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In lattice models, local pressure on a surface is derived from the change in the free energy of
the system due to the exclusion of a certain boundary site, while the total force on the surface can
be obtained by a similar exclusion of all surface sites. In these definitions, while the total force on
the surface of a lattice system matches the force measured in a continuous system, the local pressure
does not. Moreover, in a lattice system, the sum of the local pressures is not equal to the total force
as is required in a continuous system. The difference is caused by correlation between occupations
of surface sites as well as finite displacement of surface elements used in the definition of the pres-
sures and the force. This problem is particularly acute in the studies of entropic pressure of polymers
represented by random or self-avoiding walks on a lattice. We propose a modified expression for
the local pressure which satisfies the proper relation between the pressure and the total force, and
show that for a single ideal polymer in the presence of scale-invariant boundaries it produces quan-
titatively correct values for continuous systems. The required correction to the pressure is non-local,
i.e., it depends on long range correlations between contact points of the polymer and the surface.
© 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4902231]

I. INTRODUCTION

In mechanical systems, the pressure is a scalar quantity
related to the diagonal elements of the stress tensor,1 and
in simple homogeneous isotropic equilibrium systems, such
as fluids, it is the main property characterizing the system.2

In non-homogeneous systems in equilibrium, it is often con-
venient to consider local stresses inside the system, where
they characterize the momentum transfer, both kinetic mo-
mentum and the interaction forces between particles. (See
Refs. 3 and 4 and references therein.) From a kinetic point
of view, when classical particles are confined by smooth rigid
surfaces (walls), they undergo specular reflections from the
walls, leading to a force locally perpendicular to the walls.
The average of this force per unit area is the local pressure

P (�x) = kBT n(�x), (1)

where kB is the Boltzmann constant and T is the temperature,
while n(�x) is the mean local density of particles in contact
with the wall at position �x. This ideal-gas-like local expres-
sion is unaffected by the interactions between the particles,
and relies solely on the “hard” interaction between each par-
ticle and the wall, where the potential changes from 0 to ∞.
In statistical mechanics, P (�x) is the ensemble averaged force
per unit area acting on the boundary. In the canonical ensem-
ble, such local force is the derivative of the free energy of the
system with respect to a local displacement of the boundary
perpendicular to itself.5–7

Consider a single polymer modeled as a chain of N + 1
hard spheres connected by N springs (Fig. 1), placed in a box
with flat hard walls. The probability of finding a monomer
within a small distance ε from the boundary is linear in ε,
while the probability of finding two monomers is proportional

a)Electronic mail: hammeryosi@gmail.com

to ε2. Thus, when the wall is shifted by an infinitesimal dis-
tance, only one monomer makes contact with the wall and the
polymer touches the wall at a single point. The local nature of
the pressure is reflected in Eq. (1), where the pressure depends
on the monomer density at a specific point �x. Note that this
density is affected by the interaction between the monomers
in the polymer.

The “beads and springs” model is a discrete model de-
fined in a continuous space. If we take the N → ∞ limit
and at the same time take all the microscopic length scales
to zero (the radius of the spheres and the average length of the
springs), so that the average end-to-end distance R of the poly-
mer remains finite, we arrive at a continuous polymer model.8

When we place a continuous polymer near a repulsive wall,
the density of monomers on the wall vanishes. The entropic
pressure of the polymer on the wall at the point �x is deter-
mined by the rate of change of the monomer density close to
�x in the direction perpendicular to the wall.6, 7, 9 In the above
models, which are defined in continuous space, the total force
is found by integrating the pressure over the surface, i.e.,

�F =
∫

Pd �S, (2)

where d �S is a vector whose size is that of a surface element,
and it is perpendicular to the wall.

