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Nonlocal Josephson Electrodynamics

R.G. Mints

School of Physics and Astronomy, Raymond and Beverly Sackler Faculty of Exact
Sciences, Tel Aviv University, Tel Aviv 69978, Israel

We present a review of the main results of the recently developed nonlo-
cal Josephson electrodynamics. A nonlinear integro-differential equation for
the phase difference is derived and its applicability to different problems is
discussed. Fluzons and electromagnetic waves propagating along a tunnel
Junction are ezamined in detail. Features specific for the limiting case of a
Josephson junction in a very thin film are considered.

PACS numbers: 7/.50.+r.

1. INTRODUCTION

The electromagnetic properties of Josephson tunnel junctions are a sub-
ject of intensive studies over the past three decades.)»? In particular, sub-
stantial attention is attracted to the SIS-type Josephson contacts. In this
case the electromagnetic properties are described by the sine-Gordon equa-
tion for the space and time dependent phase difference ¢(z,t) across the
junction

Prr — 9¢¢ + Npr +sing =0, (1)
where the subscripts 7 and ¢ denote the derivatives over the dimensionless
time T = twy and coordinate { = z/Ay,

[ 2eg.
wi=\T5 (2)

is the Josephson plasma frequency, C' is the specific capacitance of the junc-
tion, j. is the critical current density across the Josephson junction,
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is the Josephson penetration length, ®g is the flux quantum, X is the London

penetration depth,
1

"= RC (4)
is the damping constant, R is the specific resistance of the junction, and
B = j/j. is the dimensionless density of the bias current across the junction.

When applied to the electrodynamics of a Josephson tunnel contact the
sine-Gordon equation (1) has its origin in a local relation between the phase
difference p(z,t) and the magnetic field inside the junction H(z,t), namely,

(I)() 899
This local relation is valid if @(z,t) varies slowly over the lengths typical
for spatial variations of H{z,f). The characteristic space scale for the field
H{z,t) is determined by the London penetration depth A for a tunnel contact
with the thickness d > A and by the Pearl length®
/\2
Aeff = — > A (6)
d
for a thin film (d < A). Introducing the characteristic space scale { for the
spatial variations of the phase difference ¢(z,t) we can, therefore, summarize
that the sine-Gordon equation (1) describes the electromagnetic properties
of a long Josephson junction if { > A (for d > A) and { > Agr {for d < A).

To illustrate the application of these relations let us consider the fol-
lowing two phenomena, namely, the Josephson fluxons and electromagnetic
waves propagating along a Josephson tunnel contact with d > A. We esti-
mate [ ~ Aj in the first case and | ~ k~!, where k is the wave number, in
the second case. Thus, the sine-Gordon (1) is applicable to treat a phase
kink if A; > X and an electromagnetic wave if kA < 1.

Usually the Josephson penetration depth A is assumed to be much
larger than the London penetration depth A because of the small value
of the critical current density across the tunnel junction. However, the
copper-oxide high-temperature superconductors contain coherent planar de-
fects such as twins, stacking faults, low-angle grain boundaries, etc.* These
structural defects do not cause strong crystalline lattice distortions and can
be treated as intrinsic Josephson junctions with high values of j. and there-
fore with small values of the Josephson penetration depth Aj. The extremely
anisotropic Bt and T! based copper oxide compounds consist of a periodic
stack of weakly coupled two-dimensional CuQ layers were the superconduc-
tivity resides. A variety of linear structural defects result from the crossing
of the superconducting layers with planar structural defects. These linear
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defects can be treated as intrinsic Josephson junctions with d < A and high
values of the critical current density j., ¢.e., as Josephson junctions with
small values of the Josephson penetration depth Ay and large values of the
effective penetration depth.

The intrinsic tunnel contacts specific for the high-temperature supercon-
ductors initiated a considerable interest to investigate the electromagnetic
properties of the SIS-type Josephson junctions where the space scale of vari-
ations of the phase difference is less than the space scale of variations of the
magnetic field.5-28 In this case the relation between H(z,t) and ¢(z,t) is an
integral relation, i.e., it is nonlocal. As a result the phase difference @(z, 1)
is described by an integro-differential equation,®” '8 which is the basis for
the nonlocal Josephson electrodynamics.

