼ ~aI

0J
ð0Þ
4 ðx3Þ þ ~aI

1J
ð1Þ
4 ðx3Þ þ � � � þ ~aI

NJ
ðNÞ
4 ðx3Þ

(
ð57Þ

then we can obtain the coefficients ~ai directly by applying
Theorem 1 with the different extraction polynomials:Z 1

�1

Aiðx3ÞBðkÞðx3Þdx3 ¼ JRðkÞ þ iJIðkÞ; k ¼ 0; 1; . . . ;N :

ð58Þ

where

JRðkÞ ¼
Z 1

�1

ðAR
i ðx3ÞBRðkÞðx3Þ � AI

i ðx3ÞBIðkÞðx3ÞÞdx3

JIðkÞ ¼
Z 1

�1

ðAR
i ðx3ÞBIðkÞðx3Þ þ AI

i ðx3ÞBRðkÞðx3ÞÞdx3

ð59Þ

and

~aR
k ¼

JRðkÞ þ JIðkÞ

2
; ~aI

k ¼
�JRðkÞ þ JIðkÞ

2
: ð60Þ

In the view of (55), the J ½R� integral evaluated for the quasi-
dual functions KðaiÞ

m ½BðkÞ�; k ¼ 0; 1; . . . ;N provides approxi-
mations of the coefficients ~ak. Note that the polynomial
degree is the superscript k. Of course, in general Aiðx3Þ is
an unknown function and we only find a projection of it
into spaces of polynomials. It is expected that as we
increase the polynomial space, the approximation is pro-
gressively better.

The increase of the polynomial space in which Aiðx3Þ
is projected is acheived by the computation of (55)
for k ¼ N þ 1. This way: Anewðx3Þ ¼ Apreviousðx3Þþ
~aNþ1JNþ1ðx3Þ.

Because the exact solution ~u is in general unknown one
may use finite element methods and obtain ~uFE instead, to
be used in (53), and the integral being then computed by a
Gaussian quadrature. The quantities ~uFE and TCR ~uFE are
computed numerically from the FE model of the entire
domain FE, whereas K

ðaiÞ
2 ½BðkÞ� and TCR K

ðaiÞ
2 ½BðkÞ� are com-

puted numerically after computing by p-FEMs the dual
and shadow functions wFE

0 ;wFE
1 and wFE

2 in Sections 3 and 4.

x2

5

5

0.4

0.4

2.5

2.5

0.8

0.8

x1

Fiber Orientation 

Fiber Orientation 

X1

X2

X3

X1

X3

X1

X3

Fig. 12. Dimensions of CTS. The thickness of the specimen is 2 ranging from �1 < x3 < 1.

Fig. 13. The p-FEM model of the CTS with a constant loading in x3

direction (the loading at the upper hole is as in the shown lower hole, in
the opposite direction).
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6. Numerical examples

To demonstrate the accuracy of the proposed methods
two example problems are considered herein. The first is
a crack at a bi-material interface between two isotropic
materials for which semi-analytical solutions are known
thus the accuracy of the numerical results can be evaluated.

The second example problem is a crack in a compact test
specimen at an interface of two anisotropic materials.
Although the loading is perpendicular to the crack face,
because of the anisotropy of the materials all three modes
are exited.

6.1. Example A – crack at the interface of two isotropic

materials

Consider a bi-material interface which is composed of
two homogeneous materials (Fig. 2). The two materials
are isotropic, both having Poisson ratio of m ¼ 0:3, the
Young modules of the upper material (material # 1) is
E ¼ 10 and of the lower material (material # 2) is E ¼ 1.
This example was chosen to present the performance of
the method for cases of complex eigen-values. The exact
first three eigen-values for this example problem, as
reported in [10], are:
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Fig. 14. Real part of the eigen-functions (left) and dual eigen-functions (right) associated with a1;2 ¼ 0:5� 0:0510612, computed by 8 elements, p ¼ 15.
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a1;2 ¼ 0:5� i0:07581177769; a3 ¼ 0:5: ð61Þ
The relative error in percentage in the first three eigen-val-
ues computed using 2 and 4 elements is shown in Fig. 6.
For the first complex eigen-value the relative error is split
into real and imaginary parts:

eRa1;2
¼ 100

Rða1;2Þ �RðaFE
1;2Þ

Rða1;2Þ
;

eIa1;2
¼ 100

Iða1;2Þ � IðaFE
1;2Þ

Iða1;2Þ
: ð62Þ

The eigen-functions, duals and shadows associated with the
first three eigen-values are presented in Figs. 7–9 computed
using 4 elements, p ¼ 6.