A random walk (RW) on a lattice is often used as a model
for an ideal polymer, and a self-avoiding walk (SAW) is used
as a model for a polymer in good solvent.10 Using lattice mod-
els in polymer simulations allows qualitative treatment of uni-
versal features of larger systems at the expense of quantitative
agreement with real systems.11 In this work, we propose a
method to recover some of this quantitative agreement. In lat-
tice systems, the statistical mechanics approach to the local
pressure is reduced to the calculation of discrete changes of

0021-9606/2014/141(20)/204905/8/$30.00 © 2014 AIP Publishing LLC141, 204905-1

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

132.66.128.56 On: Thu, 27 Nov 2014 05:06:26

http://dx.doi.org/10.1063/1.4902231
http://dx.doi.org/10.1063/1.4902231
mailto: hammeryosi@gmail.com
http://crossmark.crossref.org/dialog/?doi=10.1063/1.4902231&domain=pdf&date_stamp=2014-11-26


204905-2 Y. Hammer and Y. Kantor J. Chem. Phys. 141, 204905 (2014)

FIG. 1. A polymer composed of hard spheres (circles) connected by springs
(dashed lines) near the wall of a large box (solid line). Even though there are
several monomers in the polymer, only one is in contact with the wall.

the system.12–15 Consider a RW or a SAW on a lattice con-
fined to a large box. The walk is allowed to visit the sites on
the walls of the box but not to cross them. The force F acting
on one flat wall is found by calculating the change in the free
energy of the system �F that results from excluding all the
sites along the wall, thus moving the wall by a finite distance
�h, i.e.,

F�h = �F . (3)

If the wall is a plane (in space dimension d = 3) or a line (in
d = 2) and it is shifted along one of the axes of a hypercubic
lattice, as in Fig. 2(a), �h is simply the lattice constant a.
Similarly, it is natural to derive the pressure from the change
�F(�x) in the free energy of the system resulting from the

(a)

(b)

FIG. 2. Discrete changes on a square lattice. (a) The wall is shifted by one
lattice constant. (b) The lattice site marked by the red circle is excluded.

M
s
=5

FIG. 3. A SAW on a square lattice brought into contact with the wall of a
large box. The system is symmetric to translations along the wall. The walk
touches the wall at Ms = 5 different sites.

exclusion of a lattice site �x,

P (�x)�h�S = �F(�x), (4)

where �S is the surface element associated with the site �x.
In the simple example depicted in Fig. 2(b), �S is the lattice
constant, and �S�h = a2.

Unlike in polymer models in continuous space, in the lat-
tice polymer models there can be more than one monomer in
contact with the wall (Fig. 3). More than one site along the
wall can be occupied, and in the case of a RW more than one
monomer can occupy a single site. For this reason, Eq. (2)
does not hold in the lattice model, i.e.,13

�F �=
∫

Pd �S. (5)

Thus, the local pressure defined in this way is not a good
representation of what we mean by pressure in continuous
systems. We seek to correct this situation, and define a local
pressure in a discrete system that is numerically as close as
possible to the pressure measured in continuous systems and
results in the correct total force after integration.

II. GENERAL FORMALISM FOR LATTICE
POLYMER PROBLEMS

Consider a polymer modeled as a RW or SAW of N steps
on a hypercubic lattice confined to a certain region of space.
We study the pressure and the total force on one of the walls of
the allowed region. The configurational part of the free energy
of the system is

F = −kBT lnNt , (6)

where Nt is the total number of allowed configurations. We
denote by Nc the number of configurations in which the poly-
mer touches the wall at least at one site. When the wall is
moved by one lattice constant the total number of available
configurations is reduced by Nc, so that the change in the free
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energy of the system is

�F = −kBT ln

(
1 − Nc

Nt

)
. (7)

It is convenient to define a dimensionless force variable
F̂ ≡ Nc/Nt , so that the total force on the wall is

F = −kBT

�h
ln(1 − F̂ ). (8)

Frequently, F̂ � 1 and we can expand Eq. (8) and see
that F̂ is indeed proportional to the total force, i.e.,
F ≈ (kBT /�h)F̂ . We repeat this process with respect to the
change in the free energy of the system �F(�x) associated
with the exclusion of the lattice site �x from the available sites
for the walk. If we denote by N�x the number of walks that
touched the surface at the point �x at least once, we arrive at

P (�x) = − kBT

�h�S
ln(1 − P̂ (�x)), (9)

where the dimensionless pressure P̂ (�x) ≡ N�x/Nt .
6, 14–16

Practically always P̂ (�x) � 1, and we can expand Eq. (9) to
get P (�x) ≈ (kBT /�h�S)P̂ (�x).