In particular, when applied to Josephson fluxons in a long tunnel con-
tact with d >> A this nonlocality means that A; < A. In terms of the critical
current density across the junction it takes the form j;/x < j. < j4, where
ja = c®o/12v/372X% is the depairing current density and k = A/€ is the
Ginzburg-Landau parameter.512 Note that for the extreme type-Il super-
conductors with k > 1 the relation Ay < A holds in a wide region of j..

In this paper we review the nonlocal Josephson electrodynamics of a
one-dimensional SIS-type tunnel junction. We derive the integro-differential
equation describing the phase difference for the cases d > A and d < A. We
apply this equation to treat two phenomena, namely, the Josephson fluxons
and the electromagnetic waves propagating along a tunnel contact.! It is
shown that nonlocality significantly changes the spatial distributions of the
magnetic field and current for a Josephson vortex as well as the dispersion
relations for an electromagnetic wave.

The paper is organized in the following way. In Sec. 2, we consider the
nonlocal Josephson electrodynamics of a one-dimensional SIS-type tunnel
junction. The integro-differential equation describing the phase difference
@(z,t) is derived for the two limiting cases d > A and d <« A. In Sec. 3, we
apply this equation to consider Josephson fluxons. In Sec. 4, the dispersion
relation is derived for an electromagnetic wave propagating along a tunnel
contact. In Sec. 5, we summarize the overall conclusions.

2. MAIN EQUATIONS

Let us treat a planar SIS-type Josephson junction parallel to the zz-
plane and assume that A > £. In this case the magnetic field B,(z,y,¢)
and current density j(z,y) inside the superconductor are described by the

' The nonlocality effect on pinning of Abrikosov and Josephson vortices by a high-j. planar
defect and a network of such defects is discussed in detail in Refs.® 121728
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London equations taking the form

MAB-B =0, (7)
. c by
i= - (A= 52v9), (8)

where A is the vector potential and # is the phase of the order parameter.
The magnetic field H(z,t) inside the Josephson junction is determined by
the boundary conditions B,(z,%0,t) = H(z,t) and the phase difference
w(z,t) is defined as p(z,t) = §(z,+0,¢) — 8(z, —0,¢).

Let us first derive the equation for p(z,t) in the case of a thick tunnel
contact, i.e., for d > A. We begin this derivation with the relations

. . _ C‘Do dgo

]I(zv+0) - ]I((L‘, —'0) - ]72)\2 %7 (9)
. . ¢ {OB aB

st -ite-0 = S-S

which follow from Eq. (8) and the Maxwell equation rotB = (47 /c) j. Taking

into account that B(z,y) = B(z,—~y) and combining Eqgs. (9) and (10) we

find the boundary conditions for the magnetic field B(z,y) in the form
. L

Ay ly=+0 Oy ly=-0" 4rA2 9z’

(11)

The solution of Eq. (7) matching the equations (11) results in the fol-
lowing expressions for the magnetic field H(z,t) and current density across
the Josephson junction j,(z,t) = j,(z, £0,¢)

?, o flz—ul\ d¢ )
Ht) = =% /.001(0<| . |> 52 du, (12)

: c®o © flz—ul\ &
Bt = /_OOI(O( ; )Wdu, (13)

where Ko(x) is the zero order modified Bessel function. At the same time
the current j,(z,t} is a sum of the tunnel current j.sin ¢, the displacement
current AhC'G/2e = j.@,., and the resistive current hp/2eR = j.np,, i.e.,

jy(xvt) = JeSINQ + Joprr + JeN@r- (14)

We equate now the two expressions (13) and (14) for the current density
Jy(z,t). This results in the equation®7

{ ol —ul\ 9? .
<Prr+ngoT=;J/—ooK0<l 3 I)a—:;-du—ﬂngo%—,@, (15)
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where [ accounts for the bias current j = 7.4 and
/\—2‘]_ _ C(Do
A 16m2A%;,

The integro-differential equation (15) determines the nonlocal Joseph-
son electrodynamics of a tunnel contact with the thickness d > A. It is valid
for any relation between ! and A. Note that if the phase difference ¢(z,t)
varies slowly on the length scale of the order of A, i.e., if I > A, then the
function Ko(z) can be replaced by mé{z). As a result the integro-differential
equation (15) transforms to the sine-Gordon equation (1) and the integral
relation {12) transforms to the loeal relation {5).

