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A/B testing plays an important role in modern apggions, particularly on the internet, as it helps
businesses to optimize their user experience toimizex usage and profits. In this paper we
discuss A/B testing on counts (such as numberarthes by a user), and point out the importance
of using appropriate distributions for statistiGalalysis. We discuss the use of the negative
binomial (NB) distribution to evaluate performanoestead of the commonly used Poisson
distribution. Our motivating application is in A/fsting on number of searches of users of an
internet search engine made by the company Swesii®demonstrate the inappropriateness of
the standard Poisson assumption for these datastzow that the conclusions from analyses of
specific A/A and A/B tests run in this applicativith NB differ from those with an incorrect
Poisson assumption. Using a normal approximatiandescribe a general property of NB tests —
the existence of a bound on testing power, whichdependent of mean expected usage (or length
of time running the test) under typical assumptiortss leads to a disconcerting conclusion that
such tests cannot guarantee high statistical pfavedentifying a small difference between the A
and B groups, no matter how long they are run. This sharp contrast to "standard" tests with
binomial, normal or Poisson assumptions, wheredmsjred power can be attained by running the
test long enough, as long as the A and B grougsrdiiVe also describe and apply a permutation
test as a non-parametric approach for testing.unwew, the non-parametric approach is an
important complement to parametric tests like Nfgri@ence, because it is valid for testing the most
general null hypotheses of equality between A andiddributions, without assuming anything

about the form of these distributions.
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Introduction

Controlled experiments, also known as A/B testiage an important general
framework for assessing the impact of changes aronpeance. Controlled

experiments have a long history in medicine, butecent years A/B testing is
increasingly employed in e-commerce, marketing atider consumer-centric
domains (Ash 2008; Keppel et al. 1997).

In particular, in applications where a decision srakan control the experience

each user or customer encounters, it often makesede try out changes in user
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experience by presenting some (randomly chosergesudd users with the new
"B" experience, while others still encounter thd tA" experience. The vendor
can then objectively examine the effects of thengeain user experience on user
behavior, in buying or usage patterns. This modexperimentation is especially
common on the internet, and is widely used by enlrendors and service
providers to examine effectiveness of their platfer(Ash 2008; Kohavi et al.
2007, Tang et al. 2010).

A key component of A/B testing planning, executiand usage is obviously
statistical analysis and inference (Box et al. 200fers and Well 2003). In
planning, this can be used to determine how maaysushould be taken, how long
the experiment should run, etc. Once data are gathsetatistical analysis is used
to evaluate the results and examine whether thectsffof the "A" and "B"
experiences differ. Proper statistical inferenceigely acknowledged as a critical
and often non-trivial aspect of A/B testing (Craaikal. 2009).

Many A/B tests examine binary outcomes (like bug/tdbuy), and typically use
binomial distributions for statistical inferenceth®rs examine continuous traits
(like time spent on a site) and most often use abrdistributions, though
sometimes other distributions are more approp(telersen 1997). In this paper
we are concerned with A/B tests on counts (like benof searches by a user) and
the appropriate statistical approaches for anayttiem.

The most commonly used distribution in analyzingrds — in A/B tests as well as
other applications — is the Poisson distributiomd@rsen, 1997; Johnson et al.
2004; McCullagh and Nelder 1989). Assuming the nend actions by a random
user in the A or B groups is Poisson distributeedsivalent to assuming that

actions arrive from all users at a constant rate Imemoryless™ manner, i.e., that
each user may act in the next instant with equaidaduility regardless of who acted
when in the past. This is often a reasonable assumgspecially if all users are
of the same "type". However if the users diffemgfigantly (for example, if some
are internet worms or bots that constantly act|evbthers are occasional users
that rarely do), the Poisson assumption may welinag@propriate and lead to
incorrect inference and conclusions. In this paper demonstrate that this is
indeed the case in our domain of interest. Someoasihave advocated identifying
and removing robots in A/B tests, but have alsonawktedged that this can be

difficult or impossible (Crook et al. 2009). Evdrthis is successfully done, users
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may still differ significantly, for example heavynternet users compared to
occasional users.

