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We consider how to distribute sparse matrices among processors to reduce communication cost in parallel
sparse matrix computations, in particular, sparse matrix-vector multiplication. We allow 2d distributions, where
the distribution (partitioning) is not constrained to just rows or columns. The fine-grain model is a 2d distribution
introduced in [2] where nonzeros can be assigned to processors in an arbitrary general way. They proposed a
hypergraph model and showed it can significantly reduce the communication volume compared to 1d distributions.

We define a constrained version of this problem, where the input and output vector distributions are given.
We propose two combinatorial models. The first is based on vertex cover in the bipartite graph, and the second
on hypergraph partitioning with fixed vertices. Though NP-hard, both models can be solved heuristically using
existing algorithms and software.

Sparse matrix-vector multiplication is usually parallelized such that the processor that owns element aij com-
putes the contribution aijxj . This is a local operation if xj , yi and aij all reside on the same processor; otherwise
communication is required. In general, the following four steps are performed:

Expand Send entries xj to processors that need them.

Local multiply yi+ = aijxj

Fold Send partial y values to relevant processors.

Sum up Sum up the partial y values.

In parallel computing, matrices are typically partitioned in a 1d fashion, either by rows or by columns. This
partitioning problem has been modeled both as graph partitioning in the symmetric case, and as bipartite graph
partitioning [3] in the nonsymmetric and rectangular case. Hypergraph partitioning [1] has been shown to ac-
curately model communication volume (for both symmetric and nonsymmetric), and is therefore often preferred
today. For 1d distributions, only one communication phase is required, either the expand or the fold but not both.
Recently, several 2d decompositions have been proposed. The idea is to reduce the communication volume further
by giving up the simplicity of the 1d structure. We focus on the fine-grain distribution [2], because it is the most
general.

In some applications, the input vector x and the output vector y may already have a parallel distribution that
cannot easily be changed. One such example is an iterative linear solver with a preconditioner. In each iteration,
we need to multiply by a matrix A and solve for a preconditioner. We have the flexibility to choose the parallel
distribution of A but the preconditioner is often a “black box” that requires a certain distribution for the input and
output vectors. In this case, our task is to find the optimal sparse matrix distribution given the vector distributions:

Given a sparse matrix A ∈ Rn×m and vectors x ∈ Rn and y ∈ Rm. Suppose x and y have been partitioned into
k partitions, for some integer k > 1. The vector-constrained sparse matrix partitioning problem is then: Assign
each nonzero in A to one of the k partitions such that the communication volume in parallel computation of y = Ax
is minimized and each partition (processor) has approximately the same number of nonzeros.

Initially, we consider only bisection (k = 2), that is, two partitions or processors. This case is illustrated in
Figure 1. For simplicity, we assume x and y are permuted so that the first half belongs to one processor and the
second half to the other. It is clear that all nonzeros in the upper left corner should be assigned to the red processor
to avoid communication. Similarly, the bottom right should go to the blue processor. The question is how to assign
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Figure 1: Matrix with constrained input (above the matrix) and output (left of matrix) vectors. There are two
processors (red and blue), and the arrows represent communication in parallel matrix-vector multiply.

the nonzeros in the off-diagonal blocks. In our example, there are only off-diagonal nonzeros in the bottom left
block, but in general there could be some in the top right block as well. In that case, these two subblocks can be
solved independently.

Consider first 1d row or column distribution. For row distribution, we assign all nonzeros in the top half to
the red processor and the bottom to the blue processor. There is no communication in the fold phase, but the
expand phase requires communication. Each column that contains at least one off-block-diagonal entry requires
one element of x to be sent. In other words, the communication volume equals the number of columns with at
least one entry outside the block diagonal [3]. For column distribution, the same result holds, but counting rows
instead of columns. In Figure 1 there are seven relevant nonzeros, and there are three rows and four columns. Row
distribution has communication volume of four (left) while column distribution has volume of three (right).

A simple strategy is to compute the communication volumes for both row and column distributions and pick
the better one. However, one can possibly lower the communication volume by splitting the nonzeros between the
two processors. This is a core idea of this paper. We propose two models that lead to two different algorithms.

Our first model is based on the bipartite graph model. We only need consider the off-diagonal blocks. Construct
the bipartite graph of one matrix block. Compute a minimal vertex cover. The cover may include both row
and column vertices. We show this cover corresponds to communication volume; therefore minimizing the cover
minimizes communication.

Our second model is a modification of the fine-grain hypergraph model. We include the given input and
output vectors as an additional row and column, respectively, in the matrix. Further, each nonzero in these vectors
correspond to a fixed vertex in the corresponding hypergraph, which cannot be reassigned. This gives a hypergraph
partitioning problem with fixed vertices, which can be efficiently solved (approximately) using existing software
like PaToH or Zoltan.

In the full paper we show that our models generalize to the k-way partitioning problem. We will present
preliminary empirical experiments comparing these two approaches.
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