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Abstract

We consider learning decision trees in the boosting framework, where we assume
that the classifiers in each internal node come from a hypothesis class H; which
satisfies the weak learning assumption.

In this work we consider the class of stochastic linear classifiers for Hy, and
derive efficient algorithms for minimizing the Gini index for this class, although
the problem is non-convex. This implies an efficient decision tree learning algo-
rithm, which also has a theoretical guarantee under the weak stochastic hypothesis

assumption.
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Chapter 1

Introduction

Decision trees have been an influential paradigm from the early days of machine
learning. On the one hand, they offer a “humanly understandable” model, and on
the other hand, the ability to achieve high performance using a non-convex model.
Decision trees provide competitive accuracy to other methodologies, such as linear
classifiers or boosting algorithms. In particular, decision forests provide state of
the art performance in many tasks.

Most decision tree algorithms used in practice have a fairly similar structure.
They provide a top-down approach to building the decision tree, where each in-
ternal node is assigned a hypothesis from some hypothesis class H;. The most
notable class is that of decision stumps, namely, a threshold over a single attribute,
e.g., ¢; > 0. The decision tree algorithm decides which hypothesis to assign in
each internal tree node, to the most part they perform it by minimizing locally
a convex function called splitting criteria. Decision tree algorithms differ in the
splitting criteria they use, for example, the Gini index is used in CART [BFSO84]
and the binary entropy is used in ID3 [Qui86] and C4.5 [Qui93].

From a computational perspective, proper learning of decision tree is hard
[ABFT08]. However, assuming the weak learner hypothesis, as is done in boost-
ing, [KM99] show that decision tree algorithms do indeed boost the accuracy of the

basic hypotheses. Specifically, they show that for a variety of splitting indices, in-
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cluding Gini index and binary entropy, if one assumes the weak learner assumption,
the resulting decision tree will achieve boosting and guarantee strong-learning.
This work looks at the variation of extending the decision tree algorithms by
allowing a linear classifier at each node. Such decision trees are named obligue
decision trees, originally proposed in CART-LC and developed by [MKS94] and
[HKS93], and extended in a variety of directions [BB98, FAB08, RLSCH12, GMD13,
WRR™16]. However, a clear downside of oblique decision trees is that even mini-
mizing the splitting criteria in an single internal node becomes a non-convex prob-
lem, and the various algorithms resort to methods which converge to a local min-
ima. From a complexity point of view, oblique decision trees with three internal
nodes already encodes three-node neural networks, which is computationally hard

to learn [BR93].

Our Contributions: Our main goal is to perform an efficient computation for se-
lecting a hypothesis in each internal tree node, namely, being able to efficiently
minimize the splitting criteria. We are able to perform this task efficiently for the
related class of stochastic linear classifiers. A stochastic linear classifier has a
weight vector w and given an input z it branches right with probability (z " w +
1)/2, where we assume that = and w are unit vectors. We show how to efficiently
minimize the Gini index for stochastic linear classifiers. We use our efficient Gini
index minimization as part of an overall decision tree learning algorithm. We show,
similar to [KM99], that under the weak stochastic hypothesis assumption our algo-
rithm achieves boosting and strong-learning.

The stochastic linear classifier has a few advantages over other models:

1. Unlike decision trees with decision stumps, it can produce more general de-

cision boundaries which may depend on many attributes.

2. Unlike linear classifiers, it produces a hierarchal structure that allows to fit
non-separable data. (See Figure 1.1 for an illustration of how it fits a non-

separable input.)
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Figure 1.1: Example of decision tree with stochastic linear classifier for learning an XOR

like function.

3. Unlike oblique tree, it can efficiently minimize the splitting criteria for a

single node.

On the downside, since the model becomes more complicated it also becomes less
interpretable than either linear classifiers or decision trees which are based on de-

cision stumps.



Chapter 2

Related Work

Decision tree algorithms are one of the popular methods in machine learning. Most
decision tree learning algorithms have a natural top-down approach. Namely, start
with the entire sample, select a leaf and a hypothesis and replace the leaf by an
internal node that splits using this hypothesis. A main difference between different
decision tree algorithms is in the class of hypotheses H used and how they select
the splitting hypothesis, e.g., the splitting criteria used.

The two most popular decision trees algorithms are C4.5 by [Qui93] and CART
by [BFSO84]. Both use decision stump as hypotheses in internal nodes. (A deci-
sion stump compares an attribute to a threshold value, e.g., x; > 6.) The differ-
ence between the two algorithms is the specific splitting criteria G(z), where z
is the probability of positive examples within the node. CART uses the Gini in-
dex, i.e., G(x) = 4z(1 — x), while C4.5 uses the binary entropy, i.e., G(z) =
—zlogz — (1 — z)log (1 — x). One significant benefit of decision stumps is that
the size of the hypothesis class, given a sample of size m, is only dm, where d is
the number if attributes. Since for each attribute we have at most m distinct values
in a sample of size m.

The idea of using linear classifiers for H;, the hypotheses class of the internal
nodes , date back to CART-LC. A clear drawback is that the size of this hypothesis

class is no longer linear in the dimension, but infinite, and minimizing the splitting
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criteria is potentially a hard computational task. The original proposal of CART-LC
suggested to do a simple gradient decent, which deterministically reaches a local
minima. One of the successful implementation of oblique decision trees is OC1 by
[MKS94], which uses a combination of hill climbing and randomization to search
for a linear classifier of each internal node. Alternative approaches use simulated
annealing by [HKS93] or evolutionary algorithms by [CKO03], to generate a linear
classifier in each internal node. The work of [BB98] build a three internal-nodes
decision tree using a non-convex optimization which also maximizes the margins
of the linear classifiers in the three nodes. The work of [WRR ' 16] uses the eigen-
vector basis to transform the data, and uses decision stumps in the transformed
basis (which are linear classifiers in the original basis).

Even though decision tree algorithm are tremendously popular, due to their effi-
ciency and simplicity, they are challenging to analyze theoretically. [KM99] intro-
duced a framework to analyze popular decision tree algorithms based on the Weak
Hypothesis Assumption of [Sch90]. The Weak Hypothesis Assumption states, that
for any distribution, one can find a hypothesis in the class that achieves better than
random guessing. The main result of their work shows that decision trees can be
used to transform weak learners to strong ones. Qualitatively, assuming the weak
learners always have bias at least ~y, decision trees provably achieve an error of
e with size of (1/6)0((76)72), for the Gini index, and (1/6)0((7)721(% (™), for
the binary entropy. They also introduce an new splitting criteria which guarantees
a bound (1/ 6)0((7)_2) which is polynomial in 1/e. We extend the framework of
[KM99] to encompass stochastic linear classifiers, which we use as our hypothesis

class for internal decision tree nodes.



Chapter 3

Model

Let X C R be the domain and Y = {0, 1} be the labels. There is an unknown
distribution D over X XY and samples are drawn i.i.d. from D. Given a hypothesis
class H the error of h € H is €(h) = Pr[h(z) # y] where the distribution is both
over the selection of (x,y) ~ D and any randomization of h.

Given two hypothesis classes H; and H; mapping X to {0,1} we define
a class of decision tree 7 (Hj, Hy) as follows. A decision tree classifier T €
T (Hp, Hy) is tree structure such that each internal node v contains a splitting
function h, € Hj and each leaf u contains a labeling function h,, € Hy. In order
to classify an input z € X using the decision tree 7', we start at the root r and
evaluate h,(x). Given that h,(z) = b € {0,1} we continue recursively with the
subtree rooted at the child node v,. When we reach a leaf [ we output h;(z) as the
prediction T'(x). In case that H; includes randomized hypotheses we take the ex-
pectation over their outcomes. We denote by €(7") the error of the tree, and the set
of leaves in the tree as Leaves(T"). We denote the event that input © € X reaches
node v € T with the predicate Reach(z,v,T), and when clear from the context

we will use Reach(x,v).

Splitting criterion Intuitively, the splitting criterion G, is a function that mea-

sures how “pure” and large a node is. This function is used to rank various possible

10
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splits of a leaf v using a hypothesis from H;. Formally G is a permissible splitting

criterion: if G : [0, 1] — [0, 1] and has the following three properties:
1. G is symmetric about 0.5. Thus, Vz € [0,1] : G(z) = G(1 — x).
2. Gis normalized: G(0.5) = 1 and G(0) = G(1) = 0.
3. G'is strictly concave.

Three well known such functions are:
1. Gini index: G(q) = 4¢(1 — q)
2. The binary Entropy: G(q) = —qlog (¢) — (1 — ¢)log (1 — q)

3. sqrt criterion: G(q) = 2+/¢(1 — q).

One can verify that any permissible splitting criteria G has the property that G(z) >
2min{x, 1 — z} and therefore upper bounds twice the classification error (see ap-

pendix H).



Chapter 4

Decision Tree Learning

Algorithms

The most common decision tree learning algorithms have a top-down approach,
which continuously split leaves in a greedy manner. The algorithms work in iter-
ations, where in each iteration one leaf is split into two leaves using a hypothesis
from H;. The decision which leaf to split and which hypothesis from H7 to use to
split it is governed by the splitting criteria G.

Let us start with a few definitions which will help clarify the role of the splitting
criteria GG. For simplicity we will describe it using the distribution over examples,
and later we will explain how it works on a sample. Fix a given decision tree 7.
We define the probability of reaching node v € T as:

weight(v) = " 1;)1" 5 (Reach(x,v))

and its purity as:

purity(v) = Pr (y = 1|Reach(z,l))
(z,y)~D

which is the probability of a positive label conditioned on reaching node v.

The score of the splitting criterion G' with respect to a decision tree 7" is defined

12
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as follows,

G(T)= Y  weight(l)- G(purity(l)). 4.1
l€ Leaves(T)

This is essentially the expected value of G(purity(l)) when we sample a leaf
[ using the probability distribution D over the tree 7'. Recall that (G is an upper
bound on the error, and therefore G(7') is an upper bound on the error using 7.
This explains the motivation of minimizing G(T').

The decision tree algorithms iteratively split leaves, with the goal of minimiz-
ing the score of the tree. Let Split(T, 1, h) be the operation that splits leaf [ using
hypothesis h. The inputs of Split(T,l,h) are: T a tree, | € Leaves(T') a leaf
and a hypothesis h € H;. The output of Split(T, 1, h) is a tree T" where leaf [ is
replaced by an inner node v which has a hypothesis h and two children vg and vy,
where vy and v are leaves. When using the resulting tree, and input x that reaches
v then h(z) = b implies that x continues to node v,. Notice that the split is local,
it influences only inputs that reached leaf [ in 7T'.

The selection of which leaf and hypothesis to use is based on greedily mini-

mizing G(T'). Consider the change in G(T') following Split(T, 1, h)

Aup =G(T) — G(Split(T, 1, h)) 4.2)

=weight(l) - G(purity(l)) — Z (weight(vp) - G(purity(w)))
be{0,1}

where vy and v; are the leaves that result from split leaf . The algorithm would
need to find for each leaf [ the hypothesis h € Hy which maximizes A; j,. This can
be done by considering explicitly all the hypothesis in Hy, in the case where Hy
is small, or by calling some optimization oracle. For now, we will abstract away
this issue and assume that there is an oracle that given [ returns h € Hj which
maximizes A; j,, hence minimize G(T').

We now describe the iterative process of building the decision tree. Initially,

the tree T is comprised of just the root node . We split node r using the hypothesis
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h which maximizes A,  (thus minimizing G(7')). In iteration ¢, when we have a
current tree 73, we consider each leaf [ of 7; and compute the hypothesis h; € Hy
which maximizes A; ;, using the oracle. We select the leaf that can guarantee the
largest decrease, i.e., [; = maxarg, , Ay 5, and set Ty = Split(T, Iy, hy,).

When the decision algorithm terminates it assigns a hypothesis from Hy, to
each leaf. Many decision tree learning algorithms simply use a constant hypothesis
which is a label, i.e., {0, 1}. Our framework allows for a more elaborate hypothesis
at each leaf, we only assume that the error of the hypothesis at leaf [ is at most

min{z, 1 — 2} where z = purity(l).

Using a sample: Clearly the decision tree algorithms do not have access to the
true distribution D but only to a sample S. Let S be a sample of examples sampled
from D (S is a multiset) and let Dg be the empirical distribution induced by S.

We simply redefine the previous quantities using the empirical distribution Dg.

