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Abstract

We consider dynamic competition with network externalities and vertical differentia-
tion. A platform that dominated the market in the previous period becomes “focal”
in the current period, in that agents play the equilibrium in which they adopt the
focal platform whenever it exists. In the finite-horizon case, the unique equilibrium is
efficient for “patient” platforms; with an infinite time horizon, however, there are mul-
tiple equilibria where either platform dominates. If qualities are stochastic, the better
average quality platform wins with higher frequency, even when its realized quality is

lower. Social welfare may decline as platforms become more forward looking.

JEL Classification : L1
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1 Introduction

Platform competition typically involves both network effects and repeated interaction. We
often observe that a platform that was dominant in the recent past has the advantage of
customers’ favorable expectations, meaning that customers expect that this platform will
also attract other customers in the current period. We shall refer to such a platform as a
focal platform. For example, Apple’s success with the iPhone 4 resulted in pre-orders for its
iPhone 5 exceeding 2 million within a day of its launch in September 2012 — even though
there were not yet any applications that could take advantage of the phone’s new features.
Moreover, analysts predicted that 50 million users would buy the new smartphone within
three months of its launch.! A similar dynamics was in evidence for the iPhone 6’s release,
as sales topped 4 million in the first 24 hours.? In contrast, neither Blackberry nor Windows
phones enjoyed a comparable advantage during this period. Even though the new Blackberry
phones — the Q10 and the Z10 — received glowing reviews, the absence of positive expec-
tations made it difficult for the firm to gain substantial market share: application developers

were skeptical about the phone’s ability to attract users; sales were indeed sluggish, which

'Ryan Faughnder and Adam Satariano, “Apple iPhone 5 Pre-Orders Top 2 Million, Doubling Record”,
Bloomberg (2012). Available at: (http://www.bloomberg.com/news/2012-09- 17/apple-iphone-5-pre-orders-
top-2-million-double-prior-record-1-.html).

Zhttp:/ /www.cnet.com/news/apple-iphone-6-iphone-6-plus-preorders-top-4m-in-first-24-hours



was due in no small part to the paucity of available apps.> We can ascribe the developer’
skepticism and the resulting lack of apps to the Blackberry platform’s recent history.

Yet even dominant platforms can lose market share, despite winning in the past, when
faced with a higher-quality competitor. In the market for smartphones, for instance, Nokia
dominated the early stage (along with RIM) with smartphones based on a physical keyboard.
Apple then revolutionized the industry by betting on its new operating system, which fea-
tured touch-screen technology. A few years later, Samsung managed to gain substantial
market share (though not market dominance) by betting on smartphones with large screens.
The supplanting of industry leaders was likewise a common theme in the market for video-
game consoles. Nintendo, Sony, and Microsoft alternated as the market leader (Hagiu and
Halaburda 2009). Thus platforms are sometimes able to overcome the market’s unfavorable
expectations. In this paper we explore when is it profitable for a platform facing unfavorable
position to invest in capturing the market, and when it is profitable for a platform facing
a favora ble position to invest in retaining the market, if each firm knows that its current
strategy may affect its future position.

If the impact on the future is ignored, then it may not be profitable for the nonfocal
platform to overcome unfavorable expectations even if it can offer higher quality than the
focal platform. The reason is that network effects provide the focal platform with a short-
term competitive advantage: in a one-time interaction, a focal platform can use its position
to dominate the market even when competing against a higher-quality platform. Yet we
can expect that, in the long run, if platforms are forward looking then a high-quality but
presently nonfocal platform can overcome its expectations disadvantage because it can afford
short-term losses in order to become focal in the future. At the same time, a low-quality
forward looking focal platform also has an incentive to invest in maintaining its dominant
market position. So even though the nonfocal platform has a quality advantage, the focal
platform has an expectations advantage.

In this paper, we ask whether a low-quality platform currently benefiting from its focal
position can continue to dominate the market in a dynamic setting — that is, when platforms
account for the future benefits of capturing the market today. For example, would Apple
continue to dominate the market for tablets if competitors (Samsung’s Tab, Microsoft’s
Surface, etc.) offered tablets of higher base quality? Is it possible for a video-game console

to maintain market leadership when facing higher-quality competitors? More specifically,

30n the quality and launch of the Blackberry phones, see Austen (2012) and Bunton (2013).



we are interested in whether the higher-quality platform’s likelihood of winning increases
with the importance attached by firms to the future. The winning platform’s identity affects
not only the firms involved but also social welfare, which is higher when the better platform
wins.

To investigate this research question, we analyze a model of dynamic competition between
two platforms. In each period, one of the platforms wins by capturing all of the market. So
as to focus on the model’s dynamic aspects, we assume that customers are homogeneous.?
Consumers base their current-period behavior on their observation of past outcomes; thus
the platform that won the market in the previous period becomes focal in the current period.
It follows that capturing the market in one period gives the platform an advantage in future
periods. Hence a nonfocal platform may be willing to sacrifice current profits to gain a better
future market position.

We start with the case where each platform’s stand-alone quality is constant for all periods
and where the time horizon is finite. We show that, when platforms do not care about future
profits, the low-quality focal platform maintains its position despite the nonfocal platform’s
higher quality — provided the quality gap is not too great. But when the future is important
for the platforms or the quality gap is sufficiently large, the higher-quality platform wins the
market at the start of the game and maintains its leadership. This outcome follows because a
high-quality platform can earn higher profits than the low-quality one as the focal platform
in the last period. So as compared with the low-quality platform, the high-quality platform
has a larger incentive to fight for focality in the game’s early stages.

We then consider the infinite-horizon case. We find that, when platforms care moderately
about the future, there is a unique equilibrium in which a high-quality platform wins the
market. But when the platforms care a lot about the future, the result is an increase both
in the focal platform’s incentive to maintain its position and in the nonfocal platform’s
incentive to win the focal position. This gives rise to multiple Markov equilibria. In one
Markov equilibrium, the high-quality platform wins the focal position in the first period and
then maintains it indefinitely — even if it begins as a nonfocal platform; however, there are
equilibria in which the focal platform can maintain its leadership indefinitely even if it is
of low quality. Thus an infinite horizon yields a new form of market failure, leading to an
outcome where one platform aggressively builds market share under all circumstances (i.e.,

both on and off the equilibrium path) and succeeds in doing so because the other platform

4The consequences of this assumption are addressed in Section 7.



restrains from sacrificing current profit.

In terms of social welfare, these results indicate that when firms’ patience increases from
low to moderate, the social welfare increases. This outcome reflects the market’s movement
from the equilibrium in which the low-quality platform wins to the equilibrium in which the
high-quality one overcomes its nonfocal position and thereafter maintains its newly acquired
focal position indefinitely. However, as firms’ patience increases further, the effects on welfare
are ambiguous owing to the existence of multiple equilibria.

These results are a unique consequence of network effects. In an alternative model where
instead of network effects buyers face switching costs, the market failure that our paper
identifies vanishes. Under switching costs, when players sufficiently care about future payoffs,
there is a unique equilibrium in which the best platform wins. Intuitively, in the absence of
network effects, a buyer’s decision to switch from one platform to the other is not affected
by the buyer’s beliefs concerning the decisions of other buyers. This result highlights the
qualitative difference between network effects and switching costs as well as the important
role that beliefs play in markets with competing platforms.?

When qualities are constant, our model finds that the same platform dominates the
market in all periods. Yet there are some cases in which platforms “take turns” at being
the dominant platform, as with the Sony, Nintendo, and Microsoft video-game consoles
mentioned previously. We therefore study how focality and the importance of the future
affect changes in market leadership and market efficiency.

To study this question, we consider the case where the quality of each platform changes
stochastically every period — a setup that is consistent with the continuous technology
improvements seen in the markets for such products as video-game consoles and smartphones.
In this setting it is possible for a low-quality platform to itself become a higher-quality one.
Even so, we will assume that one of the platforms is of higher quality in average.

Unlike the case of fixed quality, in this stochastic scenario there is a unique Markov
equilibrium. It is possible for either platform to win the market in any period if its quality in
that period is sufficiently high. Still, the more platforms care about the future, the more likely
it is that the platform with better average quality wins the market, even when its quality
realization is lower. In some cases it is also possible for a focal platform to lose its market
dominance even if its quality realization is higher than that of the nonfocal competitor. Thus

social welfare may decline with increases in platforms’ concern for the future.

For an extensive discussion of switching costs, see Farell and Klemperer (2007).



The intuition behind this result is as follows. The platform with a higher quality on aver-
age is more likely capable of defending its focal position. Therefore, as future considerations
become more important to platforms, this firm has more incentive to compete aggressively
in order to capture a focal position even if its current realized quality is low. At the same
time, the platform expecting a lower future quality on average has less incentive to win the
market even if its current quality is high. This result indicates that the changes in market
leadership, following technological improvements, which we observe in several markets for
platforms (e.g., video-game consoles, smartphones), may not necessarily result in outcome

in which the platform with higher quality wins.

Related Literature

Our paper’s main conclusion is that even long-term considerations may not lead to an out-
come in which the best platform wins. For example, there is disagreement in the economics
literature as to whether the presence of network effects leads to long-term market ineffi-
ciency. David (1985) argues that the QWERTY keyboard’s prevalence is an example of
long-term inefficiency due to network effects; that claim is based on evidence that the Dvo-
rak keyboard enables faster typing and requires less training. Liebowitz and Margolis (1990)
criticize David’s argument by claiming, on the basis of a case study, that the success of QW-
ERTY is due not to network effects but rather to its superior quality vis-a-vis Dvorak. In an
experiment, Hossain and Morgan (2009) find that the more efficient platform always wins
over time, which would seem to support the claim of Liebowitz and Margolis. Our paper
contributes to this debate by demonstrating that, when platforms strategically set prices to
compete for users, both efficient and inefficient equilibria are possible in the long term.
Most theoretical analyses of platform competition focus on static games. Caillaud and
Jullien (2001, 2003) introduce the notion of favorable beliefs — with respect to networks
in the context of two-sided markets — as a tool that can be used to characterize the full
equilibrium set for competition between undifferentiated platforms. This concept was used
in subsequent research on two-sided markets (see Hagiu 2006; Jullien 2011; Halaburda and
Yehezkel 2013) as a way of modelling market leadership when one platform benefits from
favourable expectations; it has also been used in the literature on telecommunications to
model consumer inertia (Lopez and Rey 2016). Though all of these papers acknowledge the

dynamic nature of platform competition, their aim is to approximate market characteristics



using static models. Halaburda and Yehezkel (forthcoming) extend this concept to partial
beliefs advantage and explore how platform’s pricing strategies affect their future profits;
th e article employs a simple multi-period setup in which the extent of beliefs advantage
depends on the market’s history.

