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The nonlinear vector product used in a previous publication to treat successive
space rotations has been extended to the case of Lorentz transformations by
employing an imaginary angle in place of the real angle used for the space
rotation case. Expressions were derived for operations of pure Lorentz
transformations and for the form of a general Lorentz transformation. The utility
of the method was demonstrated by applying it to the derivations of the addition

law of velocities and the Thomas precession.

I. INTRODUCTION

In a previous paper' we developed a new nonlinear vector
product to describe successive rotations in three dimensions.
The rotation vector R corresponding to a space rotation
through the angle ¢ has the following expression:

R = R sin(¢/2). (H
with its associated scalar
r = cos{¢/2). (2)

where R is a unit vector in the direction of the axis of rota-
tion, and

RX+ri=1. (3)
We showed in the previous article that the rotation vector
R and the scalar r associated with the product of two suc-
cessive rotation Ry and R; are given by

R =R;XR, (4)
=R XRy+Rir+ Ry, (5)
r=R>,ER, (6)
=rir;—Ri-Ra. (7)

These expressions define the square cross product X and
square dot product @ operators. [n this article we will show
that the same formalism can be employed to treat the space
time rotations of special relativity in which the angle of
rotation is imaginary. We will show the utility of this for-

. mulation by deriving the addition law for velocities and by

calculating the Thomas precession.

Il. LORENTZ TRANSFORMATIONS

A pure Lorentz transformation called a boost involves

~ atransformation from a fixed coordinate system to another

coordinate system moving at a uniform velocity v. The ve-
locity is customarily written in terms of the reduced velogity

’

-

B=vie, " (8)

where c is the speed of light. The parameter -y is defined in
terms of the scalar reduced speed 8,

v=1/(1=p)Y2 (9)
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During the boost the two coordinate frames retain the or-
ientation of their axes in space, i.e., no space rotation occurs.
If a Lorentz transformation involves a simultaneous space
rotation it is referred to as a general Lorentz transforma-
tion.

By analogy with Eqgs. (1) and (2) a pure Lorentz trans-
formation involving a velocity v in a direction defined by the
unit vector 8 may be characterized by a boost vector B,

B = Bsin(y/2) (10)
and an associated boost scalar b,
b=cos(xlz/25 (rn
with )
B+ bi=1, (12)

where the angle  is imaginary and may be expressed in
terms of its real counterpart 8,

¥ = —if. (13)

The angles are related to the parameter -y through the ex-
pressions

§in (Y/2) = —isinh(8/2)

= —i[(y = 1)/2)'/ (14)
cos(y/2) = cosh(6/2)
=[(v+ 1)/2]"/2 (15)

Equations (10)-(12) corrésponding to this boost are in the
same form as Eqgs. (1)~(3) for the space rotation. Accord-
ingly they satisfy the nonlinear vector product formalism
developed in the previous publication.!

ITII. SUCCESSIVE LORENTZ
TRANSFORMATIONS

It is well known that the product of two successive non-
colimear boosts is not a boost but rather it is the product of
a space rotation and a boost. Accordingly we can write the
square-cross and square dot products for the transforma-
tion :

B,X B, =RXB, (16)

B.a B, =R@B. (17
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Using Eqs. (4)-(7) these expressions may be expanded to
the form

B, XB,+ B\b, + B, =BXR+Rb+ Br, (18)
b]bz—B]'Bz'—'rb—R'B. (19)

The real and i 1mag1nary parts of Eq. (18) can be equated
separately to give

B, X B, = Rb,
Bib; + Byb, =BXR+B(. 20
From Eq. (20) we deduce '
R-B; =0 (22)
and '
R-B,=0 (23)

and if we form the dot product with R of both sides of Eq.
(21) we conclude that

R-B=0. (24)
Thus we see that the final boost vector B lies in the same
plane as the boost vectors B; and B,, and that the rotation
vector R is perpendicular to this plane.

Equation (20) can be written

R =B, XBy/b (25)
and the scalar product of Eq. (21) with itself gives
(Biby + Byb )2 = R2B2 + B2, (26)
which in turn may be simplified, using Eq. (3),
B? = (Byby 4 Byby)% (27)

We may define the vector on the right hand side of this
equation as B,

B,, = B]b2 + sz] (28)

where B and B, have the same magnitude. If we form the
vector product of R with Eq. (21) and the scalar product of
r with the same equation and add the two expressions, we
obtain

B=RXB,+ B, (29)

It is easy to show by direct calculation that » equals the
scalar product of unit vectors B and B, in the B and B,, di-
rections, respectively,

r=B-B, (30)

Finally, using the definition of the square cross product and
Eq. (28), we can write

B, X B; = Rb + B, 31
which corresponds to setting

R = (B, XB,),/b, (32)

B, = (B X B))), (33)

where L and | are relative to the plane of B; and B,.