An alternative in the case that users differ sigaiftly is to use the Negative
Binomial distribution (henceforth NB, also known aser-dispersed Poisson)
(Thall and Vail 1990). This is equivalent to assagnthat each user still acts as a
"memoryless” Poisson process, but their rates awe allowed to differ (see
mathematical derivation in the next section). TH& dNistribution can be fitted to
data, and used for inference, and this has beea eltensively in many scientific
and engineering domains, like genetics (Efron ahttéd 1976; Kimura 1994;
Tamura and Nei 1993; Thall and Vail 1990), traffiodeling (Gerlough et al.
1971; Greenshields et al. 1978; McGee et al. 20@38)keting (Schmittlein et al.,
1985), criminology (Berk and MacDonald, 2008) anldeos. Thus, this basic idea
is well known and widely used. However, we are awtare of A/B testing
methodology using the NB distribution, and to ourowledge some of the
calculations we present here on power limitatiogairest specific alternatives,
have not been adequately addressed by previousiwotker domains.

An interesting alternative that is commonly usegbiiactice is to use a “t-test” for
testing difference between populations, based mormal approximation for mean
usage in the population, with estimated variancenfthe data. As Aban et al.
(2008) show, this approach is inferior to NB-basedlysis (overly conservative,
low power), when the NB distribution is appropridfée discuss this issue further
below.

Another approach that is very similar to NB is tluasi-Poisson model (McCulagh
and Nelder, 1989), which takes slightly differees@amptions, but typically leads
to very similar conclusions in simple situatioriselithose we face (Ver Hoef and
Boveng, 2007).

Our motivating application in this paper comes frothe actual A/B
experimentation experience of the company SweettMc¢ch provides content and
search services for instant messaging applicat{tMs), Social Networks and
Webmail. An important goal of these experimentdosidentify changes that
increase the number of searches of SweetlM usensa@alysis below shows that
use of the Poisson distribution for planning andlying A/B tests on number of
searches results in incorrect conclusions. For pl@m\/A tests, where the exact

same experience is provided to both groups, oésultrin decisive rejection of the
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"null hypothesis" that the groups do not differ, ie¥h should not happen by

definition if correct inference is applied.

Our main contributions are:

Demonstration that the NB distribution is indeedre appropriate for analysis
of A/B tests on SweetlM data, with estimation of tlappropriate NB
parameters and comparison of actual test results ®Roisson and NB
assumptions. We show that NB inference leads taecbnon-rejection of the
null in A/A tests, and to some rejections in A/Bstee examined. We also
verify validity of our results by comparing them tassumption-free
permutation tests.

Statistical analysis of the implications of usilNB in A/B testing. In
particular, we discuss the statistical power of AéBts (i.e., their ability to
identify "real" differences) and its dependencetl@ duration of the tests, or
equivalently the expected number of searches per. Based on a normal
approximation, we show that NB tests cannot guaraairbitrary power by
running the test longer, in contrast to other comimaised distributions like
binomial, normal or Poisson. Instead, power in NBtg is bounded from
above by a quantity that does not depend on thatidar The only way to
increase the power further is to add users to thendé B groups. This has
significant implications on the planning and exemutof A/B tests in the
setting where NB inference is appropriate. Thisbfmm is not purely
academic, as expressed in SweetlIM’'s own experienwbere large usage
differences of several percents are hard to asgént very large samples
because of this power limitation. This problem &red by giants running
huge A/B tests like Google and Microsoft (Tang ket2®10, Kohavi et al.
2007).

Statistical Inference for AB Tests

Poisson and Negative Binomial Distributions in AB T ests

A random variables X has a Poisson distributiomotied X ~ Poig), if

P(X=k) = € p*/ k! , k=0,1,2,.... X has mean and variance bothaéda the

Poisson parametgr (Johnson et al. 2004).



When events are collected over time, it is comnaoassume that the Poisson rate
is u for a time unit (typically a day in A/B testinghé therefore if the experiment
is run for t days, we get X~Poisf):

In an A/B testing situation, assume we have n usettse A group and m users in
the B group, and denote by,%,...,x,~Pois(tua) i.i.d the number of searches in
the A group and by 1\s,...,Ymn~Pois(tug) i.i.d the corresponding numbers in the
B group. Then the A/B test for difference betweka groups can be formally
stated as testing a null of no difference in ragainst the proper alternative (we'll
assume a one sided alternative since we are otdsested to learn whether B is

better than A, i.e., leads to more searches):

Ho: HaA=HB VS Hh: HA<UB.