There has been some work addressing dynamic price competition between networks, but
so far as we know our paper is the first to address the dynamics of consumer expecta-
tions. One strand of the literature assumes that consumers’ decisions are based on current
market shares (e.g., Doganoglu 2003; Mitchell and Skrzypacz 2006; Markovich 2008); the
other strand assumes that consumers are forward looking (e.g., Fudenberg and Tirole 2000;
Laussel and Resende 2007; Cabral 2011). In all these papers, the competition is dynamic
because switching costs render participation decisions irreversible to some extent. Our paper
abstracts from switching costs in order to focus on the dynamics of consumer expectations.
Consequently, consumers in our model need not form beliefs about the market’s future. The
real-life examples that we cite (i.e., the markets for smartphones and video games) may
include both network externalities and switching costs (stemming, for example, from the
adjustments required after adoption of a new operating system). However, we share with
those other models the dynamic-game feature of firms competing aggressively to build their
market share in the current period so as to gain a long-term advantage.b

In a contemporaneous work, Crémer and Biglaiser (2016) propose an alternative equi-
librium concept capturing the reluctance of consumers to migrate from one platform to
another. Their concept, as well as ours, induces consumer inertia. They show that consumer
heterogeneity may lead to inefficient market fragmentation with free entry of equally efficient
platforms. We focus on consumers’ beliefs and identify conditions for an inefficient platform
to dominate the market under duopoly competition.

Argenziano and Gilboa (2012) consider a repeated coordination game where players use
the game’s history to form beliefs regarding the behavior of other players. Our paper adopts
that approach in the context of platform competition, as we study how platforms should
compete given such belief formation by consumers. But we add the feature that each platform
can alter beliefs by capturing the market and thereby shifting the coordination of consumers
in its favor.

The rest of the paper is organized as follows. After describing the model in Section 2, in

SFor an analysis of such strategies in games involving dynamic competition, see Besanko, Doraszelski,
and Kryukov (2014).



Section 3 we consider the benchmark case of a dynamic game with finite horizon. Section 4
characterizes Markov equilibria under an infinite time horizon, and Section 6 considers the
case where platform qualities change stochastically over time. We conclude in Section 7 by

summarizing our results and touching on some related considerations.

2 The Model

Consider a homogeneous consumer population of size 1 and two competing platforms, ¢ =

" There are T periods, t = 1,2,...,T, where

A, B, with the same cost (normalized to 0).
T may be finite or infinite. Each platform ¢ offers to the customers a stand-alone value,
¢ > 0, which we refer to as quality.® Additionally, consumers, benefit from network effects.
A consumer’s utility from adopting platform 7 is ¢; + fn; — p;; here n; is a measure of the
other consumers who have adopted 7, 3 denotes the strength of network effects, and p; is the
price of platform i.”

Every period, each platform i sets a price p;(t), and then consumers decide which platform
to adopt for the current period. In what follows, a negative price is interpreted as one below
cost.!® The two platforms operate for T periods and discount future profits by J§, where
0 < 6 < 1. There are no switching costs, so consumers’ current payoff is not directly affected
by past or future periods. Path dependency will arise solely from belief formation.

Competition in an environment with network effects often results in multiple equilibria,
and it is also the case here. Consider the allocation of consumers that emerges for given

prices. If ¢; — pi(t) > ¢; — p;(t) + B, then all consumers adopt platform i. Yet if

lga —aB +ps(t) — pat)| < B (1)

then there are two possible allocations: either all consumers adopt A or all adopt B. This
multiplicity makes it difficult to discuss dynamic competition in environments with network
effects, and several solutions have been proposed to address the issue. We rely on the notion

of pessimistic beliefs and a focal platform, as developed in Caillaud and Jullien (2003), Hagiu

"In Section 7 we discuss how our results are affected when agents are instead heterogeneous.

8We consider the case where the g; are fixed over time (Sections 3 and 4) and also the case where qualities
change from one period to the next (Section 6).

9Because consumers are homogeneous, they will all adopt the same platform in an equilibrium.

10To allow for the possibility of negative prices, we must assume that agents who collect the resulting

subsidy do indeed adopt the platform to the benefit of other users.



(2006), and Jullien (2011). Thus we say that platform ¢ is focal if, under condition (1), a
consumer adopts platform 7. We assume that, during any period, there is a focal platform.

In a dynamic model with ¢ = 1,...,T, the identity of the focal platform in ¢ > 1 may
be related to the market’s history. In this paper we explore how allowing for such historical
dependency affects the market’s future outcomes. To simplify matters, we focus on one-period
dynamics.

During each period t, the market outcome is expressed by a pair (wy, f;), where w; €
{A, B} is the identity of the active platform — i.e., the platform that wins the market
in t"" — and f; € {A, B} is the identity of the focal platform in ¢. Note that it is possible
for the nonfocal platform to win the market. Based on their observation of past outcomes,
consumers form conjectures about the platform most likely to win in the current period.
These conjectures are assumed to converge to a single focal platform. In ¢t = 0, one of the
platforms is arbitrarily set as the focal platform, which we call platform A. The identity of
the focal platform f; is always common knowledge and is the only payoff-relevant variable.
The dynamics of platform focality is then expressed by transition probabilities: Pr(f; =
i | w1, fi_1). We consider a deterministic rule whereby the last period’s market winner
becomes focal; thus, Pr(f; = wy_; | w1, f—1) = 1.

As a benchmark case for our analysis, consider a static one-period game in this environ-
ment. Network externalities may create market inefficiencies in the equilibrium of a static
game. Although A is the focal platform, it can be of higher or lower quality than plat-
form B. When g4 — gg + 8 > 0, in equilibrium the two platforms set their respective prices
as pa = qa —qp+ P and pg = 0, and all customers adopt A. If g4 —gp+ 8 < 0 then A would
derive negative profits from such a pricing strategy, so that strategy is not an equilibrium
strategy. In this case, the platforms set py = 0 and pgp = qg — g4 — [ > 0 in equilibrium,
and all customers adopt platform B.

Thus, if g4 < g yet g4 > qg — 3, then platform A wins despite offering lower quality.
It wins because it happens to be focal. This effect is called excess inertia, and it leads to
inefficient outcomes in equilibrium.

When there are multiple periods, a nonfocal platform may find it worthwhile to win the
market by setting negative price in an earlier period. Doing so would yield the platform a

negative current profit, but if the focal position is thereby captured then those losses could

1Tn this model there cannot be market sharing in equilibrium: at each date, a single platform attracts

the whole population.



be recovered in future periods. Of course, if the market is static then no platform finds it
optimal to win the market at negative prices because there is no way to recover the resulting
losses. If follows that, in a static market, the focal platform has the upper hand even when
it is of lower quality.

In a dynamic market, one could suppose that a higher-quality nonfocal platform is ad-
vantaged; after all, should it become focal, its higher quality yields greater profit than can be
generated by a lower-quality platform. Hence the higher-quality platform has more incentive
to invest in capturing the market than the lower-quality platform has to invest in defending
its position. The focal platform anticipates this and strives to prevent the nonfocal platform

from capturing the market.

3 Dynamic game with finite horizon

In this section we consider the case of a finite time horizon and show that there exists a
unique subgame perfect Nash equilibrium. In this equilibrium, a high-quality but nonfocal
platform wins the market in the first period and maintains its acquired focal position in
all subsequent periods — provided that platforms care sufficiently about the future (i.e., §
is high and the time horizon is long) or that the quality gap between platforms A and B
is sufficiently large. Otherwise, a low-quality platform that is focal in the first period will
maintain that position thereafter.

Suppose that the time horizon is T > 2. We define the price p! (¢) and the value function
Vif (t) as the equilibrium price and the expected future discounted profit, respectively, of
platform ¢ in period ¢ when platform f is focal during that period. Our analysis will focus
on the interesting case, where network effects are sufficiently large with respect to the quality
gap, > |¢;—q;|, so that the focal platform wins a one-period game even with a lower quality
than the nonfocal platform. Lemma 1 and Proposition 1 below describe a general solution
for all values of 3, g4, and gg. We focus on subgame perfect equilibria and solve the game
by backward induction.

Consider the last period, ¢t = T. Since in this period there is no future, the subgame
equilibrium is identical to the one-period benchmark described in Section 2. When platform 4
is focal, it wins the market regardless of the quality gap; in this case, i earns V;'(T') = ¢;—q;+0
while the nonfocal platform j earns ‘/;Z(T ) = 0. Observe that the focal platform’s last-period
profits are greater when it is the higher-quality platform; formally, V;/(T) > V}-j (T') when

(2
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qi > qj-

Continuing with our backward induction, we next turn to the period immediately before
the last one, t = T — 1. To facilitate notation, suppose that A is the focal platform in this
period. Each platform takes into account that capturing the market in this period will render
it focal in the next period and earn it an additional profit of V;(T'). An individual buyer,
however, cannot affect the identity of the focal platform, as it depends on the buyer’s beliefs
concerning the behavior of other consumers.

Consider first a subgame equilibrium in which A wins the market. The lowest price that
the losing platform B is willing to charge at time T — 1 is pg(T — 1) = —0VZ(T). In order
to convince buyers to join it, platform A must charge a price such that g4 + 3 —p4(T —1) =
qs —pa(T —1). Notice that the buyer’s expected payoff at time T does not affect the buyer’s
decision at time T'— 1, because future payoffs depend only on future network effects, i.e., on
the buyer’s beliefs concerning the decisions of other buyers and therefore do not depend on
the buyer’s choice of platform A or B. As we show in Section 5, the buyer’s choice of the
platform affects his future payoffs when we replace network effects with switching costs.

