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AN APPLICATION OF THE AUMANN-SHAPLEY PRICES
FOR COST ALLOCATION IN TRANSPORTATION
PROBLEMS*

DOV SAMET,} YAIR TAUMANY AnD ISRAEL ZANG3}

The Aumann-Shapley (A-S) prices are axiomatically determined on certain classes of
piecewise continuously differentiable cost functions. One of these classes consists of all cost
functions derived from the transportation problems and some of their generalizations. These
prices are used here to allocate costs among destinations in a way that each destination will
pay its “real part” in the total transportation costs. An economic transportation model is
presented in which the A-S prices are compatible with consumer demands. Finally an
algorithm is provided to calculate both the optimal solution and the associated A-S prices for
transportation problems.

1. Introduction. Allocating cost among users becomes a challenge when the cost
of producing a list of commodities is not the sum of the costs of producing each of
them separately. This occurs usually in cases where the cost function is defined by the
solution of a certain mathematical programming problem for which the cost of
producing a certain vector of commodities a = (ay, ..., a,,) is minimized under
production constraints and a given vector of input prices ¢ =(c;, ..., cy). If y
=(yp, ..., yy) is an input vector which provides the minimal cost, then the total cost
is ¢ - y. However, it is not clear how to allocate this cost between the M types of goods
and what is the “part” of each unit of mth good in the total cost c - y.

Throughout this paper we restrict ourselves mostly to the specific class of cost
functions derived from the optimal solution of the transportation problem (hereafter
TP). This well-known optimization problem is a linear programming problem in which
a certain good, available at several origins, is transported, under fixed transportation
costs, to several destinations according to their needs, in a way that minimizes the total
transportation cost. Given the optimal solution, it is sometimes natural to ask what is
the contribution of a unit cargo in each destination to the total transportation cost.
This is important, for instance in cost benefit analysis, where real costs vs. benefit are
considered. For example, assume that the origins are army depot bases of ammunition
and the destinations are field units. Given the transportation costs (which may include
the price of the transported ammunition) it may be of interest for the army to
determine the part of each field unit in the total cost, or, in other words, to determine
the “real” expenses of each field unit. Another example deals with origins which are
public monopoly (like government) regulated by a cost sharing rule. They produce,
say, one good and transport it to several destinations in an optimal way. Their problem
is to determine the price per unit of the good that each destination should be charged.
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We propose to use Aumann-Shapley (A-S) prices which reflect, in a sense, the
contribution of a unit of cargo, at each destination, to the total transportation cost.
These prices were first used by Billera, Heath and Raanan [5] who applied the value
concept of nonatomic games as studied by Aumann and Shapley [1] to determine
telephone billing rates at Cornell University.

Recently Billera and Heath [6] and independently Mirman and Tauman [8], [10],
showed that the A-S price mechanism, as a price mechanism on the continuously
differentiable cost functions, is uniquely determined by a set of natural and, in a sense,
equitable axioms. These axioms, which do not depend on any notion of game theory,
involve only cost functions and quantities consumed. Moreover, it is shown in [8] that
the A-S price mechanism is compatible with demand and thus is justified from an
economic point of view. It is worth mentioning that Samet and Tauman [13] discuss
the relations between A-S prices and marginal cost prices. They show that by omitting
the cost sharing assumption, the marginal cost prices can be uniquely determined by a
set of axioms very similar to the one defining A-S prices.

It should be pointed out that while our analysis suits models involving public
monopoly regulated through a cost sharing rule, it may be irrelevant for other
situations. For example if each origin consists of many small producers and each
destination consists of many small consumers then competitive prices will prevail in
this market, and generally these prices will not coincide with A-S prices.

In §2 of this paper we formally introduce the problem of allocating transportation
cost, and demonstrate using a simple example, the difficulties with charging each
destination that part of the cost arising from the optimal TP solution and the given
transportation prices.

In §3 we introduce the A-S price mechanism and show that it is uniquely deter-
mined, by the above mentioned axioms on three classes of cost functions. The first
class consists of all piecewise continuously differentiable functions which satisfy
certain requirements on the structure of their kinks. The second class consists of the
piecewise linear functions in the first class and the third one, which is a subset of the
former two, is spanned by those costs functions which emanate from generalized
transportation problems.

In §4 we discuss an economic model in which there are several types of commodities
each having different transportation prices (e.g., wheat and oil) and several consumers
who consume bundles of commodities at the various destinations (e.g., chains and
department stores). Each consumer endowed with a given budget has a utility function
over these bundles. Given any consumption vector one cannot expect the total
demand (dictated by utility maximization) under A-S prices to be equal to this
consumption vector. However, we show in this section that an equilibrium in this
context can be achieved, i.e., there exist A-S prices for a vector of outputs which is
chosen by consumers who maximize their utilities subject to their budget constraints.
This result is a special case of a more general theorem proved in [8] which deals with
partial equilibrium.

Finally, in §5 we outline an algorithm which computes, for a given transportation
problem and an overall consumption vector, the associated A-S prices and the optimal
solution. This algorithm is an application of a general parametric programming
approach by Srinivasan and Thompson [15], [16] for the TP.

2. Cost allocation for TP cost functions. In this section we consider a transporta-
tion model where a certain commodity, available at N origins B, . . ., By, is shipped
to M different destinations 4,, ..., 4,,. The N X M nonnegative matrix C = (c,,,)
represents the cost of shipping a unit from each origin to each destination. Let
b=(b,,...,by) be the vector of the available resources in the N origins (b, in B,).
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The vector b is assumed to be fixed. Consider the vector of quantities x =
(Xy, - - - » Xp,) where x,, is the demand at 4,,, satisfying the condition 3¥_, x,,
< SN_.|b,, and let F(x,, ..., x,,) be the minimal cost of x. Formally

F(xpy .., Xp) =i D, CppiVm
n,m

N
subjectto > Yy =X,, m=1,..., M,
n=1

l (TP)
> Ywm <b,, n=1,...,N,
m=1

Ynm > 0.

