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FDR - introduction and former

methods



*Introduction

*We test s null hypotheses simultaneously.

*When s is large, we can’t control the
possibility to have one mistake or more
(Familywise error rate), is we want

reasonable power.



*Some methods were suggested to control the proportion of the

false rejections.

*false discovery proportion (FDP), defined to be the fraction

of rejections that are false rejections
*F - false rejection number : R - total rejection number

FDP =

max{R, 1}

Using this notation, the FDR 1s simply E[FDP]. A multiple testing procedure 1s said
to control the FDR at level « if

FDRp = Ep[FDP] <« forall P € £2.



*Previous methods

*“BH procedure

*The first known method proposed for control of the FDR is the
stepwise procedure of Benjamini and Hochberg (1995) based
on p-values for each null hypothesis.

Let
ﬁn,(l) <= ﬁﬂ,(S)
denote the ordered values of the p-values, and let
H(l), C ey H(S)

denote the corresponding null hypotheses.



*Let’s define

o; = —U,
J
A)

Then, the method of Benjamini and Hochberg (1995) rejects null hypotheses
H(yy, ..., H(j*), where j* is the largest j such that

Pn,) S .

*This method provide asymptotic control of the FDR, under two

conditions:

*1. The p-values are independent.

2. And, under HO:  P{Pni <u} <u foranyu € (0,1)

limsup P{pni <u}<u
H— OO

Or, in some cases:



*Yekutieli proved that the method is valid also in case of low

positive dependency.
*Also he comment that in all possible structure of dependency:

the Benjamini and
Hochberg (1995) procedure does not offer general FDR control yet it controlled the

FDR in all the simulations conducted by the authors:

*He had also proved, that under any dependency, we can control

FDR if we use the follows: o = iﬂ
s Cs
where Cy = Zk L Note that C, ~ log(s) + 0.5

r=I1 r

*But the power in this case is very low.



STS method

*If we know the number of true null hypotheses (S,), we can
improve BH, by using:

1
a; =—a.
S0
*But we don’t know S,, so we should estimate it:
For example, Storey et al. (2004) suggest the following estimator:
~ #{ﬁn,j = ;*“} + 1
S0 = ;
| —A

where A € (0, 1) 1s a user-specified parameter.

(6)



*Explanation: As long as each test has reasonable power,
then most of the “large” p-values should correspond to

true null hypotheses.

“Therefore, one would expect about S, *(1 - 1) of the p-
values to lie in the interval (4, 1], assuming that the p-
values corresponding to the true null hypotheses have

approximately a uniform [0, 1] distribution.

*Adding one in the numerator is a small-sample adjustment

to make the procedure slightly more conservative, and to

avoid an estimator of zero for §j.



*How choosing A?
*Big and controversial question...

*In the forward simulations the authors have chose
A=0.5, because this is the default of the inventor of the
method.

*Ruthi Heller, in her comment, argued that the follow is
more reliable:
a

1+ a

In the reply, another simulations were presented
(according to that choice), but the results weren’t
better.

A=




Advantages:

*Storey et al. (2004) prove that this adaptive procedure controls
the FDR asymptotically whenever a weak dependence condition
holds - independence / dependence within blocks / mixing-type

situations.

Disadvantages:

*but, unlike Benjamini and Yekutieli (2001), it does not allow for
arbitrary dependence among the p-values. It excludes, for
example, the case in which there is a constant correlation across

all p-values.



*BKY method

*For this reason, Benjamini et al. (2006) develop an alternative
procedure, which works as follows:

. Apply the procedure of Benjamini and Hochberg (1995) at nominal level a* =
o /(1 +a). Let r be the number of rejected hypotheses. If r =0, then do not reject
any hypothesis and stop: if r = s, then reject all s hypotheses and stop; otherwise
continue.

. Apply the procedure of Benjamini and Hochberg (1995) with the o ; defined in (5)

replaced by &; = ;—Ga*, where §p =5 — r.



The problem:

*We saw three method, with different demanded conditions .

*But, none of them have used in the structure of the data.

The proposed solutions:

*The authors wont to try improving the results, by using the
estimated distribution of the p-values. And estimate it by

bootstrap or subsampling methods.



