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Abstract. A randombipartite graphG(n, n, p) is obtainedby taking two disjoint subsetsof

verticesA andB of cardinalityn each,andby connectingeachpair of verticesa € Aandb € B by

anedgerandomlyandindependentlyvith probability p= p(n). We shawv thatthe choicenumber
of G(n,n, p) is, almostsurely (1+ 0(1))log,(np) for all valuesof theedgeprobability p= p(n),

wheretheo(1) termtendsto 0 asnp tendsto infinity.
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1. Introduction

A graphG = (V, E) is calledk-choosablefor anintegerk > 0 if, for every family of
colorlists § = {S(v) C Z:ve V(G)|} satisfying|S(v)| = k for everyv € V, thereexists
achoicefunction f : V — Z suchthat f (v) € S(v) for all ve V, andalso f (u) # f(v)
for everyedgee = (u, v) € E(G). Thechoicenumberch(G) of G is theminimalinteger
k for which G is k-choosable.

The conceptof choosabilitywas introducedby Vizing in 1976 [6] and indepen-
dently by Erdds, Rubin and Taylor in 1979 [5]. Although the choice numberis a
straight-forvard generalizatiorof the more familiar notion of the chromaticnumber
aftertwentyyearsof researchit appear¢o be amuchmorecomplicatedjuantity and
muchlessis known aboutit. Thereademay consultthe survey paperof thefirst au-
thor[2] for a discussiorof variousproblemsandresultson choosability

Ourinterestin choosabilityquestiondor bipartitegraphss stimulatedjn particular
by the factthat bipartitegraphsprovide a standardexampleof a family of graphsfor
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which the choicenumbercanbe muchhigherthanthe chromaticnumber (It follows
immediatelyfrom the definition of the choice numberthat ch(G) > x(G) for every
graphG). Indeed,Erdds, Rubinand Taylor noticedin their original paperthat the
choicenumberof the completebipartitegraphKg 4 is (14 0(1)) log, d. The(relatively
simple)proof of this statementontainsseveralusefulideas someof which areapplied
in the presennote.

The main goal of this noteis to determinethe asymptoticbehaior of the choice
numberof randombipartitegraphs.Formally, therandombipartite graphG(m, n, p) is
the probability spacewhosepointsarebipartitegraphson a fixed setof m+ n labeled
vertices,partitionedinto two color classesA and B of cardinalities|A| = m, |B| = n,
respectiely. Eachpair of verticesa € A andb € B form anedgerandomlyandinde-
pendentlywith probability p = p(m, n). The color classe®A andB form independent
sets.By theterm”the randombipartitegraph”we meana randompoint choserin this
probabilityspace In this notewe confineoursehesto the casewherethe color classes
A andB areof equalcardinality|A| = |B| = n, the correspondingnodelis denotecdby
G(n,n, p). We usethe usualnotationalcorventionsof the theoryof randomgraphs.
As is usuallythe casein this subjectwe areinterestedn the behaior of variouspara-
metersasn tendsto infinity. We saythata graphpropertyA holdsalmostsurely ( a.s.
for short)if the probabilitythat G(n, n, p) satisfiesA tendsto 1 asn tendsto infinity.
Notethatd = np is the expecteddegreeof eachvertex of G(n, n, p).

The problemof determiningthe asymptoticvalueof the choicenumberof random
bipartitegraphshasalreadybeenaddressetly Erddos,RubinandTaylor[5]. They con-
sideredthe model G(n, n, 1/2) andprovedthata.s.logn/log6 < ch(G(n, n, 1/2)) <
3logn/logé. In this papenwe determinghetypical asymptotiovalueof ch(G(n, n, p))
for all valuesof the edgeprobability p = p(n) down to p > C/n for someconstant
C > 0. We prove thefollowing theorem.

Theorem 1.1. Thele existsan absoluteconstantdy sud that, if the edge probability
p = p(n) satisfieqp > do, thena.s.

log,(np) —4log,log,(np) < ch(G(n, n, p))
5log,(np) log, log,log,(np)
log, log,(np)

A

< log,(np) +

Thus,the choicenumberof G(n, n, p) is almostsurely(1+ o(1))log,d for all val-
uesof p(n). We do not make hereary seriousattemptto optimizethe errortermsin
Theoreml.1,our maintaskis to find anasymptotidormulafor themainterm.