Let us now consider the equation for (z,t) for a tunnel contact in a
thin filin with d < A. In this case the stray field outside the superconductor
is important and significantly affects the current density across the junction
Jy(x,t). As a result the space scale for the field H(z,t) is determined by

the Pearl length A.g and the equation determining the nonlocal Josephson
18

ly= (16)

electrodynamics for a thin film takes the form

I, [ _ o\ 82
pret o= | Qo(" “') 89 gu—sinp+p, (1)

T Jeoo ou

where Jo(v)
. — m_——"01} 1.
Qo(x)_/o 2, (18)

and Jg(z) is the zero-order Bessel function.

[n the limiting case when the characteristic space scale of the phase
difference p(z,t) variation is extremely small, i.e., for [ < X (d > A) and
[ € Aegr (d € A), the kernels of Eqs. (15) and (17) can be replaced by their
expansions at small argument,

Ko(z) ~ Qolz) = In(2/x) - C, (19)

where C & 0.577 is the Euler constant. As a result both equations (15) and
(17) take the same form®1®

Iy T 9y du .
orrt e =2 | 2 —sing + 8. (20)
i Juu—z

To complete we present here the expression for the energy & of an ideal

tunnel contact (7 = 0) per unit area
RjcAy [ .
B [* [t 21 - cosp) + 22 7 K= Ohpeperdc] dc', (21)

where the subscript ¢ denotes the derivative over the coordinate { = z/A;,
K{(¢) = Ko(AJIC|/A) for d > A, and K(C) = Qo(AJ|C|/2Aer) for d < A.

£ =
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3. JOSEPHSON VORTICES

Let us first assume that there is no bias current (8 = 0) and consider a
stationary Josephson fluxon, i.e., a phase kink described by a phase differ-
ence distribution ¢(z) matching the boundary conditions ¢(—oc0) = 0 and
w(o0) = 27. Explicit solutions describing a single stationary Josephson vor-
tex are known in two limiting cases, namely, in the local (! 3> A) and the
nonlocal ({ € X for d > X and [ < Aeg for d < A) limits.

In the local case the stationary dependence ¢(z) for a phase kink is
given by the well-known solution of the sine-Gordon equation!

w(z) = 4 arctan [exp (/\ij-)] (22)

Note that the asymptotic dependence of the phase difference (22) on z at
|z| = + oo is exponential and therefore the current density and magnetic
field in the region z > A; also decay exponentially.!

In the nonlocal case the stationary dependence ¢(xz) for a phase kink is
given by a stationary solution of Eq. (20), which has the form®#

plz) =2 arctan(%—) + . (23)
J

Note that contrary to the local case the dependence (23) decays as a power
law (x 1/|z]) at |z] = £ oo. Using Eq. (23) we find the following explicit
expressions for jz(z,£0)}, j,(z), and H(z) at = <!

215 Cq>0 lJ

(o 0) = iy E = Et g o (24
. . 21‘1_] Cq)() T
pred = G 2r
]y(z) Je .’E2 + l:z] 871'/\2 1‘2 + lj ( ‘))
dy 42
= 2 {in——— -2C|, 26
H{z) 47r/\2[nx2+55 } (26)

where C = 0.577 is the Euler constant. [t follows from Egs. (24) - (26) that
in the nonlocal case the current density and magnetic field of a Josephson
vortex decay as power laws in the region [; € z <« [. Note that the same
asymptotic dependencies are characterizing Abrikosov vortices?” with the
only difference that {; — £ and [ — X, where £ is the coherence length.

In the presence of a bias current (3 # 0) a Josephson vortex is moving
along the tunnel contact. This motion results in an electric field E « ¢
localized inside the Josephson junction and therefore in an increase of the
energy described by the first term in Eq. (21). Let us consider a tunnel
contact with a high specific resistance R resulting in a low damping (n < 1).
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In this case for small velocities v of a Josephson fluxon (v < [ w;) the phase
difference distribution is given by Eq. (23) with the substitution r — z — vt.
The energy of the electric field inside the Josephson junction is then

hje = VICHE [ Oy 2 TCh2v?
Ea = dr = -—) doe = ——, 27
"7 e /_OOSDT T Tge /_oo(ax) "= Taer, (27

i.e., £ o< v? and in the nonlocal case as well as in the local case a Josephson
vortex is characterized by the mass per unit length m, where
Th*C
= ——. 28
m 2e%(; (28)
Let us now find the mobility per unit length p of a Josephson fluxon.
To do it we calculate the total dissipation rate @
.1 hwgy? [, v? h\2 [ 0py\2 Piv?
@= R ( 2e ) / praz R (26) / (Bz) ’ 2ncl R (29)

-~ 00 —_00
and equate it to v?/u. As a result we obtain the following expression for u

2Pl R RC

o3 T om (30)

In the local case the expressions for m and p have the same form as the
expressions given by Eqgs. (28) and (30) with [, replaced by 4\, /7 ~ A;.!
Thus in the nonlocal case a Josephson vortex has a bigger mass and a lower
mobility as compared to the local case.