“Validity:
*Benjamini et al. (2006) prove that this

procedure controls the FDR whenever the p-
values are independent of each other.

*They also provide simulations which suggest
that this procedure continues to control the
FDR under positive dependence.



“Matiyation for new methods .



*In order to motivate our procedures, first note that for
any stepdown procedure based on critical values c1, . . .
cs , we have that:

FDRp = E F = lE FIR=r|P{R=r
p= P[max{R.l}}_ > —EplFIR=r]P{R =1}

| <r<s

|
- Z —E[F|R =]
]*=_‘~'1'='*=_i5'F

X P{Tn,(sj > Cssovos In(s—r41) = Cs—rt1s In(s—r) < Cs—r}



“Let T, .. denote the rth largest of the t test
statistics Tj, 1, ..., Tn ¢, ; In particular, when

*t =50, T, ,.so denotes the r’th largest of the

test statistics corresponding to the true
hypotheses.

*Then, with probability approaching one, we
can assume that the false HO were rejected,
and we have that:

EDRp — Z r—s -+ sp

r

s—sp+l=r<s

X P{Tn,.m::q]. = Cspy =+ 3 Tn.s—r—l—]:sg = Cs—r+1s Tn.s—r:m < Cs—r|



*Our goa

| 1S to ensure that this expression is

bounded above by a for any P, at least

asymptotically.

*To this end, first consider any P such that

sO = 1. Then, FDR is simply:

|
FDRp = —P{T, 1.1 = c1}

5



*A suitable choice of c1 is thus the smallest
value for the expression above is bounded
above by «; that is:

r ]
cir=mnf{xeR:—P{T, 1.1 =x} < r:r}
§

*Note that if s*a =1, then c1 so defined is
equal to —oo.



*Having determined c1, now consider any P

such that sO = 2. Then, FDR is simply:

l

s — 1

*A suitable choice of c2 is therefore the
smallest value for which FDR is bounded

above «.



*Note that when j = s, FDR simplifies to:
P{TH,SZE > s}

*So equivalently,

Cy = inf{,r eR:P{l,ss=>x} < {x}

But we don’t know P!!



* A bootstrap approach .



*In this section, we specialize our
framework to the case in which interest
focuses on a parameter vector:

A(P)=(61(P).....0(P))

*The null hypotheses may be one-sided, in
which case: .0, <y; vs. H}:0;> 6

*or the null hypotheses may be two-sided,
in which case H;:6;=6,; vs. H/:6;#60;.



*We will consider the ‘studentized’ test
statistics:

Tn,j :,\/E(Qﬁ”!j —9[}}‘;)/&”,}

RO ~ .
Tﬂ,_f — ﬁ‘gﬂ!-’i‘ —Qﬂp‘j‘/ﬂﬂ.j

& 5ﬂ=f‘may either be identically equal to 1
or an estimate of the standard deviation

Lt

of /(B —bo,j)

]



*Recall that the construction of critical values
in the preceding section was infeasible because

of its dependence on the unknown P.

“For the bootstrap construction, we therefore

simply replace the unknown P with a suitable

i

estimate Pﬂ



*Let S g0 to the bootstrap world:

= (X* , X*) be distributed accordmcf to P'j.yI and denote by T* Jr = l RRRRR
test statistics computed from X*~ | -

Then, we get:
T =0 —0;(Py))/6}

-~ L

On —0i(P)|/6y ;.

Tﬂﬁj =n

Question: Why we use P, instead of Py?




*Answer: For the validity of this approach, we

require that the distribution of 7,; provides a

good approximation to the distribution of
T, j whenever the corresponding null

hypothesis Hj is true.



*How to choose P,?

*The exact choice of P, will, of course, depend

on the nature of the data.

*If the data X = (X1, . . . ,Xn) are i.i.d., then a
suitable choice of P, is the empirical
distribution, as in Efron (1979).

*If, on the other hand, the data constitute a time
series, then P, should be estimated using a

suitable time series bootstrap method.



Question:
is 9(P,) = 0,7



*Answer: No! The first is the plug-in estimator , by the

bootstrap method, and the second is the empirical

estimator.
*But, under some conditions, they are equal.