IV. ADDITION OF VELOCITIES

To obtain a general expression for the velocity 8 which
is the sum of the two velocities 8, and 8, we can note from

248  Am. J. Phys., Vol. 47, No. 3, March 1979

(20)

Eqgs. (lb), (11), (14), and (15) that

bB = —(1))iBy, (34)
b2 —Bl=+, (35)

Therefore we have
B=2i [bB/(b2 - B?)], (36)

where b and B are given in terms of By, 1, B>, and b, by
Eqgs. (28) and (31).

The quantity v for the sum of the velocities may be de-
rived from Eq. (27) which may be written

B2 = Bib} + B3b? + 2b,byB,B; cosa. (37)
Using Eqgs. (10)-(15), we may transform this expressnon '
to the form
v = v+ cos?(af2) + y-sin*(a/2), (38)
where, from Eq. (9), ‘ i
v =(1~631)"'/2 (39)
and‘
Bx = (B £ B)/(1 £ B152), (40)

where S4 and _ are the velocities obtained for the parallel
and antiparallel addition of 8y and 8,. Thus we have ~y ex-
pressed as a function of 4 and y— which are the ’s asso-
ciated with the parallel and antiparallet addition of veloc-
ities. In other words for two arbitrary velocities which
subtend on arbitrary angle « the final y can be obtained
from the sums and differences of their magnitudes. The
direction is given by Eq. (29) or (36).

V. THOMAS PRECESSION

To derive the Thomas precession from our formalism,
we follow Jackson.2 We start with his Eq. (11.49),

K 4-vl>K{v+ovl> K", (41)

which corresponds to a boost from the rest system K’ of a
particle moving at a velocity v to the laboratory system K
followed by a boost back to the rest system K” of the particle
which is now moving at the velocity v + dv.

The first Lorentz transformation is given by By,

B,(—v) = B, sin(y/2). (42)
The second Lorentz transformation is given by B,,

By(v + 6v) = Bysin(y/2 + 8y/2), (43)
where
= —B/8, (44)
B,=(8+58)/18+ 8]
- ~(8+88)/8, (45)
and
sin(y/2 + 6y/2) ~ sin(y/2). (46)

For small s, where « is the angle between vand v + dv, it
can be shown, using Eq. (28), that

b~ 1. (47)
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Therefore the rotation vector of Eq. (25) becomes

R = [(v = 1)/2](8 X 36/6?), (48)

since 8 X B = 0 and use was made of Eqgs. (10) and (14). But
R is a rotation vector so it can be written

R = R sin(86/2). (49)
For sufficiently small dv this can be approximated by
R~ 80/2. ' (50)
Comparing Eqgs. (48) and (50) permits us to write
80 = [(v — 1)/82])B X 88. (51)

This may be expressed in terms of an angular velocity wy
and an acceleration a,

wr = db/d1, (52)
a =dv/di,
to give the usual Thomas precession formula
wr = =[v¥(y + DI/(v X a/c?),

where from Eq. (9) 82 is replaced by (v — 1}/~2 For
nonrelativistic velocities ¥ ~ | and we obtain the Thomas
precession expression often quoted in modern physics
texts

wr = —v X a/2c2 (53)
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Ashworth? recently published an alternate method to obtain
the Thomas precession. Instead of considering Lorentz
transformations between three inertial frames of reference,
as is done in typical texts? and by us above, Ashworth made
use of a single Lorentz transformation between two inertial
frames with a relatlve velocity that is not parallel toany of
the coordinate axes.

V1. CONCLUSIONS

In this article we extended the formalism developed in
the prévious paper on space rotations to the case of space
time rotations. The form of the boost vector of a pure Lo-
rentz transformation was arrived at by using a purely
imaginary angle in the expression deduced previously for
space rotations. The operations involved in the application
of successive boosts were deduced and the form of a general
Lorentz transformation was found to separate naturally into
boost-type and space rotation-type parts. The formalism
was applied to derive expressions for 8 and +y in the addition
of velocities and for the rotation correspondmg to the
Thomas precession.
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