It is well known that the cost function F, which is defined on the simplex {x €
EM|SM_ x, < SN_,b,}, is piecewise linear and convex.

The question is how should the total cost be allocated by prices per load at each
destination A4,,, m=1,..., M. A straightforward mechanism can be suggested:
Suppose that the minimal cost of transporting x = (x,, ..., X,,) under the above
constraints is obtained by shipping y,, units from B, to 4,. Then the cost of
transporting y,, = (¥ im» - « - » Ym) 10 Ay 18 SN _ | CoVum- The PIiC€ 3 CppVum/ Xm PET
unit in the mth destination will cover this cost. In general, this price does not reflect
the “real” effect on the total cost of supplying the destination 4,,. The following
example shows that since the amount is an outcome of an overall minimization which
takes into account the whole system, it may yield distortions.

ExaMpPLE. Let M = N =2, and suppose that the available resources are 20 units at
each origin, i.e., b = (20,20) and the demand at the destinations is the vector x = (20,
20). The following table represents the costs of transportation:

cy=10 cp=15 B, b,=2

¢y = 1000 ¢y = 1500 B, b,=20
A, A,

x, =20 x; =20

It is easy to verify that the optimal solution is obtained by transporting 20 units from
B, to A, with associated cost of 20 - 1000 = 20,000, and by transporting 20 units from
B, to A, with costs 20 - 15 = 300. However, destination 4, should not be allocated
20,000 out of the total cost of 20,300.

The above solution turns to be optimal since the penalty paid, once A4, is not
supplied from its cheapest origin, is much higher than the penalty paid in case A4, is
not supplied from its cheapest origin. Therefore 4, should be supplied from the more
expensive origin for him, namely from B,, in order to achieve the minimal cost. Hence
it seems that the destination A4, subsidizes destination A4,. But this cannot be a reason
to charge 4, a price higher than 4,. On the contrary, since from each of the origins
transportation to A4, is cheaper than to 4, it is expected that the price per unit charged
at A, should be less than the one charged at 4,.

It should be mentioned that shadow prices are not applicable in our study since we
are interested in cost sharing prices. Because the cost function F(x,, ..., x,,) in our
problem is convex, the shadow prices yield a profit. For instance, in the above example
the shadow prices are 1000 and 1005 for 4, and A,, respectively. Thus, the total
revenue under these prices is 20 - 1000 + 20 - 1005 = 40,100 and the profit is 40,100 —
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20,300 = 19,800. Shadow prices are cost sharing prices for any x = (x,, . . ., x,,) if and
only if F is homogeneous of degree 1. This happens, for example, when resources at
the origins are unlimited and then each destination is totally supplied by its cheapest
origin. In these cases A-S prices and shadow prices coincide (see §3).

3. The Aumann—-Shapley prices. Billera, Heath and Raanan [5] proposed equita-
ble telephone billing rates which share the cost of service. Their approach is based on
the theory of nonatomic games as studied in [1]. One can use their idea to allocate
costs through prices when a finite number of infinitely divisible commodities is
produced. Their idea can be described roughly as follows. Suppose that F(x, . . ., x,)
is a cost function satisfying F(0) = 0. The variables x,, denote nonnegative quantities
of the commodities produced. Let a = (a, . . . , a,,) be a vector of these commodities.
Suppose that the commodities are various types of corn, and they are piled together
into one heap. Identify this heap with a continuum of players and associate with it a
cooperative game v, defined as follows: For each subset S of the heap let v,(S) be the
cost of producing S. The Aumann-Shapley value for this nonatomic game is a
measure defined on the space of players (the heap) which assigns to each coalition its
contribution to the total cost of the heap, i.e., to the cost of producing a. The A-S price
of the mth commodity is the value of a unit of this commodity, i.e., the contribution of
this unit to the total cost. The existence of a value for the game v, described above is
guaranteed whenever v, belongs to a well-known class of games called pNAD.
Moreover, on this class of games, there is only one continuous value (this follows from
Proposition 43.13 and 44.22 of [1] together with Neyman’s result stated in [12]). Using
the formula for the value on pNAD, the value of the game v, assigns to a unit of the
mth commodity the magnitude,

1 9F
Pm(F,a) =J; —é;-(ta)dt,

m

which is defined to be the price of the mth commodity. The components of the vector
P(F,a)=(P\(F,a), ..., Py(F,a)),

are the Aumann-Shapley prices. Corollary 5 below guarantees that any game v,
derived from a TP cost function is in pNAD and therefore A-S prices are applicable
for this class of functions. For an intuitive interpretation of the A-S prices, assume that
the vector a is produced in an homogeneous way, starting from 0 and ending at a.
Suppose also that along the above production process each time a “small” proportion
(an “infinitesimal” one) of a is produced, the mth commodity is charged its current
marginal production cost. Then the average cost per unit of the mth commodity once a
has been produced will be its A-S price.

A different derivation of A-S prices is introduced and discussed in [6], [8] and [13]. It
has been shown in these works that A-S prices are uniquely determined by a set of
neutral, and in a sense equitable, axioms imposed on price mechanisms. Rather than
using game theoretic notions, these axioms are stated in purely economic terms, hence
providing an economic justification for using the A-S prices. However, the above
papers deal only with continuously differentiable cost functions and obviously, in
general, TP cost functions are not of that type. In this section we prove that the above
mentioned axioms uniquely determine A-S prices on some natural classes of cost
functions that include the TP cost functions.