III. FORCE AND PRESSURE OF A LATTICE POLYMER
IN A LARGE BOX

When the polymer is confined to a large box (the size of
the box is much larger than the average size of the polymer)
the system can be regarded as homogeneous, and to a good
approximation, invariant with respect to translations along the
wall. In this case, the relation between the pressure and the to-
tal force can be derived from the analysis of lattice polymers
in free space (no boundaries). Any configuration in free space
can be created by taking a walk s starting from the origin and
moving it as a rigid unit to a new position �x0 (Fig. 3). Thus,
each walk w is identified by its shape sw and its starting po-
sition �x0,w. Suppose we wish to study the pressure and force
between walks in a large box, and one of the walls which is
defined by xi = 0, where xi is the i spatial coordinate in the
system. For each shape s we can identify xi, min, the minimal
value of xi along the walk, and define Ms to be the number
of different minimal sites of the walk in the direction of i
(Fig. 3). When a walk w is in contact with the wall, i.e., xi, min
= 0, it touches the wall at precisely Ms

w
sites. Note that this

is independent of the starting position of the walk along the
wall, and only depends on its shape. Due to the symmetry
of the system with respect to translations parallel to the large
wall, the number of configurations in which the polymer is in
contact with the wall is

Nc = Ns · Nb, (10)

where Ns denotes the number of shapes the polymer can take
(for a RW on a d-dimensional hypercubic lattice Ns = (2d)N )
and Nb is the number of sites on the wall. The number of con-
figurations that touched the wall at a certain site �x at least once
is independent of �x due to the same translational symmetry,
and can be expressed as

N�x =
∑

s

Ms. (11)

From Eqs. (10) and (11) and the definition of P̂ and F̂ we
arrive at ∑

�x
P̂ (�x) = Nb

Nt

∑
s

Ms = F̂
1

Ns

∑
s

Ms

= 〈M〉F̂ . (12)

We see that when the polymer is moving freely in a large box,
the ratio between the total force and the integral of the pres-
sure on the surface of the wall is equal to the average 〈M〉
taken over possible shapes of the walk. It is interesting to
note that this average can be measured without the presence
of the confining box, and it is in fact a property of polymers
in free space. The technique of using walks in free space to
study properties of walks in the presence of boundaries is
sometimes referred to as CABS (confinement analysis from
bulk structure), and has been discussed and used in several re-
cent works.17, 18 By numerically examining a RWs of N = 105

steps on a square lattice we find 〈M〉 ≈ 2.78. Thus, for RWs
on a square lattice, when the walk moves freely in a large
confining box with a flat wall of surface S, then the pressure
on the wall and the total force F acting on it are related by
PS = 2.78F. In fact, as will be discussed later, even in more
complicated, non-homogeneous systems, it is often sufficient
to divide the pressure by the constant 〈M〉 computed in free
space.

IV. FORCE AND PRESSURE OF A LATTICE POLYMER
IN A NON-HOMOGENEOUS CASE

We now examine the relation between the local pressure
and the total force applied on the wall for a non-homogeneous
system. Consider, for example, a lattice polymer anchored at
a site �x0 near an infinite wall (Fig. 4(a)). The polymer is con-
fined to the half space defined by the wall. As before, it can
visit the sites on the boundary but is not allowed to cross it.
Let us denote by w a certain configuration of the polymer
that visited the boundary wall. Also, let us define a variable
mw(�x) that is equal to one if the walk w visited the site �x on
the wall, and zero otherwise (so that

∑
�x mw(�x) = Mw, where

Mw = Ms
w

defined above). The total number of walks that
visited the wall can be written as a sum over the configura-
tions w that touched the wall, i.e.,

Nc =
∑
w

1 =
∑
w

∑
�x

mw(�x)

Mw

. (13)

Combining Eq. (13) with the definitions of F̂ and P̂ , we find
that

F̂ = 1

Nt

∑
�x

∑
w

mw(�x)

Mw

=
∑

�x

N�x
Nt

1

N�x

∑
w�x

mw�x
(�x)

