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Magnetic quasicrystals: what can we expect to see
in their neutron diffraction data?
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Abstract

The theory of magnetic symmetry in quasicrystals is used to characterize the nature of magnetic peaks expected in elastic neutr
diffraction experiments. It has been established that there is no symmetry-based argument which forbids the existence of quasiperioc
long-range magnetic order. Suggestions are offered as to where one should look for the simplest kinds of antiferromagnetic quasicrysta
© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction the spin density field may be expressed as a Fourier sum
with a countable infinity of wave vectors

In recent years, we have witnessed a careful experimental )
investigation on the question of long-range magnetic order S(t) = > _S(k) €. (1)
in rare-earth based icosahedral quasicrystals [1-3]. Never- keL
theless, discussions of this matter have been somewhat UnThe setl of all integral linear combinations of the wave
clear asto the_ actuz_il nature of th_e magnetic _order one wouldactors in Eq. (1) is called theagnetic latticelts rank Dis
expect to see in antiferromagnetic (AF) quasicrystals, if they e smallest number of wave vectors needed to generate it by
were to exist. A partial answer to this question can be ob- jneqra| linear combinations. For quasiperiodic crystals, by
tained from a theory of the symmetry of magnetically or- efinition, the rank is finite. For the special case of periodic
dered quasicrystals [4]. | intend to show here that such athe'crystals the rank is equal to the dimensidrof physical
ory not only provides a valuable tool for analyzing neutron space.
diffraction data, but also helps to narrow down the possible |, a|astic neutron scattering experiments, every wave vec-

magnetic ordering one would expect to see in the classes;y, k in L is a candidate for a magnetic Bragg peak whose
of quasicrystals that are known to exist today. | hope that intensity is given by

this will help in guiding the continuing search for new qua-
sicrystals with this unique physical property. 1(K) o |SK)|%2 = |k - S(K)I%, (2)

wherek is the scattering wave vector akda unit vector in
2. The spin density field and its symmetry it_s direction. | have shown elsewhere [5] that under generic
circumstances there can be only three reasons for not ob-

A magnetically-ordered crystal, whether periodic or ape- S€rving a magnetic Bragg peaklateven thougfk is in L:
riodic, is most directly described by its spin density field (&) the intensitf(k)70, butis too weak to be detected in the
S(r). This field is a three-component real-valued function, actual experiment; (b) the intensitfk)=0 becauses(k) is
transforming like an axial vector under O(3) and changing Parallel tok; and (c) the intensity(k)=0 because magnetic
sign under time inversion. One may think of this function as SYMMetry requires the Fourier coefficied(k) to vanish. |
defining a set of classical magnetic moments, or spins, onShall explain below exactly how this symmetry requirement,

the atomic sites of the material. For quasiperiodic crystals, OF ‘Selection rule’, comes about. _ o
The theory of magnetic symmetry in quasiperiodic crys-
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groups [6-8]. Their theory, which is applicable to periodic

crystals, is extended to quasiperiodic crystals by following
the ideas of Rokhsar, Wright, and Mermin’s ‘Fourier-space
approach’ to crystallography [9]. At the heart of this ap-

proach is a redefinition of the concept of point-group sym-
metry which enables one to treat quasicrystals directly in
physical space [10]. The key to this redefinition is the obser-
vation that point-group rotations (proper or improper), when
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3. The diffraction pattern: a thinned-out magnetic
lattice or a shifted nuclear lattice?

| said earlier that every wave vector in the magnetic lattice
is a candidate for a diffraction peak unless symmetry forbids
it. We are now in a position to understand how this happens.
Given a wave vectokel, we examine all spin point-group
operations (g;) for which gk=k. These elements form a

applied to a quasiperiodic crystal, do not leave the crystal subgroup of the spin point group, called itte spin group
invariant but rather take it into one that contains the same of k, Gg. For elements (g,) of G'é, the point-group condi-

spatial distributions of bounded structures of arbitrary size.

This generalized notion of symmetry, termed ‘indistingui-
shability’, is captured by requiring that any symme-
try operation of the magnetic crystal leave invariant all
spatially-averaged autocorrelation functions of its spin
density fieldS(r) for any order n and for any choice of
componentsyje{x,y,z},

(O (S TN )
1

= lim — | dr Se,(rz —r) - Sg, (ry —1). 3)
VooV Vv

| have shown in the Appendix of Ref. [11] that an equiva-
lent statement for the indistinguishability of any two quasi-
periodic spin density fieldsS(r) and S(r), is that their
Fourier coefficients are related as
S(k) = e Ms(k), @
where x, called agauge functionis a real-valued scalar
function which is linear (modulo integers) anOnly in the
case of periodic crystals can one replacex®) by k-d,
reducing indistinguishability to the requirement that the two
crystals differ at most by a translatiah

