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The Effect of a Magnetic Flux Line in Quantum Theory
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The nonlocal exchange of the conserved, gauge invariant quantity e
i
�h�pk�

e
cAk�L

k
, Lk � const, k � 1; 2

between the charged particle and the magnetic flux line (in the k � 3 direction) is responsible for the
Aharonov-Bohm effect. This exchange occurs at a definite time, before the wave packets are brought
together to interfere, and can be verified experimentally.
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momentum remain unaffected. So far the situation in
quantum theory is similar to the classical one. But con-

sical waves. Consider as an example two nonoverlapping
wave packets of classical electromagnetic radiation.
I. Introduction.—The Aharonov-Bohm (AB) effect [1]
is usually described in terms of the shift in the interfer-
ence pattern created by a charged particle moving outside
a solenoid. This description leaves open the question
regarding the time when the effect occurs. Since the shift
is due to a change in the relative phase between the two
wave packets of the particle, it seemed natural to look for
an answer in the time evolution of the relative phase. But
the relative phase is gauge dependent; it is only when the
two wave packets meet that it becomes gauge invariant.
Thus, it seems that quantum theory has contrived to
eliminate any trace of when the effect occurs and that
gauge invariance has some part in this.

Below we show that the relevant variables are the
gauge invariant displacement operators e

i
�h�pk�

e
cAk�L

k
, Lk �

const, k � 1; 2 for a flux line in the k � 3 direction
(Sec. II). In the AB setup, these otherwise conserved
quantities are exchanged nonlocally and at a definite
time, between the charged particle and the flux line
(Secs. III and IV). This accounts for the AB effect
(Secs. II and III). The exchange alters the velocity distri-
bution of the charged particle and can therefore be veri-
fied experimentally (Sec. III).

II. Modular momentum.—Quantum interference, un-
like classical interference [2], is a manifestation of an
underlying dynamics. To see this, consider a setup con-
sisting of a charged particle moving in the vicinity of a
parallel, infinite plate capacitor, but prevented from enter-
ing the electric field. Consider first the position and mo-
mentum of the particle. The Heisenberg equations of
motion are

_~xx~xx �
i
�h
�H; ~xx� �

~pp
m
; (1)

_~pp~pp �
i
�h
�H; ~pp� � e ~EE: (2)

Since the electric field vanishes in the region where the
particle can be found, the average position and momen-
tum of the particle are unaffected by the electric field.
Also the averages of higher moments of position and
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sider the displacement operator

f�px� � e
i
�hpxL: (3)

df
dt

�
i
�h
�H; f� �

ie
�h

�Z x�L

x
Edx0

�
f; (4)

where x denotes the position of the particle. We have thus
discovered a quantity that changes. Compare this with the
classical analog of (3)

f�px� � ei2��px=p0�; (5)

where p0 �
h
L . It satisfies

df�px�
dt

� �fH; f�px�g � eE
@f
@px

� i
2�
p0
eEf; (6)

where f g denote Poisson brackets. It also does not change
unless the particle actually comes in contact with the
field. The displacement operator f�px� is a function of
modular momentum px�modp0� [3,4] defined by

px�modp0� � px � Np0; (7)

and so that its eigenvalues satisfy

0 � px�modp0� � p0: (8)

N is an operator having integer eigenvalues. It is in-
structive to consider the displacement operator also in
the Schrödinger representation. Let the state of the par-
ticle be

�� � �1 � ei��2; (9)

where �1 and �2 are nonoverlapping wave packets, and
�2�x� � �1�x� L�. � represents the change in the wave
function of the charged particle due to its interaction with
the capacitor. The average values of x and px do not
depend on � nor do averages of any polynomial in x or
px. Yet [5]

hei2��px=p0�i � 1
2e
i�: (10)

The implication of this is that the modular momentum
has changed. Compare this with the interference of clas-
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Introducing a relative phase between the two does not
change the total energy and momentum 1

8�

R
�E2 � B2�dv,

1
4�c

R
� ~EE � ~BB�dv of the field. This, of course, continues to

be true even when the two wave packets come to overlap,
and a shift in the interference pattern due to the change in
relative phase is observed. When the electromagnetic field
is quantized, the operator e

i
�h

1
4�c

R
� ~EE� ~BB�dv� ~LL � e

i
�h
~PP� ~LL, where

~PP is the total momentum, acts as a displacement operator
on every state of the field. Thus, for a single photon in a
superposition of two wave packets displaced by ~LL, this
operator depends on the relative phase in exactly the same
way as the modular momentum considered above does.