Mw�x

=
∑

�x
P̂ (�x)〈M−1〉�x, (14)

where w�x is a configuration that touched the point �x on the
wall. We denote by 〈〉�x a conditional average with respect to
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h

(a)

(b) (c) (d)

h
hh

α π= 3 2/α π=α π= / 2

FIG. 4. (a) A SAW on a square lattice in contact with a boundary line. The
starting position of the walk (red circle) is at a distance h from the line. (b)-(d)
The geometries considered in the force and pressure measurements of Sec. V
are sectors with different opening angles α.

only the walks that visited the site �x. Note that the switch
from summation over w to the summation over w�x in Eq. (14)
is justified since for any walk w that did not visit the site �x
we will have mw(�x) = 0 and it will not contribute to the sum.
We see from Eq. (14) that it is possible to define a modified
dimensionless pressure

P̄ (�x) = P̂ (�x)〈M−1〉�x, (15)

that, when integrated on the boundary wall, will result in the
total force acting on the wall.

The modified definition of the entropic pressure was de-
rived for a single polymer near a boundary wall. It is straight
forward to generalize P̄ to a system with multiple polymers.
In the latter case, w would represent a specific configuration
of all molecules in the system in which at least one monomer
contacts the surface and Mw would denote the number of dif-
ferent sites on the surface occupied in w. The remainder of
the derivation would not be affected.

In Sec. V, we study the properties of this correction and
check whether the modified pressure recovers the local pres-
sure defined in the continuous models.

V. POLYMERS ON A SQUARE LATTICE ANCHORED
NEAR A CONFINING LINE OR SECTOR

We studied the pressure and the force between a RW or
a SAW on a square lattice starting from a site �x0 near a con-
fining boundary. Three cases are considered for the geometry
of the boundary: an infinite line (Figs. 4(a) and 4(c)), a sector
of opening angle α = π /2 (Fig. 4(b)), and a sector of open-

ing angle α = 3π /2 (Fig. 4(d)). The starting position of the
polymer was taken to be on the symmetry axis of the sec-
tor (irrelevant for the infinite line) at a distance h from the
boundary.

A. Entropic force measurement

The entropic force between long polymers and scale in-
variant surfaces was studied in previous papers.19, 20 It was
shown that for continuous polymers in the limit where the
typical linear size of the polymer R → ∞ the entropic force
between the polymer and the surface is of the form

F = AkBT /h, (16)

where the force amplitude A is a universal constant, i.e., it
depends on a small number of parameters such as the dimen-
sion of the system, the opening angle of the sector, and the
presence of steric repulsion between monomers. Specifically,

A = ηb − ηf , (17)

where η is the critical exponent that characterizes the anoma-
lous decay of correlations between monomers.21 We denote
by ηf the value of this exponent for a polymer in free space
(no boundary) and by ηb the value of η for a polymer an-
chored to the boundary, i.e., anchored to the confining line
or to the tip of the confining sector. It was also shown in
Refs. 19 and 20 that for RWs, ηf = 0, whereas ηb = π /α,
leading to

ARW = π/α. (18)

Cardy and Redner22 found the critical exponents for long
SAWs confined to sectors in two dimensions using conformal
mapping. From their results,

ASAW = 30 − 5α/π

48α/π
. (19)

In order to demonstrate a measurement of the entropic force,
we generated a large number (∼107) of RWs of 105 steps on
a square lattice, each starting at a distance h from a bound-
ary line or sector as described above. Walks that crossed the
boundary were discarded, and among the walks that remained
within the allowed space, we counted how many visited the
sites on the boundary, thus measuring the ratio F̂ = Nc/Nt .
The entropic force is then given by Eq. (8). The measurement
was performed in a similar way for SAWs, where walks of
512 steps were generated using dimerization.23 The results
are presented in Fig. 5. The form in Eq. (17) for the force is
valid only when the distance h from the wall is much greater
than any microscopic length scale such as the lattice constant.
This is clearly not the case for some of the data presented in
Fig. 5. It has been shown in several works, that to first order,
the effect of the microscopic length scale can be taken into
account by adding a constant shift δ to the distance h.24–27 For
this reason, we fitted the force measurement data to a function
of the form

