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+ Explore space complexity

+ Low space classes: L, NL
» Savitch's Theorem

- Immerman's Theorem
- TQBF



http://en.wikipedia.org/wiki/Computational_complexity_theory

Space-Complexity

et 11NN be a complexity function
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Configurations

may a T with input-size N and
work-tape of size S have? ~ What about
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9 Log-space-Reductions
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" (denoted A<,B)

“ f :z*z*
i.e.. 3 log-space
T that outputs
§(w) on input W

& 7 is a log-space

reduction of A to & )
- 7

L, NL, P, NP, PSPACE and EXPTIME are closed
under log-space reductions.



http://en.wikipedia.org/wiki/Log-space_reduction

L Closed under <

' Why not simply

GPP'Y i then

solve 4. on the
@Uféﬁm@? I 4

» f is a LOGSPACE reduction from A; to A, and
AQE L =3 Ai iSinL

» on input »: Simulate M for A.; whenever W

reads the ™ symbol of its input, run ¥ on x and
wait for the i"" bit to be outputted

WRONGI! |




Graph-Connectivity (CONN)

» a directed graph » Is there a path from s
G=(V,E) and two fotinG?
vertices s,veV | Whaf about

ndirected?
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" CONNeNL
current position

requires log|V| space
Let u=s f |

- “counting to |V
BeginFori=1,.., [Vl | pequires loglV| space

Let u= a (non-deterministic) neighbor of y

—

gecept if u=t .
B End For A
B reject (did not reach t)



NL TM

 Read onlyl

* Only tape countes

o Whess Tefe2

» Reac only! No going back




CONN.is-NL-Complete

T T

» CONN is NL-hard » Given |||, i, construct
in LOGSPACE a
AssumeqT | CONN instance
has 1 accepting
configuration
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Define Configurations Graph: Gy ,

CED GED GKES

For a(N)TM M - All * (u,v)cESBEM,
and input i configurations transition u—v

O?O
G Why dependCJ\Px?_
“. Accepting a

configuration

VM, %: M accepts x @@ st in Gy,



CONN.is-NL-Complete

e

» &) . can be constructed in Log-Space

Corollary:

» CONN ePm

14



- that we have a language

-CONN- representing
NL

* better analyze the
complexity of space-
pounded computations

/
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Savitch's Th@orm

A

+ vS(n) 2 log(n): NSPACE[S(n)] < smcstsgn)?] )
NPSPACESPSPACE

- First NL ¢ SPACE[log®n] then generalize

- AL

* NL ¢ DSPACE[log®n)

» Suffice to show CONN e DSPACE[log®n]



http://en.wikipedia.org/wiki/Walter_Savitch

&=(V.E): is therea | CONNe SPACE[log°n]

T RSN IR T
- - EA - 7

Is there a middle vertex
W, s.t.u- w and w = v,

A /%

' Boolean PATH(u, v, d)

001N C enaityr

if (u, v) € E return TRUE

if d=1 return FALSE (u ) Wizt (w ) i
Begin Forw e V r d

 if PATH(u,w, [d/2]) and PATH(w,v, Ld/2]) return TRUGL_

oAkl Recursion depth = log d |
‘ Jog|V| space for each leve

tp

o | v| o] w| o] |

return FALSE

(¥



Example of-Savitch's algorithm.

boolean PATH(a,b,d) {

e if there is an edge from a to b then
return TRUE
else {
if (d=1) return FALSE
0 for every vertex v (not a,b) {

if PATH(a,v, |d/2]) and
PATH (v,b, [ d/2]) then

}
return FALSE

(a,b,c)=Is there a path from a to b, that takes no more
than c steps.

(1,4,3) TRUE

- _J
Y

Complexity 3L092(d) 18




J(logen)-Space DTM-for NL
- To solve CONN: call PATH(s, t, |V])
» NL ¢ SPACE(log®n)
» YS(n) 2 log n
NSPACE(S(n)) < SPACE(S?(n))
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Scale up-

* For any two space constructible
functions sy(n), sa(n) = logn, e(n) 2 n:

» NSP ACEtgi(n)j c SP ACE[gg(n)j

.

» NSPACE[s;(e(n))] = SPACE[s,(e(n))]

20



+ For L e NSPACE[s,(e(n))].

let Le = (¢ #elxD-Ixl | XeL}:

Paddingargumm‘

————————— —_" =

« For yfw spac onsTryuc
functions =,(n) u logn, (,

* NSPACE([3,(n)] < SPACE[s;(n)]

| " NSPACE[3,(e(n))] = SPACE[s.(e(n))]

> L* € NSPACE[s;(n)] < DSPACE[s,(n)]

M’ counts |X| and

|

> AM’ of s,(n)-DSPACE for L®

##'s to ensure
‘proper form, then
treat # as _

M simulates M’ and

=/

| i,

“cheats” it to “"see"