Specifically,
: h — TRUE
weight(v) = Pr  (Reach(w,o)) = L&) € 5 Reach(w,v) = TRUE}|
(z,y)~Ds 15|

purity(v) =

{(z,y) € S : Reach(z,v) = TRUE,y = 1}|

P = 1|Reach(z,1)) =

($,y)r£DS (v | Reach(z, 1)) {(z,y) € S : Reach(x,v) = TRUE}|

As a result of this change the expressions for G(T') and A; 5, in equations (4.1) and
(4.2) are maintained. This allows the use of the Top-Down approach as specified

without any further modifications.

Stochastic Hypothesis: We would like to extend the setting to allow for stochas-
tic hypothesis. A major difference between the stochastic and deterministic case is
that in the deterministic case the tree partitions the inputs (according to the leaves)
while in the stochastic case we have only a modified distribution over the input
induced by the leaves. This implies that now, given a tree T, each input x is asso-

ciated with a distribution over the leaves of 7T'. This requires modifications to the
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basic decision tree learning algorithm, most notably maintaining the distribution
over the leaves, per input . The probability of reaching a node v, whose a path in
the tree is ((h1,b1)...(hk, bg)) where h; € Hy and b; € {0, 1}, is

( P)r 5 (Reach(x,v)) =Pr (Vi € [1,k] : hi(z) = b;)
ZT,y)~

k
=[IPr (hi(z) = bilhj(x) = bj, 5 < i)
i=1

For this reason the modified decision tree learning algorithm keeps for each
input x a distribution over the current leaves of 1" (In contrast, in the deterministic
case, each input = has a unique leaf). When evaluating the reduction in the split-
ting criteria G, at a leaf v, we compute the distribution over the sample, which is
associated with the current node v (in contrast, in the deterministic case, each node
v is associated with a subset of the inputs).

A detailed description of the top-down decision tree learning algorithm DTL

for a stochastic hypotheses class is provided in Appendix A.



Chapter 5

Weak Learning and Stochastic

Decision Tree Algorithms

In this section we extend the results about the boosting ability of deterministic
decision trees to include stochastic classifiers in the internal nodes. Since we have
stochastic hypothesis we need that the weak learner assumption would hold for the
expected error. Next, we slightly modify the existing analysis and show that the
same boosting bounds that hold in the deterministic case hold also in the stochastic

case. We start by defining the weak learning assumption.

Assumption 5.0.1 (Weak Stochastic Hypothesis Assumption). Let f be any boolean
function over the input space X. Let H be a class of stochastic boolean functions
over X. Let v € (0,0.5]. We say H v-satisfies the Weak Stochastic Hypothesis
Assumption with respect to f if for every distribution D over X, there exists an

hypothesis h € H such that:

Pr (f(z) # h(x)) <0.5 -1

where the probability is both over the distribution D, and the randomness of h.

Similar to [KM99], we show the following theorem,

16
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Theorem 5.0.1. Let H be any class of stochastic boolean functions over input
space X. Let v € (0,0.5], and let f be any target function such that H ~-satisfies
the Weak Stochastic Hypothesis Assumption with respect to f. Let D be any target
distribution, and let 7" be the tree generated by DT'L(D, f, G,t) with ¢ iterations.

Then for any target error ¢, the error €(7") is less than e provided that:

1\ &/ (e log (1/€)) '
t> (6) if G(q) = 4¢(1 —q)
1\ clog (1/e)/7* .
t > <€> if G(q) = H(q)
1 C/W ]
t > <6> if G(q) = 2v/q(1 — q)

The above theorem establishes a tradeoff between the desired error €, the bias
parameter vy of the Weak Stochastic Hypothesis Assumption, the splitting criteria

G and the decision tree size ¢. The proof is provided in Appendix B.
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Stochastic Linear Classifier

In this section, we describe the stochastic linear classifier which we use for the
hypothesis class Hy, which are the hypotheses used in the internal nodes of the tree.
We will also derive some basic properties which will be useful for our derivations.
Let S = {(x;,v:)} be a sample of size N drawn from D. Let D, be a dis-
tribution over S, i.e., Dy(z;) > 0 and SN | D,(z;) = 1. (We will have various
distributions over the sample .S, when we consider different nodes of the tree.) We
assume that the inputs x; are normalized to norm 1, i.e., ||z;||2 = 1. We denote the
weight of the positive examples according to D,, by p, i.e., p = Zf\il Yi Dy (z5).
For the Stochastic Linear Classifier we will have a weight vector w, which we
assume is also normalized to norm at most 1, i.e., ||w|2 < 1. Our classification

would induce a probability

. 1
Prly = 1|z, w] = w-ztl
2
Note that since ||w|| < 1 and [|z|| = 1 then |w - x| < 1 and therefore

0 < Prly = 1|z,w] < 1.
We like to define two measures that w induces. The first is P, the weight of
samples classified as positive by w. Formally,
N

w-x; +1
Py = Dy(wi)—5— (6.1)
i=1

18
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Note that 0 < P, < 1, since 21111 Dy(x;) =1and 0 < %ZH <1.
We define by ()., the weight of positive labels in the samples classified by w

as positive. Formally,

N
w-x; + 1
w — Dvi 7. 6.2
Q ; ()= (6.2)

Clearly 0 < @, since all the terms are non-negative. We can upper bound Q),, by

P,, since y; < 1:

N
1 1
Qw—ZD xlw”«"ﬁ Z Mlzpw
i=1 i=1
and we can bound @), by p since %’H <1
N N N
w-x;+1 w-x; +1
Qu = ZDU($i)+yi = > Dy(z;)—5— < | Y Dy(wi)=p
=1 i=1]y;=1 i=1|y;=

Finally, we can also lower bound @,, by P,, — (1 — p) since:

N N
w-x; +1
Py —Qu = ZDU(%)#U —yi) <Y Dy(xi)(1—yi) =1—p
i=1 =1
Therefore,
max{0, Py, — 1+ p} < Qu < min{P,, p} . (6.3)

Some intuition about the above bounds: since (), is a subset of positive labeled
samples it is bounded by p, and since it is a subset of the samples the classifier
classifies as positive, it is bounded by P,,. Also, clearly it is lower bounded by 0
and also lower bounded by the fraction of positives samples minus the fraction of
the negative predictions of the classifier, i.e., 1 — P,,.

We can also write P, and (), in vector notation, which sometimes would be
more convenient. For this purpose we denote the distribution D,, € R as a vector
over the sample inputs, X € R™*? the examples matrix and y € {0,1} the

labels of the examples. Using this notation we have:

1 1
P, = §DJ Xw + 3 (6.4)
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1
Qu=5(Dyoy) Xw+

p
- 6.5
5 (6.5)
where the © signal is element-by-element multiplication.

The values of P,, and @), play an important role in evaluating candidate clas-

sifiers w by plugging them into the splitting criteria, as explained in more details

in the next section.

Remark. One may wonder what will be the stochastic effect on the linear clas-
sifier behavior. Note that if w is a deterministic linear classifier with margin -,
then it implies that when we use w as a stochastic linear classifier we “err” with
probability (1 — 7)/2. We can amplify the success probability by having a tree
of depth O(y~2?log e ') and reducing the error probability to e. For more details

please refer to appendix G.
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Approximately minimizing the

Gini Index efficiently

In the previous section we presented the stochastic linear classifiers, which we will
use to split internal nodes in the tree, i.e., the class Hy is the set of all stochastic
linear classifiers with norm at most 1. We would like to use the generic top-down
decision tree learning approach in order to greedily minimize the value of the split-
ting criteria, and thus minimizing indirectly the prediction error.

In this section we will discuss how we select a hypothesis from H to minimize
the value splitting criteria. Recall that we like to maximize A; ,, for a given leaf [
over all stochastic linear classifiers w. Given a leaf [, the distribution D; over the
samples that reach it, and the probability of the positive examples in D is p, we

would like to find a w that maximizes the drop in the splitting criteria, namely

arg max A
w

= argmax weight (1) (G(p) - <Pw G (%) +1-h)G (q :?DZ»)

:argmui}n <Pw-G <%UU> +(1-Py)G <q:§23:}>>

We notice that the splitting criteria value is comprised of two parts: the first,

G(p) is the current purity measure and it has the same value for every w, and

21
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therefore does not influences the optimization (therefore it is dropped in the last
line). The second part, is the purity induced by the split w, which we like to
minimize.

In this work we will focus on the case Gini Index, G1, as the splitting criteria.
Recall that GI(z) = 4x(1 — z), where x is the probability of positive example.
We denote by WG 1, Weighted Gini Index, the value of the Gini index after a split
using w, namely WGI,, = WGI(P,, Q.,) where

_ Qn  (p—Qu)?
_4(”1%1—30) (7.1)

Note that for P,, = 0 or P,, = 1, all the examples reach the same leaf, and therefore
there is no change in the Gini index, i.e., WGI (0, Qy) = WGI(1,Qy) = GI(p).
The function WG (p, q) is concave! (rather than convex). However, note that
both inputs are a function of the weight vector w, we show in Appendix F that WGI
is not convex in w. This implies that one cannot simply plug-in the Gini index and
minimize over the weights w.
Our first step is to characterize the the structure of the optimal weight vector

w.

Theorem 7.0.1. For any distribution D; let @ = D] X, b = (D, ®y)" X and
w] = arg mingy|y|<1y WGI(Py, Quw). There exist constants o and 3 such that

for w = ad@ + (b, we have ||jw| < |wf[| and both Py = Py and Quy = Qu.

Proof. Let Pw; = p and sz« = q. Let w’ be the solution for the following

optimization problem:

arg min HwH%
Pw =p
Quw=2q

a2 2 _ 2
et = 8 (i + =) <o



Chapter. 7: Approximately minimizing the Gini Index efficiently 23

Clearly, [|w'|| < |lw/|l, P = p,Quw = q and therefore w’ is also an optimal
feasible solution. Lemma D.1.1 in Appendix D.1 shows that the solution for this
optimization problem is:
W = 2a—p)@ -f;) — (2 - 1)!\5!!2(%r (2p—1)(@-b) - (2¢ = p)llall;
@l [[b]l* — (@ - b)? lall*[[b]l* — (@ - b)?
which completes the proof. O

Note that @ = D, X is the weighted average of the data (average over each
feature) and b= (Dy ® y)T X the weighted average of the positive examples (av-
erage over each feature). The above characterization suggests that we can search of
an approximate optimal solution by using only linear combinations of @ and b. Our
main goal is to find a weight vector w such that WG1,, — WG,y < e. Atahigh
level we perform the search over the possible values of P, and (Q,,. Our various
algorithms perform the search in different ways, and get different (incomparable)

running times. We start with defining the approximation criteria.

Definition 7.0.1. Let S be a sample, D; be a distribution over S, and € be an
approximation parameter. An algorithm guarantees an e-approximation for WG1
using a stochastic linear classifier w, such that ||w||2 < 1, f WGL,—WGL, < ¢,

where w* = arg min,.(|w|<1} WGly.
The following theorem summarizes the running time of our various algorithms.

Theorem 7.0.2. Let S be a sample, D, be a distribution over S, and € be an

approximation parameter. Let @ = D] X and b = (D, ®y) ' X. Then:

1. For the case where @ and b are linearly independent, algorithms FixedPQ
and FixedPSearchQ guarantee an e-approximation for W G1 using a stochas-
tic linear classifier. Algorithm FixedPQ runsintime O(Nd)+O (e %log (¢ 1)),

and algorithm FixedPSearchQ runs in time O(Nd) + O (g)

2. For the case where @ and b are linearly dependent, i.e., b = \d, algorithm
DependentWGI runs in time O(Nd), and achieves the optimal result for

WGI using a stochastic linear classifier.
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The rest of this section is organized as follows. In section 7.1 we will give an
overview common to the two algorithms for the linearly independent case, while
sections 7.2 and 7.3, discuss each algorithm (full details can be found in Appen-
dices E.1 and E.2). The differences in the running times between the two algo-
rithms depend on the relation between d and €. Section 7.4 provides an outline of
algorithm DependentWGI, for the the linearly dependent case, i.e., b=\a (full

details in Appendix E.3).

7.1 Algorithms for the linearly independent case: overview

The two algorithms we present, combine a search over the domain of WGI, where
we discritize it. The domain includes pairs (p, ), where p = P, and ¢ = Q.
As we showed before, the domain includes only the subset {(p,¢)|0 < p <
I,max (0,p+p—1) < ¢ < min(p,p)}). We note that the class of stochastic
linear classifier also limits the domain, as noted in Appendix D.4, and we consider
the intersection of these two domains. Each of our algorithms partitions the do-
main into cells such that each cell is represented by a finite (constant) number of
candidate points. We will need to verify that the candidate points can indeed be
generated by a feasible w (i.e., ||w||2 < 1). The algorithm returns the best results
found, i.e., with the lowest WGI. We note that these algorithms return a weight
vector of the form w = «ad + 65, which is similar to the characterization of the
optimal weight vector, given in Theorem 7.0.1.