Modular momentum has its own conservation law.
Consider a collision between two systems 1 and 2 such
as the charged particle and capacitor, and let

�1 � cos

�
2�

p1

p0

�
; (11)

�2 � cos

�
2�

p2

p0

�
; (12)

where p1, p2 are the components of the momentum in any
given direction. Conservation of momentum in that di-
rection, i.e.,

p1 � p2 � p0
1 � p0

2; (13)

then implies that C � cos2�
p0
1�p

0
2

p0
is also conserved,

which leads to the conservation law (see Fig. 1)

1� C2 � ��0
1�

2 � ��0
2�

2 � 2C�0
1�

0
2; (14)

which, in general, describes an ellipse. During a collision,
modular momentum is exchanged under the constraint
(14). Obviously, ��2 need not, in general, be equal to
���1 (where ��1 � �0

1 � �1, ��2 � �0
2 � �2).

Instead, the systems translate from one point of the
ellipse to another.
1

-1

1-1
π1

a

b

π2'

'

FIG. 1. Conservation law of modular momentum �0
1 �

cos�2�
p0
1

p0
�, �0

2 � cos�2�
p0
2

p0
�, where p0 is a constant. p0

1, p0
2

are the components of the momentum in any given direction
after a collision. Because of a collision, the system moves from
one point of the ellipse to another, for example, from a to b.
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Finally, we show that a change in modular momentum,
occurring while the wave packets are separated, mani-
fests itself later as a shift in the interference pattern.
Consider the case where, after the capacitor is closed,
the two packets are allowed to meet. Then,

���x; 0� � �1e
ik0x � ei��2e

�ik0x: (15)

In this case, the average of

O�0� � cos

�
1

�h
px�0�L� 2k0x�0�

�
; (16)

which is a function of modular momentum, depends on
�. We use the Heisenberg representation. Since px�0� �
px�t� � px and x�0� � x�t� � px

m t are constants of the
motion,

� cos

�
1

�h
pxL� 2k0

�
x�t� �

px
m
t
��

� O�t�; (17)

and

hO�t�i � 1
2 cos�: (18)

In particular, at T � mL
2 �hk0

O turns into the local function
O�T� � cos�2k0x�t��, which signals interference.
hO�T�i � 1

2 cos� is then a sufficient condition for the
shift of the interference pattern.

III. The effect of the vector potential on the velocity
distribution.—With the aid of the gauge invariant version
of modular variables, it is possible to determine the time
when the AB effect occurs. Consider a charged particle
prepared in a superposition of two wave packets

� � �1 ��2; (19)

where �2�y� � �1�y� L�, L� �y, �y is the spread of
the packets. The particle passes by a thin solenoid enclos-
ing a flux �, but sufficiently far from it, so that its overlap
with the solenoid is negligible. Thus, it always moves in
the field-free region surrounding the solenoid. We show
that the distribution of the velocity in the direction of the
line connecting the two wave packets changes when this
line crosses the solenoid, provided the solenoid lies in the
interval between the packets (see Fig. 2). Without loss of
generality, we can assume that the line connecting the
two packets is in the y direction. With the magnetic field
within the solenoid pointing in the �z direction, let us
choose the gauge

Ax � �� �x�!�y�; Ay � 0; (20)

where !�y� is the step function. We choose this gauge so
that before and after the particle passes by the solenoid
~pp � m ~vv, since the vector potential vanishes in that re-
gion. The Fourier transform of the velocity distribution is
then (we take �h � 1)Z

Pr�mvy�e
imvyLdvy �

Z
Pr�py�e

ipyLdpy

� h�jeipyLj�i �
1

2
: (21)
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FIG. 2. Charged particle in a superposition of three wave
packets moving in the x direction. Only the distributions of
the velocities in the directions AB and AC change when the
respective lines cross the solenoid, while the distribution of the
velocity in the direction BC does not change during the motion.
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After �2 has crossed the potential line, the particle’s state
is given by

�0 � �1 � e�i��2; (22)

where � � e�
c �h . Consequently, the Fourier transform of

the velocity distribution has changed by

 heimvyLi � 1
2�e

�i� � 1�: (23)

It is instructive to consider the situation in the Coulomb
gauge where ~AA � �

2�r êe’. Comparing the value of the
Fourier transform of the velocity distribution shortly
before the particle has passed by the solenoid, with its
value immediately afterwards, we find that it has changed
by [6]

 heim ~vv� ~LLi � 1
2�e

�iec
H

~AA�d~ll � 1� � 1
2�e

�iec� � 1�; (24)

in agreement with (23), having used Stokes’s theorem and

ei� ~pp�
e
c
~AA�� ~LL � ei

e
c

R
~rr

~rr� ~LL
~AA�d~llei ~pp� ~LL: (25)

Thus, the change in the Fourier transform of the velocity
distribution occurs when the line connecting the wave
packets crosses the solenoid, even though in this gauge
there is no sudden change in the relative phase between
the packets. To test this experimentally, we suggest mea-
suring, at a given time t, the velocity distribution of an
ensemble of N charged particles prepared in a state �
such as (19), and to calculate its Fourier transform.
Repeating this procedure, using different ensembles, at
a succession of times during the motion of the charged
particle towards the flux line and past it, should verify the
existence of the effect.
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The change given by Eq. (23) causes the shift in the
interference pattern. This follows by applying the argu-
ment from the end of Sec. II to [7] O�t� � cos�m _yyL�
2k0�y� _yyt��. Thus, it is the gauge invariant exchange,
occurring while the charged particle passes by the sole-
noid, and not any subsequent change in the relative phase
(which is not gauge invariant) that is responsible for the
shift in the interference pattern.