Let ¥ be a family of functions F, such that each F in ¥ is defined, for some M, on
a full dimensional comprehensive subset, C* of E¥ (ie, a € C¥ implies C, C CF
where C, = {x € E¥ | x < a}). By a price mechanism on ¥ we mean a function
P(-, ) that assigns to each cost function F in ¥ and each vector a in CF witha >0 a



AUMANN-SHAPLEY PRICES FOR COST ALLOCATION 29

vector of prices,
P(F,a)=(P|(F,a), ..., Py(F,a)).

The set of axioms that will be imposed on price mechanisms on ¥ as stated in [8], is
given by,
AxioM 1 (Cost Sharing). For every F € 4 and every a € C¥,

a: P(F,a)= F(a),

i.e., total cost equals total revenue.
AxioM 2 (Additivity). If F and G are in ¥ and a € Cr N Cg, then

P(F+ G,a)= P(F,a) + P(G,a)

where Cr, o= Cr N Cq.
Axiom 3 (Positivity). If F € % is nondecreasing on C, for some a € CF then,

P(F,a)>0

AxioM 4 (Consistency). Let F be in ¥ and assume that C* C E¥. Let C be the
subset of E} defined by C={y€E'|y=3M_/x,, x€ CF}, and let G be a
function on C% = C such that,

M
F(x),Xp ..., Xpp) = G( > xm).
m=1

Then for each m, 1 < m < M, and for each a € C¥,
P,(F,a)= P(G, > a,,,).
m=1

This axiom is implied by the requirement that commodities which have the same effect
on the cost have the same prices.

AxioM 5 (Rescaling). Let F be in & with CF C EM. Let A,,..., A, be M
positive real numbers. Define C = {(x,, . . ., xp) |(A; X5 . - - s ApyXp) € CF) and let G
be the function defined on C% = C by

G(x1s -+ s Xp) = FA Xy, ..oy Ay Xpg)-

Then for each a € C% and each m, ] < m < M,
P, (G,a)=A,P, (F,(\ay, ..., )\MaM)).

(A change in the scale of the commodities should yield an equivalent change in the
prices.)
DEerINITION.  Let 5 be the family of all functions F such that
(a) F is defined for some M on a full dimensional comprehensive subset C¥ of EY .
(b) F(0) =0, i.e., F does not contain a fixed cost component.
(c) F is continuously differentiable (c.d.) on C, for each a € CF.

THEOREM 1. There exists one and only one price mechanism P(-,-) on ¥y which
obeys the above five axioms. This is the A-S price mechanism, i.e.,

P(F)f G (@d m=1 M,

foreachFE.?“oandaECF(gEi’).

Theorem 1 above is Theorem 1.2 of [8]. Its proof appears in [10] and [13].
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ReMARk. Observe that the price mechanism which assigns to each pair (F,a),
FE %, a€CFf, the shadow prices of F at a, obeys all the axioms but the
cost-sharing one. A similar characterization (as of Theorem 1 above) for shadow prices
is given in [13].

Cost functions which are derived from the solution of linear programming (LP)
problems are piecewise linear. In many cases however, one may have an LP cost
function F together with a vector « in its domain such that the line segment [0, a]
contains a continuum of kinks (of F). For example let

F(xy,x;) =min y

A%

s.t. y
Yz X,

X1,

and let « = (1,1). Then F(x,,x,) = max(x,,x,), and F is not differentiable along the
line segment [0, a]. Thus, one cannot apply the A-S formula to obtain prices for these
F and a. Fortunately, this is not the case for TP cost functions or for the generalized
TP cost functions (as shown in Corollary 4, below). The latter are cost functions of the
form:

N M
F(x)=min >, > Culum
1

n=1m=

N

subject o > G Ym = X,, ME M,
! (WDP)
zjém%m<l%’ nEUyl
m=1
Vum 2 0, netV, me . #,
where /" ={1,...,N}, #={1,..., M} and a,,, d,, and c,,, are nonnegative for

all n € 4", m € # . In addition, it is required that each y,,, has a nonzero coefficient
in at least one equation. We also assume, without loss of generality, that the rank of
the constraints matrix is M + N. This linear programming problem or some of its
variations is known in the literature as the weighted distribution problem (WDP) or as
the generalized transportation problem (see Dantzig [7, Chapter 21]). Our next lemma
and theorem apply to WDP problems for which all constraints n € .4 are equalities.
We denote this problem by WDPE. Note that a WDP problem can be transformed
into an equivalent WDPE problem by the addition of slack variables to the constraints
in .#". Thus, Theorem 3 below applies to WDP cost functions as a special case. To
prove this theorem we use Theorem 1 of [7, p. 42] (Lemma 2, below) which makes use
of the linear graph associated with the constraints of WDPE. There are N + M nodes
in this graph, each corresponds to one of the constraints of WDPE. Two nodes are
joined by an arc if and only if y,, appears in both constraints with nonzero
coefficients. When a variable appears in only one equation with a nonzero coefficient,
the node corresponding to this equation is joined by an arc to itself. Note that it is
impossible for two nodes in .#” (or in .#') to be joined by an arc. A basic graph for the
above system will be the subgraph corresponding to a specific linear programming
basis. This graph is obtained by deleting the arcs corresponding to the nonbasic
variables. We have ([7]):

LemMA 2. Each maximal connected subgraph of a basic graph for the system of
equations in WDPE has precisely one loop.
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We now prove:

THEOREM 3. Let F be a WDPE cost function. Then F is a piecewise linear function
and there is a finite number of hyperplanes H,, . . . , H, of the form

glu;xfﬁf}, (1)

where N, > 0 and B/ > O such that F is continuously differentiable off | J;_, H,

Hj={erM

ProOF. Observe that if the cost function F has a kink at x then the optimal
solution must be degenerate. This follows since, in case the solution to WDP at x is
nondegenerate, then, in a neighborhood of x, the same basis remains optimal. Hence F
is linear in this neighborhood. To prove the theorem, we derive expressions for the
basic variables y,,, in terms of x, and show that degeneracy implies that x lies in one of
a finite number of hyperplanes of the form given in (1). Assume now that the optimal
solution is degenerate at x and consider a maximal connected subgraph of the basic
graph which contains one of the arcs that corresponds to a vanishing basic variable.
Let us denote by P the set of nodes contained in the unique loop of this subgraph, the
existence of which is implied by Lemma 2. To calculate the values of the basic
variables, consider first all chains of this subgraph beginning with nodes having exactly
one arc and containing exactly one node of P (necessarily the last one in the chain). In
case no such chain exists then we proceed to calculate the variables in P as described
below.

In each of the above chains, a node n € .#" must be followed by a node m € .#
and vice versa. Thus, it is easy to verify that for the arcs joining these nodes we must
have

=Z>‘mxm— Z}ann’ (2
M /
in case this arc joins a node n € 4" to a node m € #, or

= M= 2 A ®)

in case m € 4 is joined to n € .4, where F C N, .# C.#. Note that the
coefficients A, and A, are positive, since they are products and ratios of numbers a,,
and d,,, which are positive. Certainly, if one (or more) of these variables is zero, then
by (2) or (3), x lies in a hyperplane of the form (1). Moreover, because the number of
elements a,,,, d,, and b, is finite then there is a finite number of such possible
hyperplanes. Suppose now that all the above chains are evaluated, none of the
variables in these chains is degenerate, and that some y,; corresponding to 7,7 € P is
degenerate; that is y; = 0. Then it is left to evaluate the variables y,, where both n
and m are in P. In case P contains exactly one node then the corresponding y,,, is
given by (2) or (3) above. In any other case we have a loop with at least four nodes.
Then, it is possible to solve for all the other variables y,,,, n,m € P starting either from
node 7 or from node /. Let n’,m’ € P, then accordingly, the following equivalent
expressions for y,.,.. are obtained:

2 ., and
7

bu= 2 hx

%lM kM
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where 4 Cc WV, TV CN, J% C .# and A C M satisfying & NV =@ and
M N # =@ and where again X }\ X,. and X, are positive. Equating the right-hand
sides of the above expressions we see that x lies in an hyperplane of the form (1). This
completes the proof.

Obviously, TP is a special case of WDP. Moreover, since each A/, is a ratio of
products of the a,,, and d,,, and since for TP, a,,, = d,,, = 1 each A/ in (1) equals one.
Note that cost functions derived from assignment problems (see [7, Chapter 15]) are a
special case of the transportation problem. Hence, they too belong to the WDP class.
Also note that if WDP is feasible for x = « then it is also feasible for all 0 < x < a.
Hence, the domain of F is a comprehensive set. Moreover c,,, > 0 implies F(0) = 0.

Next we have an immediate consequence of Theorem 3.

COROLLARY 4. If F(x,, ..., x,,) is a WDP cost function defined on a comprehensive
domain C¥, then for each a in C*, F is continuously differentiable along the line segment
[0, a], except perhaps for finitely many points.

For the readers who are familiar with the theory of nonatomic games we state one
more corollary.

COROLLARY 5. If F is a WDP cost function with F(0) = 0 defined on a comprehen-
sive domain C*, then for each a € C* the game v,, as described in the beginning of this
section,! is in PNAD.

Proor. Follows from Corollary 4 and from the main theorem of [11}.

Let C be a subset of EM and let H,, ..., H, be [ hyperplanes in E™. Each
hyperplane H; defines two closed halfspaces Wthh we shall denote by H; * and H~
We call each nonempty subset of the form C N H}' - N HfE, where ¢ stands for
+ or —, a region.

DEFINITION. A function F defined on a subset C of E is piecewise continuously

differentiable (p.c.d.) if it is continuous and there are / hyperplanes H,, . . ., H, in EM
and r continuously differentiable function F', ..., F"on E M such that F coincides on
each of the regions of C (determined by H,, ..., H)) with some F/, 1 < j < r.

DErFINITION.  Let # M be the family of all functions F such that:
(a) F is defined, on a full dimensional comprehensive subset C* of EY ;

(b) F(0) =

(c) Fis p.cd;

(d) the hyperplanes H,, ..., H, involved in the definition of F are defined by
positive functionals, i.e.,

H; = {x|Nx=a’} where A/ >0, AM#0, j=1,...,, m=1,..., M.

Notice that ¥ M is a linear space when F + G is taken to be the function on Cr N C;
defined by

(F+ G)(x)= F(x) + G(x), xeCrN Cg.

Denote now % | = J% % {!. Note that ¥ | contains, in view of Corollary 4 and the
discussion which preceded it, all WDP cost functions. Moreover all TP cost functions
are always in & |.

Let % J be the linear space consisting of the piecewise linear functions in ¥ { and
let 7,=U%-,F M. By 5§ we denote the linear space spanned by all WDP cost
functions with M variables. Again let ¥ ;=% _,# . Notice that ¥, 2 %, and
that ¥, 2 % ,2 7 ;.

!'For a precise definition of v, see [8, p. 48].
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THEOREM 6. For each of the spaces & |, & ,, and ¥ ; there exists one and only one
price mechanism P(-, -) which obeys the five axioms. This is the A-S price mechanism,
i.e., foreach F€ ¥M (i=1,2,3)and a € CF, a>0,

P, (F.a) =f0'53-£(m)dz, m=1,..., M.