The two algorithms differ in the way they define the cells and the way they
extract candidate points from these cells. However, both use the following theorem

(proved in Appendix C):

Theorem 7.1.1. Given data distribution DD; which has a positive label probability
of p and a parameter ¢ € (0, 1) it is possible to partition the domain of WGI:

{(p,9)|0 <p<1,max(0,p+p—1) < g <min(p,p)} into O (6*2) cells, such
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1—p p 1—p p

Figure 7.1: Partition P, to slices Figure 7.2: Partition (P, Q) to

for p > 0.5 trapezoid cells for p > 0.5

that the if (p1,¢1) and (p2, ¢2) belong to the same cell:
IWGI(p1,q1) = WGI(p2,q2)| < €.

Using the cell partition, we are able to search for solutions in the domain of the
WGI function directly, and thus we derive an approximation of the optimal solution
w*. The different cell partitions are illustrated in Figures 7.2 and 7.1.

The main challenge is that the case of extreme values of p and their influence on
the value of WG (p, q). If we ignore the dependence between the p and ¢ then the
derivatives of WG (p, q) are unbounded when p = 0 or p &~ 1. We overcome this
issue by relating the value p = P,, and ¢ = @), through their common parameter
w, and the structure of the cells. This is what enables us to derive the approximation

bound.

7.2 Algorithm FixedPQ - Iterating over pairs of , and
Qu

Algorithm FixedPQ partitions the domain of WGI to trapezoid cells. Note that
the domain of WGI is a Parallelogram, and we partition it using a discritization of
the p values. We like the derivatives of W G to be monotone in each cell, which
leads us to partition the entire domain to four sub-domains. Figure 7.2 illustrates

the cells. (Details in Appendix C.)
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Algorithm FixedPQ iterates over pairs of (p, q) which are the vertices of the
trapezoid cells. For each such pair its WGI(p, q) is evaluated, and the candidate
(p, q) pairs are sorted from the lowest WGI(p, q) to the highest. The sorted list
is then scanned until a feasible stochastic linear classifier with those parameters is
found, i.e., a weight vector w such that |jw|| < 1 and p = P, and ¢ = Q..

Notice that computing the value of WGI and testing the feasibility of a pair
(p, q) does not require the computation of the classifier w and can be done in O(1)
time. This follows since w = ad + (b, and given the values of «, 3, ||@]|, [|b]|
and (@ - b) we can compute the norm of w directly from those values in O(1) time
without computing the weight vector w explicitly. Computing the weight vector w
requires O(d) time. In FixedPQ a weight vector w is computed only once - for
the first feasible candidate point (p, ¢) encountered in the scan.

The complexity Algorithm FixedPQ is O(Nd) + O (e %log (e71)), where
O(Nd) is for computing @ and b and the O (e 2log (e71)) is for sorting O(e2)

candidate points.

Candidate generation: A list of (p, ¢) pairs is created by first selecting O (e~ ')
evenly spaced points that cover the feasible interval for P,,. The feasible interval
is a subsection of [0, 1] that is determined by the data (see Appendix D.4). We also
force points at p = p and p = 1 — p if these coincide the feasible interval. This
ensures that the cells generated are contained within a single sub-domain (more in
Appendix C).

Next, for each discretized value of p we define O (6_1) evenly spaced val-
ues of ¢ in the following two intervals: from max (0, p + p — 1) to pp, and from
pp to min (p, p). Finally, the pairs are filtered to include only feasible values (as
described in Appendix D.4). This process produces O (6_2) pairs.

Appendix E.1 provides pseudo-code, a correctness proof and complexity analysis

for FixedPOQ.
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7.3 Algorithm FixedPSearchQ - Iterating over values

Py

Algorithm FixedPSearchQ iterates over values of p which are the endpoints
of mutually exclusive slices of trapezoid cells (more in Appendix C). A slice of
trapezoid cells, is the set of trapezoid cells which share the same p range (see
Figure 7.1). These endpoints are the candidates in this case, and for each candidate
at most two weight vector are computed. We filter the non-feasible points, and
return the classifier w for the point that achieves the lowest WGI.

Notice that since we do not have the ¢ values in the candidate stage we cannot
compute the value WGI before computing a weight vector w or sort according to
the WGI values as we did in FixedPQ. Instead we must compute a weight vector
w for each candidate and return the best weight vector w. However, since we are
only interested in the minimum WGI there is no need to sort. The complexity of

this algorithm is O(Nd) + O (4).

Candidate generation: The candidates are p values that are generated by se-
lecting O (e~') evenly spaced points that cover the feasible interval for P, as in
FixedPQ. The main difference is that we do not discretize the ¢ values, but main-
tain a complete slice of all feasible ¢ values for a given range of p values. (More in
Appendix C).

Appendix E.2 provides pseudo-code, a correctness proof and complexity analysis

for FixedPSearchO.

7.4 Algorithm DependentWGI - Dependent case

Algorithm DependentWGI describes the algorithm for the case where the con-
straints over P,, and (),, are dependent, i.e., b= \d. Appendix C.9, shows that the
optimal weight vector is w = iﬁ, both attaining equal values of WGI. In order

to compute this weight vector, we compute @ and normalize it in O(/Nd) time. We
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also compute the WGI value in O(1) time. The total time complexity is O(Nd).
Appendix E.3 provides pseudo-code, a correctness proof and complexity analysis

for DependentWGTI.

7.5 Summary

We distinguish between the case that @ and b are linearly independent and the
case when they are linearly dependent. Algorithm DependentWGTI finds the op-
timal solution for the case where @ and b are linearly dependent, while the remain-
ing two algorithms FixedPQ and FixedPSearchQ are for the linearly inde-
pendent case, each using a different search method. Algorithm FixedPQ iter-
ates over different possible values of (p, ¢) pairs and its complexity is: O(Nd) +
O(e2log (e71)). Algorithm FixedPSearchQ iterates only over a p candidates,
and for each computes the optimal ¢ value. The complexity of FixedPSearchQ
is: O(Nd) + O (%) The better running time depends on whether d is larger than
O(e tlog (¢71)) or not.

Finally, if we assume algorithms DependentWGI, FixedPQ and
FixedPSearchQ find a weak learner in H as described by the Weak Stochastic
Hypothesis Assumption 5.0.1 then we are able to boost the results using the DTL

algorithm using Theorem 5.0.1. Formally the following theorem holds:

Theorem 7.5.1. Let H be the feasible stochastic linear classifiers over input space
X. Lety € (0,0.5], and let f be any target function such that H; ~y-satisfies the
Weak Stochastic Hypothesis Assumption with respect to f. Let D be any target
distribution, and let T" be the tree generated by DT L(D, f,G,t) by using algo-
rithms DependentWGI, FixedPQ and FixedPSearchQ as the local oracles
for ¢ iterations. Then for any target error €, the error €(7") is less than e provided

that:

1 c/(v%€%log (1/€))
t> () if G(q) = 4q(1 —q)
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Empirical Evaluation

8.1 Validating Strong Learnability

In this section we test our classifier in learning scenarios to verify it captures the
target function well. We demonstrate this ability with targets with increasing dif-
ficulty as well as unbalanced classes. All experiments were carried in the setting
of a 2-dimensional space on random unit size vectors. The reported results are the
average of 10 repetitions of each experiment, and the number of internal nodes in

the tree is 15 unless otherwise noted.

Single Hyperplane: In the first experiment the concept class is a hyperplane
which intersects the origin and both classes have equal weight. As figure 8.1 shows
the algorithm constantly selects hyperplanes which are very close to the target func-
tion, and indeed as a result the accuracy of the trained model is around 0.99 which

shows that the target is captured well.

Single Hyperplane and Artificial Bias: Next, we investigate the behavior when
we add a bias term to the classifier. We model the bias term by adding a constant-
valued feature to each example. We note that since the decision boundary intersects

the origin there is no reason to add this bias term, however, we want to examine the
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Figure 8.1: Single Hyperplane Decisions
The decisions taken by the proposed classifier. The title explains the
position in the tree hierarchy (root is index 0). On the left the input
distribution s.t the circle size is relative to sample weight and the color

is based on the true label. On the right the decision of the internal node.
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case where the classifier and the target are mismatched (in practice when the target
function is unknown it may be beneficial to use a bias in different scenarios).

Now, the data contains an artificial constant that the classifier should theoreti-
cally ignore. A-priori, we know it is possible to cancel the effect of the bias: both @
and b will have their last coordinate to be the value of the bias, the decision in each
node of the tree - w is a linear combination of the form w = ad + 65. Therefore,
for the bias to be canceled out, the classifier needs to enforce o« — 3 = 0.

In practice, we indeed see a trend of the classifier to reduce the last coordinate
to 0. However as shown in table 8.1, we also see a drop in the confidence when the
bias is increased. This phenomena is explained if we consider the limitations we
imposed on the stochastic linear classifier:

When the bias (denoted as b) is zero, the data vector x is exactly norm one
ie 1 = > 2. Since the stochastic linear classifier is restricted to consider input
vectors of norm < 1, once a bias b > 0 is introduced, all the true data coordinates
(z;) are normalized by a factor 6, which is:

1
ViEaE

Denote x;, and wy, the data and the classifier if the data is modeled with bias b. Even

1:Z(Hb-$i)2+1)2—>9b:

if we assume that Vb : wg = wy (the algorithm completely ignores the bias) we
still need to consider how the classifier output changes because of this added bias.
Denote by ¢ = %‘)H (the result of the prediction without bias) thus wq - £g =
2¢ — 1, the new prediction for bias b > 0 is

wb-xb—i—l_wg-xb—i—l_ﬁb-wo-a:g—l—l
2 B 2 B 2

cp = =0p(c—0.5)+0.5

The first transition is because we assumed that wg = wy,.

The confidence is the distance ¢;, — 0.5 and therefore for b is 6,(c — 0.5) and
since 0, < 1 we have that ¢, is always smaller than the confidence for bias O (which
is ¢ — 0.5). In other words, even if we have the same stochastic linear classifier,
we lose a factor of 6 in confidence due to the restriction ||z|| < 1. We notice that

by weakening the restriction to ||w - z|| < 1 we could have avoided the reduction
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Table 8.1: Bias effects on confidence

bbias ¢ positive mean 6, normalization coefficient

0 0.8 1

1 0.71 0.707
1.5 0.67 0.555
2 0.63 0.447
3 0.6 0.316
5 0.55 0.196
10 0.51 0.099

in confidence however it is unclear what effect it would have on our solution since
the optimization solved in Appendix D.1 will no longer hold.

Table 8.1 shows the drop in prediction confidence in the first internal node as
the bias changes. We note that in our tests the weight in the predictor that matched
the bias was reduced to almost 0. The middle column shows that the prediction

confidence was indeed reduced according to the relation described above.

Single Hyperplane with Unbalalnced Labels In the next test, we show strong
learnability even for unbalanced classes. For this experiment we changed the ratio
between classes from 1:1 we had in the previous experiments to 2:1 ratio between
the classes. We observed that our classifier’s accuracy dropped to 0.94. In order to
understand this drop we considered the first split of the tree. We noticed that even
though the accuracy dropped, when considering the soft accuracy i.e the average
of |ly; — yi|| we see that both the “’basic” balanced case and the unbalanced case
both consistently reach to scores around 0.3. We expected the soft accuracy value
to be comparatively low compared to the accuracy since we now care about the
confidence of the classification and not the sign. We know that the stochastic lin-
ear classifier could potentially reach perfect confidence but it is rarely achieved in

practice. Therefore the drop in accuracy is attributed to the fact that our classifier
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tries to optimize the distances to the separating hyperplane and not the sign, but it

still preforms well in terms of accuracy (as it still scores accuracy of 0.94).

Multiple Hyperplanes - XOR In the next set of experiments the target function
is a XOR of the input hyperplanes (XOR is the product of the signs of w - = for
every w in the target function). We chose this type of targets, since our classifier is
an aggregation of linear decisions and should therefore capture this structure well.

In the first experiment we have two fixed hyperplanes. The reason the hyper-
planes are fixed is to make sure the classes are balanced. In the second experiment,
we again have two hyperplanes but now these are chosen randomly, which may
result in very unbalanced classes (for instance if the two hyperplanes lie very very
close to each other). In the last experiment we raise the number of hyperplanes to
three.

As expected, the accuracy goes down as the target becomes more complex: in
the first experiment the classifier has an accuracy of 0.94 while just changing to
unbalanced classes in the second experiment causes the accuracy to drop to 0.9.
The third experiment which has a more complex target achieves an initial accuracy
of 0.81. For the last experiment we also tested adding more internal splits, raising
the number of internal nodes from 15 (which we use as a default parameters) to
30 raises the accuracy to 0.9. Raising the number of nodes to 60 gives just 0.03
more to a total of 0.93. In general we see deceasing accuracy gains as we add more
nodes.