F (h)

kBT
= A

h + δ
, (20)
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6

618

FIG. 5. Entropic force between a RW of 105 steps or a SAW of 512 steps
on a square lattice and a scale invariant boundary, shown as a function of
the distance h between the starting position of the walk and the boundary in
lattice units a. The shape of the boundary is a sector with different opening
angles α (see legend). The data were fitted to the form in Eq. (20) (dashed
lines).

where the force amplitude A and the shift δ are the fitting pa-
rameters. In Table I, we see that the force amplitudes extracted
from the measurements are in good agreement with the exact
values (Eqs. (18) and (19)) for α = 3π /2 and α = π . There
are noticeable discrepancies between the theoretical and the
measured values when the polymer is confined inside a sector
with α = π /2, where the polymer is closest to the walls and
we can expect that the small length scale will be most signif-
icant. Another reason for these discrepancies is the fact that
the theoretical force amplitudes were computed for infinitely
long polymers, while our walks are finite. The finiteness of
the walks leads to a reduction of the force (see discussion for
a finite walk near a line in Subsection V B).

B. Entropic pressure measurement

Using the same set of configurations generated for
the force calculation, we measured the dimensionless pres-
sure P̂ (x) = Nx/Nt , and the corrected pressure P̄ (x)
= P̂ (x)〈M−1〉x , where x is the distance from the tip of the
sector (for the infinite line the starting position of the poly-
mer is directly above the point where x = 0). We compare
these measurements with the exact results obtained in a previ-

TABLE I. Force amplitudes for RWs of 105 steps and SAWs of 512 steps
on a square lattice anchored near an infinite boundary in the shape of a sector
with opening angle α. Theoretical values for the infinitely long continuous
walks are compared with the numerical values extracted from Fig. 5. The
errors represent 95% confidence limits. We did not attempt to estimate sys-
tematic errors.

RW SAW

α Theory Numerics Theory Numerics

π /2 2 1.85 ± 0.06 1.15 1.07 ± 0.02
π 1 0.97 ± 0.02 0.52 0.52 ± 0.02
3π /2 2/3 0.64 ± 0.02 0.31 0.31 ± 0.02

FIG. 6. Entropic pressure of a RW of 105 steps on a square lattice anchored
approximately at a distance of 50 lattice constants (h = 50a) from a scale
invariant boundary. (a) The dimensionless pressure P̂ . (b) The modified di-
mensionless pressure P̄ . The dashed lines denote the exact pressure of an
infinite continuous ideal polymer (Eq. (21)).

ous work,7 where it was shown that for a continuous infinitely
long ideal polymer, held at one end near a scale invariant re-
pulsive sector, the pressure on the sector is

Pe(x) = π

α2

kBT

x2

1

1 + (h/x)2π/α
. (21)

In Fig. 6, we present the dimensionless pressure P̂ (Fig. 6(a))
and the corrected pressure P̄ (Fig. 6(b)) for a random walk
confined to a sector. It can be seen that P̄ is in much better
agreement with Pe (Eq. (21)) than P̂ . For the majority of val-
ues of x/a depicted in Fig. 6, the modification factor 〈M−1〉x
is almost constant (see the discussion in Subsection V C). We
could, therefore, obtain very similar results by dividing the
reduced pressure by the constant 〈M〉 found in Sec. III. For
these simple surfaces, it is not clear from the data that the
more complicated procedure we suggest here of calculating
〈M−1〉x at each point individually is preferable to simple di-
vision of the pressure by a constant. However, the modified
pressure is guaranteed to result in the correct total force upon
integration on any surface, including more complicated ones
that are not homogeneous.
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FIG. 7. Entropic pressure of a finite RW on a square lattice of N steps, an-
chored at a distance of 50 lattice constants (h = 50a) from a boundary line.
The dashed lines denote the exact pressure given by Eq. (22).