We consider now a tunnel contact in the overdamped regime (7 > 1).
In this case the first term in the left part of Eq. (20) can be neglected. The
reduced integro-differential equation

Iy T du 8 .

n<pr—?/ u_ma—udu—51ncp+,@. (31)
—0oQ

has an exact solution for a phase kink matching the boundary conditions

@(—00,t) = arcsin B and ¢(00,t) = arcsin 8 + 27. This solution describes a

moving (8 # 0) Josephson vortex and has the form?!?

T — vt
)

w(z,t) = arcsin § + 7 + 2 arcta.n( T

where ;
L= —Z (33)

V1-=p52
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U= ___?B_Q_ (34)

Yoyl
and vg = lywy/n = Rc?/8wA2. The length scale L and the velocity v increase
with 8 and diverge when j — j. (8 — 1). Therefore for the nonlocal case
and 7 > 1 the Josephson vortex expands with the increase of v contrary to
its contraction for the local case and 7 <« 1. Note that at 8 — 1, i.e., at
J — j. the solution (32) should be modified as it is valid only for L < .12

It is interesting to note that Eq. {20) with 7 = 0 has a solution ¢(z —vt)
describing a 4m-phase-kink {p(+00) — p(—00) = 47) moving with a constant
velocity v = wyly and carrying two flux quanta.' This solution has the form

T — vt)

plz —vt) =4 arctan( (35)

J

In the static case Eq. (20) describing the nonlocal Josephson electro-
dynamics is similar to the equation describing dislocations in the Peierls
potential. Using the results of the dislocation theory?® one can obtain new
classes of periodic solutions for vortex structures.!

4. ELECTROMAGNETIC WAVES

Let us now consider an electromagnetic wave propagating along a
Josephson junction. To do it we treat the phase distribution in the form of
a plain wave with a small amplitude, namely, ©{(z,t) = @, exp(—iwt + ikz)
with |p,| < 1. In the local case the dispersion relation w(k} is determined
by the sine-Gordon equation (1) and has the form

w=wysy/1 + k22, (36)

where k is the wave number. The well-known Swihart electromagnetic
wave?? corresponds to the limit kA; > | of Eq. (36). It has a linear dis-
persion relation w & wyA sk and propagates with the velocity ¢, = w Ay =
¢/V/8wAC, which is independent on the critical current density j..

In the framework of the nonlocal Josephson electrodynamics one has
Eqs. (15) and (17) to determine the dispersion relation for an electromagnetic
wave. In the case of a tunnel contact with d > A and zero dissipation we

have 18
[ k222 .
w=uwy 1+ m (37)

If kA >> 1, then the dispersion relation (37) takes the form w ~ wsv/1 + ki,
and in the region kl; > 1 we have w = c¢;\/k/A, i.e., in the nonlocal limit
the phase velocity of an electromagnetic wave propagating along a tunnel



Nonlocal Josephson Electrodynamics 191

contact vy, = w/k & ¢;/VkM tends to zero proportionally to k~!/2. In
particular, this decrease of vy, with the increase of k£ results in Josephson
vortex Cherenkov radiation.?C

In the case of a thin film with d < A the dispersion relation w(k} follows
from Eq. (17) and is given by!®

w = w1+ 2k Al Q(2kNer), (38)
where o
Q(z) = / Qo(u) explizu) du. (39)

The function Q(z) has the following explicit form

1 1++v1—x? .
N In T pei ifr <l
Quy=y"™ "7 T TVTT (40)
z? -~ 1 V2 — 1})
Using Egs. (38) and (40} we find, in particular, the dispersion relation
w(k) in the limiting cases kdeg <€ 1 and kA > 1

2
[1——arctan ifz > 1.
T

4k Aol s )
= 2 n(kAeg), if Kdeg < 15
w = wJ\/l m n( '“) ' H<< (41)

wivV1+kly, if kdeg > L.
[t follows from Eq. (41) that in the case of a thin film with d < A the phase

velocity of an electromagnetic wave propagating along a Josephson junction
tends to zero proportionally to k~/2 in the region kly > 1.