Setting p4(T — 1) = qa + 8 — qp + p3(T — 1) is the best reply of platform A only if the
profit p4(T — 1) + §V (T is nonnegative. We thus have the condition

g2 —qp + B—VE(T) + 6V(T) > 0. (2)

The same analysis applies to a subgame equilibrium in which the nonfocal platform B
wins in period T—1. In this equilibrium, the losing platform A charges a price pt = —6V;{(T)
and the winning platform B must earn a positive profit at the best-reply winning price. So

now we have the following condition:
4B — qa — B+ VE(T) — sV NT) > 0. (3)

Comparing conditions (2) and (3) reveals that, in 7' — 1, exactly one of those subgame
equilibria exists for any set of parameters (except for the degenerate case where profit is
zero for both platforms). In this unique equilibrium, a focal platform A wins, with positive

profit, in T"— 1 if

—qa < ) 4
A Y (4)
We can apply the same analysis to the case where platform B is focal simply by trans-
posing g4 and ¢g. Hence we conclude that the equilibrium is unique in period 7"— 1 and has

the following characteristics.
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(i) If the quality differential is small (i.e., less than 5/(1 + 29)), then the focal platform
wins the market. In this case, the value of the focal platform (we can suppose for

convenience that the focal platform is A) can be written as
Vi(T —1) = (1 +20)(ga — q5) + B = Vi(T) +26(¢a — g), (5)

which is lower than the period T' corresponding value if and only if platform A is of

lower quality than platform B.

(7) If the quality differential lies between 3/(1+20) and g, then the higher-quality platform

wins the market.

Thus a nonfocal platform B can win the market in 7" — 1 even when it could not in
the one-period case (or, equivalently, in the final period of a dynamic game). The intuition
for this result is that, since platforms care about the future and since B earns more profit
(than A) from being focal in the last period, it follows that platform B’s incentive to capture
the focal position at T'— 1 could well be stronger than platform A’s incentive to maintain its
focal position. In particular, if ¢ is high enough and if the quality gap (¢ —qa) is sufficiently
large, then a high-quality but nonfocal platform can win the market in 7'— 1 and maintain its
focal position in period T'. In such cases, forward-looking platforms eliminate the inefficiency
that might otherwise emerge because of the consumer coordination problem.

If T > 2, then there are periods before T'— 1 — namely, t = 1,...,T — 2. Suppose that
platform A is focal in T'— 2 but that platform B is of sufficient quality to win in period T'—1
despite not being focal (i.e., condition (4) does not hold). Then, in any subgame equilibrium
in T'— 2, platform A sets a nonnegative price. This is because, when condition (4) does not
hold, platform A would lose the market in T — 1 even if it had won in 7" — 2 and was still
focal in T' — 1; formally, V(T — 1) = VE(T — 1) = 0. We can easily verify that the value
function for platform B is such that, in period 7' — 1, the benefit VZ(T — 1) — V(T — 1) is
greater than the last period’s benefit VZ(T'). As a consequence, platform B wins the market
in period T' — 2 even though it is not focal. By a similar logic, platform A loses the market
and sets price 0 for all periods before T'— 2. So when condition (4) does not hold, there is
no subgame equilibrium in ¢ < T where platform A wins the market.

If condition (4) does hold and if a symmetric condition holds for platform B, then plat-
form A wins or loses the market in 7" — 2 according to whether it is focal or not. In this

case we can replicate the reasoning for period T'— 1 by replacing V(T with V(T — 1) for

12



1 = A, B. Hence the equilibrium analysis is the same and once again we find that the focal
platform wins when the quality difference is small but that the higher-quality platform wins
otherwise. The difference in this case between period T — 2 and period T"— 1 lies in the
quality differential threshold above which the higher-quality platform wins the market. In
a subgame where platform A wins in 7" — 2, it sets the highest price with which it can win,
pA(T —2) = q4 — qp + ps(T — 2) + 3, where pA(T — 2) = —6VE(T — 1). Thus A wins in

T — 2 provided that 3
1426+ (25)2;

otherwise A loses. Note that the quality differential threshold is smaller for period T — 2

g —gqa <

than for period T'— 1. Applying this analysis recursively shows that the threshold decreases
with the time horizon and may even vanish at some point. It follows that there is a maximal
(possibly infinite) horizon short of which there exists a unique equilibrium where the focal
platform wins in all periods irrespective of its identity, while the higher-quality platform
wins if the time horizon is longer. Let T4 be shortest time horizon for which platform A
does not win the market in the equilibrium, even if it starts focal. In general, T4 depends on
the model parameters and may be an arbitrary number. If platform A is of higher quality
than B or if the discount factor is small, then there is no finite T'4. In this case, for any T,
platform A wins the market if it starts being focal. We can similarly find a T for platform B.

The following lemma characterizes how, for an arbitrary finite horizon, the equilibrium

outcome depends on the parameters.

Lemma 1 (Subgame perfect equilibrium for arbitrary finite 7') For any set of pa-
rameters qa, qg, B, and 6, there exists a unique subgame perfect equilibrium for arbitrary
finite T'. In the equilibrium, the same platform wins the market in all periods. The winning

platform’s identity and its future discounted profit depend on the parameters as follows.

(i) If |ga — qB| < 51 T then A wins every period because it is initially focal, and it

earns a total profit of
—(29)"

=5 T

(C]A - C]B)

(ii) If g4 — qB > Bl 25 then Tg < T. Platform A wins every period because its quality

advantage is sufficient, and it earns

1— 6T T 1 — (26)7=
(QA—QB+5)1—_5+5 ((QA_QB)W+5)~

13



(i) If g — qa > B% then Ty < T. Platform B wins every period because its quality
advantage is sufficient, and it earns
— §5T-Ta

1 — (26)™
1-0

(g5 — g4+ B) o

+o7 T ((qB — qa) + 5) - 26.

In each case, the losing platform earns zero profits.

Proof. See Appendix.

The main qualitative results of Lemma 1 are the following. First, the same platform
wins the market in all periods, so the nonfocal platform wins the market in the first period
or never. Second, nonfocal platform B wins the market only if it has quality advantage.
Yet, platform A may win either because it has a quality advantage, or it can win despite
offering lower quality, because it started with a focal position. The latter occurs when
0 < gp—qu < 5%, and results in an inefficient outcome. In all other cases, the
higher-quality platform wins and so the equilibrium outcome is efficient. Observe that the
set of parameters under which the equilibrium outcome is inefficient decreases as 1" and ¢
increase — that is, as the future becomes more important to the platforms.

Thus, competition over multiple periods yields an efficient equilibrium outcome for pa-
rameters such the lower-quality platform wins in a static model. In this sense, there is less
inefficiency when the time horizon increases. One might therefore suppose that inefficiency
would disappear altogether if the time horizon were extended to infinity. However that is not
always the case, as the following proposition illustrates. In the proposition, we extrapolate

the equilibrium outcome in Lemma 1 to the case where T" — oo. For this purpose it is

1-(20)7 1

25 —55 for § < 1/2, and converges

important to recognize that the ratio
to infinity for 6 > 1/2.

converges to

Proposition 1 (Subgame perfect equilibrium extrapolated for 7" — o) Ast goes to
infinity, the following statements hold.

(i) If |ga — qB| < B(1 — 20) or qa = qp then platform A wins every period because it is
wniatially focal, and it earns a total profit of

da — 4B

Vi) = Y

+ 8.
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(i) If g4 — g > max{B(1 — 24§),0} then platform A wins every period owing to its quality
advantage, and it earns 8
ga —qB +
Vi) = F—F——.
(iii) If g — qa > max{B(1 —20),0} then platform B wins every period owing to its quality

advantage and it earns
_B—qatB

V(1) =

20.
The losing platform earns zero profits.

Proof. See Appendix.

The outcome of a subgame perfect equilibrium may be inefficient no matter how long the
time horizon. When 0 < gg — ga < B(1 — 26), platform A wins despite lower quality even
under infinite time horizon. That being said, the problem of inefficiency due to excessive
inertia arises less often as the time horizon increases in length. Furthermore, the inefficiency
disappears if platforms care enough about the future — that is, when § > 1/2.

In the sections to follow, we explore some other reasons why the inefficient outcome may

occur in equilibrium.

4 Markov perfect equilibria under infinite time horizon

In Proposition 1, we characterized an equilibrium of the infinite game by extrapolating the
subgame perfect equilibrium of an arbitrary finite game. If the time horizon is infinite, there
may be other equilibria as well. In this section we identify Markov perfect equilibria in
the infinite game. Although the subgame perfect equilibrium identified in Proposition 1
is a Markov perfect equilibrium, there exist other Markov perfect equilibria that cannot
be found by extrapolating any finite-game solution. These new equilibria often result in
inefficient outcomes for the same parameters under which the equilibrium of Proposition 1
is efficient.

Every period t of the infinite game is characterized by the identity f; of the focal platform,
the state variable for that period. A Markov perfect equilibrium is characterized by the

strategies of each platform in all possible states and by the outcome in each state. We consider
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three pure-strategy equilibrium outcomes: (i) platform A wins in both states, (ii) platform B
wins in both states, and (iii) the focal platform wins.!?

Next we characterize the strategies that support those equilibrium outcomes and identify
the range of parameters under which each equilibrium exists. We define the value function Vif
as the equilibrium expected discounted profit of platform ¢ when platform f is focal.

Consider first the equilibrium outcome of platform A winning in both states. In this
equilibrium, the value function for platform B is V¥ = V4 = 0 because no customers adopt
that platform. Platform B sets price pé = 0, because it has no interest in winning with
price pp < 0, given that it cannot count on future profits to justify the investment required
to capture the market. When A is focal, it optimally sets p4 = g4 — g + 3; similarly, if
platform B is focal then A sets price p§ = g4 — gz — 3 and B sets p5 = 0. If platform A
were to set a higher price, then platform B would maintain its market dominance and
secure nonnegative profits. Notice that as in the finite case, buyers only account for their
current payoff because an individual buyer cannot affect the identity of the focal platform.
Platforms, however, take into account the effect of their current prices on the future focal
position, because platforms can convince all buyers to switch from one platform to the other.

We therefore have

Vd=qa—qg+B+0Vy and VP =qs—qs— B+ Vi
Moreover, incentive compatibility for platform A requires that
Vi >6vE and VE>o0.

It follows that this equilibrium exists whenever g4 —qp > B(1 —20). After a similar analysis

for platform B, we arrive at our next lemma.

Lemma 2 There is an equilibrium in which platform ¢ wins in both states if ¢; — q; >

B(1—26).

Proof. See Appendix.