A close inspection of the graph reveals that there is still
a systematic discrepancy between P̄ and Pe. The measured
pressure P̄ is slightly larger than the theoretical pressure Pe.
The reason is that our walks are finite. In order to demonstrate
this, we used the methods described in Ref. 7 to calculate the
pressure of a finite continuous ideal polymer in two dimen-
sions anchored at a distance h near an infinite boundary line
(a sector where α = π ),

Pe(x,R) = 2kBT
h

R3

G
2,0
1,2

(
h2+x2

R2

∣∣∣ − 1
2−1,0

)
π erf(h/R)

, (22)

where R = Na2, G
2,0
1,2 is the Meijer function,28 and erf is the

error function. In Fig. 7, we show P̄ measured for RWs of N
= 104 and 105 steps. The results are in excellent agreement
with Eq. (22). The dependence of the pressure on the size of
the polymer is also seen in the figure. For smaller polymers,
the pressure at small x is larger in comparison with the infinite
polymer limit, but when x approaches the size of the polymer
the pressure is cut off exponentially. The exact total force of
a finite continuous polymer on the line can be found by in-
tegrating Eq. (22). We find that the force applied by a finite
walk, Ffinite, approaches the infinite limit Finfinite from below.
For R � h, the leading correction Ffinite − Finfinite ∼ 1/R.

C. Properties of the factor 〈M−1〉�x

We would like to understand whether the reduction factor
〈M−1〉�x applied to the pressure is a local parameter, i.e., it
results from the statistics of the system in the vicinity of �x, or
rather it depends on long range correlations of the polymer.
To achieve this, we note that it can be written in the following
way:

〈M−1〉�x =
〈

1

1 + ∑
�x ′ �=�x m(�x ′)

〉
�x
. (23)

From Eq. (23) we see that the other sites on the boundary af-
fect the correction to the pressure at the site �x through the

FIG. 8. The conditional function 〈m(x′)〉x versus the distance |x − x′| be-
tween the sites, taken for RWs of N = 105 steps and SAWs of N = 512
steps on a square lattice. The starting position of the RWs was 50 lattice con-
stants above a repulsive boundary line and for the SAWs it was 30 lattice con-
stants above the line. Apart from the first two points, the density decays as
|x − x′|−2 (solid line). The conditional density is the same for x = 0 (cir-
cles and plus signs) directly beneath the starting position and for x = 50a or
x = 30a (triangles and squares), even though the systems are not homoge-
neous.

conditional function 〈m(�x ′)〉�x . If this function decays rapidly
as the distance |�x − �x ′| increases (say exponentially), then we
could say that the modification of the pressure is local, and
depends only on contacts made by the walk in the vicinity of
the site �x. In the case of RWs and SAWs on a square lattice
confined to a sector, we find that 〈m(x′)〉x is not a local func-
tion, but decays as a power of |x′ − x|−2 (Fig. 8). In fact, it is
possible to show that for a RW in d dimensions that touches a
(d − 1)-dimensional boundary plane at a point �x, the function
〈m(�x ′)〉�x decays as |�x − �x ′|−d . For SAWs on a square lattice,
there seems to be a similar behavior. This observation leads us
to say that in the 2-dimensional case, the correction we found
to the entropic pressure is non-local. This property of the en-
tropic pressure in a lattice system makes it fundamentally dif-
ferent from the pressure in continuous systems, discussed in
Sec. I. In lattice systems, the idea of a pure local pressure
which results in the total force on the surface after integra-
tion is no longer valid, since the correction 〈M−1〉�x contains
important long range contributions.

Another interesting question is whether the reduction fac-
tor applied to the pressure is constant or does it vary with po-
sition along the boundary (like the pressure). In Fig. 9, we
plot 〈M−1〉�x for a RW anchored at a distance h = 50a from
the sector, and a SAW anchored at a distance h = 30a from
the sector. Several observations can be made. First, for a walk
anchored in the vicinity of an infinite line (α = π ), 〈M−1〉�x
appears to be constant, i.e., independent of x and equal to the
factor found in the homogeneous case (Sec. III). Thus, we
see that when the walk starts at a distance much greater than
the lattice constant, the modification we propose to the en-
tropic pressure is independent of the starting position of the
walk. In this case, the correction is reduced to a multiplicative
factor which depends on a small number of parameters such
as the type of lattice, the dimension of the system, and the
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FIG. 9. The correction factor 〈M−1〉x measured for RWs of 105 steps and
SAWs of 512 steps on a square lattice anchored near a confining sector. The
RWs were anchored approximately at a distance h = 50a from the tip of the
sector and the SAWs were anchored at a distance of approximately h = 30a
from the tip of the sector (see Fig. 4). For the case of a boundary line (sector
with opening angle π ), the correction factor is homogeneous (squares). For a
sector with α = π /2 (circles), the correction decays to zero when the corner is
approached (as do the pressure in this case). For a sector with opening angle
α = 3π /2 (triangles), the correction factor increases near the tip (as does the
pressure).

