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Introduction
The main goal of our work is to prove the following result:

MAIN THEOREM: Let K be a finitely generated field, A an abelian variety
over K, and e a positive integer. Then the following statements hold for
almost all o € G(K)°:

(a) Aj~(K(e)) is a finite group for all prime numbers .

(b) Ife > 2 and char(K) = 0, then Ao (K (o)) is a finite group.

Here we say that a field K is finitely generated if it is finitely
generated over its prime field. We denote the separable (resp. algebraic)
closure of K by K (resp. K) and let G(K) = G(K,/K) be the absolute
Galois group of K. Each o € G(K) uniquely extends to an automor-
phism of K having the same notation o. We consider the cartesian product
G(K)¢ of e copies of G(K). If 0 = (01,...,0¢) is in G(K)® and N is a
normal extension of K, then N (o) is the fixed field in N of o1,...,0.. In
particular, K (o) = K,(0)ins is the maximal purely inseparable extension
of K(o). In general we denote the maximal purely inseparable extension
of a field M by Mjys.

For an abelian variety A which is defined over K (We usually use
the shorter language “an abelian variety A over K”.) and for each positive
integer n let A,, be the kernel of multiplying A by n. If M is an extension
of K, then A,(M) = {p € A(M)| np = 0}. We use [ to denote prime
numbers and let A (M) = ;2 Aji(M). We also let Aior(M) be the
group of all points of A(M) of finite order.

Finally, we equip G(K)¢ with the unique Haar measure px which
is normalized with px(G(K)) = 1. Then the clause “for almost all o €
G(K)®” means as usual “for all but a set of measure 0 of o in G(K)¢”.
This ends the explanation of the Main Theorem.

The Main Theorem solves Part C of the Geyer-Jarden Conjecture in
all cases and Part B for char(K) = 0.

CONJECTURE OF GEYER-JARDEN [Gel|: Let K be a finitely generated

field, A an abelian variety over K, and e a positive integer. Then the

following statements hold for almost all o € G(K)°:

(A) If e = 1, then there are infinitely many prime numbers | with
AZ(KS(U)) 7é 0.

(B) If e > 2, there are only finitely many | with A;(K(o)) # 0.

(C) Ife =1, then for each | the group A;~(K (o)) is finite.

Since the intersection of countably many sets of measure 1 is again
a set of measure 1, and since a variety which is defined over K is already
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defined over a finite extension of K, it is possible to switch the order of
the quantifiers in the Geyer-Jarden conjecture (Remark 3.9):

COROLLARY TO THE GEYER-JARDEN CONJECTURE: Let K be a finitely
generated field and e a positive integer. Then for almost all & € G(K)°
and for each abelian variety A over K (o) the following statements hold:

(I) Ife =1, then Ao (K (o)) is infinite.

(IT) Ife > 2, then Ao (K (o)) is finite.

The main result of [GelJ] is that the Geyer-Jarden Conjecture holds
for elliptic curves. The proof relies on an analysis of the action of G(K)
on A,(K) and on A;~(K), where A is now an elliptic curve over K.
This action gives rise to representations p4 ,: G(K) — GL(2d,Z/nZ) and
pa=: G(K) — GL(2d,Z;), where d = 1 = dim(A) (at least if char(K) t n
and char(K) # [). The proof distinguishes between five cases. In each
of these cases, the image of G(K) in the corresponding matrix group is
known to such an extent that allows the computation of the probability
that an e-tuple of elements has a common eigenvector.

As the dimension of A grows, the number of types of those represen-
tations grows. Moreover, there are only few cases in the literature where
those representations are described in detail. So, any attempt to prove the
Geyer-Jarden Conjecture should rely on general principles which are less
precise than those used for elliptic curves but powerful enough to yield the
desired result.

Our previous work [JaJl] uses such principles to prove Part C of
the conjecture for every global field K and for | # char(K). There is
an attempt in [JaJl] to prove Part A of the conjecture for an arbitrary
finitely generated field of positive characteristic. Unfortunately, the proof
contains an error [JaJ2].

In this work we use the same principles as in [JaJ1] in a more careful
way and complete the proof of Part C of the conjecture in all cases.