Obtaining the eigen-pairs and shadows for the first three
eigen-values, we choose the ESIF to be, for example a poly-
nomial of order 2. Thus, the solution is:

~u ¼ A1ðx3Þra1u
ða1Þ
0 ðhÞ þ o3A1ðx3Þra1þ1u

ða1Þ
1 ðhÞ

þ o2
3A1ðx3Þra1þ2u

ða1Þ
2 ðhÞ þ A2ðx3Þra2u

ða2Þ
0 ðhÞ

þ o3A2ðx3Þra2þ1u
ða2Þ
1 ðhÞ þ o2

3A2ðx3Þra2þ2u
ða2Þ
2 ðhÞ

þ A3ðx3Þra3u
ða3Þ
0 ðhÞ þ o3A3ðx3Þra3þ1u

ða3Þ
1 ðhÞ

þ o2
3A3ðx3Þra3þ2u

ða3Þ
2 ðhÞ: ð63Þ

Note that the eigen-pairs and shadows of example A are
obtained numerically and therefore (63) represents an
approximation of the exact solution only.
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Fig. 15. Imaginary part of the eigen-functions (left) and dual eigen-functions (right) associated with a1;2 ¼ 0:5� 0:0510612, computed by 8 elements,
p ¼ 15.
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For example, consider the following exact ESIFs (poly-
nomials of order 3):

AEx
1;2ðx3Þ ¼ ð3þ 4x3 þ 5x2

3Þ � ið2þ 3x3 þ 4x2
3Þ;

AEx
3 ðx3Þ ¼ 5þ 4x3 þ 2x2

3: ð64Þ

If we prescribe on a traction free cracked domain Dirichlet
boundary conditions according to (63) and (64), the exact
solution at each r; h; x3 is as (63). Consider a 3-D domain
as shown in Fig. 1 with x ¼ 2p. The domain is discretized
by using a p-FE mesh, with geometrical progression to-
wards the singular edge with a factor of 0.15, having 4 lay-
ers of elements. In the x3 direction, a uniform discretization
using 5 elements has been adopted. In Fig. 10, we present

the mesh used for the cracked domain and the convergence
rate of the relative error in the energy norm.

We specify on the entire boundary oX Dirichlet bound-
ary conditions according to (63). Therefore the exact solu-
tion at any point x � ðr; h; x3Þ should be (63).

When J ½R� is computed with the quasi-dual function
K
ðaiÞ
2 and BðkÞðx3Þ we expect to obtain, according to (55),

(57) and (60) the coefficients ~aRðaiÞ
k ; ~aIðaiÞ

k for complex
eigen-values or ~aðaiÞ

k for real eigen-values.
The ESIF is then easily represented by a linear combina-

tion of the Jacobi polynomials in (57). We extract the
ESIFs at R ¼ 0:05 by using the numerically computed dual
eigen-pairs and their shadows with KðaiÞ

2 ½BðkÞ�.
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Fig. 16. Eigen-functions (left) and dual eigen-functions (right) associated with a3 ¼ 0:5, computed by 8 elements, p ¼ 15.
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We present the relative error in percentage of the
extracted AR

1;2ðx3Þ;AI
1;2ðx3Þ;A3ðx3Þ of order 3,4,5 in Fig. 11.

Notice that the relative error of the extracted ESIFs is
less than 0.2%. These results indicate that the method is
accurate and efficient, and may be applied to realistic engi-
neering problems for which analytical solutions are
unavailable as addressed in the next subsection.

6.2. Example B – CTS: crack at the interface of two

anisotropic materials

Consider the classical compact tension specimen (CTS)
of a constant thickness 2 ð�1 < x3 < 1Þ, shown in
Fig. 12. The CTS’s faces are traction free and it is loaded
by bearing loads at the tearing holes having an equivalent
force of 100 in the x2 direction as seen in Fig. 13. Although
the loading is independent of x3, because of the vertex sin-
gularities at x3 ¼ �1 we anticipate to see a variation in the
ESIFs as the vertices are approached. The domain is dis-
cretized by using a p-FE mesh with geometrical progression
towards the singular edge with a factor of 0.15 where the
smallest layer in the vicinity of the edge is at r ¼ 0:152. In
x3 direction we also used a mesh graded in a geometrical
progression close to the vertex singularity at x3 ¼ �1.
Smallest layer in the vicinity of the vertex is
�1 < x3 < �1þ 0:152; 1 < x3 < 1� 0:152, see Fig. 13.

