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Hopping motion of interacting particles: From time-dependent interaction to directed transport
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The hopping motion of three or more pairwise interacting particles on a linear equipotential chain is
investigated. It is shown that a directed transport of the particle array can be obtained by introducing time-
dependent interactions such as switching the interaction strength periodically between two values. The direc-
tion and mean velocity of the motion are determined by the nature of the imposed time dependence and can,
hence, be chosen dynamically. The possibility of transporting a passive cargo and some other applications are
discussed.
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[. INTRODUCTION [10,17 that allow inherently for dynamical control of the
direction and velocity of the induced motion. Within the con-
The possibility to construct man-made machines on meeept developed in Ref10], originally formulated in continu-
soscopic to molecular scales is fascinating and challengingus Newtonian dynamics, the energy is supplied by a time-
for many reasons. First, such man-made molecular machinéependent interparticle interaction and is then transformed
would provide a natural fo”owup for hand“ng and manipu_ via a nonlinear COUpling to deterministicdirected transport,
lating nanoscale objects such as atoms and single moleculdB,the absence of any static spatial asymmetry in the system.
which have already become widespread in many afths In the following, a s.imp!e hopping version of the co_ntinuous
While a few steps in this direction have already been madé&nodel of Ref.[10] is discussed. In the case studied here,
experimentally[2], the investigation of how to transform ex- three or more particles are located on a line of equipotential
ternally supplied energy in an efficient and controllable waysites and interact via harmonic nearest neighbor pair poten-
into performing specific functions on the molecular scale igtials. It is shown that within this discrete version, directed
still in its early stages. These first realizations are neverthemotion can be achieved with less effort, since a simple peri-
less very promising and one might expect further developodic drive that switches the interaction strengths between
ments to yield some yet unknown ways to control thetwo values is sufficient to cause directed transport. As in the
molecular scale and to open new fields of technological apcontinuous counterpaff0], the direction and mean velocity
plications. Man-made molecular machines might also help t®f the motion are determined by the characteristics of the
shed light on the functionality of the variety of machines andimposed time dependence and can be chosen dynamically,
motors known in biology, in particular, on the poorly under- and the model allows for the transportation of a passive
stood complex energy transformations that occur in biologi£argo.
cal systems on the molecular scale. This hope is based on the
fact that, in the opposite direction, biological machines and Il. MODEL
motors have stimulated physical studies leading to first ex- , .
perimental realizations of man-made small scale machines, 1n€ topology of the model system under discussion is
for example, the so-called Brownian motd@j. Inspired by ~ Shown in Fig. 1a). There areN=3 particles located along a
the directed motion of biological motor proteirisee, for Imgar chaln_of equu_ootenual _S|te§ that mtera_ct via nearest
example, Ref[4]), the motion of particles in ratchet poten- ne|g'hbor pair potentials. To simplify the notation, the three
tials with spatial asymmetry under the influence of stochasti®@'ticles are, henceforth, numbered 0, 1, ari@am '?ft o
and/or periodic forces has been intensively studied. The thdigh), whereas the two interparticle potentials or “bonds
oretical approaches are usually either based on Newtond€ denoted by Oleft) and 1(right). The interparticle poten-
Langevin-type equations of motids] or focus on hopping tial V; of “bond” i, i.e., F)etweeg particles and i +1, is
models[6]. Besides the biological motivation, one would assumed to be harmonie/; =V{[|x;, 1(t) —x(t)| - 1]%,
like to understand the conditions under which directed moWherex;(t) is the position of particlé €{0,1,2} at timet,
tion of particles in these systems occur, an issue, that relat@d V(® denotes the interaction strength of “bond”
to the problem to the second law of thermodynaniisand  €1{0,1} (length and time are measured here in units of num-
to general symmetry consideratiof8]. The results of the ber of sites and in units of hopping attempts per particle,
theoretical investigations have been used to produce expetiespectively. The particles perform random nearest neighbor
mentally directed transport on scales ranging from macrohops under the restriction of site exclusi@mly one particle
scopic objects down to single atorf@]. Having the advan- can occupy a given sitewhere the transition probabilitl/
tage of being rather simple, ratchet approaches usually shafer a particle to hop to an empty site is given Hdy
the feature that the direction and velocity of the motion are=min{1,exg—AE/(kgT)]}. Here, AE is the energy differ-
somewhat difficult to control dynamically. ence between the attempted and the present particle arrange-
Recently some alternative concepts have been proposedent,kg denotes Boltzmann’s constant, ahds the absolute
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FIG. 1. (a) Sketch of the system topology showing three par- 0 - ] ) = -
ticles on nearest neighbor sites. The rightmost particle tries to -100-50 0 50 100
perform a hop to the right against the harmonic potential due X
to its interaction with the middle particle, indicated by the . o .
dashed parabola. The hop is performed with probability FIG. 2. Plot of the probability distribution functioR(x) vs