*Importantly, it depends on the bootstrap method -
it’s possible just under Efron’s bootstrap, the circular
blocks bootstrap, or the stationary bootstrap in Politis

and Romano.

*0On the other hand, this substitution does not in

general affect the asymptotic validity.



“Given a choice of P,, define the critical values

recursively as follows: having determined

NN

Cn1s 0 Cq j—1 COMpute ¢~ according to the

En,jzinflcER: Z rost

p
s—j+l<r<s

* c * A
XP{THJ’} ...... HSF—Hj}t”S .r_l_l THS rj{ifn‘s_r}i:a

*Remark: For each j, we take the j smallest T*,

and assume they are correspond to HO.



“Computational problem:

*Wenge Guo:

“When the bootstrap method is applied to
analyzing microarray data, it is a challenge to
compute all the critical values. For example,

when Professor Wolf applied this method, on my

request, to a simulated data set with 4,000
variables, it took him more than 70 hours to do

the computations.”



“Alternative procedure:

*So, he suggests alternative procedure. He’s
main idea is not calculate P, by the bootstrap
sampling, but using the bootstrap sampling

directly.



*having determined ¢ , Cp,j—1 COMpute ¢ according

nl’ nn

to the rule:

2(0) = Z r—s—+7j

. . r
s—j+1=r=s

X P{Tj:j Ef‘.----,ﬂ—rﬂ:j EES—!’—FI!T—:F—.FIJF < Cs—r}
B :
1 Z Z rF—2 —|—Ji|'
B R r
b=1s—j+1<r=<s

#h *b - b
}{f[T "'*r?—r—l—l:jEES—"-H-'TTF—:':JE

< E,.;_r]



'J[T*b Tt T:*.*—hr—l—l.; Eﬁ'—’+| ! T? |:Jr:‘.r = E""—f}
- f{r“’ >} T > b} (T <)
*Foreveryb=1, ..., B, let r*bj denote the total
number of rejections when applying a stepdown
aprocedure with the critical constants¢; ,i=1,...,]

- 1, to the ordered test statistics T*bi:].

*and hence:
kb

1 J—r; )
FDHL!&(E}:EZ LT3t >

h— .S'—Fj




*Authors reply:

“We agree that the main drawback of the

bootstrap method is its computational burden...

Actually, our software implementation is really

comparable in computational complexity to this
suggestion. S0, unfortunately, things could not

be sped up significantly along these lines.”

Question: are their claim is right?




*Theorem

Theorem 1 Consider the problem of testing the null hypotheses Hi, i = 1,...,s,
given by (12) using test statistics T, ;, i = 1,...,s. defined by (14). Suppose that
Ja 1.5y (P) converges weakly to a limit law Jy| __(P), so that J, jpy(P) con-
verges weakly to a limit law Jyp)(P). Supp{?.i'f?ﬁ{ﬂhf’r that Ji(py(P)

(1) Has continuous one-dimensional marginal distributions
(1) Has connected support. which is denoted by supp(Jip)(P))
(111) Is exchangeable

Also. assume that
. P
On,j —> 0j(P),
where o j(P) = 0 is nonrandom. Let ﬁn be an estimate of P such that
~ P
p(Jnj{l ...... § ](P;'* J.-z.{l....,s}(Pn)) — 0, (18)

where p is any metric metrizing weak convergence in R*.
Then, for the stepdown method with critical values defined by (17),

limsup FDRp < .

n— 20



*There are a lot of assumptions...

*Exchangeablity:

by the assumption of exchangeability, we have that Jy1,__ jj(P) = Jx (P)
forany K C {1,..., so} such that |[K| = J.

*It seems like a strong assumption.

*In the subsampling method, we’ll can omit this
assumption.



*Another comment:

“What is the meaning of  limsupFDRp <a

n— 00

*In reply to Heller comment, the authors
have cleared it:

[n order to interpret our asymptotic results, let us be clear. As pointed out, our
results do not imply that there exists a sufficiently large ng = ng(a) such that
FDR, p <« for all n = ng. The actual statement is that, for any € = 0, there exists
a sufficiently large ng = ng(«, P) such that FDR,, p < « + € for all n > ng(«, P).