universality class of the walks (e.g., RWs versus SAWs).
However, from Fig. 9 we also see that 〈M−1〉�x does depend
on the shape of the surface, and varies when we approach the
tip of the sector. For α = 3π /2, when the polymer is held out-
side of a π /2 sector (i.e., inside of a 3π /2 sector), 〈M−1〉�x in-
creases near the corner, whereas for α = π /2, when the poly-
mer is confined inside the π /2 sector, 〈M−1〉�x decays to zero
at the corner. Note that the pressure behaves in a similar way
(Fig. 6). The behavior of 〈M−1〉�x near the corners can be un-
derstood qualitatively in the following way: When the poly-
mer makes contact with the surface in an area that is increas-
ingly confined (e.g., close to the corner when α = π /2), we
can expect that more contacts were made on the surface in
nearby points since the polymer has fewer options to escape
into the bulk. Thus, the total number of contacts with the sur-
face, M, will be larger for these configurations, and the fac-
tor 〈M−1〉�x will be smaller. Note that in this case it is harder
for the polymer to reach the confined area and therefore the
entropic pressure will also be reduced in the vicinity of the
corner. On the other hand, when the area in question is less
confined, as in the vicinity of the corner with α = 3π /2, the
polymer can reach it more easily, and can more easily escape
into the bulk after making contact with the surface, thus mak-
ing a smaller number of contacts with the boundary. There-
fore, for α = 3π /2, the pressure and 〈M−1〉�x are both in-
creased in the vicinity of the corner.

VI. SUMMARY AND CONCLUSIONS

Polymers on lattices are often used to study properties
of polymers in continuous space, even though there are im-
portant differences in the definition and behavior of physical
properties in lattice and continuous systems. When dealing

with macroscopic quantities such as the force acting on a large
object, the results in the lattice systems match those in contin-
uous space. However, this is not always the case when dealing
with local properties such as the entropic pressure on a bound-
ary surface. The natural way to define the pressure P (�x) at the
point �x along the boundary in a lattice system is as the change
in the free energy of the system which results from exclud-
ing the point �x, divided by the volume element related to �x.
However, this definition of the pressure is inadequate when
we want to use the lattice polymer models to represent poly-
mers in continuous space, where an important requirement is
that when the pressure is integrated over the entire surface,
the result should be the total force F acting on the surface.
It is known13 that P (�x) defined above does not satisfy this
condition.

For a polymer in a large box, where the pressure on the
wall is constant, we show that the difference between the in-
tegral of the pressure and the total force is a constant factor
that can be calculated from the statistics of polymers in free
space. Thus, in this case this surface effect is in fact a bulk
property,17, 18 that depends on a small number of parameters
such as the type of lattice and the universality class of the
lattice polymer (e.g., RWs versus SAWs).

For non-homogeneous cases, we define a modified en-
tropic pressure, denoted P̄ in dimensionless units, that, upon
integration, does result in the correct total force acting on the
surface. Even though in many cases, when the surface geom-
etry is simple, it is sufficient to divide the lattice pressure by
a constant value as mentioned above, our modified pressure
is guaranteed to result in the correct total force after integra-
tion even on more complicated boundaries. Note that the total
force matches the one measured in continuous space. Also,
computing our modified pressure in simulations does not re-
quire significant numerical effort.

We show that our modified pressure calculated for RWs
on a square lattice near scale invariant repulsive boundaries
matches the exact results obtained for continuous polymers in
this geometry, and use this system to study the properties of
the proposed modification. We show that it is non-local, i.e.,
it depends on long range correlations between contact points
along the surface. We conclude that the entropic pressure of a
lattice polymer cannot be considered as a purely local prop-
erty that results in the total force after integration, like the
pressure in the continuous systems.
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