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Abstract. A randombipartite graphG
�
n � n � p is obtainedby taking two disjoint subsetsof

verticesA andB of cardinalityn each,andby connectingeachpairof verticesa ! A andb ! B by
anedgerandomlyandindependentlywith probabilityp " p

�
n . Weshow thatthechoicenumber

of G
�
n � n � p is, almostsurely,

�
1 # o

�
1 � log2

�
np for all valuesof theedgeprobabilityp " p

�
n ,

wheretheo
�
1 termtendsto 0 asnp tendsto infinity.
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1. Introduction

A graphG $&% V ' E ( is calledk-choosablefor an integerk ) 0 if, for every family of
color lists *+$-, S% v(/. Z : v 0 V % G(�1�2 satisfying 1S% v(�13$ k for everyv 0 V, thereexists
a choicefunction f : V 4 Z suchthat f % v(50 S% v( for all v 0 V, andalso f % u(76$ f % v(
for everyedgee $-% u ' v(80 E % G( . Thechoicenumberch % G( of G is theminimal integer
k for whichG is k-choosable.

The conceptof choosabilitywas introducedby Vizing in 1976 [6] and indepen-
dently by Erdös, Rubin and Taylor in 1979 [5]. Although the choicenumberis a
straight-forwardgeneralizationof the morefamiliar notion of the chromaticnumber,
aftertwentyyearsof research,it appearsto bea muchmorecomplicatedquantity, and
muchlessis known aboutit. Thereadermayconsultthesurvey paperof thefirst au-
thor [2] for a discussionof variousproblemsandresultsonchoosability.

Ourinterestin choosabilityquestionsfor bipartitegraphsis stimulated,in particular,
by the fact that bipartitegraphsprovide a standardexampleof a family of graphsfor9
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2 N. Alon andM. Krivelevich

which thechoicenumbercanbemuchhigherthanthechromaticnumber. (It follows
immediatelyfrom the definition of the choicenumberthat ch % G(;: χ % G( for every
graphG). Indeed,Erdös , Rubin and Taylor noticedin their original paperthat the
choicenumberof thecompletebipartitegraphKd < d is % 1 = o % 1(>( log2d. The(relatively
simple)proofof thisstatementcontainsseveralusefulideas,someof whichareapplied
in thepresentnote.

The main goal of this note is to determinethe asymptoticbehavior of the choice
numberof randombipartitegraphs.Formally, therandombipartitegraphG % m' n ' p( is
theprobabilityspacewhosepointsarebipartitegraphson a fixedsetof m = n labeled
vertices,partitionedinto two color classesA andB of cardinalities 1A 1?$ m, 1B 1?$ n,
respectively. Eachpair of verticesa 0 A andb 0 B form anedgerandomlyandinde-
pendentlywith probability p $ p % m' n( . Thecolor classesA andB form independent
sets.By theterm”the randombipartitegraph”we meana randompoint chosenin this
probabilityspace.In this notewe confineourselvesto thecasewherethecolor classes
A andB areof equalcardinality 1A 1�$&1B 1@$ n, thecorrespondingmodelis denotedby
G % n ' n ' p( . We usethe usualnotationalconventionsof the theoryof randomgraphs.
As is usuallythecasein this subject,we areinterestedin thebehavior of variouspara-
metersasn tendsto infinity. We saythata graphpropertyA holdsalmostsurely ( a.s.
for short)if theprobability that G % n ' n ' p( satisfiesA tendsto 1 asn tendsto infinity.
Notethatd $ np is theexpecteddegreeof eachvertex of G % n ' n ' p( .

Theproblemof determiningtheasymptoticvalueof thechoicenumberof random
bipartitegraphshasalreadybeenaddressedby Erdös,RubinandTaylor [5]. They con-
sideredthe modelG % n ' n ' 1A 2( andproved that a.s.logn A log6 B ch % G % n ' n ' 1 A 2(C(DB
3logn A log6. In thispaperwedeterminethetypicalasymptoticvalueof ch % G % n ' n ' p(C(
for all valuesof the edgeprobability p $ p % n( down to p : C A n for someconstant
C ) 0. We provethefollowing theorem.

