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a b s t r a c t

The de Broglie–Bohm interpretation of quantummechanics assigns
positions and trajectories to particles. We analyze the validity of
a formula for the velocities of Bohmian particles which makes
the analysis of these trajectories particularly simple. We apply
it to particle detectors of four different types and show that the
detectors of three of these types lead to ‘‘surrealistic trajectories’’,
i.e., leave a trace where the Bohmian particle was not present.

© 2012 Elsevier Inc. All rights reserved.

1. Introduction

It is remarkable that a century after the discovery of quantum mechanics, it seems that we are
no closer to a consensus about its interpretation than we were at the beginning. The collapse of
the quantum state occurring during the process of measurement which, appears in all textbooks
of quantum theory, does not have an unambiguous definition and a reasonable explanation. The
Einstein–Podolsky–Rosen (EPR) argument [1] that quantum mechanics is incomplete, together with
Bell’s proof [2] that it cannot be completed without some nonlocal phenomena, made the task
of creating an understandable picture of quantum mechanics very difficult. This argument and
proof showed that some radical changes in our classical understanding of reality have to be made,
e.g. constructing a physical process of collapse [3,4], accepting the existence of parallel worlds [5], or
adding nonlocal hidden variables. Perhaps the most attractive way to stay close to the single-world
classical picture of reality is to accept the de Broglie–Bohm (dBB) interpretation [6,7] which includes
hidden variables, the positions of quantum particles moving on continuous trajectories resembling
classical physics. The dBB interpretation solves several issues of the quantummeasurement problem.
It defines unambiguously when a collapse of the (conditional) quantum state takes place, it explains
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in a very elegant way what happens in the EPR experiment and it restores determinism in physics.
Note, however, that it does not restore locality in physics.

In this paper we will argue that a simple formula for Bohmian velocity of a particle when it passes
a region of the overlap of superposed wave packets can be widely applied. In particular, it helps with
analyzing so-called ‘‘surrealistic trajectories’’ appearing in a setup proposed by Englert et al. [8] which
offer a dramatic demonstration of the nonlocal nature of the dBB theory and its consequences for the
interpretation of measurements.

The organization of this paper is as follows. In Section 2we review our approach to the dBB theory.
In Section 2.1 we present the ‘‘velocity formula’’, in Section 2.2 we apply it to the Stern–Gerlach (SG)
experiment and in Section 2.3 we apply it to the EPR–Bohm experiment. In Section 2.4 we analyze
an experiment in which an ‘‘empty wave’’ manifests itself by taking the Bohmian particle from the
other wave packet. In Section 3 we introduce position measurements of four types. In Section 4 we
present the main results: our analysis of experiments which are devised to monitor the trajectory of
the Bohmian position using position detectors of the four different types. In Section 4.1 we consider
particles with spin for which the velocity formula is exact and shows unambiguously the cases of
surrealistic trajectories. In Section 4.2 we modify the experiments, such that they allow the analysis
of a spinless particle. In this case the velocity formula is valid only approximately and we compare it
with an exact calculation of Bohmianposition trajectories. Since all of our analysiswas donewithwave
packets having unphysical sharp edges,we perform, in Section 4.3, computer calculations for Gaussian
wave packets taking into account their time evolution. Comparison of the results of exact calculations
and our toymodel analysis demonstrates the effectiveness of our approach. The discussion of Section 5
concludes the paper.

2. The de Broglie–Bohm theory

2.1. The formalism

The dBB theory postulates that the quantum state evolves according to the Schrödinger equation
and never collapses. In addition, every particle (photons currently not included) has definite position
at all times and its motion is governed in a simple way by the quantum state. The history of the dBB
theory is complex. de Broglie [6] first presented it in 1927 and subsequently changed his position,
presenting a significantly different view [9]. Bohm [7] made a clear exposition in 1952, although
he never viewed it as a proposal for a final theory, but rather as a way for developing a new and
better approach. The motions of ‘‘particles’’ in the de Broglie and Bohm theories are identical, but
the important difference between these formulations is that de Broglie used an equation for velocity
(determined by the quantum state) as the guiding equation for the particle, while Bohm used an
equation for acceleration (à la Newton) introducing a ‘‘quantum potential’’ (likewise determined by
the quantum state). The version that we find the most attractive was advocated by Bell [10] and it is
closer to de Broglie’s version as the equation of motion is given in terms of the velocity. An important
aspect is that the only ‘‘Bohmian’’ variables in this approach are particle positions (and variables like
velocity that are defined in terms of positions), while all other variables, e.g. spin, are described solely
by the quantum state.

Originally, it was postulated that the initial distribution of Bohmian positions of particles is
according to probability law |ψ |

2 in configuration space. There are claims that this postulate is
unnecessary because in large systems (i.e., composed of many particles) even if the Bohmian position
in configuration space starts in a low probability region, it will typically move to a high probability
point very rapidly [11,12]. Since in this approachwe still have to postulate something about the initial
Bohmian position – it cannot be where ψ = 0 – we see little advantage of it relative to the standard
proposal, especially since the latter is applicable for all systems.

We feel that dBB theory needs another postulate: our observations supervene on Bohmian trajectories
and not on a quantum state. This postulate is needed for defending dBB theory from the so-called
‘‘idle wheel attack’’ according to which dBB theory is ‘‘the many-worlds interpretation in denial’’ [13].
Indeed, the quantum state already includes a structure corresponding to our reality. However, it
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also includes structures corresponding to numerous other parallel realities and we need a postulate
to downgrade these structures. Then, a single structure of trajectories will remain to manifest our
single-world reality. Myrvold [14] has pointed out that the existence of this postulate brings ‘‘us’’ or a
conscious observer into the definition and thus apparently contradicts the claim of proponents of dBB
theory that it does not require the concept of an observer. However, one can argue that the trajectories
are the primary ontology and then it follows that only they supervene on everything ‘‘real’’ and, in
particular, on our experience.