Our proposed approach for hypothesis testing os thypothesis uses the
difference in mean activity between the A and Bugas a test statistics, and

calculates a p value using a normal approximation:
X =Y = N(tu, —tug,tu, I n+tug /m)

Where under kithe mean is 0 and the variangg-t (m+n)/(mn).

So the p-value for testingotgainst H (one sided) is:

N X-Y :
Pots (1t(n+ m) /(nm) )2

where @ is the standard normal cumulative distribution amdus=.;s. In the

common case that is not known it is replaced Q)é(in V) t(men)] its pooled

estimator.

An important aspect of planning an experiment iwgrocalculations (Kendall and
Stuart 1976): how do the number of users and thatidn of the test affect our
chances of detecting "real" differences betweenrAtlamd B groups and rejecting
the null hypothesis?

Given a known, hypothesized, or learned from past @alue forua (actions per
day), the power to detect an increaseé @te.,Ha: 1z = (1+0)up) as a function of

the timet and number of users in each grouf@assumen=m for simplicity) is:



X-Y
ﬁ(ﬂA,é‘,t,n) = PHA(p < 005) = PHA{(WJ < ZO.OS} =
A

:@(m%m1z®(2005+5mm),

where the last approximation assumes dkat 2.

This standard formula is used to determine whathioations of(t,n) will give
the desired power. It is a critically important tig@ of this calculation that the
power can be driven to 1 either by increadirog n. In mathematical notation we
have that, as long a&>0, 5>0: #(ua, 6, N, t) — 1 as eithen—c ort—o.

This important property is shared by other "staddalistributions used in A/B
testing, including the normal and binomial disttibas.

Another way to think about the Poisson model isaageneralized linear model
(GLM, McCullagh and Nelder 1989 ), and use likebdebased inference like
Wald tests or generalized likelihood ratio tests iiaference. In the case of
Poisson, because the maximum likelihood estimat¢hefPoisson rate is the
observed mean, it is easy to show that the Waldoapgp and the heuristic normal
approximation we described above are very closglbted (basically, amounting
to normal approximations on different scales). Otlielihood based approaches
are likely to yield very similar results (Aban elk,a2008). Our choice of
presenting our inference using a normal approxionais based on the desire to
present simple power calculations, which will eagéneralize to the NB case we
discuss next. We discuss alternative testing agpesain more detail in the
context of NB inference below.

The NB distribution is defined by two parameteks;- NB(«, p) if (Johnson et al.
2004):

a+k-—

P(X = k):[ )

1J(l— p)“ p*.

If a is natural, a common interpretationNB(e,p) is the number of failures until
a successes occur in a Bernoulli sequence, wheprtitgbility of success ig.
However, the NB distribution is defined for any reegativex andp (0,1).

The NB distribution can also be thought of as aegalization of Poisson, where
now instead of assuming a fixed ratewe assume is random and drawn from a

Gamma distribution (Johnson et al. 2004):



A ~T(ap), XP ~ Pois).
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Figure 1.Comparison of Poisson distribution with mean 1Ggklline) and NB distributions with the same mean f

various values of the shape parametéie can see the long tail of distributions withedim.

In this situation, it can be shown that the uncbodal (marginal) distribution of
X'is X ~NB(a, # /(1+/)). The Poisson distribution is the limit of NB @s>« (and
the Gamma distribution becomes concentrated ati)poThe mean of X is
u=apl(1-p) = alp, and the variance of X i&=ap/(1-p)’= u(u+o) la (decreasing
with o for fixed mean).

Figure 1 demonstrates a Poisson distribution witamu=10 and several NB
distributions with the same mean. We can see thatgets smaller the right tail
of the NB distribution becomes more extreme, andcbewe would expect to
observe big outliers (such as bots or crawlersimegernet search setting, which
perform a continuous stream of searches). On ther diand, the vast majority of
users concentrate on the smallest end of the soateesponding to the bulk of
"casual" users.

