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Abstract

The effect of electric field on the corrugation of the interface between two immiscible electrolytes is theoretically studied
within the linearized Poisson–Boltzmann approximation. It is shown that charging of the interface leads to an enhancement
of the surface corrugation, which may cause a destruction of the interface by a sufficiently strong field. Dependencies of the
mean-square height of corrugation on the overall potential drop across the interface V and on the ionic concentrations in the
two electrolytes are analyzed. Predictions amenable to experimental tests are discussed. q 1999 Elsevier Science B.V. All
rights reserved.

1. Introduction

Liquidrliquid interfaces are interesting model
systems for reaction kinetics, biological physics and

w xthe phase transfer catalysis 1,2 . One of the phases
is usually water, and the other one is a less or low
polar phase. The interface separates hydrophilic and
hydrophobic ions. When the two salts are dissolved
in this system, one of them composed of hydropho-
bic and the other one of hydrophilic ions, they form

w xtwo back-to-back ionic double layers 1,2 . This
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allows to charge the interface. The net charge influ-
ences the variety of phenomena which occur at the
interface.

Liquidrliquid interfaces are never ideally flat be-
cause of the thermal excitation of capillary waves
w x3–9 . The interface is therefore spontaneously cor-
rugated, and the amplitudes of corrugation the
stronger the smaller the interfacial tension. The ef-
fect of corrugation on the electrical properties of the
interface and charge transfer phenomena has drawn

w xconsiderable attention 8,9 . The electric field, which
is in many cases a driving force of a number of
phenomena at the interface, also affects this corruga-
tion. Although it has never been explicitly demon-
strated for the interface of two immiscible elec-

w xtrolytes, the studies of liquid helium films 10 and of
w xthe surface of liquid metals 11–13 have unambigu-

ously shown a dramatic enhancement of interfacial
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corrugation by an external electric field. Moreover, it
was found that above a certain critical field the
interface becomes unstable with respect to fluctua-

w xtions 14–16 .
Here, we perform a theoretical analysis of the

effect of electric field on the capillary waves at the
interface of two immiscible electrolytes. In contrast
to the previous studies of interfaces between dielec-

w xtric media 10–17 , here electric field is not homoge-
neous. The presence of ions introduces Debye
screening length which localizes the field near the
interface. The Debye length competes with the scales
of corrugation. This affects the coupling of the elec-
tric field with the capillary waves. The maximum
effect is on the wavelengths comparable with the
Debye length. Varying, e.g., ionic concentration one
can vary the Debye length and, thereby, probe the
coupling to the waves with different wave vectors.
We derive an analytical expression for the experi-
mentally measurable quantity, the mean-square height
of corrugation as a function of the overall potential
drop across the interface and the ionic concentrations
in the two phases.

2. Basic equations

Consider a contact between two immiscible elec-
trolyte solutions characterized by dielectric con-
stants, ´ and ´ , and Debye lengths, ky1 and1 2 1

k y 1, respectively. For 1–1 binary electrolyte solu-2
y1 Ž 0 2 .1r2 0tions k s ´ k Tr8pn e , where n is thei i B i i

bulk electrolyte concentration in the corresponding
Ž .phase i , e, the charge of electron, T , the tempera-

ture, and k , the Boltzmann constant. The interfaceB
Ž .is given by the equation zsj x, y , which deter-

mines the local height of fluctuations relative to a
reference plane, zs0. The mean value of the profile

² Ž .:function j x, y s0.

2.1. Free energy functional

We start with the functional of a free energy of
the interface, which contains of the surface tension

term, the electrostatic energy term, and the entropy
of dilute electrolytes:

1 2 2 2FsF q d Rg =j R qk j RŽ . Ž .Ž .H0 gr2
´ Ž .j R1 2q d R d z =w z , RŽ .H H 18p y`

`´2 2q d R d z =w z , RŽ .H H 28p Ž .j R

Ž .j R
qk T d R d zH HB

y`

=

qn z , RŽ .1qn z , R logŽ .1 0ž /n1

ny z , RŽ .1yqn z , R logŽ .1 0ž /n1

q y 0y n qn y2n qk T d RŽ . H1 1 1 B

=

q
` n z , RŽ .2qd z n z , R logŽ .H 2 0ž /nŽ .j R 2

ny z , RŽ .2yqn z , R logŽ .2 0ž /n2

q y 0y n qn y2n qVQ . 1Ž .Ž .2 2 2 2

Here g is the interfacial surface tension, k 2 is thegr

small wave-vector gravitational cutoff given by
D r grg , where g is the gravitational acceleration
and D r)0 is the difference of densities of two