=min{1,exi—AE/(ksT) ]}, whereAE is the energy difference be- mean coordinate of the array pf three partiqles, Witl.ﬂ=)(.(t)
tween the attempted and the present particle arrangement, in thE[_XO(t)+X1(t)+)§%§t)]/3’ aftert ime (sot)eps for interparticle inter-
caseAE=V{?). (b) Example of the time dependence of the inter- 2Cton strengthVys/(kgT)=1 and Vis/(kgT) =2, overall fre-
action strength, showing the two potential prefactf® andv(®) ~ duencyw=3/10, “excitation” duration7=4/3, and(a) At=0 (dif-
vs time't for Vg;)/(kBT)=l andV(Q/(ksT)=2. The overall fre- LUSDIG mot_lor), (b) AF— —4/3 (biased motion tc_) the rlghtar_]d(c)
quency w=3/10. the “excitation” durationr=1, and the phase _t—4/3 (biased motion to the leftin each subfigure, four different
shift At=2/3 are indicated. times are shown,=5x 10°, 10*, 1.5x 10, and 2x 10".

temperature, so that detailed balance is fulfilled. Althoughime steps. By calculating the first moment of the latter quan-
the system under consideration is quite simple, an exact antity, one obtains the mean distang@) = [~ _xP;(x) dx af-
rium case focused on below. Therefore, in what follows we_ long-time limiw=lim__ x(t)/t (in units of number
rely on numerical simulations of the system dynanjit2]. _ _ t—o

Under equilibrium conditiongparticularly when the/(¥) are  of sites per hopping attempt and particle

time independent a diffusive motion of the particle array

occurs, as expected. To obtain directed transport, the inter- . RESULTS

particle potentials are taken to be time dependent. One way . ) . -
to realize such a time dependence is to choose the potential Let us start the discussion by looking at the probability
prefactorsv(®) to alternate between two values as shown indistribution P(x) for some particular sets of parameter val-
Fig. 1(b). Here, the valu&/{ corresponds to a ground state €S S€€ Fig. 2. There are three cases shown in the figure,
(g9 and the value/g? corresponds to an “excited” states pure_d|ffu5|ve motion in Fig. @), Wh'Ch is caused by sym-
of the “bond,” thus mimicking the effect of periodically metrlcall_y exciting th_e bonds \.N'thQUt any phas_e Sh'ﬂ’
sexciting” the individual “bonds,” where the “excitation” At=0, (ii) blasgq motion to the.nght |n.F|g.(i2), which is
causes a strengthenifigs in Fig. 1b)] or weakening of the caused by “exciting”(strengtheningthe right “bond” after

. S : : . . the left one At>0, and(iii) biased motion to the left in Fig.
interparticle interaction for a given period of tinj&3]. In S AN )

this case, the model parameters are the two values of t ©), which is caused by “exciting(strengtheninpthe left

; ; (0) (0) ond” after the right one,At<0. [An alternative view on
interaction strengtgs andVes , the overall frequency, the “excitation” is that in the casdii) the left “bond” is

the duration G 7<w ! of the “excitation,” and the phase weakened after the ri .