We shall first outline the proof of this theorem. It is easy to verify that the A-S
formula indeed defines a price mechanism which obeys the five axioms on each of the
three sets & |, % ,, and ¥ ;. As for the uniqueness part, denote by M (i = 1,2,3),
the minimal linear space containing both % » and PO™ where the latter is the space
of all polynomials p in M variables s.t. p(0) = 0. Note that the sum F + p for F € ¥ M
and p € PO is defined on CF. Let #;, = J%5_, 7M. Clearly /, = % ,. We first
prove that ¥, is dense in #; when the latter is equipped with an appropriate topology
(Lemma 7, below). Then we show (Lemma 8, below) that any price mechanism which
obeys the five axioms is continuous w.r.t. this topology. These two lemmas enable us to
prove that any price mechanism on .#; (i = 1,2, 3) can be extended to all of *; (this is
Lemma 10, below). Now on PO = |J%,_, PO which is a subset of #; (i = 1,2,3) the
extended price mechanism is given by the A-S formula since the A-S price mechanism
is the only one on PO which obeys the five axioms (see [8] and [13]). Finally we prove
that any function F in ., (i = 1,2,3), can be approached by polynomials in such a
way that their A-S prices approach the prices determined for F by the given mecha-
nism on .¥ ;. Since this sequence of polynomials is independent of the price mecha-
nism on .¥; and depends only on F and « there is only one way to define the prices on
Z; and this completes the proof of the theorem.

The rest of the section is devoted to the formal proof of Theorem 6.

DEFINITION. Let FE M (i=1,2,3) and let « € CF, a>>0. The a-norm of F,
|| F|| is defined by
Ly,

aF

dx

m |la

M
IFlla= 2

m=1

where ||dF/9x,,||5= is the L -norm of 3 F/dx,, on C,. Observe that || - ||, is a norm on
Fm(i=1,23).

LEMMA 7. Let p be a polynomial in PO™ and let a € EY,. Then for each i
(i = 1,2,3) there exists a sequence (F,)_, of functions in ¥ M with « € NZ-, C* such
that

|F, — plla =0, as n—>oo.

PrOOF. Observe first that each polynomial p in PO is a linear combination of
functions of the form

M !
g(‘xl, cet xM)= ( z_:]nmxm)

where the n,’s are nonnegative integers and / is a positive integer (e.g., see [1, p. 41]).
Obviously it is sufficient to prove the lemma for polynomials g of the above form.
Clearly there is a sequence of one variable piecewise linear functions (G,)2, s.t.

G, — H||;~0, as n—> o

where d is an arbitrary positive number, C% = [0,d] and H(z) = z’ for each z € E} .
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Thus if 4 is sufficiently large

M
IIG,,( > nmxm) —8(X1 - s Xp)llg>0, as m—ooo.
m=1

Finally notice that G, is a TP cost function and thus also G,(3%_,x,) (which is
defined on {x € EY |3¥_ x, < d}). Hence the function G,(3¥_,n,,x,,) is a WDP
cost function.

Let Q(-,-) be a price mechanism on .¥;, for some i (i = 1,2,3), obeying Axioms
1-5.

LemMMA 8. Let (F,)>., be a sequence of functions in ¥ M (i =1,2,3) and let a be in
© \CH If||F,||,—0 as n—> oo then Q(F,,a)—>0 as n— co.

The proof of this lemma is analogous to the proof of Proposition 3 in [13].

COROLLARY 9. Let a € EY, and let (F,)7., be a sequence of functions in F M s.t.
a €NZ-CH. Then ||F, — F||,~0 as n,k— oo implies that Q(F,,a) approaches a
limit as n— o0.

This corollary is a direct consequence of Lemma 8 together with the additivity of
Q('»a) on ?iM N

LeMMA 10. The price mechanism Q(-,-) on #; can be extended to a price mecha-
nism on /; which obeys the five axioms.

PrOOF. Define a mechanism Q(-, -) on .; by
O (F,a)= lim Q(F,,q)

where (F,)*_, is a sequence of functions in .¥; such that a € N®_,C and
|F, — F||,—>0 as n—> 0. The existence of such a sequence (F,)>., is guaranteed by
Lemma 7. Furthermore by Corollary 9 the limit lim, , . Q(F,, ) is independent of the
choice of this sequence.

It is easy to verify that Q(-, -) obeys the cost-sharing, additivity, consistency and
rescaling axioms. Let us verify the positivity property of Q(-, ") on ;. Let F be a
function in .#; which is nondecreasing on C, for some a« € C¥. By Lemma 7 there
exists a sequence (F,)2, of functions in .%; s.t. « € N*_,C* and ||F, — F||,—0 as
n—> oo. Since F is nondecreasing, for each ¢ > 0 and for each sufficiently large n,
F,+ e€X¥_, x,, is nondecreasing on C,. Hence by the positivity and the additivity of
Q(-,+) on ¥, and by the cost sharing axiom

M
O<Qm(Fn-"ezlxj,a):Qm(F,,,a)+€, m=1,..., M.
j=
By Corollary 9, Q(F,,«) approaches a limit and thus
Q(F,a)= nl;lglo Q(F,,a) >0,

and the proof is completed.
Finally, to establish the proof of Theorem 6 we need the following lemma.