According to Lemma 2, a nonfocal platform B can capture the focal position and maintain

it in all future periods provided gg — g4 > (1 —26). This inequality holds when B’s quality

12There is no equilibrium that supports the fourth possible pure-strategy outcome — namely, that the

nonfocal platform wins.
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is substantially higher than that of A, when platforms are very forward looking (so that ¢ is
high), or when network effects () are weak. We remark that, for 6 > 1/2, the condition’s
left-hand side becomes negative, which means that an initially nonfocal platform B could
win the market in every period even when ¢ < ¢4. Such an equilibrium involves ezcess
momentum and is inefficient.

Similarly, platform A can dominate the market forever when 6 > 1/2; even if ¢4 < g3,
as long as g4 — qg > B(1 — 20). This equilibrium involves excess inertia and is inefficient
as well.

It is only when the time horizon is infinite that both equilibria with excess momentum
and equilibria with excess inertia occur. The nature of these equilibria can be understood
as follows. Suppose that both platforms expect A to behave aggressively in the future —
in particular, to regain the focal position if it is ever lost. Then platform B has no reason
to sacrifice profit in the current period because it expects no future gain from being focal.
Faced with a weak competitor, will platform A decide to be aggressive as expected? If A is
focal then the answer is clearly Yes. But suppose that A is not focal. Then the choice facing
platform A is this: Should it make a sacrifice today (by setting its price p4 = g4 — ¢ — ) in
order to gain the benefit of network effects 3 in the next period, or should it wait and make
that sacrifice tomorrow? If the discount factor is high enough, then the platform will opt
for the sacrifice today. Hence, the beliefs that platform A always win are fulfilled. Such an
equilibrium therefore involves a particular form of coordination failure among firms that does
not arise in the finite-horizon game, even as T' — oo, because such an aggressive strategy
becomes not credible as the game’s end approaches.

The remaining equilibrium to consider is one where the focal platform wins. Recall that
pzf denotes the price of platform ¢ when f is focal in such an equilibrium. Since the winning
platform anticipates that it will be focal from the new period onward, we have value functions

f
u- £,
The benefit of selling at a given date is py; + dV;'. It follows that the minimal profit that

and V7 =0,

platform i is willing to sacrifice today in order to capture the market is —dV;’. In such an
equilibrium, the focal platform sets a price p! < ¢; — ¢; + 8 — 5ij because otherwise the
competing platform would set a price above —dV;" and win the market. Ruling out cases

where p; < —5ij because winning at this price would not be profitable for firm j,'* we

13 Allowing prices p; < —6ij would not alter the existence conditions, but only the equilibrium profits.
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obtain the equilibrium prices
Pi=q¢—q¢+B—0V] and p;=—oV/.
In this equilibrium, the value functions solve the following equations:

(L=0)Vi +6VE =qa—qs+ B,
(1=86VE +0Vi=qp—qa+ 5,

yielding
A __ 494 — 4B B _
VA_—1—2(5 +38 and Vj

We can therefore draw the following conclusion:

dB — 4a

=25 T

Lemma 3 There is an equilibrium where the focal platform wins in every state if B |1 — 25| >

|(IB —QA|-

Proof. For this to be an equilibrium, it is both necessary and sufficient that V! > 0 and
VvE>0. 1

We arbitrarily designated A as the first period’s focal platform; hence, for equilibria in
which the focal platform wins in every state, platform A wins every period. If the condition
stipulated in Lemma 3 is satisfied, then A can maintain its focal position in all future periods
even when its quality is lower than that of platform B. This outcome is thus another instance
of an inefficient excess inertia equilibrium.

To see the intuition behind that result, consider first the case of 6 < 1/2. As Lemma 3
shows, the equilibrium occurs in this case provided that both ¢ and the quality gap (¢g5 —qa)
are sufficiently small. Suppose now that gp increases; that increase has two effects on V2.
First, a direct effect is that, since pB = g — qa + 8 — 6p&, taking V;* as given, platform B
can attract customers with a higher price pB; this implies that V£ will increase. Second, a
strategic effect is that, since p3 = —JVZ, platform A knows that even when it is focal, it
will compete against a more aggressive platform B because the latter would gain more by
capturing focality from A. This threat reduces V3!, which in turn increases V£ because a
nonfocal A will not compete aggressively to capture the focal position. When ¢ < 1/2, both
the direct effect and the strategic effect increase V# while reducing V', If the quality gap

qB —qa is sufficiently large, then V! becomes negative, which implies that A cannot maintain
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its focal position when competing against a platform of higher quality. As 0 increases,
platform B cares more about future profits and so has mo re incentive to capture the market
when it is not focal, as well as to maintain its market dominance when it is focal.

Now suppose that § > 1/2. Then the equilibrium is completely reversed. Now, if gp >
qa then Vi1 > VB and, as ¢p increases, VZ declines while V3! increases. However, the
equilibrium in this case relies on the rather unusual feature that platforms “overreact”. In
particular: as gp increases, the direct effect increases V# (just as when § < 1/2) but the
strategic effect now works in the opposite direction and is stronger than the direct effect.
To see how this works, suppose that platform B is focal and that ¢g increases. Then the
equilibrium holds when platform B expects that platform A, in response to the increase
in gp, will over-react by becoming very aggressive and reducing its price, p%, thus in the
opposite direction than in the case of 6 < 1/2. Here V£ increases because gp increases (direct
effect) but decreases because p% decreases (strategic effect). The strategic effect outweighs
the direct effect, so the overall effect is to reduce V;Z while increasing V', In this equilibrium,
however, platform A reduces its price p§ because it anticipates that, after becoming the focal
platform, it will benefit from competing with a more efficient rival, another unusual feature
of this equilibrium.

We remark that ruling out the possibility of overreaction prevents the equilibrium from
adjusting to small changes in quality. So if § > 1/2 without overreaction, e.g., in the case of
iterated best-response dynamics, a small change in ¢ results in convergence to an equilibrium
described in Lemma 2. In this sense, we can say that, when § > 1/2, an equilibrium where
the focal platform wins in every state is unstable. The same cannot be said either for this
equilibrium under 6 < 1/2 or, with any value of 0, for the equilibria described in Lemma 2.

Our next proposition summarizes the results of Lemmas 2 and 3.

Proposition 2 (Markov perfect equilibria) Suppose that platform A is focal in period
t=1. Then:

(i) for qg — qa > B|1 — 20|, there exists a unique equilibrium in which platform B wins;

(i) for B(1 —20) < qp — qa < B|1 — 20| (which holds only when § > 1/2), there exist

multiple equilibria and, of these, there is one in which platform B wins;

(iii) for qg — qa < B(1 —20), platform A wins in all equilibria.
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Proof. These statements follow from our assumption that A is initially focal and from
Lemmas 2 and 3. W
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Figure 1: Equilibrium configuration

Figure 1 illustrates which platform is active in equilibrium, depending on the parameters.
It shows that, if both the discount factor and the quality differential are low, then there is
a unique equilibrium in which the focal platform A wins. Intuitively, for those parameter
values the results of the dynamic game are the same as in the static game. For a positive
quality differential ¢g —q4 and intermediate values of 9, there is a unique equilibrium in which
the most efficient platform wins the market and maintains its position thereafter. However,
for high discount factors and low quality differential there exist multiple equilibria: some in
which A wins and some in which B wins. Observe that disregarding the Lemma 3 equilibria
(because they are unlikely to emerge) would not restore efficiency of the equilibrium in this
parameter region; the reason is that there are also two equilibria, including one in which the
low-quality platf orm wins, identified by Lemma 2. In both of these equilibria, one platform
expects to encounter low competitive pressure while the other renounces capturing the mar-
ket because it expects to encounter high competitive pressure — and these expectations are
self-fulfilling. In sum: if the discount factor is high, then each firm’s prospect of capturing

the focal position is not enough to outweigh the firms’ (self-fulfilling) expectations of the
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competitive pressure each will face.

5 The distinction between network effects and switch-
ing costs

Network effects in our model may appear, at first blush, to play the same role as switching
costs. In both cases, a consumer pays a cost when switching from one platform to the other,
which can be either direct switching costs or indirect through the loss of network effects
when switching to the nonfocal platform. This raises the question of what is the qualitative
difference between switching costs and network effects, and how our results depend on our
focus on network effects.

The key difference is that with switching costs, a consumer does not need to coordinate
with others to maximize the (intertemporal) value of his consumption. This difference quali-
tatively affects the results. In this section we develop an alternative model in which § serves
as switching costs instead of network effects. That is, a buyer incurs a switching cost when
moving from one platform to the other, while the adoption decisions of other buyers do not
affect his utility. Otherwise, the alternative model is as close as possible to our base model.
In a one-period game, switching costs have the same consequences as focality with network
effects and the equilibrium is identical to the one-period game in our base model. However,
in a dynamic game with infinite horizon, the main results of Section 4 no longer hold in
a model with switching costs. Therefore, the main conclusion of Section 4 is the result of
network effects and cannot be replicated with switching costs.

Consider two platforms, A and B, that offer a base utility or quality, g4 and ¢, where
for conciseness we assume that qg > q4. We abstract from network effects by assuming that
there is one buyer.!* If the buyer joined a platform in period ¢, he incurs a cost s when
switching to the other platform at ¢ 4+ 1, where s < g4 < qg. We focus the analysis on
the case where at the beginning of the game, the buyer is “born” in platform A. This is

equivalent to our base-model assumption that platform A is focal initially.

14This is equivalent to assuming that platforms can price discriminate between new and old buyers.

21



5.1 Omne-period game

Consider first a one-period game and an equilibrium in which platform A wins. In this
equilibrium platform B charges p3 = 0, where pzf is the price of platform i = {A, B}
when at the beginning of the period the buyer is at platform f and therefore has to pay
s to switch from f to the competing platform. In the context of switching cost, f denotes
the “incumbent” platform.!® This is analogous to f being a focal platform under network
effects, where a buyer incurs disutility g if he decides to join alone the competing platform.
Since the buyer starts the period on platform A, to win, platform A charges p4 such that:
qa—p4 = qg—s—pa. Hence, platform A earns p4 = s— (qg —q4) and there is an equilibrium
in which platform A wins if s > qg — q4. This condition is identical to the condition for the
focal platform A winning under network effects, i.e., 5 > gg — qa, which may explain why,
from first glance, network effects and switching costs may appear to drive the same results.
This, however, does not hold in a dynamic game. In what follows, suppose that s > g — qa

such that platform A has an “incumbency” advantage at t =1 .

5.2 Infinite time horizon

Consider now an infinitely repeated game. As before, at the beginning of £ = 1 the buyer is
“born” in platform A. The buyer and the two platforms discount future payoffs by 9.