*Partial proof

*We’ll bring the proof that all false HO are
rejected asymptotically in probability
tending to 1:

*In order to illustrate better the main
ideas of the proof, we first consider the
case in which P is such that the number
of true hypotheses is sO = 1.

*Since 6,(P) = 6, ; for j> 2, it follows that

1/21A4 ~ P
T, j=n"?16,; —60.j1/6n j —



*But this not say anything, if

Cn,j — OO0

S0, we need to proof that ¢, ; are bounded above.

*Recall that ¢;,; is defined as follows: having determined ¢ ,..

e

Cn,j—1/
¢y bring to minimum:
r—s+j 4 * * ~ * ~
Z Pﬂ{Tn‘j:j E C'.l LR T]I,S—F—l—l:_f :3 C”,.’i'—r+l'.| T”’S_r:j = C?’.I'.S—f‘}

. r
s—Jj+1<r<s

Which is bounded above by: JP T i = c}

“Which is bounded above by: 5P (T* > ¢}



*Therefore, ¢, ; is bounded above by the 1-a/s

quantile of the (centered) bootstrap

distribution of the maximum of all s variables.

& - -~

lfjﬁq

M, (x) denote the corresponding bootstrap c.d.f. given by

P,j{ max {n'/2|6% . —6;(B,)|/5} }

lfjﬂ?



*In this notation, the previously derived bound

for ¢, ; may be restated as nj <M (1 — E)
*By the Continuous Mapping Theorem, M,,
(-,P) converges in distribution to a limit
distribution M(-,P), and the assumptions

imply that this limiting distribution is

continuous.



*Choose 0 < € < %so that M(-,P) is strictly increasing at

M~1(1 - %+e, P). For such e,
H;l(l - E+e) i M—‘(l ~Z+e P)
s 5

*Therefore, Cn,; is with probability tending to one less than

M~ (1 —=+¢, P).

*The claim that Cn; is bounded above in probability is thus

verified.



*The theorem itself is proven much for the assumption that

‘D(J’h{l-----~?}(‘p)~ Ju.{l.....s}(ﬁn)) — 0

*We should also pay attention to Guo comment:

“Another point we need to be careful about is how the
computational precisions of former critical values influence
that of the latter.

When s is large, the maximum critical value is determined by a
large number of former critical values.

Even though these former critical values are slightly
imprecise, their total effect on the maximum critical values
might be huge and thereby greatly changes the final decisions on
null hypotheses.”



“Subsampling approach .




*In this section, we describe a subsampling-based
construction of critical values for use in a stepdown

procedure that provides asymptotic control of the FDR.

*Here, we will no longer be assuming that interest
focuses on null hypotheses about a parameter vector
6 (P ), but we will instead return to considering more

general null hypotheses.

*Moreover, we will no longer require that the limiting
joint distribution of the test statistics corresponding to

true null hypotheses be exchangeable.



*In order to describe our approach, we will

use the following notation. For b < n, let

o = ().

*And let T, ;,; ; denote the statistic T}, ;

evaluated at the i'th subset of data of size b.

Blict T, pirt denote the t’th largest of the test

statistics

Thpi1t-Tapit



“Finally, define critical values ¢y, 1 , ..., G5 recursively as

follows:

*having determined ¢;3 , ..., ¢n o

compute ¢, ; according to the rule:

rﬂj—ulf!cel@ Z Z .

N 1<i<N, 1-:&::*; J

X H{Tabijs =Coeeos Tnbij—k+1:s

= Eu.j—k—l—la Tﬁ,b.:’,j—k:s = Eu,j—k} =< ﬂ'}



Theorem 2

Theorem 2 Suppose that the data X = (X1, ... X,) 15 an 1.i.d. sequence of random
variables with distribution P. Consider testing null hypotheses Hj : P € wj, j =
I,...,s. with test statistics T, ;, j=1,...,s. Suppose that J, ;(p)(P). the joint
distribution of (T, ;j : j € I(P)), converges weakly to a limit law Jy(py(P) for which

(1) The one-dimensional marginal distributions of J;p\(P) have continuous c.d.f.s
(11) supp(Jy(py(P)) is connected

Then. the stepdown procedure with critical values defined by (23) satisfies

limsup FDRp < «

n—0C



Remark: The above approach can be extended

to dependent data as well. For example, if the
data X = (X1, . . ., Xn) form a stationary
sequence, we would only consider the n - b +
1 subsamples of the form (Xi,Xi+1, . . .,
Xi+b-1). Generalizations for nonstationary
time series, random fields, and point
processes are further discussed in Politis et al.
(1999).



