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STABLE KNESER HYPERGRAPHS AND
IDEALS IN N WITH THE NIKODYM PROPERTY

NOGA ALON, LECH DREWNOWSKI, AND TOMASZ LUCZAK

ABSTRACT. We use stable Kneser hypergraphs to construct ideals in N which
are not nonatomic yet have the Nikodym property.

1. INTRODUCTION

We say that an ideal Z in P(N) has the Positive Summability Property (PSP)
if for any sequence (z,,) of positive reals such that > >~ | z,, diverges, there exists
I € T for which ) _; x, diverges as well. It is not hard to show that the ideal Z
of sets of density zero has (PSP). This ‘folklore’ fact can be traced back (at least)
to a short note of Auerbach [2] from 1930, and has later been rediscovered several
times (for more information see [3]). However, all known proofs of this and similar
results are based on the fact that the ideal in question is nonatomic, in the sense
of the definition given in the next section. The aim of this note is to use stable
Kneser hypergraphs to provide an example of an ideal which has (PSP), as well as
a stronger Nikodym property, but is not nonatomic. This solves in the affirmative
Problem 8.1 from [4].

2. IDEALS IN N

Let us recall that an ideal in N is a family Z of subsets of N such that if A, B €7
and C' C A, then also AUB € Z and C € Z. We call an ideal Z in N nonatomic
if there exists a sequence (P,,) of finite partitions of N such that each P, is refined
by Pn+1, and whenever (A,,) is a decreasing sequence with A, € P, for each n,
and a set Z C N is such that Z \ A, is finite for each n, then Z € Z. Observe also
that the ideal Z of sets of density zero is nonatomic (it is enough to consider the
sequence of partitions (B,,) such that B, consists of congruence classes modulo 2").
Thus, Auerbach’s result follows immediately from the following statement.

Theorem 2.1. Every nonatomic ideal T in N has (PSP).

Proof. Let (P,) be a sequence of finite partitions of N which validates that Z is
nonatomic, and let >, ; be a divergent sequence of positive numbers. Since
each P, 41 is a refinement of P,,, one can easily find a decreasing sequence of sets
(An) such that A, € P, and } ;.4 x; = oo for n =1,2,... . Now, proceeding by
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induction, for every n choose a finite set B,, C A,, so that max B,,_; < min B,, and
Yiep, Ti > 1, and set Z = (J;_; By Then, the set Z\ A,, C U;;ll B; is finite for
each n, so Z € 7, but clearly » ;. , x; = oo. ([l

In this note we shall be mainly interested in ideals defined by families of finite
subsets of N in the following way. Let F' = (F,,) be a family of distinct finite subsets
of N and let

Z(F) = {A eN: limsup|A|2,Fn| = O}.
It is easy to see that Z(F) is an ideal. In particular, if H = ([n]), where [n] =
{1,2,...,n}, then Z(H) is the ideal of sets of density zero.

We say that an ideal Z in N has the Nikodym property if a family 9t of bounded
finitely additive scalar measures u defined on Z is uniformly bounded provided
that sup,con [14(A)| < oo for every A € Z. The Nikodym property of ideals (as
well as algebras or rings) of sets is important in studying certain types of locally
convex spaces; for more information and further references, see, for instance, [4]
and [7]. It is easy to see that the Nikodym property implies (PSP). Indeed, for a
sequence (z;), x; > 0, consider a sequence (p,,) of scalar measures on Z defined as
tn(A) = ;e anp Ti- Clearly, for every A € T, we have sup,, pun(A) = 3¢ 4 Ti-
Thus, if Z has the Nikodym property and for every A € Z we have ), , x; < 00,
then >"7°, z; < oo, and so Z has (PSP). We also mention that, as was shown in [4,
Th. 5.4], for ideals of type Z(F') these two properties are equivalent.

Lemma 2.2. If F is a family of finite sets in N, then Z(F') has (PSP) if and only
if Z(F) has the Nikodym property. O

The main goal of this note is to use stable Kneser hypergraphs to supplement
Theorem 2.1 and Lemma 2.2 by the following result.

Theorem 2.3. There exists a family F of finite sets in N such that the ideal Z(F)
is not nonatomic but it has the Nikodym property.