LemMma 11. For each FE %, (i=1,2,3) and a € C¥, a>0, there exist two



AUMANN-SHAPLEY PRICES FOR COST ALLOCATION 35

sequences (f")r-, and (g")s=, of polynomials in PO with the following properties:

f — F is nondecreasing on C,, 4)
F — g" is nondecreasing on C,, 3)
f'(0)=g"(0)=0, (6)

Bf ( )_ g (ta) dt=>0, as n- oo, for m=1,..., M. @)

Proor. Since ¥, D ¥, D F, it is sufficient to prove the lemma for F in % ;. Let
Fe%,andleta>0bein CF. Let H,,..., H,and F', ..., F’ be the hyperplanes
and the functions respectively which are involved in the definition of F. Assume that
Cf C E¥ and that

H;={x|\x=al},

where A/ > 0 and A/ 0.

Denote

L=min{)\,{;|>\,{;>0,m= L. ,Mj=1...,1}
Let F¥ be the mth partial derivative of F¥, k =1, ..., r. The function F,, is similarly
defined. Let

T= max max maxlF"(x)| (8)
I<k<rl<m<MxeC,

It is easy to verify that for each x and y in C,,
|F(x) = F(y)l < Tlix = y. )

For any n choose €, > 0, s.t. ¢, >0 as n— oo. Fix n and choose § > 0s.t. § < ¢,L/8T.
Let

AP ={(x|a/=8<NMx<al+8), j=1,...,],

uC~

Q

For each a € E', let y, be a c.d. function on E! which obeys

0<¢;(t)<%:7:, foreach tE€ E!,
<\,lz",(t)=2TT, for a—6<t<a+, (10)
¥.(£) =0, for t<a-26,
Y (t) =€, for > a+26.
Define / functions G, ..., G’ by

Gl(x)=yYu(\x), j=1,...,1L (11)
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The function G/ satisfies,

: o M-2T
(i) Foreach xe C,, 0< Gj(x)< '"L
X 2T
(i) If x€H’, then Gj(x)= , (12)
(iii) If x@H», then Gj(x)=0.
Let us choose n > 0 s.t. n < min(8/||a]|,¢,/ T, 1) and
Ix =yl < mllall = |FA(x) = FADI <2, k=1...on m=1..., M (13)

Now, for each continuous function defined on a box C, let g* be the function on C
defined by

gX(x)= }\(IC)f g((1 = n)x + nz)dz,

where A is the Lebesgue measure on C. For each x € C, g*(x) is the average values of
g over the box (1 — n)x + 9C. If C= X¥_,[c,,,d,], then

* — e (A mxptnd, 2)dz,...dz .
g (x) = M}\(C)f (=) Xy + 1,y fg( )4 "

Thus it is easy to verify that g is a c.d. function on C. Moreover if the derivative g,
exists on (1 — n)x + nC, then

(8%)(%) = (1 = m)(&m)*(x)- (14)

The diameter of nC, is nuan < & and the diameter of (I — n)x + nC, is the same.
Hence, for each x € C, \H? there is a neighborhood of (1 — n)x + nC, which is
contained in C,\H. On th1s neighborhood F coincides with F* for some &, 1 < k <

Thus replacing g by F and C by C, we have, by (14), that for each m, 1 < m < M,

(F*) (x)=(1=m)(F,)*x). x€CNH" (15)

Moreover, in this neighborhood, F,, is continuous and thus averaging F,, on the box
(1 = n)x + nC, yields a value of F at some pomt of this box. Therefore from the

choice of n we have, by (13), that for x € C, \H?,
l(F)*(x) = F(x)| <¢/r<e,. (16)
Define the function f" on C, by,

i
fr=F*+ 3 G/+2¢u,
j=1
where u(x) =3 _,x,,. Let f, be the function on C, defined by f,(x) = ﬁ,(x) - f,,(O).
Clearly f£,(0) = 0. To prove that f* — F is nondecreasing on C,, let x be in C,\ H and
let m, 1 <m< M, be fixed. We will show that (f" — F),,(x) > 0. Consider two

possibilities:
I. If x € C,\ H® we have by (8), (15) and (16)

[(F* = F), ()] < [(F*),,(%) = (Fn ()] + [(F)*(x) = F(5)

< |(F,)* (%) + ¢, <nT + ¢, < 2¢,.
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Together with (12) we have

1
Ja(%) = Fu(x) = (F%),,(x) = Fu(%) + 21 Gn(x) + 26,
=

!
> 2 Gli(x)>0

II. If x € H°\H then there are two possible cases to check:

(a) There is a jo, 1 < jo< /, st. xE€H I\H, and A > 0. Since by (9) F satisfies
Lipshitz condition with constant T, so does F*, and therefore |(F*),,| < T. Thus by
(12) we have

4
Jn(%) = Fp(x) = (F¥),,(x) = Fp(x) + El G(x) + 2¢,

—2T + Gjo(x) +2¢, > —2T + 2T + 2¢, > 0.

(b) For each j with x € ﬁs\Hj A/ =0. In this case the box C = (1 — n)x + 7C,
does not intersect any H; with AJ > 0. Thus if H, is a hyperplane which intersects C
and if F*' and F* are two functlons defined on the two sides of H; N C then FX and
F,fz coincide on HJ Hence, F,, is well defined on C and is continuous there. Therefore

(F*),,(x) = (1 = m)(En )*(%)- (17
Since the diameter of C is n]|a|| we have by (13) that for any two points x and y in C,
En
|F,(x)— F,(»)I<r- - =
This together with (17) imply, as in case I,
[(F)*(x) — Fp(x)] <26,

and the proof of this part can now be completed as in case I.

Thus, we have proved that for any x € C,\H, (f, — F,,)(x) > 0. Together with the
continuity of f” — F it follows that f” — F is nondecreasing on C,.