Finally, considering all the above experiments we can conclude that the pro-

posed classifier is able to capture these target concepts well (even non linear ones).

8.2 Comparison to other classifiers

This section discuss empirical evaluations of our classifier on synthetic data-sets we
created with the motivation of understanding the benefit of our decision tree using

stochastic linear classifiers, compared to decision tree with decision stumps, e.g.,
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CART, and a standard linear classifier, e.g., linear SVM. We selected the simulated
data, with the goal of highlighting the similarities and differences between the
classifiers. In the following, we described the results of two simulated data sets.

In the first experiment we demonstrate that unlike standard decision tree algo-
rithms, our method fits well a data-set which is labeled according a random linear
boundary with noise in a high dimension. Specifically, we select a random hy-
perplane w and each sample = are random unit vectors, where the the label is
y = sign(w - x) and dimension is d = 100. We add random classification noise,
i.e., flip the label with probability of §. We show the accuracy of our model com-
pared to both CART and linear SVM as a function of the noise rate 6 in Figure
8.2. Clearly, SVM is ideal for this task, and indeed it outperforms the other two
classifiers. We ran both CART and our method to build decision trees of depth 10.
The results show that our method achieves competitive performance to SVM while
outperforming CART.

The second synthetic data set demonstrates the ability of our classifier to handle
non-linearly separable examples, where the boundaries are not axis aligned. Again,
all samples are random unit vectors of dimension d. The labels correspond to
the XOR of the samples with two hyperplanes, which are perpendicular to each
other and are not axis aligned. Specifically we take w; = [Td /2 fd /2] and we =
[—ﬂld/Q, Td/Q] and the label is y = sign(z - wy) ® sign(x - w2). Both decision trees
were allowed to reach depth of 10 and the sample size is 10, 000. We used various
dimension sizes from d = 6 to d = 30, and the results are plotted in Figure 8.3.

The results were in line with out intuition. First, Linear SVM achieves the
worst performance since it does not have the expressive power required for rep-
resenting this target function. Second, a decision tree algorithm, such as CART,
which considers only a single attribute in each split, requires a significant depth
to approximate this high-dimensional XOR. Finally, our method achieves a good
accuracy since it is not limited to a single hyperplane, as is Linear SVM, nor is it

limited to axis aligned decisions, as is CART. We do note, that since our method
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is stochastic, we need to continuously repeat a hyperplane in order to make a split
more significant. This explains why, due to the limited depth of the decision tree,
our performance deteriorate as the dimension increases. An alternative is to limit
the number of nodes in the decision tree. Further experiments show that our method
can achieve the above performance with only 50 internal nodes (rather than a depth

of size 10, which implies 1024 internal nodes).

8.3 Real Data-sets

We show the performance of our classifier compared to Linear SVM and CART
on three data-sets that were taken from UCI dataset repository [Lic13]. The first
dataset Promoters contains 106 examples with 57 categorical features and two
classes. Since our algorithm runs on numeric data we encode each feature to it’s
one-hot representation for a total of 228 numerical features. The second dataset is
the Heart Disease Data Set which contains 303 samples with 13 numeric features.

In the original data there are 74 features, but it is common to use the above subset
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of features. The original data contains one negative class to indicate no disease
in the patient, and 4 positive classes each corresponding to a certain disease. We
reduced the problem to a positive vs. negative classification, by combining all the
diseases to one class. The third dataset Statlog (Heart) Data Set, has the same for-
mat as the previous only the target variable is already in binary format. There are
13 features and 270 samples in this dataset.

The following table shows the accuracy of all three classifiers used in our ex-

periments, and demonstrates the advantage of our proposed method:

Dataset CART Linear SVM  Stochastic Tree
Promoters 0.8 0.87 0.91
Heart Disease Data Set 0.7 0.73 0.77
Statlog (Heart) Data Set | 0.83 0.78 0.85

We note that we gave the same depth restriction to CART and our Stochastic
Decision Tree, however, our method seems sometimes to require a smaller depth to
converge. For the Promoters data-set, while CART was still improving at depth 10,
while the stochastic tree only needed only a depth of 3 to converge. This along with
the comparatively strong result of the Linear SVM may hint that the true decision
boundary can be approximated well with a hyperplane which is not axis aligned.
For the other two data-sets, Heart Disease Data Set and Statlog (Heart) Data Set

both methods converged at the same depth of 3 and 5 correspondingly.
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Conclusion

In this work we introduced a stochastic decision tree learning algorithm based on
stochastic linear classifiers. The main advantage of our approach is that it allows
the internal splits in the node to have a global effect, on the one hand, and we
can efficiently minimize the Gini index, on the other hand. From a theoretical
perspective, we are able to maintain the basic decision tree learning result under
the assumption of weak learning.

Our empirical finding are encouraging, and suggest doing a more comprehen-
sive empirical analysis of the strengths and weaknesses of our method. Another
possible research direction would be to explore the benefits of the stochastic linear
classifier in other boosting frameworks such as AdaBoost.

From a more theoretical perspective we hope to extend our method to work
efficiently for a large class splitting functions, under minimal assumptions on this
class.

Another challenging research direction, is to change the linear modeling for
Pr (y|z) to a more complex representation, such as a log linear model. This gives
rise to an immediate computational challenge of efficiently minimizing the splitting

criteria.
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Appendix A

Decision tree learning algorithm:

pseudo code

The pseudo code of Algorithm 1 encapsulates most existing decision tree learning
(DTL) algorithm, including algorithms such as CART by [BFSO84] and C4.5 by
[Qui93]. Our exposition of the decision tree algorithms tries to abstract the specific
splitting function G and the way to minimize it. We also generalize the standard
framework to handle stochastic classifiers. We start with describing the oracles we
assume.

The first oracle minimizes the splitting criteria for a hypothesis in an internal
node. The function F'itH (S, D, G) receives as input a sample .S, and a distri-
bution D over the sample S and a splitting criteria G. It returns (h*, g*) where
h* € Hj is the hypothesis that minimizes the splitting criteria G over the distribu-
tion D on .S and g* is its reduction in the value of the splitting criteria G.

The second oracle FitH (S, D) receives as input a sample S, a distribution
D over the sample S and returns a hypothesis h € Hy, which minimizes the error
(and not the splitting criteria G).

We have a function SplitLeaf(T, [, h) which receives a decision tree 7', a leaf
[ € Leaves(T), a hypothesis h € H; and returns a new tree where we split leaf [

using hypothesis h.

40
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The decision tree learning algorithm runs ¢ iterations. In each iteration, for each
leaf [ € Leaves(T') the function Fit Hy evaluates the optimal predictor b for the
leaf [ along with g, the local reduction in G induced by h;. The local reduction
is weighted by wj; to obtain the global reduction in G, i.e., w; 91* , and we select the
leaf that minimizes GG globally. We update the tree by splitting this leaf, and for
the new leaves update the probabilities of inputs to reach each of them. Once ¢
iterations are done and the leaves have been determined, F'itHy, selects for each
leaf a predictor from Hy, by minimizing the error (and not the splitting criteria 7).

One can observe that our framework encapsulates common decision tree method-

ologies algorithms, such as C4.5 and CART, as follows:
1. Hj is the family of all decision stumps and Hy, = {0, 1}.

2. The function F'itH; is implemented by evaluating all the decision stumps

and selecting the best according to G.

3. The function F'itHy, sets y = 0 or y = 1 according to the majority class in

the leaf, minimizing the error given a constant label predictor

We presented a general basic scheme of the DTL algorithm. We did not de-
scribe other hyperparameters (such as minimal split size) or methods to refine the
model (such as pruning) which could be applied to the generic algorithm in order
to improve results. Our goal is to focus of the core properties of the DTL which

we believe are well represented in our framework.
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Algorithm DTL (S - sample, G splitting criteria, t number of iterations)

1 Initialize 7" to be a single-leaf tree with node r, for z € S: p,(z) = ﬁ,
w, = 1,and g, = 7‘{%3:&@:1}'.
2 while | Leaves(T)| < t do
3 Apest < 0; besty < 1; besty, + |
4 for each | € Leaves(T): do
5 hy,gf < FitH(S, w%pl(x),G)
6 Ay~ wG(q) —wi - gf
7 if A; > Apes then
8 Apest < Ap; besty < 1; besty, < hy
end
end
9 for x € S do
10 pi, (x) < pi(z) - Pr(besty(x))
1 Py (%) <= pi() - (1 — Pr (besty(x)))
end
12 Wy = Y ues P (T); Wiy <= Y pcqPip (@)
13 Ay = Des: fo)=1 P (T)3 Qg = Dopes: fa)=1 Plo (T)
14 T < SplitLeaf (T, best;, besty,)
end
15 for each | € leaves(T): do
hy < FitHL (S, wilpl(a:))
end
16 return T

Algorithm 1: Decision tree learning algorithm



Appendix B

Proof of Theorem 5.0.1

In this section we provide a sketch of the proof for Theorem 5.0.1 under the
Stochastic Weak Learning Assumption. The proof is based on the proof for the
deterministic case by [KM99], however it is slightly modified to account for the
stochastic hypothesis we introduce in this work. We will only prove the place
where the proofs differ, namely Lemma 2 of [KM99] is substitute by Lemma B.0.1.

We start with a few notations. Let f be the target function, let 7" be a decision
tree, a leaf | € Leaves(T), and let h € Hj. Denote the leaves introduced by
Split(T,1, h) by [; and ly. Recall that purity(l) is the fraction of positive exam-
ples that reach leaf [ from all of the examples that reach it. We use the following

shorthand notations for reoccurring expressions:

q =purity(l),p =purity(lp),r = purity(l1)

7= Pr (Reach(z,li)|Reach(x,l))
(xvy)ND

= Pr (h(x)=1|Reach(x,l
LB (h(z) = 1|Reach(z. 1)

_weight(ly)
~ weight(l)

Since ¢ = (1 — 7)p + 7r and 7 € [0, 1] than without loss of generality we have:

p<q<r. Let

bd=r—p.

43
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Let D; be the distribution over input at leaf I. We also define D; the balanced
distribution over inputs in leaf [ in which the probability positive (or negative)

weights is 1/2. Formally,

_ Reach(z,1)
Dufe) = weight(l) D(z)
iy | B 050 =1
(z) =
Q?f(fq)) if f(l') =0

Recall that the information gain is A = G(q) — (1 — 7)G(p) — 7G(r). Note
that if either  is small or 7 is near 0 or 1 then the information gain is small.
Lemma B.0.1 shows that if h € H7 is used to split at [, and h satisfies the Weak
Stochastic Hypothesis Assumption for D), then both ¢ cannot be too small, and T

cannot be too close to either O or 1.

Lemma B.0.1. Let p, 7 and & be as defined above for the split h € Hy at leaf l.
Let Dy and Dj also be defined as above for 1. If the function h satisfies
Prop; (h(z) # f(z)) < 0.5 =, Then:

T(1—=7)0 > 2vq(1 —q) .
Proof. We calculate the following expressions in terms of 7, r and q:

Pr (f(x)=1,h(z)=1)="71r

x~D;
Therefore,
Pr (f(x) = 0,h(z) = 1) =7(1 1)
T~y
and

Pr(f@) =1ha)=0)= (1 =m)p=g v

Next we consider the error terms under the distribution Dj. When changing from
the distribution D; to D; we need to scale the expression according to the labels:

B o T(l=7)
IE{); (f(z)=0,h(z) =1) = 2 —q)
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45
and
wggg (f(z) = 1,h(z) = 0) = ;q”
Finally the error terms are combined to achieve the total error
xND, r (f(z) # h(z)) :xljf){ (f(z) =0,h(x) =1) +xE{)’ (f(z) =1,h(z) = 0)

T1—=r) q—rr 1 7 (1—1r r 1 7 gqg-r
21—¢q) ' 2¢ 22 272

By our assumption on h we have,

(f(x) # h(z)) =

IND’

M\'—‘

which implies that
T =4
—_ . = ’Y
2 q(1-q)
Substituting r = g + (1 — 7)d we get:

g (1(1_()1) >y —=7(l—=71)0 > 2vq¢(1—q)

as required.



Appendix C

Bounding the WGI by regions

In this appendix, we show how to partition the domain of WGI into cells such that
the difference between values of the WGI of points in the same cell is bounded by

€. Namely, we prove the following theorem.