In the A/B testing context, it makes sense to asstirato is common to both the
A and B groups and known (i.e., the skew of therithistion is similar in both
groups) and they differ in only. Like in the Poisson setting, we can now take
as the expected number of searches per day, atiek sneans of the two groups
will be tua andtug, and the A/B hypothesis testing problem can betevrias:
X~NB (o, tua/a), Y~NB (a, tug/a) and H: pa=ps VS Hi: pa<us.

Using a normal approximation again (whose validitgs to be carefully

monitored wherm is small because of the long tail), we getvalue calculation:
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o q)[ X-Y J
Nea (1t (ut + @)l e - (n+ m)/(nm) )2

where agaim=us=ug can be replaced by the pooled estimator.

It is easy to see that for a fixed set of datg,,pS monotone decreasing infor
fixed g, in particular it is always larger thap,p (corresponding t@= «). Thus, if
we get a p value that is small enough and rejedioHNB, we would reject for
Poisson as well, but not vice versa. As we will lser, this is the main problem
with erroneously using Poisson to analyze dataebéditted with NB — over-
rejection of H, including in A/A tests, where Hs known to be true.

As in the Poisson case, for power calculation veia®us andug= ua(1+0) are

both known and calculate:

X-Y
7(#pn 00t M) = PH“H(ZyAt(yAt +a) l(an) ) J - ZODS} )

—® 20+ a l(py)) - Zops + 5an
2@+ o () + 25+ 6% + S l(u,t) )

@

using this expression we demonstrate next that,, st n) < ®(Z,, + 5van) <1,

whenn is fixed, for any value of t. For small enouglandn, this bound may be
quite low, as we demonstrate empirically. Thus, ¥ A/B tests, we cannot
guarantee arbitrarily high power by running the esxpents longer, and have to
accept that some differencésre "undiscoverable” unless we are able to inereas

the number of test participants

Power Limitation of NB Inference

Our main result is the following:
Proposition 1
For a NB hypothesis test, where we observe n uis&ach group and, is given,

the power of the test based on the normal apprdioméor:
Ho: ua=us VS Ha: (1+3)ua=us

iIs bounded as follows, independently of the tinfertwhich the experiment is

run:



t, 72 (120, 8,,1) < MaX{05, D(Z o5 + SN 2) )< 1

Proof: Consider the expression inside the parenthelsEs|.o(1). %<0, so for
small t this expression will be negative atxD.5, but for large enough values of t
it will be positive. Once the expression is pogtivnaking it larger in absolute
value increases the power becadsas a monotone increasing function. Thus

assuming t is large enough that the numeratorsgipe we have:

20+ & (p2,1)) - Zggs + S<Jan 20+ @ () - Zogs + SNom _

20+ @ [(p,)) + 25+ 57 + da I(u,1) 20+ a l(p,1))

2yt Jani2 < Zyp+ 5anl2
A+al(uat))

= 7(pp,0,1,n) < D(Zyps + 5Van/ 2)

Looking carefully at the expressions, it is possiti refine this bound slightly

further, and make it tight, i.e., we can in fach\ye that:

/ 1 51 |
ﬂ'(ﬂA,é‘,t,n)Sq)[ m[2005+5 an/Z]],
—>0 1
7wy, o,t,n)— (1)[ 1+§+52/2[ZODS+5\/an/2]],

but this slight improvement in bounds has littleatieg on our main message,

which is that the power is bounded from above for & with the largest possible
power decreasing witt (as we move further away from Poisson).

Figure 2 illustrates this result by explicitly calating (1) and showing the
resulting power curves as a function of t for tlane five distributions as in
Figure 1, with=0.02 (2% increase)n=1000 users in each group (left) and
n=100,000 users in each group (right). As we can after 10 days the power of
the Poisson test is close to 1. For the NB withQ®€k=100, the power is also
good, but for the smaller values ofthe power is low, with the graph fa=0.1
not going above power 0.07 for a test at level 0€% there is almost no
difference between the distributions of the A andrBup. Indeed, the bound for
power ata=0.1 gives 7<0.069. With 100,000 users the power converges to 1 for
o>1, but ata=0.1 the power is again bounded at 0.4, no mater long we run
the experiment. Thus, even with 100,000 users ich egroup, we cannot

guarantee high power if the tail is long enoughé Tlip side of this result is that
9



if one mistakenly uses Poisson when NB is approgridne relation gis<pns.
implies probability of a false rejection ofpHbecomes large, as our experiments
below demonstrate in A/A tests.

