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1 Introduction

The problemof ancestrakequenceeconstructioris the statisticalinferenceof sequencethat corre-
spondto internalnodesin a phylgenetictree[1]. Joint reconstruction is the task of seekingthe most
likely setof ancestrastatescorrespondingo all theancestrataxa,while marginal reconstruction aims
atinferring the sequencén a specificinternalnode. In simple probabilisticmodelsof evolution, both
taskscanbe performedefficiently usingdynamicprograming3, 1].

The situationis more complicatedin more detailedmodelsof evolution, such as modelswith
among-site-rate-variation (ASRV). In thesemodels,one assumehat the rate of evolution canvary
amongdifferentsites.Thisis modeledby introducinga latentquantitythatmodelstherateat eachsite.
Maximum likelihood (ML) modelsincorporatingASRV are statistically superiorto thoseassuming
amongsite ratehomogeneityf2]. For example,it wasshavn thatstrongsupportfor rodentnonmono-
phyly resultsfrom systematierrorassociatedavith the oversimplifiedassumptiorof homogeneity4].

Currently noefficientalgorithmexistsfor joint ancestrateconstructionn ASRV models.In partic-
ular, dynamicprogramingapproachegail in thesemodels.In this work we devise a branch-and-bound
algorithmfor joint ancestrakeconstructiorunderASRV andshaw thatit canfind the mostlikely re-
constructiorfor large phylogenies.

2 TheAlgorithm

As usual,we assuméandependencef the stochastigorocessamongsitesand, hence restrictthe fol-
lowing descriptionto a singlesite. The input to our problemconsistsof phylogeny (a bifurcatingtree
annotatedvith branchlengths),a prior distribution over possiblerates,andobsenationsof characters
attheleafs(which correspondo the obsered lettersatthis sitein current-daytaxa). Ouraimis to find
ajoint assignmenof characterso internalnodeswhoselik elihoodis maximalgiventhe obsenations.

We start by consideringdynamic programmingsolutionsto theseproblem. Suchsolutionsare
basedon a “divide andconquer”propertyof standarcphylgenetictrees:oncewe assigna characteto
aninternalnode,we breakthe probleminto two independensub-problems Whenwe introducerate
variation,this “divide andconquer”propertyfails—in orderto separate¢hetreeinto two parts,we need
to assigmvalueto aninternalnodeand alsofix therate.Indeed adynamicprogrammingor computing
thelikelihoodof obserationin ASRV modelsusesexactly thesgoint assignmentfo aninternalnode
andto therate)to recursvely decomposehe lik elihoodcomputation.However, if we wantto perform
joint reconstructiorwe cannotusethis decomposition.The joint reconstructiorrequiresfinding the
assignmento theinternalnodesthatwill bemostlikely for all therates.This reconstructiorcandiffer
from the maximalreconstructiorgivenary particularrate.

Our approachs to search the spaceof potentialreconstructionGiven a putative reconstructioror
partial reconstructiorfthatassigns/aluesonly to someof theinternalnodes)we cancomputeits like-
lihood giventhe obsenation (usingthedynamicprogramingproceduraliscusse@bore). Thus,we can
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definea search space thatconsistsof partialreconstructiong. We canmove from onereconstruction
to anotherby assigningraluesto anadditionalinternalnodes.Our aimis to systematicallyraversethis
spaceandfind thefull reconstructiorwith maximumlik elihood.

Of course,sincethereare exponentialnumberof reconstructionsywe cannothopeto traverseall
of the space.Insteadwe usebranch and bound search.The key ideaof sucha procedures to prune
regionsof the searchspaceby computingboundson the quality of solutionswithin theregion. In our
casegivenapartialreconstructiorr, we computeaboundB(o) > max,¢c(s) P(0’ | 0), whereC(o)
is thesetof all completionf o. We usethe boundasfollows: if we alreadyfoundareconstructior™*
whoselikelihoodis higherthanB(o), thenwe do notneedconsiderary completionof o (sincethey are
provably worsethanthebestreconstruction)Thedetailsof the procedurenvolve two key components:
(a) methodsfor computingbounds,and(b) stratey for determiningthe orderin which to traversethe
spaceof reconstructionshatarestill “alive” giventhe currentbounds.

In this work, we examinetwo typesupperbounds. Thefirst is basedon the obsenation that the
probability of a partial reconstructions the sum of the probabilitiesof the completereconstructions
thatareconsistentvith it. More precisely

P(o' |0) < P(o'|o)=P
Jmax P(o' | o) < Z() (0 l0)=P(o o)

Thesecondbound,is basednthefollowing simpleinequality:

max P(c' | 0) = max P(d’ | r,0)P(r) < max P(o’ |r,0)P(r
Jmax P(o'|0)= max 3 P(o'|r0)P(r) <Y max P(o'|r,0)P(r)
r T

Obsere, thatmax, P(c|r, 0) is themaximumlik elihoodof anancestrateconstructiowith a constant
rateof evolution, » which canbe computedefficiently [3].

The secondssueis the strateyy for expandingthe search.We usemamginal reconstructiorto find
internalnodesfor which thethe maiginal distribution choosea definitevalue. We thenassignvaluesto
thesenodesfirst. This stratgy focusesthe searchin promisingdirections,andhelpspruneout larger
regionsin subsequenmnoves.

3 Reaults

Using this algorithmwe reconstructedhe ancestrabmino-acidsequencesf the cytochromeb gene
from 34 taxa. Andrews [5] reconstructedhe ancestraamino-acidsequencesf Cytochromeb in order
to detectmutationsleadingto function changesn the lineageleadingto Simian primatesunderthe
assumptiorof ratehomogeneity However, the ratevariationin this geneis substantial.lndeed,using
ourbranchandboundmethod we shav thatthe ASRV reconstructioris differentin 59 positions.These
differenceseafirm theneedfor ASRV reconstructioimethods.
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