Theorem 7.1.1. Given data distribution IJ; which has a positive label probability
of p and a parameter ¢ € (0, 1) it is possible to partition the domain of WGI:
{(p,9)|0 <p<1,max(0,p+p—1) < g <min(p,p)}into O (6_2) cells, such

that the if (p1, ¢1) and (p2, ¢2) belong to the same cell:

(WGI(p1,q1) — WGI(p2,q2)| < e.

C.1 Partitioning the WGI to monotone regions
Consider the domain of W G1 which is

R={(p.q)lp € (0,1),q € [max (0,p+ p — 1), min (p, p)|} .

Note that the values of p = 0 and p = 1 are not included. We discuss and add them

in Section C.7. We partition R to two sub-domains using the line ¢ = pp, namely,

Ry ={(p,q)lp € (0,1),q € [pp, min (p, p)|}

46
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and
Ry ={(p,9)lp € (0,1),q € [max(0,p+p — 1), ppl} ,

as illustrated in Figure C.1.

We show that the function WGI is monotone in each of those domains.

Lemma C.1.1. Given data distribution D; which has a positive class weight of p,

the WGI function:

_ ¢ (p—a)
WGI(P:Q)4<P—p—1_p)

is monotone in both p and q in both R, and Ry. Specifically, in R, it is increasing

in p and decreasing in q and in Ry, it is decreasing in p and increasing in q.

Proof. Since we are interested only in monotonicity, we can consider simply the

—q)2 _
function g(p, q) = —% — %. In order to show that g(p, ¢) is monotone, we

first consider where its derivatives vanishes. The derivative with respect to q is

99(p.a) _ 2¢  2(p—q) _2(pp—q)

9¢ — p  (1-p)  p(l-p)

This implies that the derivative vanishes at ¢ = pp which is the boundary of the

sub-domains R, and Ry, and hence ¢(p, ¢) is monotone in ¢ in each of the domains.
Also, in R,, since ¢ > pp, the derivative is negative and in Ry, since ¢ < pp, it is
positive.

Next we consider the derivative with respect to p,

d9(p,q) ¢ (p—q)*  (¢—pp)(q(1 —2p) + pp)

dp p? (1 -p)? p*(1 —p)?

This implies that the derivative vanishes at ¢ = pp and ¢ = 25—51. The line ¢ = pp

is a boundary of our regions and so we consider only the other curve.

For p € (0,0.5) we have 1 — 2p > 0. This implies that ¢(1 — 2p) + pp > 0.
Since ¢ > pp in R, it implies that g(p, ¢) is increasing there, and similarly, since
g < pp, it is decreasing in Rp.

For p € (0.5,1) we have —1 < 1 — 2p < 0. For Ry, since ¢ < pp we have
that ¢(1 — 2p) + pp > 0 and hence g(p, q) is decreasing in p. For R,, we have
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Ry,

1—-p05 P

Figure C.1: The domain R and the sub-domains R, and R} (for p > 0.5)

q

M-,
P ER...
BRr, .
LRy,

Figure C.2: WGI: partitioned into regions for p > 0.5

q < p+ p — 1. This implies that ¢(1 — 2p) 4+ pp < (1 — p)(2p — 1 + p) which is

non-negative since p € (0.5, 1). Therefore ¢(p, ¢) is increasing in R,,.

Finally, for p = 0.5 we have that 22 g; ) _ (a=p 1/ /21)ép /2) which is positive in R,

and negative in Ry, as required. O

Figure C.1 show pictorially the regions R, and Rj.

C.2 Overview of the partition to cells

We partitioned the domain R of WGI to two sub-domains R, and Rp. According
to Theorem C.1.1 in each of the sub-domains the WGI is monotone in p and gq.
We will partition each sub-domain in two thus creating four regions with linear
boundaries which are monotone in p and g. Finally we partition each of the four

regions further into cells in order to bound the WGI difference as required.



Chapter C.3 First region: %, 49

We first consider the difference in the value of WGI between two points:

2 — 05)2 2 2
‘WGI(pl,Ch)—WGI(pQ,qQ” :4 ;])Z+(pq2) q1 M

1—po D1 1—p

<4 fé_ﬁ 4‘(P—Q2)2_(P—Q1)2
p2 b1 1-— P2 1 -1
=4A1 + 47, (C.1
where 8 = [ ] and 8, =[G — 5.

We are going to consider the case where p > 0.5. The symmetric case of
p < 0.5 can be reduced to this case by switching the labels and deriving the same
bound. For the definition of the cells we use the parameters ¢ € (0,1) which
controls the cell’s size.

We next present an analysis for each of four sub-domains, and show that in each
both Ay = O(e) and Ag = O(e). In addition each sub-domain will be partitioned

in to O(e72) cells.

C.3 First region: R}

Let Ry; = {(p,q)|0 <p <1—p,0<q < pp}. Clearly Ry ; C Ry, and by Lemma C.1.1
we know that WGI is decreasing in p and increasing in ¢ in Iy, ;.
We are now ready to define the cells. The cells will have two parameters p, €

(0,1 —p—e€]and a € [e, 1]. Let

cellp, ,(pe, @) = {(p, Q) pe <p < pe+e€ (a—€)pp < q<app}.

The cells would have p. = i€, for 0 < ¢ < 10 _1anda = je,forl < j <1/e

€

This implies that there are O(e2) cells in Ry;. Since in Rj;,; we have ‘ngf[ >0,

there are p1,p2 € (0,1 — p], such that the maximum WGI value in cellg, , (pc, @)

is obtained at a point (p1,q1) = (p1, @pp1) and the minimum value at (p2, g2) =

(p2, (v — €)ppa).
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We bound A as follows:

Ay = qu — q—% = (a — 6)2p2p% B a2p2p%
P2 M Do ”
<e <1
9, 2 P .
<p”(a” |p2 — p1| +ep2 e — 1) < p(a”e + ep2) < 2¢ (C.2)

and Ay as follows,

Ay = ’ (p— CJ2)2 (p— CI1)2

- ‘(p— (@ —€)pp2)* _ (p—app)?

1—po 1—p1 1—po 1—p
Nl G p2)’ _ (1—ap)’
1—po 1—p1
_p? (L=pa) + (1 =a)+)p2)* (1 =p1)+(1-)p)?
1—p2 I—pm
<2
2 2 2
% Dy pse(l —a+¢)
<p? — 2(1 — — 2 1— a)? —
<p” | [p2 = p1l + 2(1 — @) |p2 — p1] + 2p2e + (1 — ) T 1 —
2 2 2 2
D2 o |P5 — p1 + PiD2 — P1P3

<b5e + 2¢ +p

1—p2 (1—p1)(1 —p2)

<2 <1

—_— O
<76+p2(P1 + p2) [p2 — p1] 2 2 lp2 — p1]
- (1 =p1)(1—p2) (1 —p1)(1 —p2)

o2

<Te + 3¢

(1 =p1)(1 —p2)
—10¢ (C.3)

where we used the factthat p < landp <1 —p < p < 1—p(or1%p <lor
ﬁ <.

Combining the bounds in (C.1), (C.2) and (C.3) the error for in each cell in Ry,
is bounded by 4(2¢ 4 10¢) = 48e.

C.4 Second region: R,

Let Ry, = {(p,)|Il —p<p<1,p+p—1<q<pp}. Clearly Ry, C Ry, and

by Lemma C.1.1 we know that WGI is decreasing in p and increasing in g in Iy, ..
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We are now ready to define the cells. The cells will have two parameters p. €

[l —p,1—¢€)and o € [e,1]. Let

Celle,r (p(27 Oé) :{(p, Q) iPe <p < pete

(a—€e)pp+(1—-—a+e)ptp—1)<qg<ap+(1-a)p+p-1)}.

The cells would have p. = ie, for (1 — p)/e < i < 1/e — 1 and o = je, for

1 < j < 1/e. This implies that there are O(e2) cells in Ry, Since in Ry, we

have 8”5751 > 0, there are p1,pa € [1 — p, 1), such that the maximum WGI value

in cellp, , (e, ) is obtained at a point (p1, q1) = (p1, app1 + (1 —a)(p1+p—1))

and the minimum value at (p2, q2) = (p2, (@« — €)pp2 + (L —a+€)(p2 + p — 1))
We bound A as follows:

A _|d d
b2 D1
:’((a— pp2+ (1 —a+e)(pa+p-1))° (appi+ (1 —a)(pi+p—1))>
P2 P1
<2 <0.25
— ——
<a?p” [pa — p1| + ele — 2a] p’p2 + 2a(1 — @) p Ip2 — 1
<1 <1
+2€[2a —e— 1 plp2 +p— 1|+
<2
2 2 2
(1— a)? (p2tp—1)° (p1tp-1)7) cl2=2a+ellpatp—1)
b2 b1 D2
C5 C.6
—1)2 —1)2] 2 —1)?
S5_5€+‘(192+p (it p =17 2e(patp )§12.5e
p2 n D2

(C.4)

Where we used the following expressions:

D2 D1

<I|p2—p1|+(p— 1)2M < 2e (C.5)

‘(p2+p— D2 (g +p—1)>
pP1p2
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<0.5
2% T 1 2 —— -1 2
224 p= V7 o |, 4ol le =)
p2 p2
<0.5
—1-p
2|2+ (1-0p)
D2
<be (C.6)
where we used the fact that p > 1 — p (or % <1).
For A we have
Ay — ’ (p— QQ)2 (p— Q1)2
5= _
1 —p2 I—m
:’(p (@—&pp2—(L—at+e)p2+p—1)* (p—appi —(1—a)(pi +p—1))>
1—p2 1—p
<1 <0.25 <1
2 2 — N 2
<|p1 —p2| | pa” +2pa(l —a)+ (1 - )
<1 <2 <1 <2

—— 9 —
+ (1 —po) | poele — 2a] +2p€ |2a0 — 1 — €] +€]2 — 2 + €]

<8.5¢ (C.7)

Combining the bounds in (C.1), (C.4) and (C.7) the error for in each cell in Ry,
is bounded by 4(12.5¢ + 8.5¢) = 84e.

C.5 Third region R,

Let Ry ;= {(p,q)|0 <p < p,pp < q < p}. Clearly R, ; C R,, and by LemmaC.1.1
we know that WGI is increasing in p and decreasing in ¢ in R, ;.
We are now ready to define the cells. The cells will have two parameters p. €

(0,p — €] and a € [¢, 1]. Let

cellr, ,(Pe; @) ={(p;Q)lpc <p<pct+e(a—e)p+(l—a+epp<g<ap+(l—a)pp} .

The cells would have p. = i¢, for 0 < i < p/e — 1l and o = je, for 1 < j < 1/e.

This implies that there are O(e~2) cells in R, . Since in R, we have "mgiqm <0,
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there are p1,p2 € (0, p], such that the maximum WGI value in cellg, ,(pc, ) is
obtained at a point (p1,q1) = (p1, (v — €)p1 + (1 — & + €)pp1) and the minimum
value at (p2, g2) = (p2, ap2 + (1 — a)pp2)

We bound A as follows,

(ap2 + (1 —a)pp2)®  ((a—e)p1+ (1 —a+e)ppi)’
p2 P1

& dai| _
b2  p1

Ay =

<|p2 —pillp+ (1 = p)al® + 2ep1 |p+ (1 = p)al|p — 1| + *p1(p — 1)?
<de (C.8)

Where we used:

a<l 0<p<1
p+al—p)|<lpl+all—pl < |pl+1—p & p+1-p=1
and bound A, as follows,
PR N2
AQ:’(p q2) 7(0 q)
1—p2 I—pm
_ ’ (p—apr— (1 —a)pp2)*  (p—(a—e)p1— (1~ (a—€))pp1)®
1 —po 1—p
2 2 2 p% p%
<p”|p1 — p2| + 2ap(p — 1)|[p2 — p1| + (1 — p) - +
I—p2 1-p
2ep1(1=p)lp —ap1 = (1 = aJppr| | Epi(L = p)*
I—m I—pm
<&8.5¢ (C.9

Combining the bounds in (C.1), (C.8) and (C.9) the error for in each cell in
R, is bounded by 4(4¢€ + 8.5¢) = 50e.

C.6 Fourth region 1%, ,

LetR,, = {(p,q)lp <p <1,pp <q<p}. Clearly R,, C Ry, and by LemmaC.1.1
we know that WGI is increasing in p and decreasing in ¢ in R ..