Theorem 1.1. There existsan absoluteconstantd0 such that, if the edge probability
p $ p % n( satisfiesnp ) d0, thena.s.

log2 % np(FE 4log2 log2 % np(HG ch % G % n ' n ' p(>(G log2 % np(I= 5log2 % np( log2 log2 log2 % np(
log2 log2 % np( J

Thus,thechoicenumberof G % n ' n ' p( is almostsurely % 1 = o % 1(C( log2d for all val-
uesof p % n( . We do not make hereany seriousattemptto optimizetheerror termsin
Theorem1.1,ourmaintaskis to find anasymptoticformulafor themainterm.

Therestof thepaperis organizedasfollows. In thenext sectionwe presentsome
propertiesof the edgedistribution in randombipartitegraphsrequiredfor the subse-
quentproofs.Theproof of thelower boundis givenin Section3. Section4 is devoted
to the proof of the upperbound. Section5, the final sectionof the paper, contains
severalconcludingremarksandadiscussionof relevantopenproblems.

Throughoutthepaper, all logarithmsarein base2. As mentionedabovewedenote
by d $ np the expectedvertex degreein G % n ' n ' p( and assume,whenever needed,
d (andhencealson) is sufficiently large. We omit routinely floor andceiling signs
wheneverthesearenotcrucialto simplify thepresentation.
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2. Preliminaries

In thissectionweprovetwo technicalpropositionsabouttheedgedistribution in bipar-
tite randomgraphs.As shown in thenext two sections,thesepropositionsareessentially
theonly propertiesof randombipartitegraphsthatareneededto proveour result.

Proposition 2.1. The randombipartite graph G % n ' n ' p( has a.s. the following pro-
perty: For everytwo subsetsX . A, Y . B of cardinalities 1X 1K'L1Y 1M: 2nlogd A d, there
existsanedgee 0 E % G( connectingX andY.

Proof. Theprobabilitythatthereexistsa pairX ' Y violating theassertionof thepropo-
sition is atmostN

n
2nlogd

d O 2 % 1 E p(QP 2nlogd
d R 2 GTS N ed

2logd O 2

eU 2nplogd
d V 2nlogd

d GXW d2eU 2log2 d Y 2nlogd
d $ o % 1( J

Proposition 2.2. For everyfixedconstantC ) 0 therandombipartitegraphG % n ' n ' p(
hasa.s.thefollowingproperty: For everytwosubsetsX . A,Y . B,satisfying1X 1Z'L1Y 13G
CnA d, thespannedsubgraphG [X \ Y ] of G onX \ Y hasat most %C1X 1�=^1Y 1 ( 3logd A log
logd edges.

Proof. The result is trivial for d $ Ω % n( , hence,we may andwill assumed $ o % n( .
Denoteε1 $ ε1 % d (�$ 3logd A loglogd. Theprobabilityof existenceof subsetsX, Y vi-
olatingthepropositioncanbeboundedfrom aboveAuthor: something missing here?
**** by

C n
d

∑
i < j _ 1

N
n
i O N nj O N i j% i = j ( ε1 O p ` i a j b ε1

G 2 ∑
1 c i c j c Cnd d N n

i O N n
j O N i j% i = j ( ε1 O p ` i a j b ε1

G 2 ∑
1 c i c j c Cnd d N n

j O 2 N eij% i = j ( ε1 O ` i a j b ε1

p ` i a j b ε1

G 2 ∑
1 c i c j c Cnd d N en

j O 2 j N ej p
ε1 O jε1

$ 2
C n

d

∑
j _ 1

j S N en
j O 2 N ej p

ε1 O ε1 V j

$ 2
C n

d

∑
j _ 1

j S N en
j O 2 % ej p( 2 % ej p( ε1 U 2

εε1
1

V j
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G 2
C n

d

∑
j _ 1

j e e4d2 % ej p( ε1 U 2

d3 U o ` 1b f j

G 2
C n

d

∑
j _ 1

j

N % j p( ε1 U 2

d0 g 9 O j J
Denotethe j-th summandof the last sumby sj . Then,if j Gh% nA d ( 1d 2, we obtain