So, let us define the dBB theory that we consider here. The ontology of the theory consists of
a quantum state, i.e., the wavefunction, and the trajectories of all particles in three-dimensional
space. Our experiences supervene directly on the trajectories alone. The quantum state evolves
according to the Schrödinger equation (or, more precisely, according to its relativistic generalization).
It is completely deterministic: the value of the wavefunction at any single time determines the
wavefunction at all times in the future and in the past. The evolution of the particle positions is
also deterministic. The velocity of each particle at a particular time depends on the wavefunction
and positions of all the particles at that time. Namely, the velocity of particle i at time t is given by

ṙi(t) = Im
h̄
m
Ψ Ď (r1, . . . , rN , t)∇iΨ (r1, . . . , rN , t)
Ψ Ď (r1, . . . , rN , t)Ψ (r1, . . . , rN , t)


ri=ri(t)

. (1)

(We use roman font for Bohmian positions and bold font to signify that Ψ is a spinor.) An equivalent,
but suggestive statement of this law separates the procedure into two steps [15]. First, a conditional
wavefunction of particle i at particular time is defined by fixing the positions of all other particles to
be their Bohmian positions at that time:

ψi(ri, t) = Ψ (r1, . . . , ri, . . . , rN , t) . (2)
Note that ψi still carries spin variables of all the particles. The velocity of the ith particle is then

ṙi =
h̄
m

Im
ψ

Ď
i ∇ψi

ψ
Ď
i ψi


ri=ri(t)

. (3)

This velocity formula ensures that a Bohmian particle inside a moving wave packet which has group
velocity v ‘‘rides’’ on thewavewith the same velocity, ṙ = v. For a generalwavewhich does not consist
of a single well localized wave packet, as occurs, e.g., in a two-slit experiment, the trajectory might be
complicated and we have to perform calculations (3) to find it.

An interesting case, appearing in numerous gedanken (as well as real) experiments, is when the
wave is a superposition of a few well localized wave packets. Of course, one can still use formula
(3) and calculate the trajectories (with the help of a computer), but we are looking for a simple
method which gives at least the basic picture without complicated calculations. One simple tool is
the ‘‘no-crossing theorem’’ which has been used extensively for so-called ‘‘surrealistic trajectories’’
examples [8] but its effectiveness is limited in practice to special classes of problems. We argue that
for finding the Bohmian particle trajectory we can use, instead, a simple formula which says that a
velocity of a Bohmian particle position located in the overlap of localized wave packets is given by a
weighted average of the velocities of these packets. In many cases this formula provides exact results
and in others it yields a very good approximation of the Bohmian trajectory.

Consider the effective (conditional) wavefunction of a particle consisting of a superposition of two
localized wave packets ψ = ψA + ψB moving with well defined velocities vA and vB respectively and
without significant spreading. Then, the velocity formula for the Bohmian position of this particle is

ṙ(t) =
ρAvA + ρBvB
ρA + ρB

, (4)

where ρA = ψ
Ď
A(r)ψA(r), ρB(r) = ψ

Ď
B(r)ψB(r).

This formula is exact if the wave packets are entangled with orthogonal spin states of this or
another particle. Otherwise, it provides a good approximation which sometimes improves when the
wave packets are entangled with other systems. If spreading of the wave packets is not negligible,
then ρv should be replaced by local currents in each wave packet.
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2.2. The Stern–Gerlach experiment

One of the most striking quantum behaviors can be observed in spin measurements which are
performed using SG devices. The most vivid example is the Greenberger–Horne–Zeilinger–Mermin
setup [16–18] in which four alternative sets of measurements of spin x and spin y components are
considered on three entangled particles A, B and C in a Greenberger–Horne–Zeilinger state:

ΨGHZ =
1

√
2


|↑z⟩|↑z⟩|↑z⟩ − |↓z⟩|↓z⟩|↓z⟩


. (5)

The outcomes of the local measurements fulfill the following four equations (each line corresponding
to a different set of possible measurements):

σ1xσ2xσ3x = −1,
σ1xσ2yσ3y = +1, (6)
σ1yσ2xσ3y = +1,
σ1yσ2yσ3x = +1.

Considering the product of these equation we immediately see that there is no solution for outcomes
of local measurement which fulfills all of them. Thus, Einstein’s hope that quantum mechanics can
be completed such that all ‘‘elements of reality’’ will have definite values cannot be accomplished.
In the dBB picture, indeed, spin components have no definite values; nevertheless, everything is
deterministic, so the outcome of any SG experiment is fixed prior to experiment. Let us see how this
happens.

In our simplified model, the initial quantum state of the particle is an equal weight wave in the
form of a thin (in the x direction) box with negligible spreading moving in the x direction, with a pure
spin state. It has no spatial dependence in the y direction, so we will not mention that. We arrange
that the wave packet reaches the origin at time t = 0:

ψ(t) = eik(x−
v
2 t)χ(x − vt, z)(α| ↑⟩ + β| ↓⟩), (7)

where

χ(x, z) ≡


1

√
ϵa
, |x| <

ϵ

2
, |z| <

a
2
,

0, otherwise.
(8)

We will consider below also an exact solution for a Gaussian wavefunction in order to show that our
toy model faithfully represents the behavior of the system. In the simple model, we can immediately
see that the Bohmian particle rides the wave, i.e., the position of any Bohmian particle placed in the
support of the particle’s wavefunction is described, for t < 0, by

r(t) = (x0 + vt, z0). (9)

In order to avoid subtleties of a real SG experiment [19], we consider a simplified gedanken model
of it. At time t = 0, when the wave packet reaches the origin, a spin-dependent momentum kick in
the z direction is provided without changes in other directions. This results in a vertical component
of the wave packet velocity of magnitude ±u for the respective spin components. The wavefunction
at t > 0 is described by

eikx(x−
v
2 t)

αeik↑z(z−

u
2 t)χ(x − vt, z − ut)| ↑⟩ + βeik↓z(z+

u
2 t)χ(x − vt, z + ut)| ↓⟩


. (10)

In order to keep the equations tractable, we will omit from now on everything related to the x axis.
Then, the wavefunction (10) will have the following form:

αeikz(z−
u
2 t)χ(z − ut)| ↑⟩ + βe−ikz(z+ u

2 t)χ(z + ut)| ↓⟩, (11)
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where kz = k↑z = −k↓z and

χ(z) ≡


1

√
a
, |z| <

a
2
,

0, otherwise.
(12)

It is easy to calculate themotion of the Bohmian particle after themomentum kick. During the time at
which the particle is located in the overlap of the two wave packets, the z component of the velocity
is

vz = ż =
ρ↑u + ρ↓(−u)
ρ↑ + ρ↓

=

|α|

2
− |β|

2 u. (13)

At some time, the particlewill leave the (changing) overlap area and from thatmomentwill ride one of
the wave packets. Thus, to find the result of the measurement, we have to calculate what will happen
first: will the particle be ‘‘overtaken’’ by the bottom of the ↑ wave packet (and from then on ride the
↓ wave packet) or will it be overtaken by the top of the ↓ wave packet (and subsequently ride the
↑ wave packet)? To this end we assume that the particle moves with velocity (13) and calculate the
hypothetical times of these events. The earlier one is the one that will actually take place. These times
can be found from the following equations:

z0 +

|α|

2
− |β|

2 ut = −
a
2

+ ut, (14)

z0 +

|α|

2
− |β|

2 ut =
a
2

− ut. (15)

The equality of times corresponds to

z0 =


1
2

− |α|
2

a. (16)

Thus, any Bohmian particle in the upper |α|
2 fraction of the wave will be ‘‘caught’’ by the ↑ wave

packet, so the particle will be detected in the upper beam which corresponds to the outcome of the
experiment σz = 1. Similarly, any particle in the lower |β|

2 part of the wave will end up in the ↓

wave packet and the outcome of the experiment will be σz = −1. In Fig. 1 a particular example with

α =


2
5 , β =


3
5 , z0 =

a
5 is presented. From Eq. (14) we see that the Bohmian position will be

caught by wave packet ↑ at t =
3a
8u . It will ride at the point located a

4 below the center of the wave
packet ↑.

In spite of the fact that the quantum wave has components corresponding to two outcomes, the
dBB theory shows in a deterministic and very simple way how a single outcome emerges at each
experimental run. The quantum state (7) and the initial Bohmian position z0 determine the outcome
of the experiment.

In fact this is not the whole story: ψ(0) and r(0) alone are not enough to decide the outcome
of the spin component measurement: σz = 1 or σz = −1. We have to specify the design of our
measuring device. To show this in themost vivid way, consider the case of |α| = |β|. We can, without
changing anything about the initial quantum state and Bohmian position of our particle, change the
SG device such that it will provide the spin-dependent momentum kick in the opposite direction. (It
is instructive that a naive rotation by π of the SG device does not cause the desired change [20].) The
wavefunction of the particle for t > 0 will then be

αe−ik(z+ u
2 t)χ(z + ut)| ↑⟩ + βeik(z−

u
2 t)χ(z − ut)| ↓⟩. (17)

The Bohmian trajectory will not be altered due to this change, but this time, detection of the particle
in the upper beam will correspond to the outcome σz = −1.
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Fig. 1. Bohmian trajectory in the SG device for a quantum particle in a spin state


2
5 | ↑⟩ +


3
5 | ↓⟩ and at initial Bohmian

position z0 =
a
5 . A darker shade of gray indicates a higher amplitude of the wavefunction |ψ | at times when x(t) = x, i.e.

|ψ(x, z, x−x0
v
)|.

2.3. The EPR experiment

The ‘‘contextuality’’ of the measurement in the dBB theory discussed above does not help to
resolve the EPR paradox. Let us consider the Bohm version of the EPR experiment with the SG devices
described above. Two particles in distant laboratories, 1 and 2, are initially in a maximally entangled
state of their spin variables and in the product spatial state. We denote positions of the particles
relative to their local frames of reference:

1
√
2
χ(z1)χ(z2)(| ↑⟩1| ↓⟩2 − | ↓⟩1| ↑⟩2). (18)

If we perform a measurement on particle 1 using the SG device described above, the quantum state
will become

1
√
2
χ(z2)


eik(z1−

u
2 t)χ(z1 − ut)| ↑⟩1| ↓⟩2 − e−ik(z1+

u
2 t)χ(z1 + ut)| ↓⟩1| ↑⟩2


. (19)

A simple straightforward analysis, similar to that for the case of a single spin- 12 particle, shows that
if the Bohmian position of particle 1 has initially z1 > 0, the particle will move up. Indeed, the
measurement interaction splits the wave packet into a superposition of two wave packets of equal
weight. While the Bohmian position is inside the overlap of the two packets, it has zero component of
velocity in the z direction and it is the top of thewave packet↓whichwill be the first to reach it. There
is a symmetry between particle 1 and particle 2, so if initially z2 > 0 andwe perform SGmeasurement
on particle 2 instead, it will also move up. Nothing prevents us from initially having both z1 > 0 and
z2 > 0, but they cannot both move ‘‘up’’ since in the EPR–Bohm experiment the outcomes have to be
anticorrelated.
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To simplify the analysis, let us assume that we first perform ameasurement on particle 1 and then
on particle 2. Initially, and until the Bohmian position of the first particle leaves the overlap of its two
wave packets, χ(z1 − ut) = χ(z1 + ut), so the conditional wavefunction of the particle 2 is

1
√
2
χ(z2)


eik(z1−

u
2 t)| ↑⟩1| ↓⟩2 − e−ikz(z1+ u

2 t)| ↓⟩1| ↑⟩2


. (20)

But when the Bohmian position of particle 1 leaves the overlap area, χ(z1 + ut) = 0, the conditional
wavefunction of the second particle collapses to

χ(z2)eik(z1−
u
2 t)| ↑⟩1| ↓⟩2. (21)

For such a wavefunction, in the SG measurement of particle 2 all of its Bohmian positions will move
down and thus, the spin measurements will indeed show anticorrelation.