We are now ready to define the cells. The cells will have two parameters p. €

[1—p,1—¢€)and a € [¢,1]. Let

cellg, . (pe; @) = {(p,@)[pc <p <pc+e(a—€)p+(1—a+e)pp<g=<ap+(1—a)pp}.
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The cells would have p. = i€, for p/e <i < 1/e—1and o = je,for1 < j < 1/e.
This implies that there are O(e~2) cells in R, . Since in R, we have avgiqc:l <0,
there are py,p2 € [1 — p, 1), such that the maximum WGI value in cellg, , (pe, )
is obtained at a point (p1,q1) = (p1, (e — €)p+ (1 — a + €)pp1) and the minimum
value at (p2, g2) = (p2, p + (1 — a)pp2)

We bound A; as follows,

(p+ (1= a)pp2)®  ((a—€)p+ (1 —a+e)pp1)?
p2 p1

G at|_
b2 p1

Ay =

<p” (Ip2 — p1] + 2a |[p1 — pa| + 2¢]1 — p1 )

a?(1 —po)? B a?(1—p1)? B e(e —2a)(1 —py)?
p2 N n

<8e (C.10)

+ p?

and As as follows,

A _‘(P—QQ)Q (P—Q1)2
5= _
1—po 1—p

_ ‘ (p—ap—(1—a)pp2)® (p—(a—e€)p—(1—(a—e))pp1)?

1 —po 1—m
§p2(1 — a)2 |p1 — p2| +p26|2 —2a+€l (1 —p1)

<3e (C.11)

Combining the bounds in (C.1), (C.10) and (C.11) the error for in each cell in
R, is bounded by 4(8¢ + 3¢) = 44e.

C.7 WGlis continuousinp =0and p =1

We show that the value of WGI is continuous at both extreme points p = 0 and
p = 1 for point (p, ¢) € R. Namely, we show that its value is 4p(1 — p). This will

allow us to extend the sub-domains from p € (0,1) to p € [0, 1]. Recall that,

_ ¢ (p—q)?
wetng =4 (-5 - =)
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Lemma C.7.1. WGI(p, q) (7.1) is continuous in p = 0.

Proof. By definition of WGI 7.1, we know that WGI(0, ¢) = 4p(1— p). We show

that this is also the limit when p approaches 0.

i a(p- T OI) iy gy 070)

p—0+ P 1-p p—0+ p  po0+ 1—p

2
First, since p and ¢ are non negative and ¢ < p we have 0 < % < q. Also if

p is going to 0, so is ¢ therefore lim, ,o ¢ = 0. According to the squeeze theorem,

. 2 _ )2 2 2
we get limy, 0+ % = 0. Second, we expand the term % = 1pr - 12% + 1qu

and calculate the limit for every sub-term separately (p?,0 and 0 correspondingly).

Therefore:
2 2
. P 2pq q 2
1 — =
p—lgl—s—l—p 1—p+1—p p
Finally the limit at p — 0+ is 4p(1 — p). O

Lemma C.7.2. WGI(p,q) (7.1) is continuous in p = 1.

Proof. By definition of WGI 7.1, we know that WGI(1,q) = 4p(1— p). We show

that this is also the limit when p approaches 1.

i 4o O oy gy Ty 0m0)

p—1— p 1-— P p—1—p p—1— 1 — p
First we notice that lim, ,;_p+p—1 = p and lim,_,;— min(p,p) = p.
According to the squeeze theorem and p + p — 1 < ¢ < min(p, p) we get

limy,_s1—q = p.

Next, since all terms are positive (’)1__‘22 >0.Sincep+p—1<qg—=>p—¢q<
1 — p and thus % < p—yq. Since 0 < (’)1__(22 and lim, ,1_p—q = p —
p = 0 we apply the squeeze theorem and get that: lim,_,1_ % = 0. Finally,

4 (p — limp 41— % — limy, 1 (”1__‘22> = 4(p — p?) as required. O
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C.8 Proof conclusion

We finish proving the following Theorem:

Theorem 7.1.1. Given data distribution D; which has a positive label probability
of p and a parameter ¢ € (0, 1) it is possible to partition the domain of WGI:
{(p,9)|0 <p<1,max(0,p+p—1) < g <min(p,p)} into O (672) cells, such

that the if (p1, ¢1) and (p2, ¢2) belong to the same cell:
(WGI(p1,q1) — WGI(p2,q2)| < €.

In section C.1, we described 4 mutually exclusive regions that cover the domain
of WGI Let € € (0, 1), then for each region we showed in sections C.3,C.4,C.5
and C.6 a partition of each region to O(¢=2) mutually exclusive cells that cover
the domain of the region, such that if (p1,q1) and (p2, g2) are within the cell then
|\WGI(p1,q1) — WGI(p2,q2)| < 100e.

If combined, these partitions partition the domain of WGI into 4 - O(e~2) =
O(&72) cells. Next, according to the continuity of WGI for p = 0 and p = 1, as
showed in section C.7, the partition can extended from p € (0,1) to p = [0, 1] and
cover the full domain of WGI. Finally, we set € = 0.01¢, clearly we O(e~?) =

O(&2) which concludes the proof.

C.9 Solution for the dependent case

In this section we are going to provide a minimal solution for the WGI in the

dependent case.

Lemma C.9.1. Ler @ = D] X and b = (D, ©y)' X, and assume b = A\d. The

o

solutions for min (WGI,,) are wy 2 = :i:‘

5

Proof. Recall that according to 7.1:

2 _ 2
WGL, = WGI(Py, Qu) = 4 (p S <P1_C]?3w>)
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T T =
and that P, = %2“ and Q,, = b“’Tﬂ’. Denote z = @' w and therefore b w =

\@"w = Az we find the solution for:

2 2
Az+ Az+
g(m)—4p—4( 2”) —4<p_ 2p) oy, 2eHAa) 2(p— )’
il 11—z 1+ 1—x
4 (p* + XX = 2p)z?)
B 1—22

We substitute z = 22 and derive:

99, AMA=29)A=2)+ (PP +AA=2p)2) _ , (A=p)
0z (1—2z)2 (1= 2)
by the chain rule:
dg _0g 0z _ —8z(A—p)?
oxr 0z Ox (1—a2)?
First we note that z = 0 is an extreme point. Next, since H=p)? > 0, we can see

(1-22)
that if x > 0 we see that g is decreasing, and if x < 0 we see that g is increasing.

Therefore, the minimal points are at the edges of the feasible interval of x.

T

Since z = @' w and ||w|| < 1, according to - operator we have: —||@|| < = <

@l If w = % then z = ||a||, and if w = —”%” then x = —||a||. Therefore,

wio = iﬁ are the solutions for this case. Clearly, both solutions attain the same

value of WGI. O]



Appendix D

Maximizing Information Gain for

P, and )y,

In this appendix we characterize various optimization problems that search for a
feasible stochastic linear classifiers. We have a few optimization problems de-
pending on the information we assume about P, and (),,. The solutions of these
of optimizations are used in our algorithms. We will assume that the vectors @ and
b are linearly independent throughout the appendix (since the dependent case can
be directly found without using an optimization as was shown in Appendix C.9).
We first discuss the basic problem where the value of both P, and @, are
given (Appendix D.1). In Appendix D.2 we then show, that the optimal solution
within a cell (as define in Appendix C) is found in one of the corners of that cell.
The solution is described in Appendix D.1 and D.2 is used in algorithm F i xedPQ.
Next, in Appendix D.3 we solve the optimization used in FindPSearchQ for
finding a feasible stochastic linear classifier where only the value of P, is given.
Finally, in Appendix D.4, we show that the set of feasible stochastic linear

classifiers restricts the domain of WGI where solutions can be found.
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D.1 Values of P, and (), are given

In this section we assume that the values of both P, and ), are given, and we
would like to compute whether there exists a feasible w with that give rise to those
values, namely, ||w|| < 1. Such a w implies a feasible stochastic linear classifier.
Let the values be: P, = p and @), = ¢. The following lemma characterizes the

solution.

Lemma D.1.1. Ler @ = D] X and b = (D, ®y)' X, and assume that they are

linearly independent. For the quadratic optimization problem:
w* = arg min ||w|)3
P, = p
Qw =q
We have that,

- a-b) — - blI2 —1)(a-b) — — all? -
= A= PED = Co DI, 0= 1(E-D) = 20—
@R ~ @ - 5) PP ~ (@ 5)

We will use Lemma D.1.1 in the following way. If for a given (p, ¢) we have
that resulting w* has ||w*|| < 1, then we found a feasible stochastic linear classifier.
Otherwise, we can conclude that there is no feasible stochastic linear classifier for

(p, q), since w* minimizes the norm.

Proof. Recall that

P,=05-D/Xw+05=p and Qu=05-(D,Oy) Xw+05p=q

We define @' w = 2p — 1 = pand blw = 2q — p = @. With this notation we have
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We solve the optimization using the Lagrange multipliers:

d
L(w, A1, A2) = 05> w? + M@ w —p) + X6 w — q)
=1

Considering the derivatives of the Lagrangian, we have

OL

= w; 4+ M@+ Aob; =0 (D.1)
ow;

which implies that W = —A\1d — )\25. Also,

OL
C—L»T

Using that @ = —\1@ — Ab we have that —\1]|@]|2 — Ao(@ - b) — p = 0 which

implies that \; = — (H%f’% P 1 We consider the other derivative,
—=bw—-qg=0 D.3
By w—q (D.3)

Similarly, this implies that —; (@ - b) — Ao||b]|2 — ¢ = 0. Solving for A; and Ay

and w* we get,

_ a(@-b) - pl)?
Hcfllebll2 —(@-v)?
e p(@-b) — qllal? -

Hall HbH2 - ( )2 lal*|ol? — (a-b)?
Notice that this solution is valid only when the denominator is not 0. Therefore, it

is valid if the @ and b vectors are not in the same direction, i.e., VA : @ # b, OJ

D.2 Values of P, and (), are within specific ranges

In this section we consider finding a feasible stochastic linear classifier inside a

certain cell of values of P, and ), (see Appendix C). The cell has the parameters

! We note that ||@|| > 0 since we assume a coordinate with a fixed positive value for every sample,

to allow for a bias coordinate.
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pe and «, in addition to € € (0,1). Let U(P,, p) and L(P,, p) be linear functions
which bound the values of (), in the cell from above and below, respectively.
The exact linear function depend on the sub-domain we are considering, namely
the upper and lower boundaries of the region. Formally we solve the following

quadratic optimization problem:

min [|w|3
pSPw Sp‘f'ﬁ

(a - E)U(Pw;p) + (1 —a+ E)L(Pva) < Qw < aU(Pw,p) + (1 - Od)L(Pw,p)

Since we minimize the norm of w, if there exists a feasible stochastic linear clas-
sifier in the cell, the result of this optimization would be feasible. If there is no
feasible stochastic linear classifier in this cell, the result of this optimization would

be a non feasible w (either ||w|| > 1 or no solution at all).

Lemma D.2.1. Let @ = D] X and b= (Dy,®y)" X, and assume they are lin-
early independent. Let € € (0,1), a € [e,1] andp € [0,1 — €]. Let U(Py,, p) and

L(Py, p) be linear functions, such that:

L(Py,p) <U(Py,p) pe(0,1)
VP, € [p,p+e:
L(Py,p) =U(Py,p) p=0o0rp=1

Then the solution for:

min [|w|3
pSPw §p+€

(@ = U (Pusp) + (1= a+ ) L(Pus p) < Qu < aU(Pa, p) + (1 = )L(P, p)

coincides with a solution of
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forp" € {p,p+etandq € {(a—=e)U(Pu, p)+(1—a+e)L(Py, p), ol (Pu, p)+
(1= a)L(Py,p)}

We note that in order to compute the actual value, one could use the solution of
Lemma D.1.1 in order to evaluate each of the four combinations for (p, ¢'). The

above lemma guarantees that optimal solution is indeed one of them.

Proof. The above optimization is equivalent to the following optimization prob-

lem:

d
min 0.52102-2
=1
hr
—N
b= Pw S 0
hrr
—_—~
Pw - (p+ 6) S 0
hrrr
(= €)U(Py,p)+ (1 —a+e)L(Py,p) — Qu <0
hiv

Qw - OéU(Pw,p) - (1 - O‘)L(Pwap) <0

Since P, Q, U and L are all linear functions of w with the constants X, y, D;
and p, this formulation corresponds to an optimization problem with a quadratic
target and linear constraints. We solve using the Lagrange multipliers:

d

L(w, A1, Mg, i, pig) = 0.5+ Y wi + Athy + Aahur + pahirr + pohrv
i=1

We want to minimize L s.t A1, Ao, 1, o > 0.
First we consider the pair h; and h;r; if both constraints are summed the result

18,
p—Py+Py,—(pt+e)=—-€<0

Therefore at least one of the constraints is strictly negative (otherwise their sum

cannot be negative). Since L is to be minimized, for every w the solution (w, A1, A2...),
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is going to select at least one of A\; > 0 or A2 > 0 in order to use the negative term
and reach a smaller value of L. According to the complementary slackness this
means that either P, = p or P, = p + € (of course we cannot have both).