Therestof the paperis organizedasfollows. In the next sectionwe presensome
propertiesof the edgedistribution in randombipartite graphsrequiredfor the subse-
guentproofs. The proof of the lower boundis givenin Section3. Section4 is devoted
to the proof of the upperbound. Section5, the final sectionof the paper contains
severalconcludingremarksanda discussiorof relevantopenproblems.

Throughouthe paper all logarithmsarein base2. As mentionedabove we denote
by d = np the expectedvertex degreein G(n, n, p) and assumewheneer needed,
d (andhencealson) is sufiiciently large. We omit routinely floor and ceiling signs
wheneerthesearenot crucialto simplify the presentation.
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2. Préiminaries

In this sectionwe prove two technicalpropositionsaboutthe edgedistributionin bipar
tite randomgraphs As shavnin thenext two sectionsthesepropositionareessentially
theonly propertiesof randombipartitegraphshatareneededo prove our result.

Proposition 2.1. The randombipartite graph G(n, n, p) has a.s. the following pro-
perty. For everytwo subsetsK C A, Y C B of cardinalities|X|, |Y| > 2nlogd/d, there
existsanedge e € E(G) connectingk andY.

Proof. The probabilitythatthereexistsa pair X, Y violating the assertiorof the propo-
sitionis atmost

2nlogd
2nlogd

2 2 2 d
n (%)g_d) ed _ 2nplogd 2 —2log,d] @
- <) ™| < 2 = o(1).
(an(cj)gd) (1-p) < 2logd e < [d e ] o(1)

Proposition 2.2. For everyfixedconstanC > 0 therandombipartite graphG(n, n, p)
hasa.s.thefollowingproperty. For everytwosubsetX C A,Y C B, satisfyingX|, |Y| <
Cn/d, thespannedsubgaphG[X UY] of Gon XUY hasat most(|X| +|Y|)3logd/log
logd edees.

Proof. The resultis trivial for d = Q(n), hence ,we may andwill assumed = o(n).
Denoteg; = €1(d) = 3logd/ loglogd. The probability of existenceof subsets, Y vi-
olatingthe propositioncanbe boundedrom above Author: something missing here?
*kk*k by
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Denotethe j-th summandf thelastsumby sj. Then,if j < (n/d)*2, we obtain

s; < (d/n)E=3/2 = o(d/n). If j > (n/d)¥/2, thens; < (Cn/d)(CE~2/d09) /DY =
o(d/n), thus,shaving thatthelastsumtendsto 0 asd tendsto infinity. |
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3. Proof of the L ower Bound

To provethelower boundof Theoreml.1,we arguedeterministicallythatevery bipar
tite graphG = (AUB, E) with |A| = |B| = n, satisfyingtheassertiorof Propositior2.1
for somevalueof the parameted, alsosatisfiexch(G) > logd — 4loglogd. Again,we
assumehe parameted (andhencen) to belargeenough.

Lett(k) denoteheminimal numberof edgesn ak-uniformnon-2-colorabldiyper
graphH. A tight connectiorbetweerthe problemof determining (k) andchoosability
guestiondor bipartitegraphshasbeenexposedalreadyin the original paperof Erdos,
RubinandTaylor [5]. As shavn by Erdos[4], t(k) < (1+ o(1))(eln2/4)2k?. Givenn
andd, defineanintegerk = k(n, d) by

k:max{i:wg {%J} .

It is easyto seethatk > logd — (1+ 0(1))3loglogd > logd — 4loglogd. Thereforeto
provethedesiredowerboundon ch(G), it sufficesto provethatch(G) > k.