“Interestingly, even under the exchangeability
assumption, where both the bootstrap and
subsampling are asymptotically valid, the two
procedures are not asymptotically equivalent.

*To see this, suppose that s = sO = 2 and that the
joint limiting distribution of the test statistics is
(T, T,), where T;~N(0, 6;%), 0,=0,, and T; is
independent of T5.

*Then, the bootstrap critical value ¢n1 tends in

probability to Z,_,, while the corresponding
subsampling critical value tends in probability
to the 1 — a quantile of min (T, T,), which will
be strictly less than Z,_,.



“Simulations




*Since the proof of the validity of our
stepdown procedure relies on asymptotic
arguments,it is important to shed some light
on finite sample performance via some

simulations.

“Therefore, this section presents a small
simulation study in the context of testing

population means.



Comparison of FDR control and power

*We generate random vectors X1, . . ., Xn from an s-
dimensional multivariate normal distribution with

mean vector 6 = (04,..., 85), where n = 100 and s = 50.

*The null hypotheses are H;: : §; < 0, and the

alternative hypotheses are H';: 6; > 0.

*The test statistics are Tnj =N 67] /&; , where

. l H ) 1 " R
en,jZEZXI-J and 67 ; = Y (Xij—bnj)?
=1

n— |1
i=1



*We consider three models for the covariance
matrix X having (i, j) component g; ; . The models

share the feature o; ; = 1 for all i; so we are left
to specify o; ; fori # j

- Common correlation: ¢; ; = p, where p=0, 0.5,
or 0.9.

- Power structure: g; ; = (p”'j | , Where p = 0.95.

- Two-class structure: the variables are grouped
in two classes of equal size s/2.

Within each class, there is a common correlation
of p = 0.5;

and across classes, there is a common correlation
of p =-0.5.



*Means:

*We consider four scenarios for the mean vectord = (6,
. o.)

"~ Al §; = 0.

*_ Every fifth 0; = 0.2, and the remaining 6; = 0, so there
are ten ;= 0.2.

*_ Every other 0; = 0.2, and the remaining 6; = 0, so there
are twenty five 6; = 0.2.

*- Al 6; = 0.2

*We’ll run five methods: BH, STS, BKY, bootstrap method,
and Subsampling method. The results of the subsampling
method were not satisfactory, and omitted from the
article!



Table 1 Empirical FDRs expressed as percentages (in the rows “Control™) and average number of false
hypotheses rejected (in the rows “Rejected”™) for various methods, with n = 100 and 5 = 50. The nominal
level is & = 10%. The number of repetitions is 5,000 per scenario and the number of bootstrap resamples

is B =500

Hr'.j =0.0 U-I;._n" =0.5 I'If'_j =0.9

BH S5TS BKY Boot BH STS BKY Boot BH STS BEKY Boot
Allej =0
Control 10,0 10.3 9.1 10.0 6.4 16.5 6.0 9.9 48 328 4.4 9.8
Rejected (0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 (0.0
Ten#; =0.2
Control 7.6 9.5 7.3 1.3 6.4 16.9 1.5 9.3 50 265 5.8 10.0
Rejected 34 3.8 34 34 3.5 4.2 3.5 4.1 3.7 4.5 : 6.0
Twenty five #; = 0.2
Control 5.0 9.5 6.2 6.7 4.3 139 7.4 8.9 3 18.3 7.1 9.5
Rejected 13.2 174 145 14.9 12.3  15.1 13.1 14.1 126 142 12.7 16.6
Allg; =0.2
Control 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0 0.0 (0.0
Rejected 348 497 449 48.2 319 469 364 39.1 32.1 473 321 36.4




- BH, BKY, and Boot provide satisfactory control of the FDR in
all scenarios. On the other hand, STS is liberal under positive
constant correlation and for the power structure scenario.