5. SUMMARY

To summarize we present the integro-differential equations (15) and
(17) determining the electromagnetic properties of an SIS-type tunnel con-
tact with the thickness d > A and d <« A. An arbitrary relation between
the typical scales of spatial variations of the magnetic field and the phase
difference is allowed for. We treat in detail the extremely nonlocal Josephson
electrodynamics described by Eq. (20) and focus on the Josephson fluxons
and the electromagnetic waves propagating along a tunnel contact. The
known exact solutions for single static (23) and moving (32) Josephson vor-
tices are presented. The mass and mobility per unit length are calculated
for these phase kinks. An exact solution (35) describing a traveling 4x-
kink is presented. We derive dispersion relations for electromagnetic waves
propagating along a Josephson junction.



192 R.G. Mints

ACKNOWLEDGMENTS

['am grateful to A. Gurevich and E.H. Brandt for very useful discussions.

Support from the German-Israeli Foundation for Research and Development,
Grant # 1-300-101.07/93 is acknowledged.

22.
23.
24.
25.
26.
27.

28.

29

REFERENCES

A. Barone and G. Paterno, Physics and Applications of the Josephson Effect,
Wiley, New York (1982).
K.K. Likharev, Dynamics of Josephson Junctions and Circuits, Gordon and
Breach Science Publishers, Philadelphia (1986).
J. Pearl, Appl. Phys. Lett. 5, 65 (1964).
D.C. Larbalestier, Phys. Today 44 (6), 74 (1991).
Yu.M. Ivanchenko and T.K. Soboleva, Phys. Lett. A 147, 65 (1990).
A. Gurevich, Phys. Rev. B 46, 3187 (1992).
Yu.M. Aliev, V.P. Silin, and S.A. Uryupin, Superconductivity 5, 230 (1992).
R.G. Mints and [.B. Snapiro, Physica A 200, 426 (1993).
Yu.M. Aliev, V.P. Silin, and S.A. Uryupin, JETP Lett. 57, 193 (1993).
. Yu.M. Aliev and V.P. Silin, Phys. Lett. A 177, 259 (1993).
. Yu.M. Aliev and V.P. Silin, JETP 77, 142 (1993).
. A. Gurevich, Phys. Rev. B 48, 12857 (1993).
. V.P. Silin, JETP Lett. 58, 702 (1993).
. R.G. Mints and 1.B. Snapiro, Phys. Rev. B 49, 6188 (1994).
. G.L. Alfimov and V.P. Silin, JETP 79, 369 (1994).
. V.P. Silin, JETP Lett. 60, 460 (1994).
. A. Gurevich and L.D. Cooley, Phys. Rev. B 50, 13563 (1994).
. R.G:. Mints and 1.B. Snapiro, Phys. Rev. B 51, 3054 (1995).
. A. Gurevich, Physica C 243, 191 (1995).
. R.G. Mints and 1.B. Snapiro, Phys. Rev. B 52, 9691 (1995).
. G.A. Alfimov and V.P. Silin, Phys. Lett. A 198, 105 (1995).
Yu.M. Aliev, K.N. Ovchinnikov, V.P. Silin, and S.A. Uryupin, JETP 80, 551
{1995).
G.L. Alfimov and A.F. Popkov, Phys. Rev. B 52, 4503 (1995).
G.L. Alfimov and V.P. Silin, ZhETF 108, 1668 (1995) (in Russian).
V.P. Silin and S.A. Uryupin, ZhETF 108, 2163 (1995) (in Russian).
E. Kadyrov, A. Gurevich, and D.C. Larbalestier, Appl. Phys. Lett. 68, 1567
{1996).
A.A. Abrikosov, Fundamentals of the Theory of Metals, North-Holland, Ams-
terdam (1988). v
A. Seeger, Teorie der Gitterfehlstellen, in: Handbuch der Physik, vol. 7, part 1,
Springer, Berlin (1955).
. J.C. Swihart, J. Appl. Phys. 32, 461 (1961).