Next, we consider constraints h;;; and hjy; we denote with A the sum be-

tween these two constraints:

A =(a=)U(Pu,p) + (1 = a+e)L(Pu, p) = Qu + Qu — aU(Pu, p) — (1 — @) L(Pu, p)

=¢ (L(Py, p) — U(Py, p))

Since € > 0 we only need to consider the term (L(Py, p) — U(Py, p)). We have
three cases: P, =0, P, =1and 0 < P, < 1.

For the cases P, = 0 and P, = 1, according to the definition of U and L
(L(0,p) = U(0,p)) = 0or (L(1,p) —U(1,p)) = 0 correspondingly. For both
A = 0, and both hj;; and Ay collapse to @, = 0 or p. Therefore the solution is
attained either at (0, 0) for when P, = O or at (1, p) for when P,, = 1.

Next, since for 0 < P, < 1, L(P,,p) — U(Py, p) < 0 and € > 0 therefore
A < 0. Similarly to the P,, constraints, according to the complementary slackness,
this means that either hyy or hyy is tight.

Therefore each minimal norm solution occurs when exactly one of hy or hyy is
tight, and when one of hy;; or hyy is tight. In each of those four cases, the solution
occurs in one of the corners of the cell, which in turn is the same as solving the
optimization problem for constant values of P, and (), for each of the corners of

the cell and taking the best solution. O

D.3 Given value P, search over (),

This section takes a different approach then the previous ones. We search for a
feasible stochastic linear classifier given a value for only P,,. Instead of minimizing
the norm of the classifier, we search for ()., values that minimize the WGI under

the constraint that the solution is feasible.
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The following lemma characterizes the solution when we minimize directly
WGI for a given F,,. (Note that when we fix the value of P, the function WGI is

convex.)

-

Lemma D.3.1. Let @ = D, X and (Dy ®y)' X, and assume that they are

(@) & Then for:

~2
llall

=

linearly independent. Let 3 =b—

w* = argmin WGI(p, Q)

Pw:p

then the two solutions are,
lal® (G

Proof. The first observation we have is that for a fixed P, = p, ¢ = ppis a

maximum for WGI, and since the second derivative of WGI is negative, we get
that WGI attains a minimal value when @, is either maximized or minimized.

Therefore we substitute the original problem with the following two optimization

problems
Q™™ = argmax Q. and Q™" = arg minQ,,
Py,=p Py,=p
lwl* < 1 lwl < 1

where the first constraint is used to fix P, and the second constraint is used
to bound the norm of w. Now, we will translate the maximization while using the

previous expressions for &, b and set p=2p—1.

maxb ' w
A'w—p=0
lwl* < 1

We rewrite b = ad + b as a sum of:
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1. « - @ which is b’s projection over d.

2. b which is a vector that is orthogonal to a, i.e., (a - b) = 0. Since a and b are

linearly independent we have 3 # 0.

We write w as:
w = 1@+ pob + w

where 10 is orthogonal to @ and b. The optimization becomes:

max ayi ||@||% + p2||b]?
pl|@* —p=0
pllall® + p3llo))* + ||a])* < 1

When we substitute p1; = T Eﬁ”g we get:

max ap + N2||BH2

]52

[l

+ p3][l* + [[@]* < 1
Since ap is a constant and HEH2 is positive, the optimization is equivalent to:

max [
21312 1 11712 P
pal[bl” + flwll” <1 - =
]|
Notice that since only po is a variable that contributes to the max, we would like
to make it as large as possible under the constraint. Therefore the optimal solution
would be attained when the @ = 0, and the constraint is strictly equal. Thus the
expression of o would be:
=2 Mal2 — 52
21172112 p @l]* —p
/'LQHbH =1- H(—I»HQ = M2 = + Lo
/o]
The maximal solution for the optimization is achieved with a positive w2 in the

above expression:
Vial? —p?

[l
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Finally the solution for w is,

S

(O VA I el
>(12 IR =3
Il lalllol
Notice that for the minimization problem min @),, we simply select the negative

value of 9, and get,
2

=119 _ 72
we P - @ — 75
] a5l

This implies that the solution is either one of:

2p — 1 |2 — (2p—1)2=
wiy= 2 la VIa® =@ =17
] 4] (6]

D.4 Feasible Ranges for P, and (),

In all of our problems we have constraints such as P, = p and @), = ¢ (or their
range variants). However we should note that not all possible values of p and ¢ are

applicable for a given data:

Lemma D4.1. Let @ = D] X and b = (D, ©y)' X and let w be a feasible
stochastic linear classifier. Then:
0.5 —0.5]||d]| < P, < 0.5+ 0.5]|d]|

050 — 0.5[1b]] < Qu < 0.5p + 0.5b]
Proof. First:

—lalllwll <@" - w < ||allw] » ~lall <@ w <]
7 7T 7 7 7T 7
= [bllllwll <b° - w < bl[flwl] = =[[b < b - w < [|b]
where the left-hand side is a property of -, and the right-hand is because w is feasi-

ble. Applying the above inequalities in eq 6.4: P, = 0.5@" - w + 0.5 and eq 6.5:
w=05b" w4+ 0.5p concludes the proof.



Appendix E

Approximation Algorithms

This section details the three algorithms discussed in theorem 7.0.2:

Theorem 7.0.2. Let S be a sample, D, be a distribution over S, and € be an

approximation parameter. Let @ = D, X and b= (Dy ® y)—r X. Then:

1. For the case where @ and b are linearly independent, algorithms FixedPQ
and FixedPSearchQ guarantee an e-approximation for W G1 using a stochas-
tic linear classifier. Algorithm FixedPQ runsintime O(Nd)+O (e %log (¢ 1)),

and algorithm FixedPSearchQ runs in time O(Nd) + O (%)

2. For the case where @ and b are linearly dependent, i.e., b = \d, algorithm
DependentWGI runs in time O(Nd), and achieves the optimal result for

WGTI using a stochastic linear classifier.

For each algorithm we provide pseudo code, correctness proof and a complex-
ity analysis: Algorithm FixedPQ isin Appendix E.1, Algorithm FixedPSearchQ
is in Appendix E.2 and Algorithm DependentWGTI is in Appendix E.3.

As mentioned all three algorithms depend on a the weighted average of the
data, and b the weighted average of the positive class. We note here that both @
and b, along with other static related computations such as |||, ||b|| are treated as

global variables which are computed once in the beginning of each algorithm. We

67
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also note that the constant C' = 100 used in the pseudo code corresponds to the

bound from Appendix C.

E.1 FixedPQ Approximate minimal Gini Index in cells

of Py, Qu

In this section we describe Algorithm FixedPQ. After computing the expressions
as described earlier, we generate a list candidates that contains pairs (p, ¢) which
are corners of the trapezoid cells:

Initially we generate a set of equally spaces P, values from the interval
[max (0,0.5(1 — ||@]|)), min (1,0.5(1 + ||@]|))]. This interval is the intersection
of the domain of WGI and the feasible range of w as described in Appendix D.4.
The set of P, values also includes the values for p and 1 — p in order to ensure that
the candidates partition the domain according to the regions defined in Appendix
C.

Next, for each P, value we define equally spaced values in ranges:
L. [max (0,p+ p — 1,0.5(p — [1B]])), min (pp, 0.5(p + [|5]))]

2. [max (pp, 0.5(p — [[B]])), min (p, p,0.5(p + [|b])))]

Again, these ranges take into consideration both the sub-domains of the WGI and
the feasible ranges of the stochastic linear classifier.

The equally spaced values are generated using the Get Range function, and
we always partition into % values in order to achieve an approximation of € (see
correctness below). This results in O(e~!) values of P,,, and for each of those we
have two times O(e_l) for the @),, values below and above the line ()., = pP,,
which separates the regions. Thus, the total number of candidates is O(e~2).

The list candidates now contains pairs of (P, QQ,,) which are sorted accord-
ing to WGI in an ascending order. For each point made of P,, and @), values will

try to fit a stochastic linear classifier:  First we use the function
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GetCandidateW eightsTerms to get the scalars o and 3. Since we also know
l|@||, ||]| and (@ - b) we measure the feasibility of the classifier w before computing

it. Once we find a feasible classifier, we compute it explicitly and return it.

Algorithm correctness Denote w* the optimal feasible solution with respect to
WGL WGy« = mingy|w|<1y WGy Let Cells be the union of non-intersecting
trapezoid cells parametrized by step size €/C. We denote ¢* € Cells the cell which
contains w*. Denote W, the feasible solutions proposed to cell ¢ € Cells by the
optimization in Appendix D.2 (since w* is feasible, we know that at least one ver-
tex is feasible). Specifically for c*, we denote the best proposed solution as w:

= 1 I
wy argwréll}‘%* (WGI(w))

Since both w*,w; € c¢* according to the bound we get WG~ < WGI,,, <
WG, + e

Next, we define W5 as the union of the solutions from all the cells: W5 =
U cecells We- Weens 1s the collection of all the classifiers that would have been
created from evaluating every point in candidates. Since W« C W we have
w1 € Weens. Let wa be the minimal solution from all the solutions in We;s:

we = arg werélvicr}eus (WGIy)

In particular, WG, < WG, < WGI,, < WG, + €, and we notice
that ws is actually the result returned by the algorithm. We therefore conclude that

the algorithm returns an e approximation to the optimal WGI.

Time complexity We start by computing p which consists of a dot-product over
vectors of dimension N and takes time O(NV). Next, we calculate @, l_;, by mul-
tiplying an N dimensional vector by an N x O(d) matrix, which is done in time
O(Nd). Computing the expressions that depend on a@ and b is done once and takes

time O(d).
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Algorithm FixedPQ (X - dataset, D, - data distribution, y - labels, € -
approximation range)
1 Store globally: p < D, -y,@' < DX, b7 < (D, & y)' X
2 Compute once and store globally: |||, ||5]], (@ - &)
3 candidates < new List()
4 | foreach p €GetRange (max (0,0.5(1 — ||al|)),
min (1,0.5(1 + @), €)Ufp. 1 - p} do
5 foreach ¢ €GetRange (max (0,p+ p —1,0.5(p — [|6]))),
min (pp, 0.5(p + ||B]])), <) do
6 ‘ candidates.Insert((p, q))
end
foreach ¢ €GetRange (max (pp, 0.5(p — ||b])),
min (p,p,0.5(p+ [|B]), €) do

7 ‘ candidates.Insert((p, q))

end
end
8 candidates < candidates.Sort(ascending=True, by = WGI(p, q))

9 foreach p, q € candidates do

10 (a, B) < GetCandidateWeightsTerms (p, q)
1 if - [|@)|? + 208 - (@-b) + 42 [|b]|> < 1 then
12 ‘ return (a @+ B-b, WGI(p, q))
end
end
13 return "Error - Impossible”;

Procedure GetCandidateWeightsTerms (p, q)

1 p—2p—1,G2q9g—p

g(@b)—p bl _p(@b)-qla|? )
al-[|Bl|>— (a-b)2

2 return( e —1L
ll@ll2-l1b]12— (@) |l

Procedure GetRange (lower; upper, steps)

1 return {p| equally spaced points in [lower,upper| with

upper - lower }
steps

step=

Algorithm 2: Approximating optimal WGI with 2 ranges
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We create a list candidates, consisting of O(e~2) pairs (p, ) in time O(e~2).
Next, we compute the WGI for each candidate (p, q) in O(1) time, and we sort
them using the WGI values in time O (e ?log (¢ %)) = O ("% -log (e 1)).

Finally we try to match a classifier for each point: we iterate over (sorted)
candidates, and we call the function GetCandidateW eightsTerms which runs
in time O(1) since it is using the pre-calculated expressions. There are at most
O (¢72) items in the list. Therefore this step costs O (e~2). Once a solution is

found to be feasible , only then we compute the weight vector in time O(d).

The final complexity is:

O(Nd) +0(d) + 0 (72) + O (€2 - log (e71)) + O (¢72) + O(d)
=O(Nd)+ O (e% log(e"))

E.2 FixedPSearchQ Approximate minimal Gini Index

in range of P,

In this section we describe Algorithm FixedPSearchQ. After computing the
expressions as described earlier, we generate a list candidates that contains values
p which are equally spaced values on the feasible range of P,:

This set is generated from the interval [max (0,0.5(1— |d])),
min (1,0.5(1 + ||@||))]. This interval is the intersection of the domain of WGI and
the feasible range of w as described in Appendix D.4. The set of P, values also
includes the values for p and 1 — p in order to ensure that the candidates partition
the domain according to the regions defined in Appendix C.

