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The present paper addresses itself to the problem of finite mass quantum frames
of reference. We show that with the help of suitable geometrical potentials it is
possible to construct a theory that takes account of the quantum disturbances of
the reference frame in a consistent manner. We thus obtain a description of a
physical system relative to reference frames described by the most general quan-
tum states, within the framework of non relativistic theory. Our formalism
satisfies an equivalence principle which presents an extension of the classical
equivalence principle to quantum theory. It also augments the usual continuous
Galilean symmetry with additional discrete symmetries corresponding to the
transformation from one physical reference frame to another.

§1. Introduction

The present paper addresses itself to the
problem of finite mass quantum reference
frames. It was Eddington who first observed
both the necessity and also the difficulty of
describing a physical system in quantum theory
relative to a finite mass reference frame. Since
then it has been thought that the uncontrolled
quantum fluctuations of the reference frame
render such a description impossible.

We show that with the help of suitable geo-
metrical potentials it is possible to construct a
theory that takes account of these quantum
fluctuations in a consistent manner, thus ob-
taining a description of a physical system re-
lative to reference frames described by the
most general quantum states, within the frame-
work of non relativistic theory. Our formalism
satisfies an equivalence principle which pre-
sents an extension of the classical equivalence
principle to quantum theory. It is hoped that
this approach, once extended to relativistic
theory, will contribute towards the solution
of problems associated with the quantization
of general relativity.

§2. The Paradox of the Finite Mass Quantum
Reference Frame

We shall acquaint the reader with the con-
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cept of a finite mass reference frame by means
of a paradox. This will be the starting point
of our investigation.

Given are two reference frames O, and 0,,
and a single particle, Q. The reference frames
will each be thought of as finite mass labora-
tories containing clocks, rulers, erc., all of
which are rigidly attached to the walls of the
laboratory. Thus, a reference frame will here
be represented by a single degree of freedom,
whose mass is finite, and whose center of mass
defines the origin of the reference frame. Con-
sequently, these reference frames may be put
into a well defined quantum state relative to one
another, which would not be possible if the
mass were infinite.

Consider now the set of all possible experi-
ments within one given reference frame. With
regard to this, it is necessary to make the
following statement: That it should be im-
possible, by means of an experiment performed
within one given reference frame, to discover its
state of motion. This requirement is familiar
from Galilean invariance and from the special
and the general theories of relativity. But here
it acquires richer meaning, for in the present
case the states in question are quantum states.
Thus, O, may be in an eigenstate of position
or of momentum relative to the external frame.
The above requirement then means, that it
should be impossible, for an experimenter



Quantum Frames of Reference 191

active within O,, to distinguish between these
states.

For the sake of simplicity, we shall, in what
follows, restrict the discussion to the one
dimensional case.

Notation:

O,-internal frame-unscripted variables.
Mass: M,.

O,-external frame-upper script ext.
Mass: M,.

Q-particle. Mass: m.

We shall, in other words, demand that
[xparticle’ VCel)\‘r}x]=0!
where
Ml V(e)):'+m ;::tiele
M +m g

ext __
VCM1 -

and further, similar conditions.* But the in-
ternal observer can measure the velocities of O,
and of the particle. Thus, the velocity seems
to him to be

Ml(_ VOz) + ’n(Vparticle - VO;)
Mi+m >

and he would find
Ml( - VO:) + m( Vparticle - VOz)
xparticlea ]‘41 +m
ik
T M, +m

(%0 unless M, =0).

It is possible to resolve this paradox by as-
suming the existence, in the internal frame, of a
vector potential 4 such

mVpar(icle =Pparticle+mA'

But as none of the two reference frames should
be preferred, also
m ;::ticle= ;:x‘ll'ticle-i_’nAext
and where, in particular 4°*! is the same func-
tion of variables in O, as is A of variables in
0,.
The solution that follows is

P_ .. P iic1e+ Po
V __ £ particle particle 2
m M,

particle —

+C

ext ext

ext __ * particle + Pparticle+P01 C/
particle — m M2 + .

The necessity of describing space-time in
terms of relative variables and of including the
reference frame itself in the system under
consideration which then follows, was noticed
early in the history of quantum theory, but has
remained an open question since.?) Eddington
was among the first who realized this point and
who stressed its importance. !

Beyond this, the question that is being raised
by our paradox concerns the consistency of the
quantum description. For the paradox seems to
suggest that quantum theory is in principle
unable to encompass the whole universe in its
description, but it cannot even be made to con-
sistently support the notion of a finite mass
observer and that consequently it needs a
classical-type theory to augment it.

§3. Finite Mass Quantum Frames of
Reference

We shall now describe in detail the covariant
solution for N particles relative to a finite mass
reference frame in one dimension. Following
this we shall give the solutions for the geometri-
cal potential in the 2 and 3 dimensional cases,
and point out some of the interesting features
that appear.*

Let us then consider N free particles in one
dimension. Their masses are

Myy» = -, My.

We assume the existence of an ‘absolute’, in-
finite mass, reference frame. This ‘absolute’
frame will serve as an auxiliary frame, and will
be completely abandoned later on. The posi-
tions and momenta over the absolute frame are

Xos* 0y AN
P09"',PN

and the canonical commutation relations are
assumed.

[xi, PJ]=15U’ i,j=0,"',N.
The hamiltonian over the ‘absolute’ frame is
N Pnl
H= 2 o,

*  For the complete discussion of this paradox, see
ref. 4.

* The full solution of the 2 and 3 dimensional
cases is given in ref. 4.
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Because this commutes with the total momen-
tum, we can, without loss of generality, assume
that the system is in an eigenstate of P, =0, Py
denoting the total momentum.