- For the five scenarios with ten 6; = 0.2, BKY is as powerful
as BH, while in all other scenarios it is more powerful. In
return, for the single scenario with ten 6; = 0.2 under

independence, Boot is as powerful as BKY, while in all other
scenarios it is more powerful.

- In the majority of scenarios, the empirical FDR of Boot is
closest to the nominal level a = 0.1.

- STS is often more powerful than Boot, but some of those
comparisons are not meaningful, namely when Boot provides
FDR control while STS does not.



Table 2 Empirical FDRs
expressed as percentages (in the
rows “Control™) and average
number of false hypotheses
rejected (in the rows “Rejected™)
for various methods, with

n = 100 and 5 = 50. The
nominal level is @ = 10%. The
number of repetitions is 5,000
per scenario and the number of
bootstrap resamples is B = 500

Power structure

Two-class structure

BH STS BKY Boot BH STS BKY Boot
All8; =0
Control 54 165 49 102 8.1 7.9 7.5 10.1
Rejected 0.0 0.0 00 0.0 00 00 00 0.0
Tenf; =0.2
Control 6.5 170 74 9.8 6.8 6.9 8.3
Rejected 3.5 4.2 2 4.7 32 3 3.2 3.6
Twenty five 8; = 0.2
Control 43 139 74 9.1 50 93 6.3 7.4
Rejected 12.3 150 13.1 148 131 175 143 153
All#; =02
Control 00 00 00 0.0 00 00 00
Rejected 32.0 47.1 36.0 38.7 352 488 445 1.3




*Robustness of FDR control
against random correlations

*The goal of this subsection is to study whether FDR control is

maintained for ‘general’ covariance matrices.

*We generate 1,000 random correlation matrices uniformly from
the space of positive definite correlation matrices. We reduce
the dimension from s = 50 to s = 4 to conter the curse of

dimensionality.

*As far as the mean vector is concerned, two scenarios are

considered: one 8]- = 0.2 and one 9]- = 20. The latter scenario

results in perfect power for all four methods.
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*They also experimented with a larger value of s
and different fractions of false null hypotheses.
The results (not reported) were qualitatively
similar. In particular, they could not find a
constellation where any of BH, BKY, or Boot were

liberal.



“Empirical applications .



Hedge fund evaluation

*We revisit the data set of Romano et al. (2008) concerning the
evaluation of hedge funds. There are s = 209 hedge funds
with a return history of n = 120 months compared to the
risk-free rate as a common benchmark. The parameters of

interest are

"0, = yj - B, where pj is the expected return of the j th hedge

fund, and uB is the expected return of the benchmark.



Hedge fund evaluation

*We revisit the data set of Romano et al. (2008) concerning the
evaluation of hedge funds. There are s = 209 hedge funds
with a return history of n = 120 months compared to the
risk-free rate as a common benchmark. The parameters of

interest are

"0, = yj - B, where pj is the expected return of the j th hedge

fund, and uB is the expected return of the benchmark.



*Naturally, the estimator of 6; is given by

. | — | —
On. :EZXM — EZXLB

=1 i=1

Accordingly, one has to account for this time series nature in
order to obtain valid inference.

Table 3 Number of

outperforming funds identified Procedure a =0.05 a=0.]
BH 58 101
STS 173 203
BKY 72 142

Boot 81 129




*Pairwise fitness correlations

*The pairwise correlations of seven numeric ‘fitness’ variables,
collected from n = 31 individuals, are analyzed. Denote the
i (7 L . . . N
b — 2) = 21 pairwise population correlations. The analysis is
based on B = 5,000 repetitions.

*we use Efron’s bootstrap to both compute individual p-values

and to carry out our bootstrap FDR procedure.

Table 4 MNumber of nonzero

correlations identified Procedure a = 0.05 a=0.1
BH 2 4
5TS 1 20
BYEK 2 4

Boot 2 7




Another issues to discussion *

*A. Finite sample size.

*B. Bigs and low n, or s - o0,asn - ©
*C. Outlines

*D. Potential to control FDP?

“E. benefits of stepdown defining of critical values