sj Gh% d A n( ` ε1 U 3bid 2 $ o % d A n( . If j :-% nA d ( 1d 2, thensj Gj% CnA d (3% Cε1 U 2 A d0 g 9 ( ` nd d b 1k 2 $
o % d A n( , thus,showing thatthelastsumtendsto 0 asd tendsto infinity.

3. Proof of the Lower Bound

To provethelowerboundof Theorem1.1,wearguedeterministicallythateverybipar-
tite graphG $j% A \ B ' E ( with 1A 13$l1B 1m$ n, satisfyingtheassertionof Proposition2.1
for somevalueof theparameterd, alsosatisfiesch % G(n: logd E 4loglogd. Again,we
assumetheparameterd (andhencen) to belargeenough.

Let t % k( denotetheminimalnumberof edgesin ak-uniformnon-2-colorablehyper-
graphH. A tight connectionbetweentheproblemof determiningt % k ( andchoosability
questionsfor bipartitegraphshasbeenexposedalreadyin theoriginal paperof Erdös,
RubinandTaylor [5]. As shown by Erdös[4], t % k (nGo% 1 = o % 1(>(m% eln2A 4( 2kk2. Givenn
andd, defineanintegerk $ k % n ' d ( by

k $ max p i :
2in logd

d
Grq n

t % i (?sutvJ
It is easyto seethatk : logd Ew% 1 = o % 1(C( 3loglogd ) logd E 4loglogd. Therefore,to
provethedesiredlowerboundonch % G( , it sufficesto provethatch % G(x) k.

Let us denotet $ t % k( to simplify the notation. Givena bipartitegraphG $&% A \
B ' E ( , we partition the color classA into t color classesA $ A1 \ JCJ>J \ At so that1Ai 1I:zy nA t { , 1 G i G t. Similarly, we partition B $ B1 \ JCJ>J \ Bt with 1Bi 1|:Ty nA t { .
Let H $z% V ' F ( be a k-uniform non-2-colorablehypergraphwith t edges. Denote
F $&, S1 ' J>J>J ' St 2 . We view the verticesof V % H ( ascolors,while the subsetsSi will
beassignedto verticesof G ascolor lists. For each1 G i G t, every vertex v 0 Ai \ Bi

obtainsSi asits list of colors.We claimthattheassertionof Proposition2.1alongwith
thenon-2-colorabilityof H guaranteethatG cannotbeproperlycoloredby assigning
eachvertex a color from its list. Indeed,let f : A \ B 4 V % H ( satisfy f % v(}0 S% v(
for every v 0 V % G( . Let C1 be the subsetof V % H ( , formed by all the colors cho-
senby f at least2nlogd A d timeson A. For every 1 G i G t, the list Si of cardina-
lity 1Si 1?$ k is assignedto all verticesa 0 Ai . As 1Ai 1~:�y nA t {�: 2knlogd A d, we ob-
tain that at leastone color from Si is chosenat least2nlogd A d times on Ai . Thus,
C1 intersectsevery edgeSi of H. Now, asH is non-2-colorable,thereexists an edge
Si0 0 F , satisfyingSi0 � C1 (otherwise,the partition V $ C1 \�% V � C1 ( forms a 2-
coloring of H). The color list Si0 is assignedto all verticesb 0 Bi0, hence,thereex-
ists a color c� 0 Si0, chosenby f at least 1Bi0 A|1Si0 1�:Ty nA t {?A k : 2nlogd A d timeson
Bi0. Let X $j, a 0 A : f % a(�$ c� 2 , Y $j, b 0 B : f % b(8$ c� 2 . As c� 0 Si0 � C1, we have
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1X 1m: 2nlogd A d. Also, 1Y 1m: 2nlogd A d. But thenaccordingto theclaimof Proposition
2.1,thereexistsanedgeof G connectingX andY, thusshowing that f doesnot form a
propercoloringof G. Thisconcludestheproofof thelowerboundof Theorem1.1.