Alternative Inference Approaches for the NB Model

As we mentioned above, the normal approximatioremployed for NB
inference can be replaced with several differedt\aitely used approaches. The
most statistically sound methods use formal likeditt-based inference using the
theory of generalized linear models (McCullagh &leider, 1989). The two
commonly used approaches are Wald'’s test (as ingrited in the R package
glm, for example) and the Chi-square generalizeglihood ratio test (as
implemented in the R function anova.glm, for exaaqp{Aban et al., 2008). Note
that in our normal approximation we utilized theximaum likelihood estimates

of NB parameters in our mean and variance estimBsause the normal
approximation is very reasonable for large data il have, we expect the results
of our inference to be very similar to likelihooddg®d inference, and we confirm
that in the experimental section below. Our chaoitthe normal approximation
was motivated by the need for simple power and $asipe calculations, which
are facilitated by the normality assumption.

Another alternative approach is to use the “momeastimator of variance in a
normal approximation, by utilizing the data’s enngat variance as the estimate of
variance. This is an approach commonly referreabktt-test” (Aban et al., 2008).
Aban et al. (2008) have performed extensive expartation and simulation and
have shown that this approach is inferior to likebd-based inference for NB, in
terms of power. Although their simulations are tigkly small, this result is
consistent and appears to be independent of sazgeleTogether with our
observation that our normal approximation givesiliteghat are very similar to
likelihood-based inference, we believe this jussfour concentration on the

normal approximation as our primary parametricriefee tool.
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Figure 2. Power curves fér0.02 (2% increase in B compared to @310 per day, n=1000 (left), n=100,000 (right). As i
Fig. 1, the black curve is for Poisson, reachingvgroof almost 1 after 10 days at n=1000, while titieers are in
decreasing order far={100,10,1,0.1}. We can see that for smalthere is practically no power to detect such gedshce

at n=1000, and even at n=100,000 the power is tElinthen=0.1, though it converges quickly to 1 for bigger

Testing for Appropriateness of Poisson vs Negative Binomial
Distribution

Our results so far have demonstrated that it tgcatito choose correctly whether
the statistical analysis should be done with thesgem distribution or the NB
distribution. Choosing Poisson when NB is apprdpriwill lead to incorrect
rejection of the null (type-I error too big), whitthoosing NB when Poisson is
appropriate will result in loss of power (increasgge-Il error). In the next
section we will also demonstrate the first effdeiady on the real A/A and A/B
testing data of SweetIM.

An important question is thus, how can we deterremgirically whether Poisson
or NB is appropriate for our data? Because thesBais) distribution is nested
within the family of NBg,w/(uta)) models, being the limit as—w, we can use
the standard generalized likelihood ratio (GLR]} fes nested hypothesis (Casella
and Berger 2001). This test relies on the fact thader H: a=w, twice the
difference of log-likelihoods of the maximum liketiod fits of the NB and
Poisson model has approximatelyZ distribution (chi square with one degree of
freedom).

This result can be used to test the appropriateoksssuming Poisson vs the
alternative that NB is needed. Intuitively, if NBsf much better it should be

chosen and GLR tests give us an approach to igemitiéther this is the case.
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Beyond Parametric Modeling: Permutation Tests

While the methodology described so far allows udett whether NB is more
appropriate than Poisson (which it is, in all oMamples below), it is clear that
parametric distributions like Poisson or NB willvee exactly describe our data.
For example, even if the rate varies between iddiis, there is no reason to
assume the rates are Gamma distributed (and herarallousage has an NB
distribution).

An alternative which is almost assumption free @ use non-parametric
permutation tests for inference (Efron and Tibshire994, Chapter 15). Briefly,
if we have n individuals in the A group and m indivals in the B group,
permutation testing involves randomly dividing tineion of the two groups into
subsets of n and m individuals, and documentingdtfierence in average usage
between the two resulting groups. This is done atguity, giving a "null”
distribution of differences in averages when theugs do not differ. If the actual
difference in the true A and B groups is extremesgithis null distribution, then
we can reject the null hypothesis that the groupeat differ.