The equally spaced values are generated using the Get Range function, and we
partition into % values in order to achieve an approximation of e (see correctness
below). This results in O(e~!) values of P,,.

Next, we compute b which is b minus @’s projection over it. This allows for the

computation of « and ¥. These vectors are components of the final solution.
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Finally, for each P,, we fit two solutions which are a function of P, @ and 7.
We keep the best result w and its matching WGI ¢ using the function

SetCandidatel f Better, and return w and § at the end of the loop.

Algorithm correctness Given an e parameter for the algorithm, we know that
the optimal feasible solution w* belongs to some range of P, in the grid, denote
that range as C* = [, (].

Denote p* = P+, ¢" = Q. First we note that p* € C* (by definition). Next,
we consider Cj as the () range that would have included w* if we were to partition
into trapezoid cells. Since w* is feasible, at least one of the corners of C* x C is
feasible. There is a feasible solution that we denote as w,. at « or 8. Without loss
of generality assume it is . According to the bound on the WGI in Appendix C,
this candidate solution is at most € away from w*. Since our algorithm considers
all the possible feasible solutions for « it also considers w,. and therefore the result
of the optimization problem as presented in Appendix D.3 denoted as w; is at least

as good as w,:
WGIL,, —WGILy» <WGI,, — WG, <e€

Finally, if the algorithm returns a different solution wj it is only because WG 1, <

WG, , and we have
WGy < WGy, < WG, < WGy + €

namely, ws is also an e approximation.

Time complexity We start by computing p which consists of a dot-product over
vectors of dimension N and takes time O(NV). Next, we calculate @, l_;, by mul-
tiplying an N dimensional vector by an N x O(d) matrix, which is done in time
O(Nd). Computing the expressions that depend on @ and b is done once and takes

time O(d).
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Algorithm FixedPSearchQ (X - dataset, D, - data distribution, y -

10

11

12

13

14

labels, € - approximation range)

Store globally: p < D, -y,@' < DX, b7 < (D, & y)' X

Compute once and store globally: |||, ||5]], (@ - &)
¢ (@b -
b b e .
. 1 - 1 7
— = . = = - b
CTTEP T fand

W 1L,g+ L
foreach p €GetRange (max (0,0.5(1 — ||d])),
min (1,0.5(1 + [|al])), $IU{p. 1~ p} do
p+2p—1
wy < p-u+/|al?—p?-v
W, § < SetCandidateIfBetter (wy,w,§,p)
wy + p-i — /@2 —p*- v

W, § < SetCandidateIfBetter (wo,w,§,p)

end
if w = 1 then

return "Error - Impossible”
end

return w, §

Procedure SetCandidateIfBetter (w,w,g,p)

BTw+p
g —5"

if WGI(p, q) < g then
‘ return w, WGI(p, q)
end
else
‘ return w, §

end

Procedure GetRange (lower, upper, steps)

return {p| equally spaced points in [lower,upper| with

step= upper - lower }

steps

Algorithm 3: Approximating optimal WGI with one range over P,
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Finally the loop iterates over O(¢~1) values of p. For each such value, the
algorithm computes a weight vector and uses the method SetCandidatel f Better

which has time complexity O(d). The total cost of all the iterations is O(‘;l).

The final complexity is:

O(Nd) +O(d) + O <d) — O(Nd)+ 0 <d>

€ €
E.3 DependentWGI Dependent constraints case

In this section we describe Algorithm DependentWGI. Since we have an analyt-
ical solution (Appendix C.9), we simply apply it and return its result as w and the

corresponding WGI g.

Algorithm DependentWGI (X - dataset, D, - data distribution, y -
labels)
1 | Store globally: p < Dy -y, @' < D!X,b + (D, Oy) X

2 Compute once and store globally: |||
3 GetAsth=\ad > According to our assumption, this always happens
4| we g

llall

(AT _ (p=A|])?
5 9%4@—mHWD_%HW»

6 return w, g

Algorithm 4: Approximating optimal WGI dependent case

Algorithm correctness See Appendix C.9.

Algorithm complexity We start by calculating p which consists of dot-product
over vectors of dimension N in time O(NN). Next, we calculate @ and b, by mul-
tiplying an N vector by an N x O(d) matrix in time O(Nd). Also, we calculate

||d@|| in time O(d). And finally, we extract A which is O(1) without verification
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), or O(d) with verification (make sure that Vi € [1,d] : A = g—).

‘3
T

=

(simply, A =

QY

1
We compute w in time O(d) and the drop in constant time. The final complexity

is:

O(Nd) + O(d) + O(d) = O(Nd)
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WGI not convex

In this section we are going to show that the WGI is non convex in w.
Lemma F.0.1. The function WG, is non convex

Proof. Let x1, x5 € R be samples s.t x11 =—x21 =2zvand Vi € [2,d] 1 x1; =
x2; (w1 and w2 are opposite in the first dimension, and the same in all other). Let
y1 = 1 be the label of z; and let y5 = 0 be the label of z5. Also let D be the data
distribution s.t D(x1) = D(x2) = 0.5. We note that this entails that p = 0.5 and
that @ = 0 while by = z.

We define three feasible stochastic linear classifiers:
1. wo = 0 all zeros vector
2. w; whose first coordinate is 1 and the rest 0: w11 = 1,Vi € [2,d] : w1; =0

3. wy, whose first coordinate is 0.5 and the rest 0: w1 = 0.5,Vi € [2,d] :

wli:().

)

We see that
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: _ _ % _ (p_Qw)2 : .
Sice WGIL, =4 (p P TP by equations (6.4) and (6.5) we get:

b -w+py\2 b wpy2 BT . w)2 BT w)2
WGI, =4 p— (7~72 ) B (p 2 ) Y (p+ - w) B (p - w)

awtl 1 dwtl 214+a" -w) 21-a'-w)
We substitute the values of p, @' - w and b - w:

0.52  0.5%
Lo, =4(05 - - 22 ) =1
WGy, (05 5 : >
2 o 2
WGI,, =4 (0.5 - (0‘5;”) - (0‘52 7) ) —4(0.25—2%) =1 — 4a?
2 _ 2
WGl —4 (0'5 (05 +20.5:z:) (05 20.53:) ) e

Since wy, = 0.5 - wg + 0.5 - wy, in order to show non convexity we show that

WG, >0.5- WG+ 0.5- WGI,,:
1—2%>05-14+0.5(1—42%) =1 — 222

which concludes the proof. O



Appendix G

Approximate v Margin With a

Stochastic Tree

In this appendix we show that the class of decision trees with stochastic linear clas-
sifiers has an efficient representation with a bounded error for a v margin feasible

linear separator. This is show by the following theorem:

Theorem G.0.1. Let w be a v margin feasible linear separator, then there exists a
stochastic tree 1" with feasible linear separators in the internal nodes such that the

error of the tree is bounded by € and the depth of T"is O (In (¢~ 1)y ~2).

Proof. Let y € {0,1} be a binary label. Let w be a linear separator such that
Ve : (2y — 1) -w-x > ~. We denote Z; as a random variable such that:
Pr(Zi=1) = %% and Pr(Z; = —1) = =22 Let S = Y1 Z be a

random variable which is the sum of h independent Z;s. We note that £ [Z;] =
1-Pr(Z;=1)—1-Pr(Z; = —1) = w - x and therefore by the expectation of a
sum E [S] = " E[Z)] = h(w - z).

Let x be a positive sample, meaning w - x > ~v. We bound the probability of
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the sum S to be negative by using Hoeffding’s inequality:

Pr(S <0)=Pr(S—E[S] < -E[S]) =Pr(S— E[S] < —h(w - z))

—2 (h(w - z))? —h(w-x)?
coxp 2w hla
>0 2

1=
—h? . .
Since w - x > ~, we get Pr(S <0) < exp % and if we want to drive the

probability below € we have:

2 2

Pr(S <0) <exp <e— §lne—>h221n(e_1)7_2

Similarly, for the negative sample for Pr (S > 0) < e we also require h >
21n (e 1)y 72

We now describe a stochastic decision tree T: T is a full tree of depth h >
21n (e~!)y~2. Each internal node contains the stochastic linear separator w and
each leaf [ € leaves(T) is labeled 1 if the path from root(T') to | contains more
left turns than right and O otherwise.

We notice that when predicting for sample z; using 7', the decision in each
internal node is modeled by Z;. A positive sample x is classified positive according

to the expectation over the leaves:

Pr(yi=1) = Z label(l) Pr (Reach(x,1))
leleaves(T)

We consider all the positive labels, since the negative labels contribute O to the
expectation:
Pr(y;=1) = Z Pr (Reach(z,1))
I€leaves(T)|label (1)=1
By the construction of 7', this probability equals the probability of reaching
leaves with more left turns than right (therefore these leaves are labeled as 1).
Namely,

Pr(yi=1)= Y label(l)Pr(Reach(z,1)) =Pr(S >0) > 1—¢
leleaves(T)



Chapter. G: Approximate v Margin With a Stochastic Tree 80

And therefore the error probability Pr (y; = 0) =< e. Similarly, we can show that
the error for a negative sample is also bounded by e. Finally this ensures that the

expected error is also smaller than € as required. O



Appendix H

Splitting criteria bounds the

classification error

In this appendix we are going to show that a permissible splitting criterion G,
upper bound twice the classification error. Reminder: a function G over [0, 1] is a

permissible splitting criterion if:
1. G is symmetric about 0.5. Thus, Vx € [0,1] : G(z) = G(1 — x).
2. Gisnormalized: G(0.5) = 1 and G(0) = G(1) = 0.
3. G is strictly concave.
Next, we prove the following theorem:

Theorem H.0.1. Let G be a permissible splitting criterion, then for Vz € [0, 1] :
G(z) > 2min{z,1 — z} = min{2z,2 — 2x}.

Proof. First, we consider x € [0, 0.5], and we notice that min{2x,2 — 2z} = 2x.
Next, we notice that z = (1 — 2z) - 0 4+ 2z - 0.5 and according to concavity of G

we derive the bound for this interval of x:

G(r) =G((1 —-2x)-042z-0.5) > (1 — 22)G(0) + 22G(0.5) = 2x

81
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Where the last transition is due to G(0.5) = 1 and G(0) = G(1) = 0.
Next, we consider = € [0.5, 1], and we notice that min{2z,2 — 2z} = 2 — 2.
Again, we notice that z = (2 — 2z) - 0.5 + (1 — (2 — 2z)) - 1 and according to

concavity of G we derive the bound for this interval of x:
Gz)=G((2—2x)-054+(1—-(2—-2x))-1) > (2—22)G(0.5) + (1 — (2 —22))G(1) =2 — 2z

Where the last transition is due to G(0.5) = 1 and G(0) = G(1) = 0.
The above two cases cover the interval « € [0, 1] and therefore we can conclude

that Vo € [0,1] : G(x) > 2min{z,1 — 2} = min{2z,2 — 2z}. O



YN

1INIX N2 ,(boosting) NN22NN NNA0N DNN NLV7NN 'YV NTNAY NV DX DN NNIX IT NTIAYA
NMYYN NX NPOoN TWWKX nNyvn TI|7'7I'1)'J'7 o"n"Y Yun v 0'"M"I9N D'INX2 02AHoNN D 0'NYn
.(Weak Learning Assumption) nw'7nn nT'N'7n

NPO0NN NNYWN NP7NNnd ,0"003100 D'INI'? DAIION 7W NNYWAN NR'7NN DX DNPIN 1INIX

O TI'X 1'aN YTNY 0'7'Y' D'ANMIIAYNR D'PO0N 1INIX IT NP7NN 1Y .AW7NN NTNR7N NYWN NX
NY7N NTM70 NNIN DNNL,PY .NIMp NI'R DYDY 17'9X IR\AWN 7V Don XInW (Gini Index)
D'AII0N D'YNNYNN NLU7NN 'YV 7¢ DTN IRAYW MoN 711 0'7'y' D'MNMIAZR 0'790n 11NN
.0"VDIVO DN

D'2IN1 112y DAl D"'VVY'0 DN DININ DN DNPNA IAY DA DNNIAZRN DX DN 1INIX 91017

,[IM Ya1 752 01IMIn 7 TR [YONNN NI AWNNN? 17100 X0 7" A nna jnnh .otnme
Support — "IX1'"7 TM9n 7Y DWIN'AN TA1D NYXIND NO'YN 7Y DWIN'AN DX D1IYN 1INIX |37
n'X I (decision stumps) "NIV7NN *TA" 001NN NVZNN YV TA1D1 XY 7017 DY Vector Machine
.DINXN D™MIYNN NI 210 TAIY YXIND 10NN 201N NV7NN 7123 DY NIAA TMN DM Ay D
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