In the same manner one can define the sequences (£");-, and (g");>, on C, by

g"=F*— 2 G/ —2¢,u,
j=1
g"(x)=§(x)— £"(0),
to obtain that g”"(0) = 0 and that F — g” is a nondecreasing function on C,.
It is well known that any function which is c.d. on some box in E™ can be extended

to a c.d. function on EM. Thus, we may assume that the functions f* and g” are
defined on C* and belong to .% . It remains to prove that

fllg;(ta) — fm(ta)|dt >0, as n—> 0.
0
By the definition of " and g”,
!
| gm(10) = fr(te)] =2 X Gi(ta) + 4e,, (18)
j=1

and (11) implies that
G l(1a) = Mg\ ar).
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The length of the interval of #’s for which a/ — 28 < tAJa < a’/ + 28 is 48 /\/a, and by
(11), 0< 4, <2T/L in this interval. Outside this interval y,, = 0. Thus, by the
definition of § we get

i

/
3 [ Gaear< B0 2 T < 03

TN ,lea'

The last summation is independent of n. Therefore by (18) we conclude

fllg;(ta) = fm(t@)|dt—>0, as n-— 0. (19)

Hence the two sequences ( f");>, and (g");>, obey the four requirements (4), (5), (6)
and (7). Thus to complete the proof of the lemma it is left to prove that these two
sequences can be replaced by polynomials which still obey the above four require-
ments. But this follows from the fact that the polynomials in M variables are dense in
the set of all continuously differentiable functions on C* with the norm | - ||, for each
a € CF (see [13]).

We are now ready to complete the proof of Theorem 6.

PrOOF OF THEOREM 6. As was already mentioned it is easy to verify that the A-S
formula indeed defines a price mechanism which obeys the five axioms on each of the
sets F |, # ,, and 7 3. For the uniqueness part let Q(-, -) be a price mechanism which
obeys the five axioms on ¥, for some i (i =1,2,3). By Lemma 11 Q(-,-) can be
extended to a price mechanism on .; which obeys the five axioms. Now since ./*;
contains the polynomials and since on PO the A-S price mechanism is the only price
mechanism that obeys the five axioms (see [8] and [13])

On(p,a)= f (ta)dt m=1..., M, (20)

for each p e POY and a € EY .

Now let F € ¥, and let « € C*, a>> 0. By Lemma 11 there exist two sequences of
polynomials (f");., and (g"),~, which obey (4), (5), (6) and (7). By the positivity of
Q( ’ ') on ./, i

Q(f"— F,a)>0 and
O(F-g"a)20
Hence by the additivity of Q(-, -)
0(gha)< Q(F,a)< Q(fa), n=12,....

By (20)
10g" 1 af" _
fo T (1@)dt < Q0 (Fre) <f0 = m=1,..., M.
This, together with (7), implies
F,a) = lim laf m=1,...,M. 21
On(Foa) = lim [ =2

Since the sequence ("), depends on F and a and not on the price mechanism
Q(-, *), the proof of the theorem follows now by (21).

4. The economic model. A transportation model consists of N origins B, . . .,
By, M destinations A4,, . . ., A,,, L consumers, and K + 1 commodities denoted by
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0,1,..., K. Commodities 1, . .., K are transported from origins to destinations, and
the other good called the input is used to measure the transportation cost (for example
it can be money). For any k, 1 < k < K, C* = (c* ) is a matrix of order N X M where
ck is the cost, in terms of the input, of transporting a unit of the kth commodity from
B, to A,,. This cost can include the price of the commodity as well as the profit of the
transportating agency. _

Each consumer /, 1 < /< L, can consume, in a given consumption set D' in
EEM g vector x (1) = (x°(0), x,(D)s - - - s X,y (D), - - ., Xpy(])). Here, for each m, 1 < m
<M, x,(D)=(x)(D),...,xE() is a bundle in 4,, consisting of the K commodities
and x°(/) € E! is the amount of input he consumes, i.e., each consumer consumes the
input and the K commodities at each destination. The /th consumer has a preference
ordering on D' expressed by a utility function U’, and is endowed with some amount
w' of the input. The origins can be thought of as public monopolies, the consumers can
be central distribution agencies, chains or individuals located at the destinations. Each
consumer has a utility function which depends only on the coordinates corresponding
to his location.

For each n, 1 < n < N, and each k, 1 < k < K, origin B, has a limited capacity of
b¥ units of the kth commodity. Let = be the subset of £EXM defined by,

M N
E=[x=(xl,...,xM) > x,’;<2b,f‘foreveryk,1<k<K}.
m=1 n=1

Define the cost function F: S— E! by

K
HORPEACH!

wherefork=1,..., K, x*=(x§, ..., xX), F, is defined on
M N
Chi=!xeEM S x,< 3 bk,
m=1 n=1
by

Fk(xk) = min’gnc,f‘my,f‘m ’

subject to
N
> oyk =xk, m=1,..., M,
n=1
M
> yk < bk, n=1,...,N,
m=1
yk. >0, n=1,...,N, m=1,..., M,

i.e., Fy is the TP cost function for the kth commodity.

Each vector x in D' will be represented by a pair (x° X) where x° is the input’s
quantity and ¥ € EX is the bundle of the K commodities at each destination. For
each /, 1 </< L, and each price vector p in EX™ (price per commodity in each
destination) define the budget set B,(p) of ! by

Bi(p)={(x%X)ED'|x"+Xp < w'}.

A vector x € B,(p) is maximal in B,(p) if U'(x) > U'(y), for each y € B/(p). Finally,
a vector (x%, X) is feasible if F(x) < x°.
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DEFINITION OF EQUILIBRIUM. A point of the form (x(1), ..., x(L), py, ..., pa)s
where x(/) is a vector of bundles in E1**™ and p,, € EX is a price vector for each of
the K commodities at the mth destination 4,,, is an equilibrium if

I. For each /, 1 < /< L, x(I) is maximal in B,(p) where p = (p,, . . ., pp)-

IL. (w — x% X) is feasible, where w = St_ ,w/, x® =L x%/) and = S, ().

IIL. p = P(F,X), i.e., the price vector p is the vector of A-S prices associated with the
cost function F and total vector transported x.