Let’s first consider a putative equilibrium equivalent to the Markov equilibrium under
network effects in which platform A wins in all periods whether it is “focal” or not. In the
context of switching costs, in this equilibrium, platform A attracts the buyer in every period
regardless of whether the buyer starts the period on platform B and needs to pay s to switch
to A, or the buyer starts the period on platform A and needs to pay s to switch to B. Define
Vif as the discounted sum of payoffs of platform ¢ from period ¢t onwards, when the buyer is
at platform f at the beginning of period t. Likewise, let U/ denote the discounted sum of
the buyer’s payoffs from period ¢t onwards, when the buyer is in platform f at the beginning
of period t.

In equilibrium, platform B charges p5 = ps = 0 because platform B does not win the

buyer when the buyer is initially at platform A, and loses the buyer if he is at platform B.

15Also in the terminology of Biglaiser, Crémer and Dobos (2013)
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The price of platform A when the buyer starts the period on platform A, p4 solves
qa — s +0UA = qp — pip — s+ 0(qa — p§ — s +0U™). (6)

The intuition for this condition is that in equilibrium, both platforms expect that even if
platform B will win the incumbency position (that is, convince the buyer to switch from A
to B), it will not be able to maintain it in the next period. Therefore, the buyer expects that
if he will stay at platform A, he will earn g4 — p4 at the current period and then continue
to stay with platform A in the next period and earn U4 (the left hand side). If however the
buyer switches (the right hand side), the buyer earns g — ps — s in the current period. In
the next period, platform B will have an incumbency advantage on this particular buyer but
the prices will be such that the buyer will find it optimal to switch back to platform A and
will earn g4 — p% — s + 6UA.

Notice that condition (6) is different than the analogous condition under pure network

effects. The condition under network effects is
qa — ph + B+ 0U! = qp — pA + 6U7

which reduces to g4 — p4 + 8 = qg — p. This is because under network effects individual
buyer’s decision whether to join platform A or B does not affect the identity of the focal
platform f in the beginning of the next period. Identity of f depends on the decisions of
other buyers. And thus it is the same on both sides of the equation. In contrast, under
switching costs, the identity of the incumbent platform depends solely on the buyer’s last
period decision which platform to join. Thus, in (6) we have §U“ if the buyer joins A, and
SUP = §(qa — pB — s+ SUA) if he joins B.

In the case the buyer starts a period on platform B, platform A sets such p% to attract

the buyer, i.e., p& solves
qa —p5i — s+ U = qg — p5 4+ 6(qa — p5 — s + 6U™).

The value functions given the prices are defined by

i 44 — Pi
Vi= A VE=9pf 4V} and UA =LA
1—90 1—-96
Substituting the prices into the value functions yields:
4B — 44 4B — 44 4B
VA:—l—_5+$, VAB:_:[——(S_S and UAzl—_é—S.
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Since qg > qa, the value VP is negative. Thus, under switching cost there is no equilib-
rium in which platform A wins in both states.
Similarly, the value functions in the putative equilibrium in which platform B wins every

period, whether it starts as an incumbent or not, are

ng‘:w_s and UB=_14_ _

v dB — ga
B __ 16 44
5 1—-96 1—-9

B 1-5 )

Indeed, there is an equilibrium in which platform B wins in both states if and only if
g — qa > s(1 —0). In this equilibrium, the price that the incumbent platform B charges is
pB =g —qa+(1—0)s. In an analogous equilibrium under network effects, i.e., platform B
wins in both states, platform B as the focal platform charges p% = g4 — ga + 8. Thus, for
the same magnitude of switching cost and network effects, 5 = s, platform B charges lower
prices when the cost represents switching cost than when it represents network effect. The
price charged by platform B when it is not incumbent is p = gz — qa — (14 0)s, again lower
than for same size network effects.

Next, consider a putative equilibrium equivalent to the Markov equilibrium under network
effects in which the focal platform wins. In the context of switching cost, the incumbent
platform wins over the buyer every period. In such a putative equilibrium, prices for the

“non-incumbent” platform are

pﬁ = —5‘/;‘14 and pg = —(5VBB.

The equilibrium prices of the incumbent solve
qa — i+ 0U* = qp — pjg — s+ 0U”,

qB—pg+5UB:qA—p§—s~l—(5UA.

Since market expectations are that the incumbent platform wins, these expectations
should also include the buyer. Therefore the buyer expects that if he switches from platform
A to B, then the next period equilibrium prices will be such that he will find it optimal to
stay with platform B forever.

Notice that again the difference between the two conditions above and the analogous
conditions under network effects is that now the buyer can affect the identity of the platform

with the incumbency advantage in the next period.
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The value functions given the prices are defined by

A B A __ B

Substituting the prices into the value functions yields

dB — 4A
1—-96

dB — 44
1—-9

45 — s and UB:q—A—s.

1—-9 1—-9

Vi=-— +s, V§= +s, U'=

Therefore, such an equilibrium exists if and only if g5 — g4 < s(1 —0). We summarize

these findings in the following observation.

Observation [In the environment with switching costs,

(1) if g — qa < s(1 =), there is a unique Markov equilibrium in which platform A wins

in all periods because it has the incumbency advantage att = 1;

(i) if g — qa > s(1 = 0), there is a unique Markov equilibrium in which platform B wins

in all periods because it has a quality advantage.

Figure 2 illustrates these results. Comparing this figure with Figure 1 shows that there
are two differences between switching costs and network effects. First, the region in which
platform A can win the market even when platforms are forward looking (the region where
£ > % and 0 < gg — qa < (25 — 1)) vanishes under switching costs. Therefore, the main
result of Section 4 — that platform A can exploit network effects in order to keep the focal
position if § is high — no longer holds if we reinterpret network effects as switching costs.
The second difference is that the cutoff value of gz — g4 that distinguishes between the unique
equilibrium in which platform A wins and the unique equilibrium in which platform B wins
shift upwards from qg — g4 = 5(1 — 20) under network effects to gz — g4 = s(1 — ¢) under
switching costs.

These differences affect the inefficiencies that can occur in the market with switching
costs and in the market with network effects. Excess inertia occurs in both markets. In the
market with switching cost it occurs when 0 < gp — qa < s(1 — 9), i.e., for lower ¢ rather
than for higher ¢. In the market with network effects excess inertia occurs for low and for
high 0. However, in the market with switching costs there is no equilibrium where excess

momentum occurs, while such equilibrium exists in the market with network effects. That
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is, if platform A starts as the incumbent, and g4 — gg > 0, platform B never wins under
switching costs. However, under network effects, excess momentum in equilibrium is possible
for high 0.

The intuition for these differences is the following. It is possible to think of network
effects as indirect switching costs that other buyers inflict on an individual one. If all other
buyers switch, an individual buyer ”pays” switching costs if he does not switch. If they all
stay, the buyer ”pays” switching costs if he switches. As a consequence, with network effects,
a buyer cannot affect the identity of the focal platform in the next period, which depends
on market beliefs. In contrast, the regular switching costs are costs that the buyer inflicts
on himself whenever the buyer chooses to switch from one platform to the other, regardless
of the decisions of other buyers. Under switching costs the buyer can determine the identity
of the platform with the incumbency advantage over himself in next period.

Therefore, switching costs affect our results in two ways. First, they eliminate the equi-
libria that arises due to excess momentum or excess inertia. These equilibria depend on the
buyers’ beliefs concerning the participation of other buyers, which do not play a role in the
absence of network effects. This result highlights the role that network effects play in deter-
mining the identity of the dominant platform, and illustrates why it is important to study
network effects in isolation from the standard switching costs. The second effect of switching
costs is that they increase the threshold in the quality gap between the two platforms, from
which onward platform B wins the market. Intuitively, with switching costs, the buyer is
less willing to switch from platform A to platform B, as doing so grants platform B with
an incumbency advantage over the buyer and reduces the buyer outside option of switching
back to platform A.

6 Stochastic qualities

The analysis so far focused on the case where the qualities of the two platforms are constant
for an infinite time horizon. We saw that, in any equilibrium, the same platform wins the
market in all periods. Yet in many markets for platforms there is a shift in leadership every
few years that results from improvements in technology. Therefore, in this section we con-
sider the more realistic case in which platform qualities are stochastic. We demonstrate the
existence of an equilibrium in which each platform has a positive probability of winning in

each period. Our main finding is that when the distribution of qualities is dispersed, there
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Figure 2: Equilibrium configuration with switching costs

is a unique Markov equilibrium, but in this equilibrium social welfare may decline with 0.

Suppose that the quality of each platform changes randomly from one period to the
next. At the beginning of each period, each platform observes the realization of both its
own quality and its competitor’s quality for that particular period. Then the two platforms
compete by setting prices.

We have shown in the previous sections that the equilibrium depends not on the absolute
value of each platform’s quality but rather on the difference between them. Hence we suppose,
without loss of generality, that ) = gp — qa changes randomly in each period — with
full support on the real line — according to a probability function f(Q) with cumulative
distribution function F(Q). Our assumption of an infinite support ensures that there will

be an equilibrium in which each platform can win the market with a positive probability.'6

16This assumption is stronger than required because our results hold also when the support is finite,
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Suppose that ) has a mean p > 0 such that, on average, platform B is of higher quality
than platform A; the case of u < 0 is symmetric.

Let Q4 and QP denote equilibrium cut-offs such that, if platform A is focal in period t,
it wins if @ < Q? but otherwise cedes market dominance to platform B. Conversely, if
platform B is focal in period ¢, then it wins if @ > QP but otherwise platform A wins.!”
This equilibrium has the feature that, when A is the focal platform, it will win in every period
as long as Q < Q4. Then, once there is a realization with @ > Q%, platform B wins the
market and becomes focal. Platform B will then maintain its focal position in future periods
as along as Q > QF |, until there is a realization of ¢ with @ < QF, such that platform A
wins back its focal position. The game repeats ad infinitum, with platforms “taking turns”
at winning according to the realization of ).