In all analyses below, we give the permutation festalue in addition to the
Poisson and NB p values.

Of course, the non-parametric approach cannot bd tw planning A/B tests,
calculating needed sample sizes, etc., becausenalyses can be performed
before data are observed. Thus, it does not ansarae of the major statistical
needs of A/B testing. Even if permutation testsumed for inference, it is critical
to also have a "reasonable" parametric approaehNiR to address the planning

needs.

Case Study — A/B Tests on SweetlM Data

SweetIM is a company offering various services tohamce online
communications, including add-ons to instant masgadlM) services, a web
browser toolbar, and an internet search tool. Nédliyrthese are all designed with
an aim of increasing exposure to new users andeusagxisting users. To that
extent, it is a critical aspect of the companyseegch and development effort to
optimize user experience and maximize usage. Twdhef most important

measures of usage employed by the company arehssagser user and number of
12



SweetIM generated content items sent per user. Bbtthese measures are
counts, and we will concentrate on them for thé oéthis article.

SweetIM has developed its own internal A/B testiagvironment, and it
implements within this environment numerous tesisexamine the effect of
various features and aspects of the user experienceisage measures. In
addition, it also runs occasional A/A tests, whieogh groups get the exact same
experience, as a “sanity check” that all aspecttheftest generation system are
working properly, in which case these tests shétypically” (in 95% of cases,
when testing at level=0.05) result in a non-rejection ofpH.e. a conclusion of
"no detected difference”.

Environment

SweetlM's A/B testing environment consists of arthstion mechanism, data
collection and an analysis / reporting system. Emelw test starts from the
definition of sample size and time the test willduive. This first step is critical
because a wrong design can easily destroy the wesieno matter how accurate
the data and analysis are. In this phase we ddéfieesample size for the test
groups based on the nature of performance coutitatave want to compare. In
this paper we are focusing on count data like nurobsearches for user, so the
experimental design is based on the negative bimodistribution and sample
size calculation is derived from equations like. (Ihe distribution period (in
days) is defined to be long enough to reach thepkasize, and in most cases it
will be rounded to a multiple of seven for neutzadg the day-of-week effect. The
observation period is less critical in terms of powimitation of negative
binomial inference, but still is important to detéang-term changes in users’
behavior.

13
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Figure 3. A sample flow of traffic diversion forweSweetIM users.

We separate all tests on 2 groups based on thpdpstation — tests on new users
that just installed SweetIM product and tests draatlience of active users. All
potential new users that reached our Landing Pegeligided randomly to two
(or more) groups and receive test and group coak@ording to their group.
Based on this cookie the user will receive the lagapplication (Control group)
or the application with a new feature (group Bylascribed in Figure 3.

For active users we are able to take unique ID feodumber of groups we want
to check in the test, for example all active useth ID whose mod will be equal
to 3 will receive group 3 solution and will be gpad in the analysis under the
corresponding test group. It is important to ndi&t in our case the unique ID of
the user is an absolutely random number and nata@eament - this allows us to
use this type of distribution approach.

Once the user starts her/his participation in @, twe track related activity
automatically from our web logs, until the test emat the user removes cookies
(in case of new users test). Automatic businesslligeénce (Bl) processes are
responsible for delivery and aggregation of the teda from web logs to the
internal reporting system and OLAP database.

Web activity of performance counters like numbese#rches per test participant
can be affected by Internet robots and worms thae mothing in common with
real user behavior. These robots can introduceifignt skew into estimates,
enough to render assumptions invalid. We have sasas where robots caused
the performance counter to be significantly difféari'om control group, when, in

fact there was no difference between the groupsiéitme NB assumption takes
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care of some forms of non-uniformity of users, thegtreme deviations can still
be devastating. For the purpose of experimentatias, especially important to

remove some types of robots, those that interatit thie user ID and simulate
proper User-Agent. Since many robots have the samaeacteristics as human
users, it is difficult to clearly delineate betwede two. Benign or simple robots
can often be filtered by basic characteristics many modern robots use
sophisticated techniques to escape detectionsilgarihf).

We didn’t develop any automatic filtering solutioam our A/B test processes;

however, the first step in each A/B test analysista check the groups for
exceptional user behavior and try to filter non-lamntest participants.