; D . ., ght one, whereas in the désethe
ih'ft_ fA/;<bAetvlee[1 1 /tzheHexcnztlono of the t\/\;]o bﬁndf’ f right “bond” is weakened after the left one, see belpit.
“bg)nd" is\ “et;:ictued" t;eforGeret’hetrT h TL%?&S,, t/vﬁz\r;aesme ' should be noted that the time dependence of the width of the
-0 indicates th ite ord 9 ' probability distribution reflecting the diffusive part of the

Indicates the opposite order. motion is approximately the same in all three cases, whereas

of ;Zisqﬂggrgiiiz t;];ti)nie[rfs(tt)aiext?g ET%‘;;‘;TEE{: ;fmelfhe time dependence of the first moment of the distribution
0 ! 2 (i.e., the mean velocity) varies for the different values of

ray of three particles being initially located &§(t=0)=

—1, x4.(t=0)=0, andx,(t=0)=1, as well as its probabil- At. o )
ity distribution Py(x), where Py(x) dx is the probability to The mean velocity for a broad set of parameter values is
find the particle array between coordinatandx+dx aftert ~ shown in Fig. 3. The actual value of the mean veloeitfor
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FIG. 3. Plot of the mean velocity of the array of three particles FIG. 4. Plot of the mean velocity of the array of three particles

vs phase\t for interparticle interaction strengm(g?/(kBT) =1and vs phase\t for interparticle interaction strengM(gZ)/(kBT) =2 and
V9/(kgT)=2, overall frequencya) o=3/10 andb) w=3/11,and  VQ/(kgT)=1, overall frequencya) w=3/10 andb) w=3/11, and
different values of the “excitation” duratiom, 7= 1/3 (full circle), different values of the “excitation” duratiom, = 1/3 (full circle),
7=2/3 (open squane 7= 1 (full triangle), 7=4/3 (open diamony 7=2/3 (open squane 7=1 (full triangle), 7=4/3 (open diamony
and 7=5/3 (full star). The lines are included as a guide to the eye.and r=5/3 (full star). The lines are included as a guide to the eye.

givenvé‘;) andV® depends on the value dft with respect (and generally forr= af_1/2)_ a better performandalthough
to the values ofr and w. Due to symmetry reasons one in the opposite directionis observed forAtyg,==+ks3,
wherek is the smallest integer larger than/2. Thus, for

0b?ﬁr;/heewgsgvo\;vgﬁnarﬁslagp ?ﬁrt;_aArii(t?ésgl\tﬁg ar)n:::i?nu V<V the best performance is observed when the two
T Y P ' Mexcitations” overlap for half of their duratioficf., Fig. 4,

absolute value of the mean velocity for givenand o is in difference to the casvgg)>vg? for which the best per-

obtained forAty,=£7 for r<w™*/2. SinceAt= w2 ormance is observed when the two “excitations” directly
corresponds to a temporally symmetric situation, as the tim . . . Z
P P y sy ollow each othefcf., Fig. 3, with the exceptionr=w /2

bftvr\]/ee-n the excnatul)lnfs of the two bonSS I—S ega;ctly r|1|alf discussed aboyelt is important to note that in both cases,
\c/)aILees |(r)1;/er§r?]_overa requency, one obtams 0 for all /0~y or vO<V(9 | the absolute value of the mean
7. This means particularly that no directed trans'velocity becomes larger for givem, 7, and At, when the
i =+ - o !
port is observed foAt==* 7 whenr=w™ /2, so that forr ratio vg‘;’/vg? is increased(or vg§>>vg;>), see Fig. 5, or

_l . . . .
=w /2 the maximum velocity is obtained foAt.~= (0)_+,(0) .
+k/3 instead for+ 7 (the factor of 3 accounts for the fact decrgasec{for Ves <Vys), see Fig. 6'. However, the mean
velocity saturates for very largeef., Fig. 5] or very small

that the array consists of three partiglewhere k is the tios[cf.. Fig. 6]
smallest integer larger thanu3 /4. It should be noted that ratiosict., Fig. 9. -
The influence of the temperature on the mean velocity is

due to the discreetness of the parametersr, and At, the A
special case=w /2 exists onls when &I‘l is even[see  Snown in Fig. 7 for bothv(Y> V() and VI <V{), where
Fig. 3(@), again the factor of 3 accounts for the fact that the
array consists of three particlebut is absent if » ! is odd
[see Fig. 80)].