ASSUMPTIONS. (i) For every I, 1 < [ < L, there is a vector d'= (dé, d{, ce d,{,) in
E\*XM  vhere di€ E! and d. =(d.,,...,d'x) € EX, | < m < M, such that the
consumption set D' is the box

D'=(xeE**M|x<d};

i.e., | can consume at most dg units of input and at most d’, units of the kth commodity at
the mth destination.

(ii) For every I, 1 < I< L,0< w! < dé.

(iii) For every I, 1 < 1< L, U' is a continuous and quasiconcave function on D'.

(iv) For every k, 1 < k< K, S¥_ >4 dl, <SV_.\b,, i.e., the total capacity of
each commodity available for all consumers at all destinations together, does not exceed
the total capacity of the commodity available in all origins together.

THEOREM 12. The existence of an equilibrium is guaranteed under assumptions

(H)-@v).

Proor. The theorem can be proved along the lines of Theorem 2.1 of [8]. For each
k, 1 < k < K, F, is a continuous piecewise linear function with F,(0) = 0. By Corol-
lary 4 above, F, is c.d. along the line segment [0, a‘¥'], except perhaps for finitely
many points. Since F = SX_, F,, the above properties remain true if F, is replaced by
F and a® by a. In particular F(0) =0 (which is Assumption (5) of [8]). Since the
kinks of F lie on a finite number of hyperplanes the partial derivations of F are all
bounded (on CF). Thus for each a € C”, the function g,: [0,1]> E' defined by
8.(?) = 9F(ta)/9x,, is bounded and continuous for each ¢, 0 < 7 < 1, except perhaps
at a finite number of points. By the Lebesgue bounded convergence theorem, if 8— «
then [4 go(#)di— [§ g,(¢)dt. This means that P, (F,a) is continuous at a (for each
a € CF). Assumptions (6) and (7) of [8] are used only to obtain the continuity of A-S
prices [9]. Thus it remains to check that assumptions (1)—(4) of [8] are fulfilled in our
model. Indeed these four assumptions are assumptions (i), (ii), (iii), and (iv) above.
Hence, the existence of an equilibrium in our model is guaranteed by Theorem 2.1

of [8].
REMARKS. (1) Note that if for each /, 1 < / < L, U’ is increasing then it is easy to
verify that the equilibrium (x(1), . .., x(L), py, . . ., pa,) Will be locally efficient in the

sense that w — x® = F(X). This means that the amount spent by all the consumers
equals the total transportation cost. Consequently there is no waste.

(2) Consider a consumer / who is an individual at the mth destination and has an
increasing utility function, dependent only on bundles in the mth destination. Under
the assumption that transportation costs are always positive, this consumer gets, in
equilibrium, a consumption vector of the form x(/) = x%0,...,0, x,,0,...,0),1ie,
he receives commodities only at his destination.

(3) Note that one can redefine F by replacing the TP cost functions by similar WDP
cost functions and still retain all the properties needed for the existence of an
equilibrium.
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5. An algorithm for computing A-S prices for TP cost functions. In this section we
refer to an algorithm which evaluates the A-S prices for a given TP and feasible vector
a=(a, ..., ay). The algorithm can also be used to solve the associated TP problem
for x = a. Consequently, to compute the A-S prices vector there is no need to solve TP
separately in order to obtain the transportation plan.

Since F is piecewise linear, by Corollary 4 we have that the A-S price vector P(F,a)
is a finite sum of the gradients of the linear “pieces” of F along the line segment [0, a],
where each of these is weighted by the normalized length of the sub-interval in which
F has a constant gradient. Consequently it is sufficient to consider F(ta) for 0 < ¢ < 1
and find the values ¢/, j=0,...,J, where t°=0, ¢/ =1, for which F(ta) changes
gradient. The algorithm which computes the points #/, the fixed gradient of F in each
interval (#/a, #/*'a) and solves the TP at « is described in detail in [14]. This algorithm
is an application to the transportation problem of the general parametric programming
approach suggested by Srinivasan and Thompson [15], [16].

To illustrate the computations of the A-S prices consider the example of §2. For this
problem, shown in Figure 1,

CcF= {(x1,%2) | x; + x, <40, x, > 0, x, > 0},

and the kinks are located on the hyperplanes x' + x? = 20 and x? = 20.
In fact
10x, + 15x,, x.20,x,20,x; + x, <20,
F(x,,x;)=1{1000x, + 1005x, — 19800, 0 < x, < 20,20 < x, + x, < 40,
1000x, + 1500x, — 29700, x, > 0, x, > 20, x, + x, < 40.

Consequently the algorithm will determine that
V F(ta) = (10,15) for 0<t<
VF(ta) = (1000,1005) for 1<¢<1,

< 4(19) + 3(1000) _ (399
P(F.e) 2(15 2{1005) = \510/

Finally let us mention that the algorithm can also, in the view of the analysis in [15],
[16], handle the capacitated transportation problem. This is a TP where the values of
the variables y,,, are constrained to be bounded on both sides. Moreover, any cost
function derived from this problem belongs to ¥, and thus, by Theorem 6 above, the
A-S prices are applicable in this case as well. We also note that Balanchandran and

1, and

thus

X2

40|

20 a = (20,20)

20 40
FIGURE 1
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Thompson [2], [3] and [4] provide a complete parametric analysis for the generalized
transportation problem. Their algorithms can be used to obtain an algorithm to
compute the A-S prices for WDP cost functions.
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