Once the test reached sufficient sample size ibeasnalyzed through the internal
reporting system. In addition to standard frequetatyes and daily trends, results

of significance tests are also available.

Tests on Search

We present here two A/A tests and two A/B testsearch activity (tests 1-5 in

Tables 1, 2). Tests 2, 4 and 5 are actual A/B testsat SweetlM to test new
features. Test 1 is an actual A/A test run by ramgaassigning users to groups
Al and A2 and following their search activity. T8sis an A/A test derived by us
from A/B test 2 by randomly dividing the users iretA group into two groups.

The different search tests 1,2,4,5 differ slightlythe time they were run, their
duration and the target audience, and so they atr@etessarily expected to be

similar between them in terms of number of seardrebe NB shape parameter

.
Group A Group B (or other A)
Number Type
# Users #Activity Average (1) # Users #Activity Average ( u)
1 Search A/A 61,719 1,274,279 20.65 61,608 1,288,333 20.91
2 Search A/B 130,062 2,420,670 18.61 129,286 2,432,957 18.82
3 Search A/A? 65,031 1,201,612 18.48 65,031 1,219,058 18.75
4 Search A/B 80,690 1,100,560 13.64 80,174 1,135,716 14.17
5 Search A/B 17,287 297,485 17.21 17,295 300,843 17.39
6 Content A/A 61,719 3,142,766 50.92 61,608 3,165,208 51.38
7 Content A/B 17,568 770,436 43.85 17,843 930,066 52.12

?Random splitting of group A of experiment 2.

TABLE I. EXPERIMENT DETAILS
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Figure 4. Graphical demonstration of the much béttef the NB distribution to the search datatest 1, compared to the
Poisson distribution.

In the A/A tests, the NB parameterwas estimated from the entire dataset, while
in the A/B tests it was estimated from the A graumty. As we can see from Table
2, the o estimates from the different datasets ranged letw@19 and 0.53.
However all of these estimates imply a very lorieta non-Poisson distribution.
This is illustrated in the p-values of the GLR $ekir Poisson vs NB, which are
rejected with p-value of O (i.e., smaller than egsible by the software) for all
five tests. In Figure 4 we also show the empirtiatribution of search number
for test 1, compared to the fitted Poisson and MBitutions. As can be seen, the
NB estimated distribution fits the empirical dibtition well, while the Poisson is
completely off. Similar plots for tests 2-5 yieldndlar conclusions. Table 2
reports the difference in mean searches betweetwihgroups, and the p-value
of the tests we described above for testigguAd=ps vs HA:ua<ug, under the
Poisson and NB assumptions.

As can be seen, Poisson inference (which is incgri@s the GLR p values
indicate) strongly rejects dHor all tests, including the two A/A tests. Oneywia
understand this result is to consider the propeftloisson distribution, that the
variance is equal to the mean. For overdispersstiilditions like NB, on the
other hand, the variance is much bigger than thenmEhus, incorrectly assuming
a Poisson distribution amounts to underestimatiegviariance, and hence it leads

to misjudging the magnitude of “expected” differesaunder the null. NB based
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inference rejects fifor one of the A/B tests only, where the differenc indeed
big (almost 4%) — test 4. In this test we checkéi@m@nt sizes of the search box

on SweetlM search page and its influence on usetslity in search. We can see

NB fit Difference Difference tests, p-value
Number Type 3 between Permutation Our NB
Estimated @ |GLR p-value groups % Poisson Test Approx. Wald Test T-test
1 Search A/A 0.31 0.00E+00)| 1.27% 8.06E-25 3.67E-01 1.10E-01, 1.07€-01] 1.82E-01]
2 Search A/B 0.24] 0.00E+00)| 1.10% 2.27E-34 3.49E-01 9.00E-02 8.66E-02 1.76E-01]
3 Search A/A’ 0.24] 0.00E+00 1.40% 4.61E-04 1.40E-01 3.55E-01] 3.55E-01] 6.00E-01]
4 Search A/B 0.19| 0.00E+00 3.90% 1.50E-176| 3.24E-02| 5.82E-04 5.81E-04 1.39E-02
5 Search A/B 0.53] 0.00E+00 1.08% 2.16E-03| 7.90E-01] 3.11E-01] 3.11E-01] 6.04E-01]
6 Content A/A 0.33 0.00E+00)| 0.98% 2.13E-29 4.20E-01 1.85E-01 1.85E-01] 2.05E-01
7 ContentA/B 0.45 0.00E+00) 8.68% 0.00E+00)| 0.00E+00)| 5.59E-27 3.33E-27 2.20E-16