Let Vif denote the expected value function of platform ¢ when platform f is focal. To solve
for the equilibrium, suppose that platform A is focal in period ¢ and that the quality difference
has a particular realization ). The lowest price that platform B is willing to charge in order
to win the market is —6V;Z + 6V, This claim follows because B will earn the expected
value V£ from becoming focal in the next period, and earn the expected V' from remaining
nonfocal. Given the price of platform B, the highest price that allows platform A to win the
market is pa = B — Q — 0VEF + V4. Then A earns py + V3! if it does indeed win (i.e., when
Q < Q*) or 0+ 6VE if it loses (i.e., when @ > Q4). Hence we can write

oo

QA
VA= /_ (B—q—0VE + VL + 6V flq)dg + /A V3 fa)dg.

o0 Q

Suppose now that platform A is nonfocal. Then the lowest price that platform B is willing

to charge to maintain its focal position is p§ = —dV + 6V, If A wins, it sets p5§ that

ensures that —pf > 8—pB +Q, which writes as p&§ = —3—Q — 6V +6Vj'. Then platform A

earns p§ + 0V if it wins the market (i.e., when Q < QF) or 0+ dVF if it does not win (i.e.,
when Q > QF). Therefore,

QP 0

V= [ (8- q- oV v+ VT + [ 8VES@dn
— Q

The cases of VZ and V4 are symmetric: platform B wins the market if Q > Q® when it

is focal or if Q > Q“ when it is not focal. Moreover, @ has a positive effect on B’s profit. It

provided it is wide enough. However, assuming infinite support facilitates the analysis and allows us to avoid

corner solutions.
17Tt is straightforward to see that any Markov equilibrium must have this form.
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follows that
QB

VB = [Cora-avi v s+ [ avdraaa
Q —0o0
o0 Q4
VA :/ (_5+q—5vj‘+5Vf+5vjf)f(q)dq+/ 0V f(a)da.
0 —00

Next consider the equilibrium Q4 and Q®. The equilibrium Q4 is such that, for Q = Q4,
a focal platform A is indifferent between capturing the market or not, taking the equilibrium

future value functions and the price of platform B as given. That is,
B—Q"—VE + Vi + 0V =66VE.

Note that the condition for making the nonfocal platform B indifferent between winning
and losing is equivalent to the condition just stated. Analogously, the equilibrium Qf should
be such that, for Q = Q?, a nonfocal platform A is indifferent between capturing the market
or not, again taking the equilibrium future value functions and the price of platform B as

given. Thus,

—B—=QF —oVE 4+ oVi + Vi =6VE

Once again, this condition is equivalent to the condition for making the focal platform B
indifferent between winning and losing.

The last six equations define the equilibrium values of V', VE V2 V4, Q4 and Q7. In
our next proposition, we use these equations to derive a sufficient condition for the equilib-

rium values of @Q* and Q% to be unique.

Proposition 3 (Unique solutions to Q4 and Q) Suppose that 43 max, f(q) < 1.Then

there are unique equilibrium values of Q4 and QP as follows:
(i) if 6 =0, then Q* = B and QF = —p;
(i) Q4 — QB =28 for all ).
Proof. See Appendix.
The condition 48 max, f(¢) < 1 requires that the quality gap be sufficiently dispersed

and that network effects not be too high. These conditions ensure that a nonfocal platform

can always overcome its competitive disadvantage provided its realized quality is sufficiently
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high, and that there exist unique equilibrium values of Q4 and Q. Proposition 3 also shows
that, when evaluated at § = 0, the equilibrium cut-offs are Q4 = 3 and QF = —3. It is
intuitive that, when 0 = 0, the equilibrium is identical to the one-period benchmark in which
a focal platform wins as long as its quality advantage outweigh the value of network effects.

We now study the effects of §, 3, and u on the equilibrium values of Q4 and QF. To-
ward that end, we make the simplifying assumption that f(Q) is symmetric and unimodal
around p. That is: f(u+ x) = f(p — x); and f(Q) is weakly increasing in @ for Q < u
and weakly decreasing in @) for Q > p. This is a sufficient but not a necessary condition
for the results to follow. Those results may hold also when f(Q) is neither symmetric nor
unimodal — provided that f(Q) places higher weights on positive than on negative values
of @, in which case B is more likely than A to be the focal platform in future periods. We

also assume the uniqueness condition of Proposition 3, i.e., that 45 f(u) < 1.

Proposition 4 (Effects of J, 3, and p on Q4 and Q) Suppose that f(.) is symmetric
and unimodal around p and that 43 f () < 1. Then:

(i) Both Q“ and QP are decreasing in &, and if F(0) < 1/4 then Q4 < 0 when § is
sufficiently high.

(ii) Both Q* and QP are decreasing in u (holding constant the distribution of Q — p).

(iii) If § < 1/2, then Q* is increasing and QP is decreasing in 3; if F(0) < 1/4 and ¢ is

close to 1, then Q? is decreasing in .

Proof. See Appendix.

Figure 3 illustrates part (i) of Proposition 4. The figure reveals that an increase in &
need not increase the probability of the current period’s higher-quality platform winning.
To see why, consider first the case where platform B is focal. Then, at 6 = 0, the value is
QP = —B and QP decrease with §. Therefore, as § increases, a focal B is more likely to
win the market even when its quality realization is lower than platform A’s, which implies
that the probability of the “wrong” platform winning increases with . Now consider the
case in which A is focal. Then, when ¢ is low, an increase in § makes it less likely that a
focal platform A will be able to maintain its focal position with quality realization that is

lower than that of platform B, because Q@ is decreasing in 6. However, if § is sufficiently
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Figure 3: Effect of § on Q# and QF when F(0) < 1/4

high and if F(0) < 1/4, then Q* crosses the horizontal axis, thus becoming negat ive and
falling further below 0 as  increases. In this case, platform A can lose the market even if it
is focal and has higher quality realization than platform B (when Q4 < @ < 0). Therefore,
the probability of the “wrong” platform (i.e., one with lower quality realization) winning
increases with d when either A or B is focal.

The intuition underlying these results is as follows. Recall that a platform’s expected
profit depends on its current profit and the probability of maintaining its focal position in
future periods. Since p > 0, we know that B is more likely to have higher quality realization
than A in future periods. As ¢ increases, platform A takes into account that its chances of
winning in future periods is lower and thus will have less incentive to compete aggressively
in the current period. At the same time, platform B takes into account that it is more
likely to win in future periods and so will have more incentive to compete aggressively in
the current period. These effects increase B’s competitive advantage over A even when the
former has lower quality realization than the latter. If F'(0) < 1/4, then p is sufficiently high
for platform B’s competitive advantage to prevent platform A from capturing the market
even when A is focal and offers a higher quality than does B.

These considerations also account for part (ii) of the proposition. As p increases, it
becomes more likely that platform B will have higher quality realization in future periods.
Hence B’s incentive to win in the current period increases, so both Q4 and QF decrease.

According to Proposition 4(iii), if § is not too high then an increase in the strength of
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network effect makes it more likely that the focal platform wins. This result is similar to
that in the one-period case. A stronger network effect increases the strategic advantage of
being focal because it then becomes easier for the focal platform to attract consumers. But
if 0 is sufficiently high and if F'(0) < 1/4, then a stronger network effect reduces the ability
of focal platform A to retain its focal position. In this case we can see that an increase in
the network effect increases the incentive of a nonfocal platform B to capture the market,
because B is more likely than before to maintain its focal position, due to its higher expected
quality.

We now turn our attention to social welfare. Our first question is whether social welfare
is higher when platform B or rather when platform A is focal. Given that B is expected to
be of higher quality than A, one could expect that social welfare is higher when platform
B is focal. Yet according to Proposition 4, the probability of platform B winning despite
platform A’s higher quality realization increases with ¢, a fact that may well offset the
previous effect.

In order to investigate this issue, we normalize g4 to 0 and so gz = Q. Let W', (i = A, B)

denote the recursive expected social welfare when platform i is focal in period t; thus

e . ,

WA = / (B + SWA)f(q)dg + / (B+ q+ 6TWP) f(q)da,
—00 QA i

_ 00 _ QP _

W = / (B+q+ 6WP)(q)dq + / (6 + 5W4) f(g)da.
Q —00

Let Wi = (1 — §)W* denote the one-period expected welfare. Our next proposition details

the results from comparing W4 with W25,

Proposition 5 (Effect of § on social welfare) Suppose that f(.) is symmetric and uni-
modal around p and that 45 f () < 1. Then the following statements hold.

(i) When evaluated at 6 = 0, we have WB > W4, and W4 is increasing in § while W2 is

decreasing in 0.

(i) There is a cut-off value § (0 < & < 1) such that WP > W4 for § € (0,0") and
WA > WPE for§ € (8,1). A sufficient condition for &' <1 is F(0) < 1/4.

(iii) When evaluated at § = 1, we have W4 = W5,
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Proof. See Appendix.

Observe that the case where () is distributed uniformly along a finite interval is a special
case of the symmetric and unimodal distribution in which f(Q) is constant. In this case
0’ =0, so that W4 > Wp for 6 € (0,1) and W4 = Wg for § =0, 1.

Part (i) of the proposition states that Wp is greater than W, for low values of §. In this
case, the cut-offs Q“ and QP are close to their one-period levels: a focal platform A wins if
@ < B, and a focal platform B wins if () > —f. Because @) is more likely to be positive
than negative, welfare is maximized when B starts out as the focal platform. But part (i)
also shows that, for low values of §, welfare Wp is decreasing in § whereas W, is increasing
in . This follows because, as platforms become more patient, it becomes more likely that
a focal platform B will win despite having quality realization lower than A, which reduces
welfare. According to part (ii) of Proposition 5(ii), if platforms are sufficiently patient (i.e.,
if ¢ is sufficiently high) and if platform B is significantly more likely than platform A to
be of higher quality (F(0) < 1/4), then social welfare is higher when A is the i nitial focal
platform because otherwise B would have too much of a competitive advantage and so would
win more often than it should. We remark that these results do not show that social welfare
is maximized when platform A is focal in all periods. Rather, they imply that — in the first
period only — it is welfare maximizing to start the dynamic game with platform A as focal
even though platform B is of higher quality on average.

The results obtained so far suggest that social welfare in the one-period case might be
greater than when platforms are patient. For the general distribution function, however, the
comparison between social welfare evaluated at 6 = 0 and 6 = 1 is inconclusive. Hence in

the following corollary we make the simplifying assumption that () is uniformly distributed.

Corollary 1 (Welfare under uniform distribution) Let Q) be uniformly distributed along
the interval [ — o, + o], and suppose that o > $(u+ 383) + 3/p® + 6pB3 + 5. Then

2013 208
o—200 o—208 (")

Moreover, Wh|s—g = WB|s_g > WA|521 = WB|s—1.