The CTS is made of two orthotropic materials as shown
in Fig. 12. Both materials are made of the same high-mod-

ulus graphite-epoxy system (50) with different fiber orienta-
tion. The orientation of fibers of the upper material is along
x1 direction whereas the orientation at the lower material is
along x3 direction.

The first three eigen-values for this example problem,
computed using a 8 elements model and p ¼ 15 are given
in (51). The eigen-functions, duals and shadows associated
with the first three eigen-values are presented in Figs. 14–16
computed by 8 elements, p ¼ 15.

We extract the ESIF A1;A2 and A3 by increasing the
polynomial order of approximation: 3, 5, 7, 9 and 11 at
R ¼ 0:05 (there was no noticeable difference between the
ESIFs extracted at R ¼ 0:05 and at R ¼ 0:1). The extracted
ESIFs are presented in Fig. 17.

One may notice the good convergence of the ESIFs as
the order of the extraction polynomial is increased.
Although the ESIFs are influenced by the vertex singularity
at x3 ¼ �1, as we increase their polynomial order the
extracted ESIF converge closer to the vertices and provide
a better approximation. This example demonstrate the effi-
ciency and accuracy of the ESIF extraction method, and
it’s excellent results also in the close vicinity of the vertices.

7. Summary and conclusions

The series expansion representing the solution to elastic-
ity problems in 3-D polyhedral multi-material anisotropic
domains in the vicinity of an edge is addressed. The
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Fig. 17. ESIF extracted using BðkÞ with k ¼ 3; 5; 7; 9; 11 for the CTS problem.
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weak-forms for the computation of eigen-functions com-
plemented by shadow-functions and their associated edge
stress intensity functions (ESIFs), which are functions
along the edge, presented in [11] are refined and extended
herein. In the case of anisotropic multi-material interfaces,
analytic methods for the computation of eigen-pairs and
shadows is impractical. Therefore the p-version of the finite
element method is used for their computation. The numer-
ical schemes are extended so to address complex eigen-
functions and shadows and applied to multi-material
anisotropic interfaces. The quasidual function method [4]
is also extended for extracting complex ESIFs from finite
element solutions.

We illustrate herein some pathological cases, among
them the important crack configuration, for which the
computation of the shadow-functions by numerical meth-
ods may fail. A heuristic remedy is proposed to alleviate
the problem, shown to result in excellent approximations
for the shadow-functions in several numerical examples.
A rigorous mathematical analysis of these pathological
cases is underway and will be reported in a future
publications.

Two numerical examples for 3-D isotropic and aniso-
tropic multi-material interfaces are provided for which
the complex eigen-pairs and shadow functions are numeri-
cally computed and ESIFs extracted. The first example
problem is tailored so to demonstrate the accuracy of the
presented methods, and the functional representation of
the complex ESIF. The second example problem is a typi-
cal problem in composite materials of a crack at the inter-
face of two anisotropic materials. The complex ESIFs are
computed, and the method shows excellent performance
also close to the vertex singularities.

The application of p-FEMs for the computation of the
dual shadow functions in conjunction with the quasi-dual
functions method for the extraction of the edge stress inten-
sity functions have been shown to provide a very accurate
functional representation of ESIFs in any 3-D domain made
of isotropic or anisotropic elastic material, provided the
edges of interest are straight.
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Appendix A. The anisotropic material matrix in Cartesian

and cylindrical coordinate systems

The material matrix [E] (respectively ½eE�) is a symmetric
matrix

½E� ¼

E11 E12 E13 E14 E15 E16

E22 E23 E24 E25 E26

E33 E34 E35 E36

E44 E45 E46

E55 E56

E66

0BBBBBBBB@

1CCCCCCCCA
; ð65Þ

where Eij are the material properties expressed in a Carte-
sian system. The material matrix ½eE� is associated with [E]
via trigonometric relations:

eE11 ¼
1

8
ð3E11 þ 2E12 þ 3E22 þ 4E66

þ 4ðE11 � E22Þ cosð2hÞ þ ðE11 � 2E12 þ E22 � 4E66Þ
� cosð4hÞE26Þ sinð2hÞ þ 4ðE16 � E26Þ sinð4hÞ;