What resolves the EPR paradox in the dBB picture is its nonlocality. There is a real action at a
distance. By performing or not performing a measurement on particle 1, we can change the outcome
of the SGmeasurement on particle 2which takes place in a space-like separated region. The collapse of
the conditional wavefunction of particle 2 happens instantaneously at the moment that the Bohmian
position of particle 1 leaves the overlap area of its two wave packets.

2.4. The action of an empty wave

The picture presented above, apart from its nonlocality, is very natural and attractive. A less
intuitive feature of Bohmian trajectories shows up when we bring together two wave packets, one
of which contains the Bohmian position. Let us consider again the wavefunction of the particle after
leaving the SG device (10) and arrange at time T a spin-dependent momentum kick in the opposite
direction twice as strong as the previous one. At time t = 2T , the two wave packets will fully overlap.
In order to keep the notation compact, we will define this time as t = 0 (i.e. set the clocks back by
2T ). Then, for t > −T , the wavefunction will be

αe−ik(z+ u
2 t)χ(z + ut)| ↑⟩ + βeik(z−

u
2 t)χ(z − ut)| ↓⟩. (22)

Consider again the example in which Bohmian trajectory started at z0 =
a
5 using the velocity

formula (4). The Bohmian particle will ride the wave packet ↑ at the location a
4 below the center of

the wave packet; see Fig. 2. The two wave packets fully overlap at time t = 0. Shortly before this, at
time t = −

3a
8u , when z =

a
8 , the Bohmian trajectory enters the overlap of the two wave packets. For

the region of the overlap, formula (4) yields ż = (|β|
2
− |α|

2)u. Thus, at time t =
a
4u , when z =

a
4 , the

particle leaves the overlap region and rides the center of the wave packet ↓; see Fig. 2.
In the process of switching from one wave packet to another, the Bohmian position accelerates in

the region where there are no physical fields. For de Broglie and Bell this is an example of an action
of a ‘‘pilot wave’’ while for Bohm this is an interaction due to a quantum potential. This phenomenon
persists even if we try to monitor the trajectory using apparently legitimate position detectors. Since
the detectors show one trajectory, whereas the Bohmian particle actually takes, according to the
theory, a different trajectory, the latter were named ‘‘surrealistic trajectories’’ [8].

We will analyze this phenomenon considering position detectors of four different types. In all
cases, the detector records the presence of a particle in its vicinity via certain change in a quantum
state of a detector particle which will later be amplified to a macroscopic recording in the detector.
The differences between the detectors are in the type of microscopic record of the detector particle.
Note that the amplification to a macroscopic record performed too early might change the action of a
detector, so it has to be done after relevant evolution of the particle’s wave.

3. Position detectors

To avoid cumbersome notation and confusion between themeasured particle and detector particle
we will, from now on, call the detector particle a ‘‘neutron’’. This is just a name; we do not say that
neutrons are typically used in position detectors.
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Fig. 2. The Bohmian trajectory of a particle z(x) and the amplitude of the wavefunction |ψ(x, z, x−x0
v
)| (the shade of the gray).

The Bohmian particle changes the direction of its motion in the area of overlapping wave packets where the electromagnetic
field is not present.

3.1. Type (i): Bohmian position detectors

This is amodel of a standardmeasuring devicewhich shows its outcome bymeans of a pointer; see
Fig. 3. The neutron is initially at rest in awell localizedwave packet.Wewill consider its wavefunction
in one dimension, χ(z̃), and model it as above (12). We will use ‘‘ ˜ ’’ to signify variables of the
measuring device. The interaction is such that if our measured particle is present at the detector, the
neutron is quickly shifted by a distance b larger than the width of its wave packet:

χ(z̃) → χ(z̃ − b). (23)

We call it a ‘‘Bohmian position detector’’ because the information about the result of themeasurement
is written (apart from the quantum state of the neutron) in the Bohmian position of the neutron:
‘‘particle is not present’’ corresponds to the Bohmian position z̃ ∈ [−

a
2 ,

a
2 ] and ‘‘particle present’’

corresponds to the Bohmian position z̃ ∈ [b −
a
2 , b +

a
2 ].

3.2. Type (ii): spin detectors

The spin of the neutron flips if the particle is present—see Fig. 4:

|↑̃⟩ → |↓̃⟩. (24)

Note that in this case, the Bohmian position of the neutron does not ‘‘see’’ the particle. It does not
change its trajectory due to the presence or absence of the particle. Only later, when the spin of the
neutron is observed, will the Bohmian trajectory of the neutron change accordingly. But we assume
that this stage happens long after the phenomenon that we discuss takes place.
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Fig. 3. Bohmian position detector. The wavefunction and the Bohmian position (black dot) of the neutron. (a) Before the
measurement as well as after the measurement, in the case where the particle was not present. (b) The case where the particle
is detected. The Bohmian position specifies the result of the measurement.

Fig. 4. Spin detector. The wavefunction and the Bohmian position of the neutron. (a) Before the measurement as well as after
the measurement, in the case where the particle was not present. (b) The case where the particle is detected. The Bohmian
position of the neutron is not changed.
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Fig. 5. Phase detector. The wavefunction and the Bohmian position of the neutron. (a) Before themeasurement as well as after
the measurement, in the case where the particle was not present. (b) The case where the particle is detected. The Bohmian
position of the neutron is not changed.

3.3. Type (iii): phase detectors

The neutron changes the relative phase between the spatially separated parts of its wavefunction
depending on the presence of the observed particle; see Fig. 5. In this detector, the neutron is in a
superposition of two well localized wave packets: one, χ(z̃), is near the place where the measured

particle might be and the other, χ(z̃ − b), is far away. Initially it is in a superposition 1
√
2


χ(z̃) +

χ(z̃ − b)

. The measurement interaction is such that if the particle is present, the potential near it

leads to a relative phase of π and the neutron state changes as follows:

1
√
2


χ(z̃)+ χ(z̃ − b)


→

1
√
2


−χ(z̃)+ χ(z̃ − b)


. (25)

Otherwise, it remains unchanged. Again, the Bohmian position of the neutron does not ‘‘see’’ the
particle. It does not change its trajectory due to the presence or absence of the particle. Only later,
when we bring the two wave packets of the neutron together for measuring the phase, will the
Bohmian trajectories of the neutron change accordingly.