So far we have concentrated on the case in which the
“excitation” strengthens the “bond,” i.e.V{?>V{?. The
inverse case witiv{Y <V in which the “excitation”
weakens the “bond,” results similarly in directed transport, . .
see Fig. 4. The two caseglo) >V andVP<V{D, can be ° 10 15
mapped on each other by exchanging the two values V) /(keT)

VR VY and by replacing— w '~ 7. Therefore, the re- -

sults for 7>~ /2 when vg§>>vg§) can be read off from FIG. 5. Plot of the mean velocihyoof the array of three particles

Fig. 4, whereas whewg2)<v§;) the results forr>w 12 Vs |nterpa(r(t)|)cle interaction strengvts) for interparticle |nte_ract|on

can be read off from Fig. 3. Also in the ca¥g<V{) one strengthVg;'/(keT) =1 overall frequencyw=3/10. The different
— — ) . symbols correspond in to “excitation” duration=1/3 and phase

observes — —v when replacing\t— — At for givenw and  xt=1/3 (full circles), “excitation” duration 7=2/3 and phaset

T due to symmetry reasons. In the case of an array of three /3 (gpen squares “excitation” duration =1 and phaseAt

partiqles, the maximur_nlab_solute Ya|Ue of the mean velocity-1 (full triangles, “excitation” duration 7=4/3 and phase\t
for given o and 7<w™"/2 is obtained forAt,,=*7 for  =4/3(open diamonds and “excitation” durationr=5/3 and phase
ratiosV(eg)/Vé? close to 1, whereas for small ratildﬁg)/vg;) At=1 (full starg. The lines are included as a guide to the eye.
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FIG. 6. Plot of the mean velocity of the array of three particles é
vs interparticle interaction strengl&l'f;o for interparticle interaction =
strengthVQ/(kgT)=1 and overall frequency=3/10. The differ- =
ent symbols correspond i@) to “excitation” duration 7=1/3 and
phaseAt=1/3 (full circles), “excitation” duration = 2/3 and phase
At=2/3 (open squargs “excitation” duration 7=1 and phase\t VO (kT
=1 (full triangles, and “excitation” duration 7=4/3 and phase gs /(ksT)
At=4/3 (open diamonds whereas ir(b) the symbols correspond to _ _
“excitation” duration 7=2/3 and phaseAt=1/3 (open squarés FIG. 7. Plot of the mean Ve|00"1¥00f the array of three particles
sexcitation” duration 7=1 and phasét=2/3 (full triangles, “ex- VS interparticle interaction streng#f{y) and V<Y for fixed ratio (a)

citation” duration 7=4/3 and phasat=2/3 (open diamondsand ~ V&/VP=2 and (b) VJIV)=1/2 and overall frequencyn
“excitation” duration 7=5/3 and phasat=1 (full stars. The lines ~ =3/10.[Note the different scale of the ordinate(in)] The different
are included as a guide to the eye. symbols correspond irfa) to “excitation” duration 7=1/3 and
phaseAt=1/3 (full circles), “excitation” duration 7= 2/3 and phase
At=2/3 (open squargs “excitation” duration =1 and phase\t
the temperature is varied by changiff) andV{Y simulta- =1 (full triangles, “excitation” duration r=4/3 and phaset
neuosly, keeping the ratv(o)/v(o) fixed. In both cases, the =4/3(open diamonds and “excitation” durationr=5/3 and phase
best performance is observed for 'WE@ V( )} kgT, i.e., At=1 (full starg, whereas in(b) the symbols correspond to “exci-

when the thermal energy is approximately equal to the smallta‘t'on duration=2/3 and phasét=1/3 (open squargs“excita-

"duration 7=1 and phasat=2/3 (full triangles, “excitation”
est barrier the outmost particles face in order to hop away°"
from the middle onev (0) orV(O) For too small or too hlgh duration7=4/3 and phasét=2/3 (open diamonds and “excita-

(0) - (0) tion” duration 7=5/3 and phasét=1 (full starg. The lines are
temperatures, m{wgs ’V s1>kgT or m'n{vgs ’Ves} included as a guide to the eye.
<kgT, the performance drops and the mean velocity reaches

zero for both mu{lv(o)/(kBT) V(O)/(kBT)}—>O (high tem-  particle array, i.e., the mean velocity when “pulling” the

perature limii or mm{V(O)/(kBT),V(O)/(kBT)}—m (low  cargo is larger than the mean velocity when “pushing” the
temperature limit e cargo. The reverse case of the cargo being attached on the