Ž . .Ž .liquids, w z, R and n z, R are the electrostatici i

potential and the concentrations of positive and nega-
Ž . Ž .tive ions in the phase i , Rs x, y and V is the

overall potential drop across the interface and Q is2

the overall charge in the second phase. The first term
Ž .in Eq. 1 , F , is the free energy of the contacting0

solutions for a flat interface at the zero potential. The
last term, VQ , originates from the consideration of2

the free energy for a fixed overall potential V and
presents the extra work which is needed to maintain
the potential difference V imposed on the interface
w x18 .

The free energy functional depends on three types
Ž .of fields: surface fluctuations j R , electrostatic po-

Ž .tential w R, z , and the ionic concentrationsi
"Ž .n R, z . By minimizing the functional with respecti
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" Ž .to q and n at a given j R , we obtain twoi i

coupled Poisson–Boltzmann equations, that describe
the distribution of the electrostatic potential and ionic
concentrations in contacting media. In this Letter, we
restrict our consideration by the linearized variant of
the Poisson–Boltzmann approximation, which is
valid for low potential drops across the interface
V-k Tre. In this case we, arrive atB

=
2 yk 2 w r s0 for z-j x , y , 2Ž . Ž . Ž .Ž .1 1

=
2 yk 2 w r s0 for z)j x , y , 3Ž . Ž . Ž .Ž .2 2

where the ionic concentrations are given by

ew z , RŽ .1" 0n z , R sn exp . ,Ž .1 1 k TB

e w z , R yVŽ .Ž .2" 0n z , R sn exp . .Ž .2 2 k TB

The boundary conditions, imposed on the poten-
tial, are:

Ž .a the continuity of the potential at the interface

w x , y , zsj x , y sw x , y , zsj x , y ,Ž . Ž .Ž . Ž .1 2

5Ž .

Ž .b the continuity of the normal component of the
displacement at the interface

Ew x , y , zsj x , yŽ .Ž .1
´1

En

Ew x , y , zsj x , yŽ .Ž .2
s´ , 6Ž .2

En

where ErEn denotes the normal derivative and

Ž .c the fixed value of the overall potential drop V

w ™0 as z™y` , w ™V as z™` . 7Ž .1 2

These equations have been solved by an extension
w xof a perturbation technique, developed in Ref. 19 in

the context of a calculation of a capacitance at rough
electrode surfaces, on the case of the contact be-
tween two electrolytes 1. Substituting the solutions

1 The perturbation theory is applicable to weakly rough inter-
faces for which the characteristic size of roughness in the z-direc-
tion is less than the tangential one and the Debye lengths, ky1

1
y1 Ž w x.and k see Ref. 19 .2

Ž . Ž . Ž .of Eqs. 2 – 4 into the expression 1 we obtain the
Ž .free energy functional of one field, j R

S
2FsF y V C qD F j k ,V , 8Ž . Ž .0 GC2

where S is the apparent interfacial area, and C isGC

the Gouy–Chapman capacitance of the flat interface
w xbetween two electrolyte solutions 1

´ ´ k k1 2 1 2
C s . 9Ž .GC 4p ´ k q´ kŽ .1 1 2 2

Ž .The first two terms in Eq. 8 present the free energy
of the contacting solutions with a flat interface for a

w Ž . xgiven potential drop V, and D F j k ,V is the
correction due to the fluctuations of the interface

1 d k
D F j k ,V s j k j ykŽ . Ž . Ž .H 22 2pŽ .

= g k 2 k 2 yD f k . 10Ž . Ž .½ 5Ž .gr V

Ž .Here we introduced the following notations: j k is
the Fourier transform of the interface profile function

w xj k s d Rj R exp yikR 11Ž . Ž . Ž .H
and

4pV 2 C 2
GC

D f k s q yk ´ q r´ qkŽ . Ž . Ž .V 2 2 1 1 2 2
´ q q´ q1 1 2 2

q q yk ´ q r´ qkŽ . Ž .1 1 2 2 1 1

y2 q yk q yk , 12Ž . Ž . Ž .1 1 2 2

where

2 2 2 2( (q s k qk , q s k qk . 13Ž .1 1 2 2

2.2. Height–height correlation function

w Ž . xTreating the functional DF j k ,V as a Hamil-
Ž . w xtonian of the fluctuating variable j k 20 , we find

the following expression for the Fourier transform of
the height–height correlation function