3.4. Type (iv): Bohmian velocity detectors

The quantum state of the neutron is spread out uniformly on a ring of radius R located near the
place where the presence of our particle is tested for; see Fig. 6. The wavefunction of the neutron
is effectively one-dimensional. Initially, the wavefunction of the neutron and its Bohmian position
rotate in the clockwise direction and this motion remains unchanged if the particle is not present. If
it is present, the wavefunction of the neutron changes:

1
√
2πR

e−ik̃R(θ̃+ ω
2 t) →

1
√
2πR

eik̃R(θ̃−
ω
2 t). (26)
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Fig. 6. Bohmian velocity detector. (a) The current of the neutron is initially in the clockwise direction. (b) The current remains
the same if the particle is not found. (c) The current changes its direction if the particle is present. The Bohmian particle velocity
has the same direction as the current at its location. The result of themeasurement is ‘‘recorded’’ in the direction of the Bohmian
particle velocity (as well as in the direction of its current), but not in its Bohmian position, since the latter is random whatever
the result is.

Thus, the current and the Bohmian velocity change the direction of rotation. The outcome of the
measurement is recorded in themotion of the Bohmian position of the neutron: itmoveswith velocity
ωR in the clockwise direction if there is no particle and it moves with the same velocity in the
counterclockwise direction if the particle is present. This detector, however, is not a Bohmian position
detector: the Bohmian position of the neutron can be anywhere on the ring whether the particle is
present or not.

4. Results

4.1. The particle with spin

Wewill now try to observe the action of an empty wave using position detectors. Wewill start the
analysis with Bohmian detector (i). We put our detector in the lower arm of the device; see Fig. 7(a).
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Fig. 7. Trajectories of the particleswith variouswhich-path detectors. (a) The Bohmianposition detector. The detector correctly
shows that the particle did not pass through the lower arm of the interferometric device. (b) The spin detector. The spin
flips in spite of the fact that the Bohmian particle did not pass through the lower arm of the interferometric device. (c) The
phase detector. The phase changes in spite of the fact that the Bohmian particle did not pass through the lower arm of the
interferometric device. (d) The Bohmian velocity detector. The Bohmian velocity changes its direction in spite of the fact that
the Bohmian particle did not pass through the lower arm of the interferometric device.
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The wavefunction of the particle and the neutron for t > −T is

αe−ik(z+ u
2 t)χ(z + ut)χ(z̃)| ↑⟩ + βeik(z−

u
2 t)χ(z − ut)χ(z̃ − b)| ↓⟩. (27)

Consider again the initial Bohmian position of the particle z0 =
a
5 . Since at time t = −T the

Bohmian position of the particle is inside the wave packet in the upper arm of the interferometer,
the conditional wavefunction of the neutron remains χ(z̃) and thus, its Bohmian position remains
unchanged: z̃ ∈ [−

a
2 ,

a
2 ]. Then, at time t > −T , the conditional wavefunction of the particle is

e−ik(z+ u
2 t)χ(z + ut)| ↑⟩. (28)

Therefore, the Bohmian position of the particle will continue to ride the wave packet moving towards
detector A at the location a

4 below its center. This corresponds to our expectation: the particle detected
at A does not leave a record at the detector located on another path: we observe no surrealistic
trajectories.

Now consider spin detector (ii). The neutron starts in the state |↑̃⟩ and flips its spin at time t = −T
if the particle passes through the lower arm. Then, the wavefunction of the particle and the neutron
for t > −T is

αe−ik(z+ u
2 t)χ(z + ut)|↑̃⟩| ↑⟩ + βeik(z−

u
2 t)χ(z − ut)|↓̃⟩| ↓⟩. (29)

The presence of the spin detector changes nothing regarding the motion of the Bohmian particle
relative to the case without the detector (22): before time t = −T the wave packets A and B were
entangled with the spin of the particle and now we add entanglement to the spin of the neutron.
The spatial density of the particle remains the same and formula (4) holds exactly. The Bohmian
particle does change its direction in the area of the overlap and, as in the case without a detector,
it moves up towards detector B; see Fig. 7(b). Here we can see the meaning of the requirement that
the amplification to a macroscopical record should take place ‘‘later’’. The validity of Eq. (29) relies on
the fact that the amplification did not take place. The amplification had to be done after the particle
wave packets overlapped, t > 0. At the moment that the Bohmian position of the particle leaves the
overlap area, the neutron conditional wavefunction collapses to |↓̃⟩. This naively corresponds to the
neutron recording the particle in the lower arm in spite of the fact that the Bohmian trajectory passed
through the upper arm. We can place numerous spin detectors along the arms of the interferometer,
andwhenwe look at them later, they will all show a continuous trajectory along the lower armwhich
is not the Bohmian trajectory. This phenomenon has received the name ‘‘surrealistic trajectory’’ [8].

We have followed Bohm’s original prescription for incorporating spin into the dBB theory. It is,
however, sometimes treated differently [21], so it is important to see whether the phenomenon of
surrealistic trajectories arises also without spin detectors. Wewill show that measuring position with
‘‘phase detector’’ (iii) leads to the samephenomenon. Thewavefunction of the particle and the neutron
of the phase detector for t > −T is

1
√
2


αe−ik(z+ u

2 t)χ(z + ut)

χ(z̃ − b)+ χ(z̃)


| ↑⟩

+βeik(z−
u
2 t)χ(z − ut)


χ(z̃ − b)− χ(z̃)


| ↓⟩


, (30)

The conditional wavefunction of the particle is either

αe−ik(z+ u
2 t)χ(z + ut)| ↑⟩ + βeik(z−

u
2 t)χ(z − ut)| ↓⟩, (31)

when the Bohmian position of the neutron is far away from the lower arm of the interferometer, or