3. STABLE KNESER HYPERGRAPHS

Let us start with some notation. We say that a set A C S is k-sparse in S C [n]
if for any two elements a’,a” € A, a’ < d”, thereis a j, 0 < j < k, and 2k — 2
elements s1, Sa,..., 82,2 € S\ A, such that

§1 <82 << §j<a <Sjp1 << Sjppo1 <a’ <sjqp <-or < Sap—2,

i.e., between any two elements of A there are at least kK — 1 elements of S in a
natural ‘cyclic order’. Given a set S C [n] the family of all k-sparse m-element
subsets of S we denote by M(k,m,.S).

Let us recall that a k-uniform hypergraph H is a pair (V, E), where V is the set
of vertices of H, and the set E of edges of H is a family of k-element subsets of V.
The stable Kneser hypergraph H(k,¢,m) is a k-uniform hypergraph defined in the
following way. Let & > 2, £, m, be natural numbers. Set n = km + £ and consider
the set of n ‘points’ {1,...,n}. The set V of vertices of H(k, ¢, m) is the family
M(k,m,[n]) of k-sparse m-element subsets of [n]. The vertices Ay,..., A € V
form an edge of H(k,¢,m) if Ay,..., Ay are pairwise disjoint.

The stable Kneser hypergraphs have the following, rather surprising, property.
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Lemma 3.1. For every choice of non-negative weights x : V. — [0,00) of vertices
of H(k,¢,m), and every integer v, where 1 < r < k, there exists a subset W of V
such that the following two conditions hold:

(i) each edge of H(k,f,m) shares with W at most r vertices;

(i)

Proof. For every point ¢ € [n] define the weight of i as
(i)=Y a(v).
veVivdi

Since each vertex contains m points, we have

z(i) =m Yy x(v).

1 veV

n
1=

Hence the average weight of a point i € [n] is
EODLURL SHt
n 4  km+ ’
i=1 veV

Let R denote a set of r consecutive points of [n] (in the cyclic order) of maximum
weight, and let W be the set of all vertices of H(k, ¢, m) which intersect R. Then,
clearly, each edge of H(k, ¢, m) contains at most |R| = r vertices from W. Moreover,
since r < k and the elements of R are consecutive, each vertex from W contains at
most one point from R. Hence

3 a(w) =Y 2 > 2(v). O

‘ “km+1{
weWw 1€ER veV

Let us recall that the chromatic number x(H) of a k-uniform hypergraph H is
the minimum number of sets into which one can partition the set of vertices of H
so that no edge of H is contained in any of the sets of the partition. It is easy to
find a partition which shows that x(H (k, ¢, m)) < (%], and it is strongly believed
that in this estimate the equality holds (see Ziegler [8]). Indeed, as proved in [1],
this is the chromatic number of the k-uniform hypergraph whose vertices are all m-
element subsets of [km + €], where Ay, As, ..., Ay form an edge if they are pairwise

disjoint.
Conjecture 3.2. For each k, £, and m,
{4+ k
(ke = [£14].
X(H(k 6m) = [

Although we cannot settle the above statement we prove the following fact,
which, in particular, implies that to check whether Conjecture 3.2 holds it is enough
to verify it for prime k’s.

Lemma 3.3. If Conjecture 3.2 holds for both ki and ks (and all values of £ and m),
then it holds also for k = kiks.
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Proof. Let k = k1ko, n = km+{, and t = % As we have already mentioned,
we only have to show that x(H (k,¢,m)) > [t]. To this end, let M = M(k,m, [n])
denote the vertex set of H(k,¢, m), and consider any coloring h : M — [[¢] — 1]
of M with [t] —1 colors. We need to show that if Conjecture 3.2 holds for both k;
and ko, then there exists a k-tuple of pairwise disjoint m-element sets Ay, Ao, ..., Ay
colored with the same color.