eE12 ¼
1

8
ðE11 þ 6E12 þ E22 � 4E66

� ðE11 � 2E12 þ E22 � 4E66Þ cosð4hÞ
þ 4ð�E16 þ E26Þ sinð4hÞÞ;

eE13 ¼
1

2
ðE13 þ E23 þ ðE13 � E23Þ cosð2hÞ þ 2E36 sinð2hÞÞ;

eE14 ¼
1

4
ðð3E14 þ E24 � 2E56Þ cosðhÞ þ ðE14 � E24 þ 2E56Þ

� cosð3hÞ � 2ðE15 þ E25 � 2E46 þ ðE15 � E25 � 2E46Þ
� cosð2hÞÞ sinðhÞÞ;

eE15 ¼
1

4
ðð3E15 þ E25 þ 2E46Þ

� cosðhÞ þ ðE15 � E25 � 2E46Þ
� cosð3hÞ þ 2ðE14 þ E24 þ 2E56 þ ðE14 � E24 þ 2E56Þ
� cosð2hÞÞ sinðhÞÞ;

eE16 ¼
1

8
ð4ðE16 þ E26Þ cosð2hÞ þ 4ðE16 � E26Þ cosð4hÞ

� 2ðE11 � E22 þ ðE11 � 2E12 þ E22 � 4E66Þ cosð2hÞÞ
� sinð2hÞÞ;

eE22 ¼
1

8
ð3E11 þ 2E12 þ 3E22 þ 4E66

þ 4ð�E11 þ E22Þ cosð2hÞ þ ðE11 � 2E12 þ E22 � 4E66Þ
� cosð4hÞ � 8ðE16 þ E26Þ sinð2hÞ þ 4ðE16 � E26Þ sinð4hÞÞ;

eE23 ¼
1

2
ðE13 þ E23 þ ð�E13 þ E23Þ cosð2hÞ � 2E36 sinð2hÞÞ;

eE24 ¼
1

4
ððE14 þ 3E24 þ 2E56Þ cosðhÞ

þ ð�E14 þ E24 � 2E56Þ cosð3hÞ � ð3E15 þ E25 þ 2E46Þ
� sinðhÞ þ ðE15 � E25 � 2E46Þ sinð3hÞÞ;

eE25 ¼
1

4
ððE15 þ 3E25 � 2E46Þ cosðhÞ

þ ð�E15 þ E25 þ 2E46Þ cosð3hÞ þ ð3E14 þ E24 � 2E56Þ
� sinðhÞ þ ð�E14 þ E24 � 2E56Þ sinð3hÞÞ;

eE26 ¼
1

8
ð4ðE16 þ E26Þ cosð2hÞ þ 4ð�E16 þ E26Þ cosð4hÞ

þ 2ð�E11 þ E22Þ sinð2hÞ
þ ðE11 � 2E12 þ E22 � 4E66Þ sinð4hÞÞ
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eE33 ¼ E33;eE34 ¼ E34 cosðhÞ � E35 sinðhÞ;eE35 ¼ E35 cosðhÞ þ E34 sinðhÞ;eE36 ¼ E36 cosð2hÞ þ ð�E13 þ E23Þ cosðhÞ sinðhÞ;

eE44 ¼
1

2
ðE44 þ E55 þ ðE44 � E55Þ cosð2hÞ � 2E45 sinð2hÞÞ;eE45 ¼ E45 cosð2hÞ þ ðE44 � E55Þ cosðhÞ sinðhÞ;

eE46 ¼
1

2
ð2 cosð2hÞðE46 cosðhÞ � E56 sinðhÞÞ

þ ðð�E14 þ E24Þ cosðhÞ þ ðE15 � E25Þ sinðhÞÞ sinð2hÞÞ;eE55 ¼ E55 cosðhÞ2 þ E44 sinðhÞ2 þ E45 sinð2hÞ;eE56 ¼ sinðhÞðE46 cosð2hÞ þ ð�E14 þ E24Þ cosðhÞ sinðhÞÞ
þ cosðhÞðE56 cosð2hÞ þ ð�E15 þ E25Þ cosðhÞ sinðhÞÞ;

eE66 ¼
1

8
ðE11 � 2E12 þ E22 þ 4E66

� ðE11 � 2E12 þ E22 � 4E66Þ cosð4hÞ
þ 4ð�E16 þ E26Þ sinð4hÞÞ: ð66Þ
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