?Random splitting of group A of experiment 2.
* significant p-values (< 0.05) were bolded

TABLE 1. EXPERIMENT INFERENCE

that group B that received bigger search window digsificant advantage over
the A (Control) group. Based’ on this test restilessearch page was changed to
version B, leading to an overall increase of seafdibout 5% — this increased the
company’s revenue directly by 5%. Note that thelue of the NB test is not
overwhelming in spite of the big difference — tlisa consequence of the power
issue we discussed above. In addition to NB p walbased on our normal
approximation we also report p-values of the Waddt tobtained using the
function glm.nb in R, which are almost identicaves discussed above; and those
of a “t-test” based on moment estimators, whichlase extreme (reflecting their
reduced power as demonstrated by Aban et al., 2008)also report in Table 2 p
values obtained from permutation tests, and wetlsetheir conclusions closely
match those of the NB inference. In general, afi-Roisson approaches seem to

lead to reasonable and consistent inference.

Tests on Content

The last two tests in Tables 1 and 2 are test®ruoounts of content items sent
by users rather than searches. Test 6 is an a&tdest, while test 7 is an actual
A/B test. The conclusions are all similar to thearsb tests. Note the very
significant rejection of the A/B test even undez tB assumption, with a p value
of practically zero. This is due to the combinatadrthe higherw compared to the

search test (recall that the power deterioratel wjtand the very large effect

size. In this test different types of content dely were checked. In general, only
17



SweetIM users can communicate with each other u$img content, i.e. if
SweetlM user will send content to non-SweetlM usieg, other side will receive
only an invitation to install the product and nbe tcontent itself. In this test we
checked the option of two-sided content; conteat thill be visible for both
sides. Again, based on the significant results fdasure was implemented for all
users. Group B results increase content usage %y tifis feature improves user

experience and increases user lifetime value.

Conclusions

In this paper we have demonstrated both theorBticahd empirically the
importance of avoiding incorrect use of the Poisd@iribution assumption in
A/B testing. We have pointed out the limitation B inference in attaining
power in testing. Although we have rigorously showms for our normal
approximation only, this conclusion clearly appliesall non-Poisson tests in
Table IlI. It should be reiterated, however, thawvpoconsiderations must not lead
us to forsake correct inference in favor of morev@dul approaches (like Poisson
or others), since if NB or a similar long tailedstibution is the appropriate
distribution for modeling, these more powerful aggarthes are inevitably going to
lead to incorrect conclusions, in particular ramctof the null hypothesis of no
difference when it is true, as was demonstratetdenA/A tests we discussed.
Ultimately, one has to acknowledge the limitatiofgorrect inference and adapt
the testing procedures to those. In the case ofepdimitations of NB, the
obvious solution, as we showed in our statisticalgsis, is to increase the
number of users in the A and B groups, thus inanggsower to identify smaller
effects.

A key question relates to the range of applicabiift NB assumptions in A/B
tests on counts. Is our example of SweetlM datagreviPoisson inference is
clearly incorrect and one should resort to NB-léqgroaches, anecdotal or is it
representative of a large class of A/B testing ades? We believe the latter
alternative is true and non-Poisson testing shputde the rule rather than the
exception in A/B testing, as the user population aisnost always non-
homogeneous, and the long-tailed nature of useavi@his a typical profile in
most interesting cases. Perhaps a more importactigal question is, to what

extent can we assume that NB distribution is a @r@pproximation of the true
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distribution and use NB-based inference, or shttuédrule be to use assumption-
free approaches like the permutation test we descWe believe the latter to be
true, and thus in our view a proper approach fetirig combines parametric
approaches like NB before the data are obtaineddlmulating power limitations
and required sample sizes, and non-parametricjmgBn-free approaches like
permutation test as the ultimate testing procedwatleast as a complement to the

parametric methods.
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