» 3M of s,(e(n))-DSPACE for L SUXD=IX| extra#'s
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for

DSPACE[s(e(IXI)] TM

“as it suffixed wi/

DSPACE[s. (| X3, F] T™

S Ssimulate

for

. check input=




+ Simulation of Nen-deterministic |
space-bounded computation

does not incur very large

overhead

- What about corplementation?
NL vs. coNL
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NON-CONN

NON-CONN ?., DeC|S|on Problem:
\ Instance: ———————

» A directed graph & » Is there no path
and two vertices from s to +?
s, teV

Observation: / As CONN is NL'COmP'QTQ
> NON=-CONN is ¢oNL-Complete.

prove non-CONN is In NL?J

————

What if we

B 24




Lmmerman/Szelepcsényi: coNL = NL

> Non-CONN e NL

reachable(6) = { v | s—v }

let G.f = (V, E - Vx{¥} )

Witness: ﬁraachabls(@) #raschabla(@.f)
Suffice: \ﬁrsachabla(é) =P

_ M ]Pﬂichﬂbl;, = ( v ' SV Of |€ng‘l’h Sl } J
Induction: ]r,:#rsachabla, Base: r=1 l
\ 5




" Induction step:

&/ greachable;,

Exfend an NL-verifiable witness W to
.-#mchsbla." to a witness to "r, =#reachable;,":

Wiy$

)

ZJ for Jﬁl'mmilg

y

!

Sl

VI

w. for larsss,
Py

| /e reachable,

*zl

only if j—»ig&:

4

* s of length <l

VI

e/ graachable,

w g
Zy

Z; for jersachable: empty




N.D: Algorithm-for reachy(v, |)

reach(v, |)
1.length=l;u=s

2. while (length > 0) {
3.1fu=vreturn ‘YES’

4. else, forall (u' € V) {
5. if (u, u’) €E nondeterministic switch:
5.1 u =u’; --length; break
5.2 continue

}

}
RSN s N.D. algorithm might never stop
27
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N.D: Algorithm for CR;

CR, (d)
1. count=0
2. forall ueV{
3.county, =0
4. forall veV {
5. nondeterministic switch:
5.1 if reach(v, d - 1) then ++count _, else fail
if (v,u) € E then ++count; break

5.2 continue _
}

6. if t,..<CR.(d-1) fail
) R s (1) al<:: Recursive calll

7.return count

Complexity 28




ey N.D. Algorithm foc CR

111111

2 forall ueV{
3.county, =0
4. forall veV {
5. nondeterministic switch:
5.1 if reach(v, d - 1) then ++count _, else fail

if (v,u) € E then ++count; break
5.2 continue

}

6. if count, , <; fail

}
7.return count

Complexity




)
- Space-bounded computation classes |

closed under complementation:

vs(n)2leg(n):
NSPACE(s(n))=coNSPACE(s(n))

' padding argument

* A basic problem cormplete for PSPACE

30



* a fully quentified * Is ¢ true? |
Boolean formula ¢ Wgwgmw_ﬁyvgwaxvv)]

iy
—____(_____

» TQBF ePSPACE

> A poly-space algorithm A that evaluates ¢:
if ¢ is quantifier-free return its value
if =V, w(x,..) return A(y(0,..))AA(v(1,..))
if $=3x,y(x,..) return A(y(0,..))vA(y(1,..))

e




Complexity

Algorithm for TQBFE

(Ov—=0)A(-0v0O)

1

(Ov-=DA(-O0v1)  (Iv-0)A(=1v0) (Av-DA(=1v1)

0 0 1
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TQBF-is PSPACE-Complete

LLTERAL A

TTES—

. TQBF is PSAPCE- 4 ¥ vectors g
QBF is PSAPCE-hard configuratiey escmbmg

Transition |
m(y, v |
—_ almost equahny |

* For a TM M, start with a BF
transitiony, ¥) @ ony M W
Construct, inductively, the BF
Py, v, €) < ony, M arrives at y in <29 steps:
Py, 0)= fransitiony(y, ¥) v y=v
dul Y, )= IWVYVY
[ ((Usyry =wiv(y sway'=v)) & §y(Y,€-1) ]
(M, %) = dy(sterix], eccspt, [gitef config. )




Synopsis
=

Defined space-complexity, in particular,
_| the complexity classes: L, NL, coNP,

PSPACE.

) Proved:

: mﬁrw s'f-
Jerieiin, *Z,* HateE l

“—.?wr

‘ | Bavitch's theorem (NLcSPACE(log?))

he padding argument (scaling up)

Immer'man's theorem (NL=coNL)

A




Space Savitch's WW] nd eX
Complexity Theorem ' -
Log Space Immerman's A .

Reductions Theorem Savitch, Walter
A

TQBF Immerman, Neil
—
' It

Complexity Robert Szelepcsényi
—
PSPACE
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