Besides achieving directed transport of the particle arra))e'ct side of the active part is equivalent to replaciag—

the concept allows in addition for the transportation of a— At andv——v. One observes that when a cargo is at-
passive cargo, analogously to the continuous EB8As an  tached, there is directed transport with=0 even for At
example, we study the case of an arrayNof 4 particles =0, which occurs due to the statically broken spatial sym-
composed ofN’=3 particles with twoactive “bonds” as  metry. Therefore, a system consisting of one asymmetrically
before andN” =1 particle attached by ongassiveé'bond”at  placed active “bond” is sufficient to observe directed trans-
the right. Here, the rightmost “bond” is called passive as theport, for example an array =3 particles that is composed
potential prefactor is constant in timg{”’ =V , in contrast ~ of N’ =2 particles with one active “bond(the parameteAt

to the active “bonds” whose protentlal prefactors changehas no meaning in this cagsandN"=1 particle attached by
with time as before. The center-of-mass coordina(e) one passive “bond” on the left or on the right. In this case
=[Xo(t) + X, (t) +X,(t) +x5(t) /4 of an array being initially ~the direction of motion igpre)determined by the position of
located atxy(t=0)=—1, x,(t=0)=0, x,(t=0)=1, and the active “bond,” namely, if the active bond is on the left it
x3(t=0)=2 is recorded, and the mean veloaitys obtained ~ Yi€lds motion to the left, and vice versa.

as for three particles and is shown in Fig.(® this case the
time increases in steps of 1/4 accounting for the fact that
there are four particleslt is important to note that the at- A simple hopping counterpart of a concept recently pro-
tachment of the cargo breaks the spatial symmetry of th@osed[10] to achieve directed transport on mesoscopic to

IV. CONCLUSIONS
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the absence of noise, and that the performasoeh as ve-
locity, ability of control, and predictability of the array posi-
tion) drops when noise is added to the system. This should be
contrasted with the observation that within the hopping
model presented here, which can be viewed as a discretized
version of the corresponding Langevin description in the
overdamped limit, directed motion of the particle array is
achieved with considerably less effort: the simple
strengthening/weakening of the interparticle potential vs the
FIG. 8. Plot of the mean velocity of the array of four particles more complex changing of the interparticle potential rest
(three particles with a single particle attached as a cargo at the rightength. The presence of thermal noise might help to reduce
vs phase\t for interparticle interaction strengmg‘;)/(kBT)zl and the technical demand and the complexity of actual realiza-
v/ (kgT)=2, overall frequencyn=4/10, and different values of tions, particularly, when the temperature is chosen properly.
the “excitation” duration 7, 7=1/4 (full circles), r=1/2 (open  Thus, one of the major advantages of the proposed concept is
squarey 7=3/4 (full triangles, 7=1 (open diamonds and 7 that it isvery simpleand should be directly feasible in actual
=5/4 (full starg. The lines are included as a guide to the eye.  experiments. Concerning such an experimental realization, it
is important to note that the time dependencevf does
molecular scales is discussed. Focusing on the case of threet necessarily need to be strictly periodic as considered here
or more particles located on a line of equipotential sites andor the sake of simplicity. Alternatively, one can view the
interacting via harmonic nearest neighbor pair potentials, it isime dependence of tHéi(O) as a result of “excitations” in-
shown that the simple periodic switching of the interactionduced externally, where the temporal order of the excitation
Strength between two values is sufficient to cause direCtednd hence the value dft are chosen dynamica”y |eading to

transport. As in the case of the continuous apprgach the 3 detailed control of the induced directed motion.
direction and mean velocity of the motion are determined by

the characteristics of the imposed time dependence and can,

hence, be chosen dyn:?\mically, and.the proposed con_cept al- ACKNOWLEDGMENTS

lows for the transportation of a passive cargo. Comparing the

performance and the experimental requirements of the hop- Financial support from the Israel Science Foundation,
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