2 ² :g k s d R j R j 0 exp yi kRŽ . Ž . Ž . Ž .H
k TB

s . 14Ž .2 2g k qk yD f kŽ .gr V
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Ž .The function D f k bears the effect of charging onV

the interfacial corrugation. It has the following
asymptotic behaviors in the regions of small and
large wave vectors

1
2 2

D f k f k V C for k<k ,k , 15Ž . Ž .V GC 1 22
2

´ y´Ž .1 22 2
D f k f4pV C kŽ .V GC

´ q´ ´ ´Ž .1 2 1 2

for k4k ,k . 16Ž .1 2

Ž . Ž .The substitution of Eq. 15 into Eq. 14 shows that,
for k<k ,k , the electric field affects the corruga-1 2

tion merely via a decrease of the interfacial tension

1
2g sgy V G 17Ž .eff GC2

which is in line with a standard thermodynamic
w xresult given by the Lippmann equation 21 .

However, for larger values of the wave vector, the
effect of interfacial charging on the corrugation can-
not be properly accounted by the effective reduction
of g .

² 2:The mean-square height of roughness, j , is
expressed through the correlation function as

1 kmax2² :j s dk kg k . 18Ž . Ž .H
2p 0

Here the upper wave-vector cutoff, k , is intro-max

duced to eliminate the divergence of the integral,
Ž . Ž .which takes place for g k given by Eq. 14 . Clearly,

prk cannot be less than the molecular lengths inmax

the problem. Various estimated were proposed in the
literature for ky1 . It was assumed to be proportionalmax

w xto the root-mean-square height 22 or to the charac-
w xteristic smearing of the interface 23 , to the largest

w xbulk correlation length of the contacting liquids 24 ,
w xor the molecular diameter 25 .

² 2: Ž .Both j and g k can be measured in optical,
w xneutron and X-ray scattering experiments 5–7 .

Ž .1r2For small potential drops, V< grC , oneGC
Ž . Ž . Ž .can derive from Eqs. 12 , 14 and 18 an asymp-

totic expression

V 2 k T k kB 1 22 2² : ² :j f j q C ln ,0 GC2 k qk k4pg Ž .1 2 gr

19Ž .

² 2:where j is the mean-square height of interfacial0

corrugation at the potential of zero net charge of the
Ž . Ž .interface pzc . Eq. 19 shows that charging of the

interface leads to an enhancement of surface corruga-
tion. Note, that the increase of the mean-square
height of corrugation compared to the corresponding
value at the pzc does not depend on the upper cutoff.

3. Results and discussion

Ž .Expression 14 describes the effect of the inter-
face charging on the static fluctuation spectrum. The
height–height correlation function can be measured,
but it is more subtle experimentally than to measure
the integral characteristics of interfacial fluctuations,
² 2: w xj , 5–7 . The interface of two immiscible elec-
trolytes gives rich possibilities for the study of these
quantities, as one can vary electrolyte concentrations
in both phases and the overall potential drop.

In Fig. 1 we show the dependence of the mean-
Žsquare height on the potential drop at a given typi-

.cal electrolyte concentration for several values of
the interfacial tensions. For low, but quite realistic,
surface tensions the effect is large enough even for
moderate potential drops. The asymptotic V 2 depen-

Ž .dence 19 works fairly well in this region. Note that
computer simulations for two contacting solvents

Fig. 1. The increase of the mean-square height of corrugation,
² 2: ² 2: ² 2:D j s j y j , versus the square of the potential drop.0

The effect of interfacial tension at room temperature g , dynrcm
Ž . Ž . Ž .s 1 30, 2 10, 3 5. Solid lines present the results of calcula-

Ž . Ž . Ž .tions according Eqs. 12 , 14 and 18 , dotted curve shows the
Ž .asymptotic solution given by Eq. 19 . ´ s80, ´ s10, k s21 2 max

˚ y1 y8 ˚ y1A , k s6 10 A , n s n s0.1 M.gr 1 2
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Ž . 2with no solute ions in external field show V law
w xin a much wider range of potentials 26 .
² 2:Fig. 2 shows the dependence of j on elec-

trolyte concentration for a given, moderate potential
drop. The effect is the larger the greater the elec-
trolyte concentration. One should be careful, how-
ever, in extending this conclusion on very high
concentration. The mean field Poisson–Boltzmann
theory does not work at concentrations higher than
the molar ones where the effects of ion packing and
the formation of crystal-like structures are expected
w x27,28 .