Q' =p- and QP = —p —

Proof. See Appendix.

This result is illustrated in Figure 4.
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Figure 4: Effect of § on welfare for a uniform distribution

7 Conclusions

In platform competition, offering the highest-quality product may not be enough to dominate
the market. When there are network externalities, a platform’s success depends not only on
quality but also on consumers’ beliefs that other consumers will adopt it. In a static model,
a focal platform that has such a beliefs advantage may dominate the market despite offering
lower quality; the result is an inefficient equilibrium. We ask whether this inefficiency can be
eliminated in a dynamic game with a long time horizon.

In a model with long but finite time horizon we find that, indeed, the better platform wins
and the efficient outcome is achieved when the future matters. More specifically, a higher-
quality entrant can overcome the incumbent’s network effect advantage. The future matters
when both the time horizon is long and the discount factor is high. But if the discount
factor is low, platforms are less concerned about the future and so the competition more
nearly resembles a static game; in this case, inefficiency may persist even for a time horizon
extended to infinity. We conclude that for a finite horizon social welfare is (weakly) increasing
in the extent to which platforms are forward-looking, because forward orientation makes it
more likely that consumers will be served by the higher-quality platform. Intuitively, a high-
quality platform has more to gain by being focal in the game’s final period than does the
low-quality platform, which means that it will have more incentive to compete aggressively

in early periods toward the end of capturing (or retaining) the focal position.
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Once we modify the model to capture more realistic features, we find new sources of
inefficiency even if the discount factor is high. A finite time horizon entails that platforms
know when the last period occurs; if that is not known, then it is better to model it as an
infinite horizon. Markov equilibria in the infinite game replicate those in the finite-horizon
game extended to infinity. For high discount factors, however, additional and inefficient
Markov equilibria arise in which the lower-quality platform dominates the market in all
periods. These inefficient equilibria do not emerge in an alternative model in which switching
costs replace network effects, because then each buyer’s decision does not relay on the beliefs
regarding the decisions of other buyers.

We also consider a scenario where the platforms’ qualities change stochastically from
period to period, which allows each platform to win any period with some probability. Here,
the more the platforms are forward looking the less likely it is that even a high-quality
platform will overcome its nonfocal position. This is because, if one platform is of higher
quality on average than the other, then dynamic considerations give it more incentive (than
in a static setting) to capture the market or to maintain its focal position, even if in the
current realization it has lower quality. At the extreme, it is possible for a focal platform with
higher quality realization to lose its dominance — provided that platforms are sufficiently
forward looking. This finding indicates that, when qualities are stochastic, social welfare may
decline as platforms become less myopic.

Our paper considers homogeneous consumers, which raises the question of how these
results might be affected by the presence of heterogeneous consumers. When consumers
differ in their valuations for different platforms, a focal position becomes less important
for consumers. Armstrong (2006), for example, considers a continuum of consumers that
differ in their preferences for two competing platforms. He shows that if the two platforms
are sufficiently horizontally differentiated then for given platforms’ prices, there is a unique
allocation of consumers, such that each platform has a positive market share. Jullien and
Pavan (2014) reach the same conclusion assuming that there is enough dispersion in beliefs
about platforms’ ability to attract consumers. Halaburda and Yehezkel (forthcoming) show
that the importance of focality is decreasing in the extent to which consumers are loyal to a
specific platform.

Applying the intuition behind these three papers, it is reasonable to expect that increasing
consumer heterogeneity reduces the effect of focality on platform profits; hence platforms

will be less inclined, in that case, to compete in the current period so as to secure a future
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focal position.

Of course, real-life consumers are heterogeneous. Nevertheless, our motivating examples
reveal that, in many markets for platforms, an important role is played by consumers’ coor-
dination problems and by platform focality. As this paper addresses the effect of dynamic
considerations on the focal position of platforms, our assumption of homogeneous consumers
provides us with a tractable model for determining the net effect of that market position.

Our model also abstracts both from the presence of an installed base. Many markets with
network effects are influenced by this factor, which constitute an additional force capable
of driving excess inertia and resulting in an equilibrium where the lower-quality platform
dominates for extended periods. Nonetheless, we abstract from installed base so that we
can highlight the role of coordination problem as a driving force of excess inertia. While
any market that exhibits network effects is affected not only by customer expectations but
also by installed base, those markets are not all affected to the same extent. In the market
for video-game consoles, for example, excess inertia is indeed likely driven by consumer
expectations. New generations of the platforms are clearly distinguished from the previous
ones by technological jumps, and backward compatibility seldom has limited appeal. In other
markets, such as smartphones and computer operating systems, an installed base may play
a more important role. These differences may explain the more frequent leadership changes
observed in the market for video-game consoles compared with the market for computer
operating systems. Even so, expectations and thus focality affect the market dynamics for
the latter types of environments, too. We have demonstrated that, independently of other

factors, it may lead to excess inertia and hence to reduced social welfare.
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Appendix

Proof of Lemma 1

Let Hlf (T') be the total discounted profit of platform 7 when platform f is focal at date t = 1
and there are T periods.

To win in t = 1, the focal platform A needs to set pa1 < pp1+qa — qs + 5, and set such
pap that would force pp; < —6IIB(T — 1). That is, platform A wins when it sets

pa1 <ppi+qa—qp+ B=—U5T —1)+qa—qp+ B,
in which case it earns
IM4(T | Awins in t = 1) = qu — qp — STIB(T — 1) + STIN(T — 1). (8)

Notice that calculated in such a way the profit under the condition of winning may be
negative. Then, the optimal action is to cede the market and earn no profit. Therefore,
the profit from unconditionally optimal actions is IT/ (7)) = max{II (7|7 wins in t = 1),0}.

Using similar logic,

(T | Bwinsint=1)=qg —qu — f — SII4(T — 1) + 61I5(T — 1)
= —II4(T | A wins in t = 1). (9)

Let IT/(T) = I/ (T | i wins in ¢ = 1). Then I/ (T) = max{II/, 6II (T — 1)}. Notice that
11/ (T) is bounded by 0, while I/ (T) is not.
Suppose that ITi(k) > 0 for both i = A, B and k = 1,...,T — 1. Then from (8) we

obtain'®

(T = g — q; + B — O1G(T — 1) + STI{(T — 1)
T
_ 1—(20)"
— (g — . k-1 — (g — ) — "
= (g q])k:1(25) th=(6-4) 55

+ 8. (10)

18This follows from applying the same formulas recursively in

~

T = 1) = I(T = 1) = 2(q; — q5) + 20[I(T — 2) — [)(T — 2)] = 2(q; — q) 3 (26)F71.

>
Il
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1—(26)T
1-26

When ¢; — ¢; > 0, then ﬂg(T ) is positive and increasing. Conversely, when ¢; — ¢; < 0 then

The fraction

is positive and increasing with 7". Therefore, ﬂ;(T) is also monotonic.

f[g(T) is decreasing and when ¢; —¢; < —B%, it may even be negative.!® And once it is
negative, it stays negative for all larger T'.

1—(26)T 1—(26)T

Now, suppose (¢; — ¢;) =155 + 8 < 0. By the monotonic properties of ~——F«, it may
only happen for ¢; < ¢;, and there exists T; < T such that (¢; —q;) l_l(fngi + B < 0 and either

(¢ — Qj)% +08>0o0r g —q;+ 0 <0. In the latter case, T; = 1. That is, T; is the

shortest time horizon for which it is not worth capturing the market. For time horizon T;

and shorter, IT/(T) for i = A, B can be calculated using (10) — but not for longer horizons.
Lemma 4 IfII{(T) < 0 then, for all T' > T, II{(T") < 0.
Proof. Suppose T} > 1. By definition of T}, IT{(T; — 1) > 0 (and given by (10)), and
I(T;) = q; — ¢; + B — SI(T; — 1) + 61I4(T; — 1) < 0. (11)
Now IT¥(T) for T > T can no longer be calculated using (10). We need to apply (9) directly:
(T, + 1) = g — q; + B — 6T(T3) + O1(T}) = q: — ¢; + 8 — O11(T))

since H;(Tz) = f[j(TZ) and IT{(T;) = 0.

By properties of (10), II}(T;) > IF(T; — 1). From II}(T;) < 0, we have §IT)(T; — 1) >
qi—qj—l—ﬁ—l—éf[ﬁ(Ti—l) > ¢; — ¢; + 8. Thus 6ﬁ§(Tz) > q; —q; + (3 and ﬂi(T,—l—l) <0—
and so forth foreach T >7;. N

Thus, for T > T;, TI{(T) = 0. Moreover, H? (T) = ﬁ; (T') also can no longer be calculated
using (10). Applying (9) directly:
[(T; + 1) = g — gi + 8 + STI(T),
(T; +2) = q; — ; + B+ 0(q; — qi + B) + 6°TE(T)).

More generally, for any T' > T; we have

T-T;
IG(T) = (g — g+ 8) D o'+ 67 TI(T))
t=1
— =t T 0T (- ) T )

19This also implies that one of the II{(7') must be positive. A negative f[;(T) for some T implies ¢; —¢q; < 0,
and ¢; — ¢; > 0 implies f[; (T) >0 for all T.
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Notice that for the case when T; = 1, H?(T) reduces to (¢; — ¢; + ﬁ)%.

Now, using those properties of IT}(T), for i = A, B, we can consider following cases.

(i)

(i)

a4 —a8| < Brigyr

Then both 114 (k) and I8 (k) are positive for all k = 1,...,T. Since platform A is focal

in t = 0 and II4(7) is positive, the platform never cedes the market and its profit is
~ . T
WA(T) = A(T) = (g4 = 45) 5555 + 5 (by (10)).