αe−ik(z+ u
2 t)χ(z + ut)| ↑⟩ − βeik(z−

u
2 t)χ(z − ut)| ↓⟩, (32)

when the Bohmian position of the neutron is near the lower arm. In both cases the Bohmian trajectory
of the particle (which started with z0 =

a
5 ) is in the upper arm until the overlap with the empty wave

occurs,where it turns towarddetectorB; see Fig. 7(c). Indeed, thewavefunction (31) is the sameas (22)
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and the change of sign in (32), does not influence the Bohmian trajectory of the particle due to the
entanglement with the spin. The particle will be found in detector B and this will lead to the collapse
of the neutron conditional wavefunction to 1

√
2


χ(z̃ − b)− χ(z̃)


which corresponds to detection of

the particle. We again get a surrealistic trajectory: the phase detector ‘‘detects’’ the particle where the
Bohmian position is absent.

Finally, consider a detector of type (iv). It is, in a sense, a Bohmian detector, since the outcome is
written (also) in the behavior of the Bohmian position of the neutron. However, the measurement
outcome is registered in the Bohmian velocity rather than position. The wavefunction of the particle
and the neutron for t > −T is

1
√
2πR


αe−ik(z+ u

2 t)χ(z + ut)e−ik̃R(θ̃+ ω
2 t)| ↑⟩ + βeik(z−

u
2 t)χ(z − ut)eik̃R(θ̃−

ω
2 t)| ↓⟩


. (33)

The Bohmian position of the particle (which started with z0 =
a
5 ) takes the upper arm. Thus, the

conditional wavefunction for the neutron before t = 0 is 1
√
2πR

e−ik̃R(θ̃+ ω
2 t). Nothing happens at time

t = −T to the neutron; its Bohmian position continues to move on the ring in the clockwise direction
since its conditional wavefunction does not change. This ‘‘no change’’ is, in fact, equivalent to the
detection of the particle in the upper arm, since it is given that the particle is in one of the arms.
This ‘‘record’’, however, does not cause the collapse of the conditional wavefunction of the particle as
with detector (i): whatever the Bohmian position of the neutron is, it does not distinguish between
wavefunctions rotating in different directions, as the probability of finding the neutron anywhere on
the ring is constant in both cases. The conditional spatial wavefunction of the particle varies only in
the relative phase, which is irrelevant because of the entanglement with the spin state of the particle.
So, once again, formula (4) yields that the empty wave packet moving in the lower arm, after the
overlap with the wave packet from the upper arm, will ‘‘capture’’ the Bohmian particle and will lead
it towards detector B; see Fig. 7(d).

When the Bohmian position of the particle leaves the overlap area of the wave packets, the
conditional wavefunction of the neutron collapses to 1

√
2πR

eik̃R(θ̃−
ω
2 t). In addition to this change of

the wavefunction, the rotation of the Bohmian position of the neutron changes from clockwise to
counterclockwise. So, in the end,we are left with the detector naively showing that the particle passed
through the lower arm, while the Bohmian trajectory passed through the upper arm. The trajectory is
surrealistic again.

Note that the record on the detector in the lower arm appeared after the time of the interaction
between the particle and the detector. It is of interest to consider placing a detector of type (iv) in the
upper arm, instead. A straightforward analysis shows that in this case, at the time of the interaction
between the particle and the neutron, the neutron will ‘‘record’’ the presence of the particle there
by changing its conditional wavefunction and changing the direction of the velocity of its Bohmian
position. However, these recordswill subsequently be completely erased, leaving uswith ‘‘no change’’
in the detector which corresponds to the particle passing through the lower arm, demonstrating
surrealistic trajectories once again.

4.2. The spinless particle

In all the examples above, the simple formula (4) for the velocity of the Bohmian positionwas exact.
This happened because the overlappingwave packets were entangledwith orthogonal spin states and
thereforewould not interferewith each other. Let us now seewhat happenswhen spin is not involved.
For simplicity, wewill consider the same system as above, but flip the spin of the wave packet moving
in the upper arm when it leaves the ‘‘mirror’’ which provides the spin-dependent kick—see Fig. 8—
such that we will have the same spin for the two wave packets. The spin will not play any role and we
will omit it from our equations. So, the wavefunction of the particle for t > −T is

αe−ik(z+ u
2 t)χ(z + ut)+ βeik(z−

u
2 t)χ(z − ut). (34)
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Fig. 8. By flipping the spin in the upper arm, wemake it identical for the twowave packets and particle’s subsequent evolution
becomes as if it had no spin. The amplitude of the wavefunction |ψ(x, z, x−x0

v
)| (the shade of the gray) shows the interference

pattern in the overlap area. It exhibits discontinuity on the boundary of the overlap area which is an artifact of our simplified
model. In this model the Bohmian trajectory z(x) (the continuous line) slightly deviates from zappr(x) (the dashed line), the
trajectory calculated on the basis of approximate formula (4).

Now formula (4) does not hold exactly. We have to use the basic Eq. (3). The difference appears in
the area of the overlap where the twowave packets interfere; see Fig. 8, which shows interference for
λ =

2π
k = 0.3a. In comparison with the case for (4), the calculations of the exact Bohmian trajectory

are more complicated, but for the simple idealized case that we consider here, we can get an implicit
analytic solution. In the area of the overlap, (3) yields for the Bohmian velocity

ż =
(|β|

2
− |α|

2)u
1 + 2|αβ| cos(2kz + φ)

, (35)

where α|β|

|α|β
= e−iφ . Integrating, we get an implicit solution:

z = (|β|
2
− |α|

2)ut −
|αβ|

k
sin(2kz + φ)+ C1. (36)

The solution based on formula (4) is

zappr = (|β|
2
− |α|

2)ut + C2. (37)

The constants are specified by the continuity of z(t) at the boundary of the overlap region. The
equations limit the difference between the constants |C1 − C2| ≤

|αβ|

k and thus the actual Bohmian
position oscillates near the approximate solution. In our example,α andβ are real, soφ = 0. The initial
conditions for the Bohmian particle position are such that the Bohmian particle enters the overlap
region at time t = −

3a
8u , when z =

a
8 . These parameters define the constants: C1 =

a
8 +

√
6

5k sin 2ka
5

and C2 =
a
8 .
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After an integer number of oscillations, z(t) = zappr(t), so, if the Bohmian particle leaves the
overlap region at thatmoment, itwill continue tomove exactly as described by formula (4). In fact, this
is a general feature which is always valid [22]. Our calculations, however, show that the approximate
and exact trajectories slightly differwhen they leave the overlap area. The reason for the discrepancy is
our usage of an inconsistentmodel of a nonspreadingwave packetwith sharp edges. The inconsistency
of the model is transparent when we realize the discontinuity of the wavefunction at the boundary of
the overlap area.