Ž .We remind that Eq. 14 was derived within the
linearized variant of the Poisson–Boltzmann theory,
which is justified, strictly speaking, when eVrk TB

-1. It is known, however, that this expansion works
w xnot badly up to eVrk Tf1 27,28 . We thereforeB

show our results in the larger range of potentials than
the rigorous limits of applicability of our theory. The
corresponding extension of the theory on the case of
high electrode potentials is possible along the lines

w xof Ref. 29 , but it leads to much more cumbersome
w xexpressions which will be considered elsewhere 30 .

w x Ž .Our preliminary calculations 30 show that Eqs. 14
Ž .and 19 agree closely with the results of non-linear

Poisson–Boltzmann theory up to eVrk Tf3–4.B

Fig. 2. The increase of the mean-square height of corrugation,
² 2: ² 2: ² 2:D j s j y j , versus the inverse Debye length in the0

aqueous phase, k , at a fixed potential drop eV s2k T. The1 B

effect of the inverse Debye length in the non-aqueous phase k ,2
˚ y1 Ž . Ž .A s 1 0.1, 2 0.2. Solid lines present the results of calcula-

Ž . Ž . Ž .tions according to Eqs. 12 , 14 and 18 , dotted line shows the
˚ y1Ž .asymptotic solution 19 . ´ s80, ´ s10, k s2 A , k s61 2 max gr

y8 ˚ y110 A , g s30 dynrcm.

Fig. 3. The effect of strong electric field on the mean-square
˚ y1height of corrugation. ´ s80, ´ s10, k s2 A , k s61 2 max gr

y8 ˚ y110 A n s n s0.1 M, g s5 dynrcm. The picture shows1 2

the tendency of the interface destruction in the strong field.

In Fig. 3 we go definitely beyond the scopes of
the linearized Poisson–Boltzmann theory in order to
show a qualitative effect: a destruction of the inter-
face by the strong electric field. Quantitatively, the
non-linear response of the double layers may change
the value of the critical potential where the instabil-
ity of the interface takes place. There could be
different trends here. Large potentials shorten the

w xeffective screening length 31 and that would lead to
w xthe decrease of the critical potential 30 . If the

potentials are so large that they give rise to interfa-
cial ion–molecular structure formation, which would
increase surface tension, the tendency may be oppo-
site. These complications require a special investiga-

w xtion 30 .
The electric field induced corrugation should

manifest itself in the measured capacitance of the
interface between two immiscible electrolytes. We
have recently shown that the double layer capaci-
tance at the solidrliquid interface increases with the
amplitude of surface corrugation, and it is always
larger than the one prescribed by the flat interface

w xGouy–Chapman theory 19,29,32 . We introduced
w xearlier a concept of a roughness function 19,29,32 ,

which determined the deviation of capacitance from
the Gouy–Chapman result. The findings of the pre-
sent letter show that charging the liquidrliquid inter-
face gives rise to an enhancement of the amplitude
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of capillary waves and thereby to larger ‘dynamic
corrugation’. This immediately leads to increased
values of capacitance, as it is shown in the extension

w xof our solidrliquid capacitance theory 33 .
The enhancement of the roughness function in-

duced by the potential drop across the interface was
observed experimentally for various liquidrliquid

w xinterfaces 34,35 . The quantitative description of
this phenomenon calls, however, for a self-consistent
non-linear theory, as the effect is remarkable only in
the range of potentials where the linearization of the
Poisson–Boltzmann equation breaks down. The work

w xtowards such a non-linear theory is in progress 30 .
It would be, nevertheless, timely to verify the

quantitative predictions of the present results in neu-
w xtron and X-ray scattering experiments 5–7 , which

both allow direct measurements of the mean-square
height of the interfacial corrugation. In such experi-
ments one may try to observe not only the increase

² 2:of j with potential but also the predicted depen-
² 2:dencies of j on ionic concentrations. Although

our resulting formulae are not expected to work in
the region of large fields and high electrolyte con-
centrations, where the non-linear theory is to be
developed, but a certain extrapolation into the range
of intermediate fields is worthwhile of trying. Such
experiments will check the basic concept as well as
reveal the actual limits of the linear theory.

We hope that the results reported above will
stimulate scattering experiments at the interface of
two immiscible electrolytes and corresponding com-
puter simulations.
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