QA_QB>B%

1—(26)T
1—25

T < T. This means that II3(T) < 0; that is, platform B would not find it worthwhile

to win the market even if it was focal, given A’s quality advantage. Platform A wins

That is, (g — qa) + B < 0, and thus, by the foregoing arguments, there exists a

the market, but the prices it charges and profit depend on T, as derived earlier:

—§5T-Ts — (28)TB
ACT) = (4 = g+ ) 407 (02 = ) T g+ 5)

dB — qa > %

Now there exists a Ty < T'. That is, f[‘g(T) < 0; in other words, it is not worthwhile for
platform A to defend the market in t = 1, given the quality advantage of platform B.
Then platform B wins the market in ¢ = 1, becomes the focal platform and keeps the
market for the rest of the time horizon. To win the market, in ¢ = 1, platform B sets
a1 = qs — q— A — B3, while platform A sets p4, = 0. In the next period, platform B is
the focal platform with quality advantage and with 7" — 1 period time horizon. Thus,
the discounted total profit is as that of platform A in case (ii), with relabeling the
platforms and length of the time horizon. That is:

1 — §T-1-Ta

1 — (26)7
1-6

T—1-Ty4 B
#5717 (0 = a2
1 — (26)Ta

1—26

Hfé(T)ZqB—qA—BJr(S[(qB—qAJrﬁ)

T—Ta

= (g5 —qA+5)1—_5

4 6T Ta ((QB —qa) + 5) —20.

This completes the proof of Lemma 1.

Proof of Proposition 3

Directly from the formulas for Vi, VE V# V4 and conditions for Q* and QF, we obtain

Q"' —QF =28.
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Moreover,

and

1 +eo

The optimality condition is then
Q" = B—6VE + V4 + 6V — Ve,

which can be rewritten as

where

oM = 28+ 2 / F(g)dq (13)

Now we have
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These properties imply that Q4 > 3 + 6¢(Q4) for Q* = oo and that Q4 < 3+ dp(Q*) for
Q* = —o0o. Hence there is a unique solution to Q4 if Q4 — 8 — §¢(Q*) is increasing in Q4

i.e. if 0¢'(Q*) < 1. We observe that 6¢'(Q4) < 1 when

26 max (F(q) — F(q—28)) < 1.

q

In this case, the equilibrium is unique. This is the case for all § and if 48 max, f(¢) < 1.
Finally, notice that when evaluated at § = 0, the solution to Q4 = B+4d¢(Q*) is Q* = f3.
This completes the proof of Proposition 3

Proof of Proposition 4
Proof of part (i): Since Q4 = B+ §o(Q%),

9Q*  9(@QY)
95 1—6¢'(Q1)

From the proof of Proposition 3, if 43f(u) < 1 then 1 — 6¢/(Q4) > 0. To see that
#(Q4) < 0 for all Q4 < 3, suppose first that Q4 < . Then

QA

0@ =2

Q4-28

(%—FWOdQ<Q

where the inequality follows because symmetric and unimodal distribution (SUD) implies
that for all Q < p, F(Q) < 1/2. Next, consider u < Q* < 3. Then:

_ p=(Q%-n) /q pH@QA—n) /1
Ay~ Lp )d—Q (——F )d 0.
o =2 T (g-r@)u—2 [ (G <

where the first term is negative because Q“ > 1 > 0 and SUD implies that F(u—(Q*—pu)) <
F(p) = 3 and the second term equals 0 because SUD implies that F(u+z)—3 = 3—F(u—=x).
Since ¢(Q*) < 0 we have % < 0, and since QF = Q4 — 24 it follows that % < 0.
Next, Q4 < 0 if
0> 5+ d¢(0),

which holds for ¢ large if

5> $(0) = —26(1 — 2F(~26)) + / (2000 dg= 2+ /  Fla)dg
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or if

5>2/ F(q)dg.

—28
This inequality holds for all 5 if F/(0) < 1/4.
Proof of part (ii): Let F(Q;p) denote the F'(Q) given p. We have:

= Q4 OF(Qsp)
Q4 _ 2 fQA—Zﬁ ( au# )dq
o = 06/(Q4)
where the inequality follows because SUD implies that F'(q; ) is decreasing in .
Proof of part (iii): We have:

<0,

oQ*  1—20+40F(Q* —2p)
op 1 —0¢/(Q4)
where the inequity follows because 1 —20+40F(Q* —28) > 0if 0 < 3. Since Q¥ = Q4 -2,
it follows that

>0,

0QF 1+6(2—4F(Q%)

K L —20(F(Q*) — F(Q* —2p))
where the inequality follows because the numerator in brackets is positive when ¢ < % (since
F(Q*) < 1) and because the denominator is positive when ¢ < 3 (since F(Q*) — F(Q* —
2p) < 1). When F(0) < 1/4 and § = 1, we have

o —1+4F(QP) _ —1+43
08 lom 1=-9(QY)  1-¢(QY)
where the inequality follows because F(Q?) < F(0) < 1/4.
This completes the proof of Proposition 4.

< 0,

=0,

Proof of Proposition 5

Solving for W4 and W2, we obtain

(1=0+06F(Q) [54af(a)dg + (1 — F(Q")) J5s af (a) dg
1= 0F(Q4) + 0F(QP) ’

OF(QP) [5a af(g)dg + (1 —0F(QY) [5s af(a) dg
1—6F(Q4) + 6F(QP) ’

W4 =g+

WP =35+
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First consider W4. Solving the derivative of W4 with respect to 6 and then evaluating
at 0 = 0 yields

A 00 0o YA
S| —a=r@( [ arain= [ araan) - 10104

d0 |52
B aQA
~(-FO) [ arl@do- 13575
where the equality follows from the substitutions Q4 = 8 and QF = —3. By our assumption
of SUD, f q)dq > 0 (proof available upon request), implying the the first term is

nonnegative. Smce Proposition 4 shows that Q* is decreasing in J, the second term is
positive implying that 8‘g/—(;w(;:o > 0.
Next consider WB. Solving the derivative of W with respect to § and then evaluating

at 0 = 0, we have

owB ~ > o0 008
—-r@")( [ afda- [ af@da) - 1@"@" %
90 |5_ B oA )
B aQB
——F(=8) | _af@da+ F(-5)5%
—B
where the equality follows from the substitutions Qf = —f and Q4 = . Again by our
assumption of SUD, f q)dg > 0, implying the the first term is nonpositive. Since

Proposition 4 shows that QB is decreasing in 0, the second term is also negative implying
that 27 |5_ < 0.
Now we consider the gap W8 — W4

f 5 qf(q f 14f(q ) (1—-9) ~
B A _ Q Q A
WE oW =T 5F(QA) TORQR 1o sEQN +or@n @)
where B
M(Q™") = / qf(q)dq.
QA28
Since 1 > F(q) > 0 and 0 < § < 1, it follows that sgn(WV ) = ( (QA))

Consider first § = 0 such that @4 = 5. Then, SUD implies M (f3 ) qf(q)dg > 0
and W¥ — W4 > 0. Second, consider § = 1. Then W¥# — W4 = 2M(Q4), where M(Q1) is
finite; hence WB — W4 = 0.

Next, we turn to 1 > ¢§’. We distinguish between two case, F'(0) < 1/4 and F(0) > 1/4,

which will be analyzed in turn.
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Case 1: F(0) < 1/4. In this case, Proposition 4 implies that there is a cutoff, ¢” where
8" is the solution to Q4 = 0, such that Q4 > 0 for 6 € [0,5") and Q* < 0 for 6 € (8", 1]. For
all § € [0”,1], M(Q*) < 0 because Q < 0 for all Q € [Q* — 28,Q4]. For § € [0,6"), M(Q*)

is decreasing with 0. To see why:

OM(Q") 8QA

a6
The term inside brackets is positive for all § € [0,6”] because @* > 0 and f(q) > 0 and

because Q4 <  implies that Q4 — 28 < B —28 = —3 < 0. Since Q4 is decreasing in 6, we
8M(Q )

=[Qf(Q") — (Q* —28)f(Q" — 28)| 55

have < 0.

To summarize, M(Q?*) > 0 for § = 0, M(Q?) is decreasing with § for § € [0,5"), and
M(Q?) < 0 for § € (6”,1]. Hence there is a unique cutoff & < ¢” such that M(Q*) > 0 for
§ €1[0,6") and M(Q?) < 0 for § € (&',1]. Since sgn(W?8 — W4) = sgn M(Q*), this implies
that Wp > Wy for 6 € [0,0") and W < Wy for 6 € (', 1).

Case 2: F(0) > 1/4. In this case, Q! > 0 at § = 1. Notice that M(Q?) is decreasing
with § for all 6 € [0, 1] (the proof that —) < 0 requires only that @Q“ > 0 which holds in
Case 2 for all § € [0, 1]). However, unlike Case 1, now M(Q*) at § = 1 can be either positive
or negative. It will be positive if Q4 at § = 1 is sufficiently higher than 0, in which case
M(Q?) > 0 for all 6 € [0,1] and so Wp > Wy for all § € [0,1). In this case & = 1. Note
that M(Q%) can be negative at § = 1 if Q* at § = 1 is sufficiently close to 0, in which case
at 6 = 1; then M(Q*) < 0 and so W > Wy for § € [0,0') and Wy < W, for 6 € (§,1), as
in Case 1.

Remark on uniform distribution. If the distribution is uniform, then M (Q%) = 0at § =0
and M(Q?) < 0 otherwise. This implies that W, > Wy for all § € (0,1) and W4 = W
otherwise.

This completes the proof of Proposition 5.

Proof of Corollary 1

Substituting F(Q) = Q+" into (13) yields (7). To ensure that Qf > y — o, we need o to be
large enough that o > (,u +38)+ 1% \/ u? + 6up + 2. Observe that this assumption implies
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that o > 2. The recursive expected social welfare functions are then

- B—5=5s3 a1 pto a1
w :/ (6+ oW )—dq+/ (B+q+ oW?)—dg,
L o 3 B 20

— 2 _ 26p
a—26p3
pto _ 1 —B— 02555@ -
WB:/ (ﬁ+q+6WB)—dq+/ (B+ W) —dqg
_ﬁ_ Jng?ﬂ 20‘ n—o
Therefore,
WA =1-6w

(
1( 52 N (40282283 — 30) — o (p + 20) + 6Ba(5u — 48 + 100))))
4 (08 —0)(o —263)? ’

4

1 32 (1(8(=1+6)0%B° + 6B (5 — 4(=1 4 0)B)o — po?))
(45‘?””‘” (65 — 0)(c — 20B)° )

The gap W# — W2 can now be written as

2(1 — 8)ous?
(0 —0B)(c —268)

As o > 283 (by assumption), WA —W? > 0 forall 0 < § < 1 and WA — W% = 0 for
0 =0 and 0 = 1. Moreover:

WA—WB:

p?B* (20 — ) .
oo —P)o 207

where the inequality follows because, by assumption, ¢ > 24 and p > 0.

WA s2o — W51 =

This completes the proof of Corollary 1.
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