Considering the exact evolution of the wave packets eliminates the discontinuity of the
wavefunction. Indeed, the deviation disappears when we consider a Gaussian model, in Section 4.3.
Since in the x direction the Bohmian particle moves with constant velocity, z(t) essentially gives
the trajectory z(x). This exact trajectory makes small oscillations (of the order of one tenth of the
wavelength) about the trajectory calculated using formula (4) and coincides with it when the wave
packets are separated.

Let us consider now what happens when we add a position detector. We will start again with
detector (i) which records the outcome on the Bohmian position of a neutron. We put our detector in
the lower arm of the device. The wavefunction of the particle and the neutron for t > −T is

αe−ik(z+ u
2 t)χ(z + ut)χ(z̃)+ βeik(z−

u
2 t)χ(z − ut)χ(z̃ − b). (38)

Consider again the initial Bohmian position of the particle z0 =
a
5 . Since at time t = −T the Bohmian

trajectory of the particle is in the upper arm, the conditionalwavefunction of the neutron remainsχ(z̃)
and thus, its Bohmian position remains unchanged: z̃ ∈ [−

a
2 ,

a
2 ]. Then, at time t = 0 the conditional

wavefunction of the particle is

e−ik(z+ u
2 t)χ(z + ut). (39)

Therefore, the Bohmian position of the particle will continue to ride down along with wave packet
moving towards detector A, at the location a

4 below center of the wave packet. We see that with or
without the spin, the Bohmian trajectory is the naively expected straight line; see Fig. 7(a).

Let us consider a spin detector of type (ii). The measured particle has no spin (it can be mimicked
by a particle with spin that does not change), but the neutron has spin. In fact, that is essentially all it
has; we assume that its spatial state is not changed in the process of measurement. The wavefunction
of the particle and the neutron for t > −T is

αe−ik(z+ u
2 t)χ(z + ut)|↑̃⟩ + βeik(z−

u
2 t)χ(z − ut)|↓̃⟩. (40)

The orthogonal spin states of the neutron entangled with the wave packets of the particle play the
same role as the spin of the particle in the analysis above. As in the case of a particle with spin, we
get a surrealistic trajectory with a straight line segment corresponding exactly to the formula (4); see
Fig. 7(b).

Our next case is the phase detector (iii); see Fig. 9(a). The wavefunction of the particle and the
neutron of the phase detector for t > −T is

1
√
2


αe−ik(z+ u

2 t)χ(z + ut)

χ(z̃ − b + χ(z̃))


+βeik(z−

u
2 t)χ(z − ut)


χ(z̃ − b)− χ(z̃)


. (41)

The conditional wavefunction of the particle is either

αe−ik(z+ u
2 t)χ(z + ut)+ βeik(z−

u
2 t)χ(z − ut), (42)

when the Bohmian position of the neutron z̃ is near b, or

αe−ik(z+ u
2 t)χ(z + ut)− βeik(z−

u
2 t)χ(z − ut), (43)

when the Bohmian position of the neutron is near the origin. In the first case the conditional
wavefunction is identical to the wavefunction of the particle without the position detector (34), so
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Fig. 9. (a) Bohmian trajectory of a spinless particle when a ‘‘phase detector’’ placed at the lower arm clicked. (b) Bohmian
trajectory of a spinless particlewhen a Bohmian velocity detector placed at the lower armclicked. For comparison, the trajectory
calculated on the basis of formula (4) is shown by a dashed line.
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z(t) is given by (36) and the trajectory is identical to the one shown in Fig. 8. In the second case
(43), the detector causes a minor modification of the trajectory due to the change in the phase of the
oscillations, in (36) φ → φ + π ; see Fig. 9(a). So, in both cases we get surrealistic trajectories with
small oscillations around the solution obtained on the basis of formula (4).

Finally, consider a detector of type (iv). Thewavefunction of the particle and theneutron for t > −T
is

1
√
2πR


αe−ik(z+ u

2 t)χ(z + ut)e−ik̃R(θ̃+ ω
2 t) + βeik(z−

u
2 t)χ(z − ut)eik̃R(θ̃−

ω
2 t)

. (44)

If, as in our case, the Bohmian particlemoves in the upper arm, the Bohmian position of the neutron
continues to move clockwise, while if the Bohmian particle moves in the lower arm, then at time
t = −T , the neutron switches its velocity to the counterclockwise direction.

When thewave packets of the particle overlap, at time t = T , the Bohmian positions of the particle
and of the neutron bothmove. For finding the analytic solution it is helpful to consider this as amotion
of a Bohmian position of a fictitious ‘‘particle’’ in two dimensions, z, θ̃ . We assume that the mass of
the neutron is equal to the mass of the particle and change the basis to a ‘‘rotated basis’’:

Z =
kz + k̃Rθ̃
k2 + k̃2

,

Y =
−ωRz + uRθ̃
√
u2 + ω2R2

,

(45)

such that at the region of the overlap the wavefunction becomes a superposition of two plane waves
moving in the Ẑ and −Ẑ directions:

1
√
2πRϵa

αe−i
√

k2+ ˜k2

Z+

u
2


1+

˜k2

k2
t


+ βe

i
√

k2+ ˜k2

Z−

u
2


1+

˜k2

k2
t

 . (46)

Thus, in the overlap, the Bohmian trajectory will have constant Y and oscillations around the straight
line in Z(x) of the amplitude |αβ|

√
k2+ ˜k2

.