With this in mind, we define th@oint group Gof the
magnetic crystal to be the set of operatianérom O(3)
that leave it indistinguishable to within rotatiogpsin spin
space, possibly combined with time inversion. Accordingly,
for every pair §,y) there exists a gauge functiomg(k),
called aphase functionwhich satisfies
S(gk) = €% 0 5(k). (5)
Since S([ghlk)=S(g[hk]), one can easily establish that the
transformations in spin space form a group and that the
pairs (gy) satisfying the point-group condition (5) form a
subgroup ofGxTI" which we call thespin point group G.
The corresponding phase functions, one for each p#igin
must satisfy thegroup compatibility condition

Vg, v), (h,m) € Gs:  PYI(K) = &g (hk) + @)/(K), (6)

where =’ denotes equality modulo integers. #pin space
group, describing the symmetry of a magnetic crystal,
whether periodic or aperiodic, is thus given by a magnetic
latticeL, a spin point grouiss, and a set of phase functions
dﬁg(k), satisfying the group compatibility condition (6).

tion (5) can be rewritten as

ySk) = e 2% 005k, )
This implies that the Fourier coefficier®(k) is required

to be a simultaneous eigenvector of all spin transforma-
tions y in the little spin group ok, with the eigenvalues
given by the corresponding phase functions. If a non-trivial
three-dimensional axial vector satisfying Eqg. (7) does not
exist thenS(k) will necessarily vanish. If such an eigenvec-
tor does exist its form might still be constrained to lie in a
particular subspace of spin space.

Of particular interest are spin transformatignthat leave
the spin density field indistinguishable without requiring any
rotation in physical space. These transformations are paired
in the spin point group with the identity rotati@and form
a normal and Abelian subgroup &f called thelattice spin
group I',. In the special case of periodic crystals, the ele-
ments ofl, are spin transformations that, when combined
with translations, leave the magnetic crystal invariant.

The lattice spin group plays a key role in determining the
outcome of elastic neutron scattering, for if a magnetic crys-
tal has a non-trivial lattice spin groug then{e}xFegG'g
for everyk in the magnetic lattice, restricting the form of
all the S(k)’s. This may result in a substantial thinning-out
of the magnetic lattice, whereby only a fraction of the wave
vectors give rise to actual magnetic Bragg peaks. Because
this thinning of the magnetic lattice is often quite exten-
sive, it is common practice to describe the magnetic peaks
not as a thinned-out magnetic lattice, but rather in terms
of the nuclear latticdg (the one observed above the mag-
netic ordering temperature) which is shifted by the so-called
‘magnetic propagation vectors’. These two descriptions are
in fact equivalent and with some care can be used inter-
changeably.

4. Where should we look?

In the past | have tabulated all the decagonal spin space
groups [12], as well as all the lattice spin groups for icosa-
hedral quasicrystals [4]. In the latter case | also listed ex-
plicitly, for every wave vectork in the magnetic lattice,
whether through Eq. (7) symmetry requir8&) to vanish
or to take any special form. In a future publication | plan
to provide complete tables of spin space groups and the
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requirements which they impose on neutron scattering ex-
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therefore, not appear in the neutron diffraction pattern. These

periments for all the relevant quasiperiodic crystal systems wave vectors constitute a sublatticg of index 2 inL. One

(octagonal, decagonal, dodecagonal, and icosahedral).

Clearly, the theory of spin space groups provides a help-

ful tool for analyzing neutron diffraction experiments. It

can then describe the set of wave vectors appearing in the
diffraction diagram either as the magnetic latticavithout
all the wave vectors ihg, or asLg shifted byq, whereq, a

lists the patterns of magnetic Bragg peaks, compatible with ‘magnetic propagation vector’, is any vectorlinrwhich is
each symmetry class, which can then be directly comparednot in the sublatticé . In the simplest scenarilg is also

with experiment. But, on a more basic level, this theory an-

the nuclear lattice, but this is not necessarily the case.

swers one of the fundamental questions that have been de- Consider a one-dimensional spin chain with this lattice
bated in recent years, which is whether it is even possible tospin group. If the chain is periodic, then its (Fourier) mag-
have long-range quasiperiodic magnetic order. It establishesnetic lattice is given by all integral multiples of a single
that even though symmetry may impose constraints on thewave vectob* (I will keep the superscript * as a reminder
possible forms of magnetic order one can have in a given that we are in Fourier space). Because phase functions are
quasicrystal, it clearly does not forbid the existence of such linear, it suffices to specify the value ¢f on b* and that

order. Thus there is no symmetry-based argument which
disallows long-range magnetic order in quasicrystals

will determine its value on any wave vector in the lattice. Of
the two possible values (see Eq. (9)) the figgttb*)=0 will

Why is it then, that we have not yet observed unequivocal result through the selection rule (8) $k) being zero every
long-range magnetic order in a quasicrystal? It might be where and, therefor&(r)=0 as well. The only non-trivial

becausenergetiacconsiderations lead to local frustration and
spin-glass ordering; it might be due to some othleysical

assignment is thereforg (b*)=1/2 which through the se-
lection rule (8) implies that all lattice wave vectors that are

argument; or — it might be simply because we have not even multiples ob* will be missing, or ‘extinct’, from the
found it yet. If this is the case, then a more practical question diffraction pattern.

to ask of a theory of magnetic symmetry is whether it can

offer any suggestions as to where to look for such order.