IV. The effect of the vector potential on the angular
velocity distribution.—The exchange of modular angular
velocity occurs on a circle. To demonstrate this, we refer
to the same setup as before, i.e., a charged particle in a
superposition of two wave packets moving towards a
solenoid. For the sake of simplicity, we consider this
case in the reference frame where the center of mass of
the charged particle is at rest. We define the coordinate
system as follows: the origin coincides with the center of
mass of the charged particle, and the y axis passes
through the centers of the two wave packets. The state
of the charged particle is given by

� � �1 ��2; (26)

where �2�’; r� � �1�’� �; r�. �1 and �2 are two non-
overlapping wave packets that are at rest, and r is the
distance of their centers from the origin (see Fig. 3). The
flux enclosed by the solenoid is �, with the magnetic field
pointing in the �z direction. The solenoid moves towards
the particle in the �x direction. The modular angular
velocity about the z axis is given by

eiIv’� � ei�p’�
e
crA’�� � e

iec
R
’

’0�’��;r0�r
~AA� ~dl0dl0

eip’ ; (27)

having used relation (25). p’ and I are, respectively, the
angular momentum and moment of inertia about the z
axis. The expectation value equals

heiIv’�i � 1 !
1� e�i�

2
! cos�; (28)

where � � e�
�h c . As the solenoid moves toward the charged

particle and then away from it, the average angular
modular velocity changes abruptly twice, on the sole-
noid’s crossing the circle of radius r centered at the origin.
This, too, is an experimentally verifiable result.

V. Discussion.—The commonly accepted view is that,
in order to measure the AB effect, two wave packets
moving on the two sides of a solenoid have to be brought
together to interfere. This also epitomizes the topological
nature of the effect. The picture behind this is that of the
relative phase being collected gradually while the wave
packets travel through the nonsimply connected region
surrounding the solenoid, from which the potentials can
never be completely eliminated. We have shown that this
is not so, that the effect can be experimentally ascer-
tained to occur at an earlier stage, when the wave packets
are still separated. The effect results from a nonlocal
exchange of a conserved, gauge invariant modular quan-
tity between the charged particle and the solenoid, which
070404-3



x

y

solenoid      CM
particle

r

wavepacket

FIG. 3. View from the reference frame where the center of
mass of the charged particle is at rest: As the solenoid crosses
the circle line of radius r, the modular angular velocity about
the z axis of the charged particle changes.
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occurs at a definite time. It is somewhat disturbing that
this quantity contains information about a region which
the particle has never traversed [8]. For example, in the
context of Sec. III, in the gauge Ax � 0, Ay � �!�x� �y�.
Note, nevertheless, that the measurement of velocity
necessarily brings the particle to the region of that part
of the vector potential that has not yet affected the phase
of the wave function. But we also know that the measure-
ment gives the distribution of the velocities as it existed
before the measurement.
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n!

��
px
p0

�
n


:

(29)

[6] In the Coulomb gauge,

Ax �
�

2�

�
�
y

r2

�
; Ay �

�

2�

�
x

r2

�
: (30)

At x � �", the state of the particle is

� � �1 � ei’0�2 �  
�
y�

L
2

�
�ei’0 

�
y�

L
2

�
; (31)

where we assume that  �y� is centered about the origin.

’0 �
e
c

Z �L=2

L=2
Ay�y0; x � �"�dy0: (32)
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�0 � �1e
iS1 � ei’0�2e

iS2 ; (33)
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S1 �
e
c

Z "

�"
Ax

�
x0; y �

L
2

�
dx0; (34)

S2 �
e
c

Z "

�"
Ax

�
x0; y � �

L
2

�
dx0 �

�30�
�S1: (35)
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h�jeimvyLj�i � 1
2; (36)
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h�0jeimvyLj�0i�
Z
dy�0��y�e

�iec
R
y�L

y
Ay�y

0;x�"�dy0
eipyL�0�y�

� e�i’0eiS1e�iS2e
�iec

R
L=2

�L=2
Ay�y;x�"�dy

�
Z
dy �

�
y�

L
2

�
 
�
y�

L
2

�

�
1

2
e�i

e
c

H
~AA�d~ll�

1

2
e�i

e
c�; (37)
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