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[image: image3.png]Now let 7 be the outcome under an optimal policy in the case that { = 0; that is,
it maximizes U(y; 0) subject to the constraints F(y;0) = 0.3 A second-order Taylor
series expansion of U, computed at values (7;0) of the arguments, is then given by

Uly:€) = O+DU-j+DU & +- g’DZL g+
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= DU+ y’DZL J+ID%U ¢ 3, (13)





[image: image4.png]A naive LQ approximation of this problem can then be obtained by replacing the
exact objective U(y; €) by the quadratic objective

U9y:€) = DU -+ q;/DZ U-j+§D%U ¢, (1.4)




[image: image5.png]and replacing the exact constraints (1.1) by their linearized form,

D,F-jj+ DeF £ =0.

(1.5)




[image: image6.png]and replacing the exact constraints (1.1) by their linearized form,

D,F-jj+ DeF £ =0.

(1.5)




[image: image7.png]The question that we wish to consider is whether the solution to this problem —
that is, the policy y*?(¢) that maximizes U?(y;¢) subject to the constraints (1.5)
— represents at least a correct local linear approximation to the true optimal policy
yoPt(€). That is, we wish to determine whether

Y& =y &) + O(llel) (1.6)

in the case of small enough disturbances.




[image: image8.png]The policy that maximizes the naive quadratic objective (1.4) subject to the linearized
constraints (1.5) satisfies linear first-order conditions

D,U +§ DU +&DAU + ND,F =0, (L7)




[image: image9.png]The solution y?(&) to the exact policy problem instead satisfies the nonlinear
first-order conditions®!
D,U(y;¢) + ND,F(y;€) =0 (1.8)

along with (1.1). A correct local approximation to the solution to these equations can




[image: image10.png](1.8) around the unperturbed solution y(0) = 7. The linearization of equations (1.1)
is given by (1.5), as above, but the linearization of the first-order conditions (1.8) is
given by

DU +§'D2,U + € DU + XD,F + \[§' D2, F + €D, F'] =0, (19)




[image: image11.png]index I ranges over the m constraints. Hence the correct linear approximation to
y*P(¢) is obtained by solving the system of equations consisting of (1.5) and (1.9) for
y and A as linear functions of £. Because the two final terms on the left-hand side of
(1.9) are missing in (1.7), the naive method will generally yield incorrect coefficients

for the linear policy rule.




[image: image12.png]In fact, in the case of any given outcome y({) associated with a (sufficiently
differentiable) policy, a second-order Taylor series expansion of U(y(€);¢) can be
written in the form

Uy(€):6) = U™ (€):) + DU Dy - €] + t.ip. + O(

[11%). (1.10)
where U is again the naive quadratic objective defined in (1.4),
v =7+Dey-¢

is a local linear approximation to y(¢), and in the second term on the right-hand
side, we again use tensor notation. Here we have simplified using the fact that the
derivatives D¢y must satisfy

D,F-Dey+DcF =0,




[image: image13.png](2) The naive LQ approach also yields a correct local characterization of optimal
policy in the case that one expands around a point 7 at which the gradient vector
D,U(7;0) = 0. In this case the second term on the right-hand side of (1.10) is equal
to zero under any policy, and U?(y%) correctly ranks alternative policies, to second
order. Similarly, since in this case the constraints (1.1) do not bind in the absence
of shocks, A = 0, and again conditions (1.9) reduce to (1.7). This is why an LQ
approximation can be used to characterize optimal policy in the model of Rotemberg
and Woodford (1997).1