Let usdenotet = t(k) to simplify the notation. Given a bipartitegraphG = (AU
B, E), we partition the color classA into t color classesA = AjU...UA; so that
|A] > |n/t], 1 <i<t. Similarly, we partitionB = B U...UB; with |Bj| > |n/t].
Let H = (V, F) be a k-uniform non-2-colorablehypeigraphwith t edges. Denote
F ={S,...,S}. We view the verticesof V(H) ascolors,while the subsetsS will
be assignedo verticesof G ascolor lists. For eachl <i <t, everyvertex v e A; U B;
obtainsS asits list of colors.We claim thatthe assertiorof Proposition2.1 alongwith
the non-2-colorabilityof H guaranteehat G cannotbe properlycoloredby assigning
eachvertex a color from its list. Indeed,let f : AUB — V(H) satisfy f(v) € Sv)
for every v € V(G). Let C; be the subsetof V(H), formed by all the colors cho-
senby f atleast2nlogd/d timeson A. For every 1 <i <t, thelist § of cardina-
lity |S| = k is assignedo all verticesa € A;. As |Aj| > |n/t] > 2knlogd/d, we ob-
tain that at leastone color from § is chosenat least2nlogd/d timeson A;. Thus,
C; intersectsavery edgeS of H. Now, asH is non-2-colorablethereexists an edge
S, € F, satisfyingS, C C; (otherwise,the partitionV = C; U (V \ C;) forms a 2-
coloringof H). Thecolor list S is assignedo all verticesb € Bj,, hence thereex-
istsa color ¢* € S, choserby f atleast|B,/|S,| > [n/t]/k > 2nlogd/d timeson
Bj,. LetX={a€ A:f(a)=c*},Y={beB: f(b)=c*}. Asc* € §, C Cy, wehave
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|X| > 2nlogd/d. Also, |Y| > 2nlogd/d. Butthenaccordingo theclaim of Proposition
2.1, thereexistsanedgeof G connectingk andY, thusshaving that f doesnotform a
propercoloringof G. This concludeghe proof of thelowerboundof Theoreml.1. 1

4. Proof of the Upper Bound

The proof hereis alsodeterministic.We assumea bipartitegraphG = (AUB, E) has
the propertygiven by Proposition2.2 andshow that every graphhaving this property
hasits choicenumberboundedrom above by the upperboundof Theoreml.1. Let us
introducethefollowing notation.Define

3logd
4logd
g2 =¢2(d) = Ioglc?gd
5logdlogloglogd
83283(d) = glogﬁ)g(gj g )

| =1(d) = |logd +é€3] .

Givenafamily § = {S(v): v e AUB} satisfying|S(v)| =1 for everyv € AUB, ouraim
is to prove the existenceof a choicefunction f. Denoteby S= |Jycaug S(V) theunion
of all colorsin all lists. Partition S randomlyinto two partsSy andSg by puttingeach
colorc € Sinto Sy or Sg independentiyandwith probability1/2. Ideally, wewouldlike
to usecolorsfrom Sx to color verticesfrom A andthosefrom Ss to color verticesfrom
B. This stratgy would eliminateary possiblecolor conflict. The problemis thatwe
cannotguaranteehatevery vertex from AU B obtainsat leastoneeligible color under
sucha partition. However, we will be ableto shawv that with positive probability the
numberof verticesthatobtainonly few colorsis quite small.
We call avertex a € A poorif |S(a) NSa| < €2. Similarly, avertex b € B is poorif

|S(b) NSg| < €2. Let To denotethe setof all poorvertices.The probabilitythata € Ais

pooris atmost
I 1 el\*
27! <278 (—
& (€2> Sd° " (€2>
1

2—838 (loglogd)EZ 1 2—83+|0982—82|09|09I09d < —

2d’

Thesameargumentshavsthat,for everyb € B, theprobabilitythatB is pooris lessthan
1/(2d). We concludethatwith positive probability, |To| < n/d. Let usfix a partition
S= S\USg, for whichindeed|To| < n/d.

Now, we find a (small) subseflT C AUB, including To, suchthatevery vertex of
G outsideT haslessthane; neighborsnsideT. To find sucha subsetwe startwith
T = To, andaslong asthereexistsavertex v e (AUB) \ T having atleaste, neighbors
in T, weaddv to T. This processstopswith |T| < 5n/d, otherwisewe would obtain

IA

IA
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a subsefT of size|T| = 5n/d containingat least(4n/d)e, = 16nlogd/(dloglogd)
edgesthuscontradictingheassertiorof Proposition2.2.