4. Proof of the Upper Bound

Theproof hereis alsodeterministic.We assumea bipartitegraphG $v% A \ B ' E ( has
thepropertygivenby Proposition2.2 andshow thatevery graphhaving this property
hasits choicenumberboundedfrom aboveby theupperboundof Theorem1.1. Let us
introducethefollowing notation.Define

ε1 $ ε1 % d (�$ 3logd
loglogd

'
ε2 $ ε2 % d (�$ 4logd

loglogd

ε3 $ ε3 % d (�$ 5logd logloglogd
loglogd

'
l $ l % d (�$�y logd = ε3 { J

Givena family *�$o, S% v( : v 0 A \ B 2 satisfying 1S% v(�1m$ l for everyv 0 A \ B, ouraim
is to prove theexistenceof a choicefunction f . Denoteby S $-� v � A� BS% v( theunion
of all colorsin all lists. Partition S randomlyinto two partsSA andSB by puttingeach
colorc 0 Sinto SA or SB independentlyandwith probability1A 2. Ideally, wewouldlike
to usecolorsfrom SA to color verticesfrom A andthosefrom SB to color verticesfrom
B. This strategy would eliminateany possiblecolor conflict. The problemis that we
cannotguaranteethatevery vertex from A \ B obtainsat leastoneeligible color under
sucha partition. However, we will be ableto show that with positive probability the
numberof verticesthatobtainonly few colorsis quitesmall.

We call a vertex a 0 A poor if 1S% a(~� SA 1�B ε2. Similarly, a vertex b 0 B is poor if1S% b(~� SB 1MB ε2. Let T0 denotethesetof all poorvertices.Theprobabilitythata 0 A is
pooris atmost

ε2

∑
i _ 0

N
l
i O 2U l G 2U lε2

N
l

ε2 O G 1
d

2U ε3ε2

N
el
ε2 O ε2

G 1
d

2U ε3ε2 % loglogd ( ε2 $ 1
d

2 U ε3 a logε2 U ε2 logloglogd B 1
2d J

Thesameargumentshowsthat,for everyb 0 B, theprobabilitythatB is pooris lessthan
1A|% 2d ( . We concludethat with positive probability, 1T0 1LG nA d. Let usfix a partition
S $ SA \ SB, for which indeed 1T0 1QG nA d.

Now, we find a (small) subsetT . A \ B, including T0, suchthat every vertex of
G outsideT haslessthanε2 neighborsinsideT. To find sucha subset,we startwith
T $ T0, andaslongasthereexistsa vertex v 0�% A \ B(�� T having at leastε2 neighbors
in T, we addv to T. This processstopswith 1T 1�G 5nA d, otherwise,we would obtain
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a subsetT of size 1T 1�$ 5nA d containingat least % 4nA d ( ε2 $ 16nlogd AI% d loglogd (
edges,thuscontradictingtheassertionof Proposition2.2.