Let S C [n] be a ko-sparse subset of [n] with kym + ¢ elements, where ¢; =
([t] —2)(k1 —1). Observe that any m-element subset A C S which is kj-sparse in S
is k-sparse in [n], so it is colored by h with one of [¢] — 1 colors. Note also that

b+ Ky k1 —2
Gl = -l =
Consequently, since the coloring h uses only [t] — 1 colors and we have assumed
that Conjecture 3.2 holds for k1, S contains k; disjoint k;-sparse m-element subsets
colored with the same color. We denote this color by h(S).
Now let us consider the family M; = M (ka, kym+¥1,[n]) of all ke-sparse subsets
of [n] with kym + ¢; elements. By our previous construction there is a coloring

h: My — [[t] — 1] of My with [t] — 1 colors. Consider the ky-uniform stable
Kneser hypergraph H (ko, {2, kym + £1) which corresponds to this family, where

by =km+ 0 — kg(klm—l—ﬁl) ={— ([ﬂ — 2)(k1 — l)k‘g

Note that totk (hy — Dk
2 + K2 1— 1)ke
k2—1: 7/@_1 (I+t—1t]) >t,

so [(l2 + k2)/(ke — 1)] > [t]. Hence, since we have assumed that Conjecture 3.2

holds for ks, and h uses only [t] — 1 colors, there exist ko disjoint ko-sparse sets

S1, ..., Sk, which are colored with the same color by h. This however implies that

in the coloring h there are k = kiky disjoint k-sparse sets which are colored with

the same color by h. Hence x(H (k,¢,m) > [t] and the assertion follows. O

Corollary 3.4. Conjecture 3.2 holds for k = 2¢, for every i > 1.

Proof. This follows immediately from Lemma 3.3 and the fact that Conjecture 3.2
holds for k = 2 and every m and ¢, as proved by Schrijver [6] (see also Matousek [5]).
(]

4. PROOF OF THE MAIN RESULT

Proof of Theorem 2.3. Let us recall that our goal is to construct a family of finite
sets F' such that the ideal Z(F') is not nonatomic but has the Nikodym property.
For every k > 1 denote by Hj, the stable Kneser 2F-uniform hypergraph Hj =
H(2F 22k 23F) Note that by Corollary 3.4 the chromatic number of Hj, is larger
than 2. Let G = (G}) be a partition of N into finite sets G}, such that the number
of points of Gy is the same as the number of vertices in Hy. Embed in each Gy
the hypergraph Hj, (i.e., via a bijection replace Gy, by the set of vertices of Hy),
and define F' to be the collection of all edges of the hypergraphs Hj for k > 1. We
show that F' has both required properties.

Note first that Z(F') is not nonatomic. Indeed, let us partition N into ¢ parts,
Ni,...,Ny. Then, using Corollary 3.4, in each Hj, such that 2¥ > ¢ there is an edge
which is contained in one of the parts of the partition. Consequently, there is an 4,
1 <4 < ¢, such that N; contains infinitely many sets from F. Now, let (P,,) be a
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sequence of finite partitions of N such that each P, is refined by P, +1. By what
we have just observed, one can find a decreasing sequence (A,) and a sequence
(F,,) of pairwise distinct members of F' such that F,, C A,, € P,, for each n. Then,
clearly, the union Z of the F,,’s is not in Z(F') so that the condition required in
the definition of a nonatomic ideal is not satisfied. Thus Z(F') is not nonatomic.

Now let 221 x; be any divergent series of positive numbers. For each k, set
Yk = D ieq, Ti- Since Y,y = 00, there is a sequence (ax) of positive numbers
such that a;, — 0, 2Fa; > 1 for all k, and > ok aryr = 00. Select kg so that ap < 1/2
for k > ko. For such k, let 7, = [2¥a;], and note that r, < 2-2¥a;, < 2F. Hence
we may apply Lemma 3.1 with r = r; to find a set Wy, of vertices of Hj such that
each edge of Hj shares at most rj vertices with Wy, and yet

Tk2
Zx172k23k+22k szfak24k+22k D Fak ) v = 30y
€Wy 1€Gy i€Gy, i€Gy,

Finally, let W = Uk>k Wi. Then D, 2 > 5 Zk>k0 ayyr = 0o, while for every
set F' € F such that F C Gy, for some k > ko we have

WNF|  [WeNF|

= < — <2
7] B S
so W € Z(F). Consequently, Z(F') has (PSP) property and thus, by Lemma 2.2,
also the Nikodym property. O
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