Returning back to the conditional wavefunction of the particle inside the interferometer, we see
that the detector causes a significant change of the interference picture; see Fig. 9(b). It is obtained
for λ̃ =

2π
k̃

= 0.1a. Thus, the trajectory is even closer to the one predicted by the formula (4)
than the trajectory without the detector. The oscillations are more frequent, but the amplitude of
the oscillations, |αβ|k

k̃2+k2
, is smaller by another order of magnitude.

4.3. The Gaussian wave packet

In all the examples above we were able to make exact analytical calculations, either directly with
formula (4) or with the exact formula (3). In all cases, formula (4) gave either the exact, or a very good
approximation to the exact trajectory. However,we considered only a simplemodelwith a rectangular
wavefunction neglecting its spread, which is clearly inconsistent. (We have seen one aspect of the
inconsistency above.) In order to test the behavior of the Bohmian trajectories we will avoid sharp
edges in the wavefunction and will take the spreading of the wavefunction into account. We replace

χ(z), the wavefunction of the particle at time −2T , by the Gaussian wavefunction 1
a
√
π
e−

z2

2a2 . The
wavefunction of the particle for t > −T is

N (t)

αe−ik(z+ u

2 t)e
−

(z+ut)2

2[a2+i(t+2T ) uk ]
+ βeik(z−

u
2 t)e

−
(z−ut)2

2[a2+i(t+2T ) uk ]

. (47)

We will consider the initial Bohmian position z0 = 0.37a. It is similar to the condition z0 =
a
5

for the rectangular wavefunction (12) since in both cases 70% of the weight of the wave packet is
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Fig. 10. Bohmian trajectory of a spinless particle for a Gaussian wave packet. The exact trajectory (solid line) compared with
formula (4) calculations (dashed line).

below z0. The results of numerical calculations are shown in Fig. 10. First we see that the formula
(4) yields a good approximation at the overlap area and the exact solution outside the overlap area.
We see also that the qualitative behavior of the trajectory is the same as that with the rectangular
wave packet shown in Fig. 8: the Bohmian particle position ‘‘changes hands’’ in the region of overlap
between the wave packet moving in the upper arm and the wave packet moving towards detector B.
However, someof the featureswedonot see:we cannot recognize a straight line in the overlap regions
with the slope |β|

2
−|α|

2. The explanation is that the trajectory passes through regions far away from
the centers of the Gaussians, where the derivative of the amplitude is relatively large, in contrast with
the vanishing derivative for rectangular wave packets. At the center of the Gaussian, the derivative is
zero, so we can expect a better correspondence. To test this let us consider the same wavefunction,
but with initial Bohmian positions at the center z = 0. Then, it will also pass through the center of
the overlap region where the derivatives of the amplitudes of both Gaussian wave packets vanish.
Fig. 11(a) and (b) clearly show the similarity of the trajectories for rectangular and Gaussian wave
packets. In both cases the trajectory performs small oscillations around the solution based on (4). Our
numerical solution of the exact equations ofmotion indicates the applicability of the simplifiedmodel
of rectangular wave packets used throughout the paper. Moreover, we can see that for the Gaussian
wavefunction the trajectory coincideswith the solution based on (4) when thewave packets separate,
contrary to the case for rectangular wave packets, where they slightly deviate.

5. Discussion and conclusions

It was not our aim here to argue in favor of or against the dBB theory in comparison with other
interpretations as was done by Tumulka [23]. In our view, due to the tremendous difficulties with
collapse and the bizarre reality of the many-worlds interpretation, the dBB theory is also a legitimate
theory for developing intuition in quantum interference experiments. This picture might be useful
even if we do not accept the ontological claims of the dBB theory. Note the recent experimental
demonstration of average trajectories in a two-slit interferometer [24].
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Fig. 11. (a) Bohmian trajectory passing through the center of the overlapping region. (a) Exact trajectory for the Gaussian
wave packet (solid line) compared with formula (4) calculations (dotted line). (b) Trajectory calculated according to the exact
local equation but under the assumption of a nonspreading rectangular wavefunction (solid line) compared with formula (4)
calculations (dashed line).

The main message of our paper is that the simple formula for Bohmian velocities (4) is widely
applicable for the analysis of Bohmianmechanics. Inmost cases the formula is either exact, or provides
a very good approximation. It allowed us to analyze the behavior of various position detectors,
uncovering a nontrivial structure in ‘‘surrealistic trajectories’’. We can put aside the question of
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the applicability of the no-crossing theorem and just make simple explicit estimation of Bohmian
trajectories. There are numerous basic quantum experiments, like those of tunneling and scattering
off a barrier, which are very difficult to understand with the intuition that we have from observing
the classical world. The proposed approximate, yet very simple, Bohmian picture is very helpful for
the analysis of these quantum phenomena.

We would also like to add a comment on the criticism by Hiley and Callaghan [25] of ‘‘slow bubble
chamber model’’ [26] proposed by one of the authors a few years ago. The ‘‘slow bubble chamber
model’’ is a hybrid of detectors of the types (i) and (iv). The wave packet of the neutron gets a
momentum kick if the particle is present as in (iv), but its wave packet is not a constant wave on
the ring, but a relatively wide free wave packet. The kick is weak, so it will take a long time until the
kicked and unkicked wave packets separate as in (i). If the experiment ends before this separation,
we get surrealistic trajectories since the slow bubble chamber works as a detector of type (iv). In
the conceptual model considered by Vaidman [26] everything in the ‘‘bubble’’ was slow (contrary
to the case for a real bubble chamber in which electron ionization happens fast). We can strengthen
Vaidman’s argument by using an SG splitting instead of the usual beam splitter, since then the formula
(4) becomes exact. Note, however, that the usual beam splitter also demonstrates well the argument
of this paper due to the approximate validity of (4).
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