If the spin chain is quasiperiodic, say having a rank of 2,
then its magnetic lattice will be given by all integral linear

Indeed, symmetry considerations may assist us in decidingcombinations of two wave vectorsy andb3, whose mag-

in which quasicrystal systems to look first for thenplest
kind of non-trivial magnetic ordering. Such ordering would
be the quasiperiodic analog of a simple AF periodic crystal

nitudes are incommensurate. In this case the phase function
¢; is fully determined by specifying its two independent val-
ues onb; andb3. At first glance, it would seem as if there

where half the spins are pointing ‘up’ and the other half are are three distinct non-trivial assignments of values given by

pointing ‘down’. Symmetry arguments can guide us to those

systems where such ordering is possible.

I, therefore, close this essay with a short discussion of

what this quasiperiodic AF order looks like, followed by
the list of systems which are compatible with such order. It

(@I (bY), ¢ (b3)) = (0, 3) or (3,0) or (3, 3). (10)

It turns out that these three assignments are equivalent,
leading to the same spin space group, due to the fact that for
a quasiperiodic chain one has the added freedom of changing

would then be up to the metallurgists and material scientiststhe basis of the magnetic lattice. A basis transformation
to find the right chemical systems which can sustain local from (b}, b}) to (bj+b3, b3) or to (b3, bj+b%) takes one,
magnetic moments and at the same time are likely to haverespectively, from the first or second assignment in Eq. (10)

stable phases in these crystal systems.

5. The quasiperiodic antiferromagnet

The simple AF crystal, whether periodic or aperiodic, has
a lattice spin group, containing only two elements: the
identity operatiore and time inversiorr. In the case of time
inversion, the selection rule (7) becomes

tS(k) = —S(k) = e 7P M g(k), (8)

which requiresS(k) to vanish unless} (k)=1/2. On the
other hand, application of the group compatibility condition
(6) to (e,7)?=(e€) gives two possible values for this phase,

)

It is not too difficult to show that exactly half of the wave
vectors in the magnetic lattice have ¢} (k)=0 and will,

¢Z(k)=0ori.

to the third. Thus, the diffraction pattern of a quasiperiodic
AF spin chain can always be described as a magnetic lattice
given by wave vectors of the forrk=n;b3+nzb3 where

all the vectors wittny+ny are extinct. Equivalently, it may

be described as a lattidg), generated by the wave vectors
bi+b3 andb;—b%, and shifted by the vectdr;.

Knowing the different possibilities in Fourier space al-
lows us to immediately construct simple direct-space exam-
ples of AF spin chains having these symmetries. Fig. 1a and
b show two periodic AF spin chains in which the ‘magnetic
unit cell’ is twice or four-times as large as the ‘nuclear unit
cell'. Both of these chains will exhibit the same magnetic
diffraction peaks, the only way to distinguish them being a
direct comparison with the nuclear diffraction pattern, which
can be obtained above the magnetic ordering temperature.
Fig. 1c—e show three AF Fibonacci chains, obtained by set-
ting the ratiob} /b3 to the golden mean (#v/5)/2, and using
the three different assignments of the phase function values
given in Eq. (10). Again, as discussed above, all three are
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Fig. 1. Examples of antiferromagnetic spin chains: (a) and (b) are peri-

odic with different magnetic unit cells; (c)—(e) the AF Fibonacci chains,

obtained as described in the text by using a modified grid method. In (c)

spins separated by a longt)(segment are anti-parallel and those sepa-
rated by a short§) segment are parallel; in (d) the opposite occurs; and
in (e) all nearest-neighbor pairs are anti-parallel.

expected to have the same magnetic diffraction peaks and

the only way to distinguish them is a comparison with the
nuclear diffraction pattern.

Which of the actual quasicrystal systems that are known

to exist today allow a simple AF order? Axial quasicrys-
tals admit two kinds of simple AF order. Since they are all
qguasiperiodic in the plane normal to thdold axis and pe-
riodic along this axis, it is always possible to have periodic
AF order along then-fold axis. This would give an AF qua-

sicrystal, but not in the true sense that we are interested

in. Only whenn is a power of 2 is it possible to have true
guasiperiodic AF order in the plane normal to théold axis

[11]. Thus, among the known axial quasicrystals one should
concentrate the search for simple AF order in the octagonal

crystal system

Only two of the three Bravais classes in the icosahedral
system admit simple AF order [4]. Such order is possible
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if the nuclear lattice is either simple (giving a magnetic
lattice which is body-centered in Fourier space) or if the
nuclear lattice is face-centered in Fourier space (giving a
simple icosahedral magnetic lattice). Unfortunately, most of
the known icosahedral quasicrystals, including the rare-earth
based ones, are face-centered in direct space and, there-
fore, do not allow simple AF order. Furthermore, icosahedral
guasicrystals which are body-centered in direct space are
not yet known to existThus, in the icosahedral system,
one should look for simple AF order in crystals that have a
simple icosahedral nuclear lattice
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