We claim that we canfind a propercoloring f by startingfrom choosingcolors
for verticesof T, andthenby usingcolors from SA to color verticesfrom A � T and
colorsfrom SB to color thosefrom B � T. Accordingto Proposition2.2, the spanned
subgraphG [ T ] hasa vertex of degreeat most2ε1 in eachof its subgraphs.This shows
thatG [ T ] is 2ε1-degenerateandthus % 2ε1 = 1( -choosable(see,e.g.,[2] for adiscussion
of theconnectionbetweendegeneracy andchoosabilityandfor a very simpleproof of
theabovestatement).Thus,wecanusetheoriginal listsof colors , S% v( : v 0 T 2 to find
colorsfor all verticesfrom T. Next, for every a 0 A � T, we deletefrom S% a(I� SA the
colorschosenfor neighborsof a in T, andsimilarly, for everyb 0 B � T, wedeletefrom
S% b(I� SB thecolorschosenfor neighborsof b in T. As all poorverticesfall insideT
andeveryvertex outsideT haslessthanε2 neighborsinsideT, evenafterthis deletion
eachvertex in % A \ B(|� T still hasat leastoneeligible color. We completethechoice
of colorsby choosinganarbitraryremainingcolor in S% a(I� SA for eacha 0 A andan
arbitraryremainingcolor in S% b(I� SB for eachb 0 B. This completestheproof of the
upperboundof Theorem1.1.

5. Concluding Remarks� Theproof in Section3 shows thatany bipartitegraphwith sufficiently strongex-
pansionpropertieshasa large choicenumber. More precisely, if G is a bipartite
graphwith n verticesin eachof its two color classesA andB, andthereis at least
oneedgebetweenany subsetof cardinalityn A x of A andany subsetof cardinal-
ity nA x of B, thenthe choicenumberof G is at least % 1 = o % 1(>( log2 x, wherethe
o % 1( -term tendsto 0 as x tendsto infinity. By the known relation betweenthe
eigenvaluesof the adjacency matrix of a graphand its expansionpropertiesthis
impliesthatthechoicenumberof any d-regularbipartitegraphG in which theab-
solutevalueof every eigenvaluebesidesthe largestandthesmallestis at mostλ,
satisfiesch % G(�:h% 1 = o % 1(>( log2 % d A λ ( J This is because,in eachsuchgraph,there
is anedgebetweenany two subsetsof thetwo colorclassesprovidedeachsubsetis
of cardinalityat leastnλ A d.� Theargumentsin Sections3 and4 canbeextendedto dealwith thechoicenumbers
of randomr-partite graphsfor r : 2. Let Gr % n ' p( denotethe randomr-partite
graphobtainedby takingr pairwisedisjointsetsA1 ' A2 ' J>J>J ' Ar , eachof cardinality
n, andby connectingeachpair of verticesin distinctsetsAi by anedge,randomly
andindependently, with probability p $ p % n( . We canshow that, for every fixed
r : 2 andevery p $ p % n( , the choicenumberof Gr % n ' p( is almostsurely % 1 =
o % 1(>( log % np(CA log % r A|% r E 1(>( , wheretheo % 1( termtendsto0 asnp tendsto infinity.
Theproofis similarto theonegivenherefor thecaser $ 2. Weomit thedetails.We
notethatthechoicenumberof thecompleter-partitegraphwith n verticesin each
colorclassis Θ % r logn( for all n andr, asprovedin [1], andthechoicenumberof the
usualrandomgraphG % n ' p % n(>( is almostsurelyΘ % np % n(CA log % np % n(>(>( whenever
2 B np % n(8B 9nA 10,asprovedin [3].� In [2], it is provedthatthechoicenumberof any graphwith averagedegreeat least
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d is at leastΩ % logd A loglogd ( . It seemsplausiblethat the loglogd term canbe
omitted,but at the momentthis remainsopen. If true, this would, of course,be
tight up to aconstantfactor(since,for example,ch % Kd < d (/$�% 1 = o % 1(C( log2d).

It is not difficult to prove that the choicenumberof any bipartitegraphwith ma-
ximumdegreed is atmostO % d A logd ( , but webelievethatthefollowing muchstronger
resultholds.

Conjecture 5.1. Thechoicenumberof anybipartite graphwith maximumdegreed is
at mostO % logd ( .

As far aswe know it is evenpossiblethatthechoicenumberof eachsuchgraphis
atmost % 1 = o % 1(>( log2d, wheretheo % 1( termtendsto 0 asd tendsto infinity. As a test
case,it maybeinterestingto determineor estimatethechoicenumberof thed-cube.
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