Let us now choose particle Q to define the
origin of a ‘relative’ frame. In this capacity it
resembles the observers O, and O, mentioned
in §2. We further define a new set of canonical
coordinates and momenta such

do=Xo, To=Pr,
4n=Xy—Xo, Tp=2Fy
clearly,
lg;, m;]=16;, i,j=0,---, N

is satisfied.

The characteristic feature about this choice
is that the coordinates have been defined as
relative variables, in particular, as distances
from particle Q.

The covariant hamiltonian defined in the
relative frame is

H 2
Hi(r)= ¥ <”"+’""%> MIT?
R T T
where
N
n=Yy =,
n=1

and M is the total mass.

An important characteristic of our for-
malism is its generality. To see this, let us
include in the absolute hamiltonian an inter-
action such as
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Clearly, the definitions of the #n’s and ¢’s will
follow unchanged. Only that in the present
case the relative frame is a non inertial frame,
for particle O, the reference particle, is ac-
celerating. Thus, our definition of the relative
frame allows for the most general type of
motion of the reference frame.

Let us briefly explain the meaning of the vec-
tor potential. In the case where the relative
frame is a non inertial frame, our geometrical
vector potential gives rise to the inertial,
Coriolis and centrifugal type forces. But as we
have seen, the potential appears in the hamilto-
nian even if no forces are acting. In this case, it
represents the velocity of the reference frame
and, in particular its quantum spread.

The velocities in the relative frame are given
by

., OH =m, I
Ve=de= G ", g
e e (o
which conforms with the result of the previous
section.
The unitary transformation that transforms
to another relative frame where particle 1,
namely, serves as reference particle is given by

N
U=P, exp (i ; nn‘h) exp (—ingq,)

where P, is the parity operator for particle 1
and gq,=Uq, U, n,=Ur, Ut

Let us now briefly consider the 2 and 3
dimensional cases. In two dimensions at least
two degrees of freedom are needed, so as to

Nop? define both origin and a direction in the plane.
A= ,,;0 2m, +V(xe—xo) The hamiltonian is
N P2 o ) yL, \* 1 xL, \?
Lottt ) valh- ) @

where

Hl(qn’ nn)= UH(xn, PH)UT’

i.e., H relates to H simply by change of names of the respective variables, and

Y L,

n#¥rel

L =

N
n=Yrpr, L,
2
The variables x, y, P,, P, above belong to a reference particle (degree of freedom) named *‘rel”
whose mass is u. Inspecting (1) we observe that the vector potential appearing in the kinetic energy
term of this reference particle corresponds to that of a singular line of flux along the z axis. Because
of the quantization of angular momentum, this flux introduces no observable effect.
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At least 3 degrees of freedom are needed to define a 3-dimensional physical reference frame.

The hamiltonian is

2 (Pt AN (P4 A) (P+A)?
PP, (Pt A (Bt A) (Pt )

A= ¥

u¥rel 2mn 2#

where the notation used is similar to the above. The solution for the vector potential is

p 1 zL, >+ —-L, N sz>
S ry x? +y* 7 NZES S

A_—l zL, N ~L, . zL, >
YT, yr\/xz—l-yz x\/xz_,_yz 2+y2)(°

\/xz—i-yz
A,= —rz_Ly.

The fields are no more Abelian. The Coriolis
type fields vanish, i.e.,
0A4; 04; . _
v =32 "oy, Tilds 4;1=0

i j
accepts on a set of points of measure zero. If
one calculates the Abelian part of the field, i.e.,
B,=04,/0x,—0A,/0x;, one finds that the con-
tribution that is proportional to L, behaves
like a Coulomb field.

— X
Bx(Lz) = ,j Lz,

B(L)=5L, 3

| &

B,=

L

¥

e

Calculating the line integral of A4 around a
small circle of radius r,, surrounding the z-axis,
one find

Lim 3€A-dz= {—2“2

rxy—0 2an

Combining (3) and (4) we find that the potential
has a singularity on the z axis that corresponds
to two monopoles® at the origin, their strings
lying along the +z, —z axis, respectively.
Again, since the angular momentum L, is
quantized, there is no observable effect due to
these singular fluxes.

z>0
z<0.

4)

§4. Conclusions

The problem of describing space-time in
terms of relative variables which entails the
inclusion of the reference frame itself in the
system under consideration, has been solved.

(2b)

One of the first to propose this problem was
Eddington.

In this solution, a canonical description of N
particles relative to a finite mass reference frame
is given in closed form, by means of a covariant
hamiltonian, together with the transformation
law between different reference frames.

Besides solving the consistency problem, the
solution also constitutes an extension of the
classical equivalence principle to quantum
theory, since a covariant description relative to
a quantum reference frame, whose motion
may be of the most general kind, is given. So
far, non relativistic theory has been treated.
We intend to extend the treatment to relativis-
tic theory, in the hope that this approach will
contribute towards the solution of problems
associated with the quantization of general
relativity.
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M. Jammer: Did you consider the relation between your M. Peshkin: How did you make any progress for

results and the result which arises out of Araki’s rotating frames?

condition that a measurement of any of the observ- T. Kaufherr: The 2~ and 3-dimensional cases have been

ables, e.g., m, in system O, discussed in your re- fully solved. The relation is naturally included in the

presentation can be only an approximation as long formalism in these cases.

as the masses involved are not sufficiently large? A. Zeilinger: Should not a reference frame consist of at
T. Kaufherr: Since we discuss the measurement of least as many objects as the dimension of your space ?

relative quantities only, such a difficulty as referred T. Kaufherr: Yes.

to in the question does not arise.