We claim that we canfind a propercoloring f by startingfrom choosingcolors
for verticesof T, andthenby usingcolorsfrom Sy to color verticesfrom A\ T and
colorsfrom Sg to color thosefrom B\ T. Accordingto Proposition2.2, the spanned
subgraphG[T] hasa vertex of degreeat most2e; in eachof its subgraphsThis showvs
thatG[T] is 2¢1-degenemteandthus(2¢; + 1)-choosablésee e.g.,[2] for adiscussion
of the connectiorbetweerdegenerag andchoosabilityandfor a very simple proof of
theabove statement)Thus,we canusetheoriginallists of colors{S(v) : ve T} tofind
colorsfor all verticesfrom T. Next, for everya € A\ T, we deletefrom S(a) N Sa the
colorschoserfor neighborsf ain T, andsimilarly, for everyb € B\ T, we deletefrom
S(b) N S the colorschoserfor neighborsof bin T. As all poorverticesfall insideT
andevery vertex outsideT haslessthane; neighbordnsideT, evenafterthis deletion
eachvertex in (AUB) \ T still hasat leastoneeligible color. We completethe choice
of colorsby choosinganarbitraryremainingcolor in S(a) N Sa for eacha € A andan
arbitraryremainingcolor in S(b) N Sg for eachb € B. This completeshe proof of the
upperboundof Theoreml.1. |

5. Concluding Remarks

e Theproofin Section3 shavs thatany bipartitegraphwith sufficiently strongex-
pansionpropertieshasa large choicenumber More precisely if G is a bipartite
graphwith n verticesin eachof its two color classesA andB, andthereis at least
oneedgebetweenary subsetof cardinalityn/x of A andary subsetf cardinal-
ity n/x of B, thenthe choicenumberof G is at least(1+ o(1))log, X, wherethe
o(1)-term tendsto O asx tendsto infinity. By the known relation betweenthe
eigervaluesof the adjaceng matrix of a graphandits expansionpropertiesthis
impliesthatthe choicenumberof ary d-regularbipartitegraphG in which the ab-
solutevalueof every eigervaluebesideghe largestandthe smallestis at mostA,
satisfiesch(G) > (1+ 0(1))log,(d/A). Thisis becausein eachsuchgraph,there
is anedgebetweerary two subset®f thetwo color classeprovidedeachsubseis
of cardinalityatleastnA/d.

e Theargumentsn Sections3 and4 canbeextendedo dealwith thechoicenumbers
of randomr-partite graphsfor r > 2. Let G;(n, p) denotethe randomr-partite
graphobtainedby takingr pairwisedisjointsetsAs, Ay, ... ,A;, eachof cardinality
n, andby connectingeachpair of verticesin distinctsetsA; by anedge randomly
andindependentlywith probability p = p(n). We canshaw that, for every fixed
r > 2 andevery p = p(n), the choicenumberof G,(n, p) is almostsurely (1 +
o(1))log(np)/log(r/(r — 1)), wheretheo(1) termtendsto O asnp tendsto infinity.
Theproofis similarto theonegivenherefor thecase = 2. We omitthedetails.We
notethatthe choicenumberof the completer-partitegraphwith n verticesin each
colorclassis ©(rlogn) for all nandr, asprovedin [1], andthechoicenumberof the
usualrandomgraphG(n, p(n)) is almostsurely @(np(n)/log(np(n))) wheneer
2 < np(n) < 9n/10,asprovedin [3].

¢ In[2], it is provedthatthe choicenumberof arny graphwith averagedegreeat least
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d is at leastQ(logd/loglogd). It seemsplausiblethatthe loglogd term canbe
omitted, but at the momentthis remainsopen. If true, this would, of course,be
tight upto aconstanfactor(since,for example,ch(Kg,q4) = (14 0(1)) log, d).

It is not difficult to prove that the choicenumberof ary bipartite graphwith ma-
ximumdegreed is atmostO(d/ logd), but we believe thatthefollowing muchstronger
resultholds.

Conjecture5.1. Thechoicenumberof any bipartite graphwith maximundegreed is
at mostO(logd).

As faraswe know it is even possiblethatthe choicenumberof eachsuchgraphis
atmost(1+ o(1))log, d, wheretheo(1) termtendsto 0 asd tendsto infinity. As atest
casejt maybeinterestingo determineor estimatethe choicenumberof thed-cube.
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