We also use a result of Bogomolov-Serre which asserts that if K is a
number field, then p4;(G(K)) contains “many” homotheties. This leads
to a proof of part B of the conjecture for number fields. The theory of
good reduction of abelian varieties extends the result to arbitrary finitely
generated extensions of K.

Part B of the conjecture in positive characteristic and Part A of the
conjecture are still open.



1. Torsion of Abelian varieties under good reduction

We enhance the theory of good reduction of abelian varieties with some
ingredients which are not well documented in the literature. We use it in
the next section to prove Part C of the Geyer-Jarden conjecture.

Let K be a field of characteristic p equipped with a valuation wv.
Choose an extension ¥ of v to K. Denote reduction of objects at & by
a bar. We will be careful to make only such statements on the reduced
objects which will depend on v but not on v. If we wish to make the
reference to v explicit, we add v as an index. We use the expression “for
almost all v” as an abbreviation to “there exist ay,...,a, € K> such that
for all valuations v of K which satisfy v(a;) =0,i=1,...,n".

Denote the Tate-module of an abelian variety A over a field K asso-

ciated with a prime number [ by T;(A). By definition, T;(A) = Lim Ay (K),
where the maps A (K) — Ajn—1(K) are multiplication by [.

LEMMA 1.1: Let A be an abelian variety over K and let | a prime number.

Then, for almost all valuations v of K, reduction at v induces isomorphisms
A (K) — A (K), n=1,2,3,... and T}(A) — T;(A).

Proof: Shimura and Taniyama prove that for almost all v, A has good
reduction at v. That is, A is an abelian variety over K [ShT, p. 109,
Prop. 25]. Alternatively, one may consider A as a closed algebraic subgroup
of P* [Mil, p. 113, Thm. 7.1]. A together with the group operations are
defined by finitely many polynomials with coefficients in K. The conditions
on A to be an abelian variety translate into elementary statements on
the coefficients which should be satisfied over K. By the elimination of
quantifiers for the elementary theory of algebraically closed fields [FrJ,
Thm. 8.3], these statements remain true over K for almost all v (See also
[Jar, §1]).

Suppose A has good reduction at v. It defines a homomorphism
@: A(K) — A(K) of groups. For each n let ¢,: A,(K) — A, (K) be the
corresponding restriction of .

Consider points p1,...,pm of A(K). Then “pq,...,pm are the dis-
tinct points of order [ in A(K)” is an elementary statement on K. Hence,
as in the preceding paragraph, it remains true for almost all v. In other
words, for almost all v, Pp1,...,Pm are the distinct points of order [ in
A(K). So, ¢y is bijective.

There exists a nonnegative integer r with A, (K) = (Z/I'Z)" for each
i. If [ # p, then r = 2dim(A). If [ = p, then 0 < r < dim(A) [Mum, p. 64].
Similarly, there exists a nonnegative integer # with A;: (K) = (Z/I'Z)" for
each i. By the preceding paragraph r = 7. So,
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(1) |Au(K)|=|Ap(K)|,i=1,2,3,....

Since ¢y is surjective, Nakayama’s lemma implies that ¢;: is surjec-
tive. Hence, by (1), @i is bijective.

Finally, taking the inverse limit on all 7, the y; define an isomorphism

p: T(A) — Ti(4).

For a field K, an abelian variety A over K, and a positive integer n
write K (A,,) for K(A,(K)). Also, let K (A=) = U5, K(Ap).

COROLLARY 1.2: Let A be an abelian variety over a field K and let | be
a prime number. Then, almost all valuations v of K have trivial inertia

groups in K(A;~) N K. In particular, almost all discrete valuations v of
K are unramified in K(Aj~) N K.

Proof: Replace K by Kjiys, if necessary, to assume that K is perfect. It
suffices to prove that each v satisfying the conclusion of Lemma 1.1 has
trivial inertia groups in K (A4;~). Since K(Aj) = J;2 K(A;i), it suffices
to prove that for each n, v has trivial inertia groups in N = K(A;:).

We repeat a well known argument. Let w be an extension of v to
N. Let D(w) = {0 € G(N/K)| w(x) > 0 implies v(cz) > 0 for each = €
N} be the decomposition group of w in N/K. Then, the map D(w) —
G(K(A;)/K) given by o — & with 62 = o7 if z € N and w(z) > 0 is
a homomorphism whose kernel is the inertia group I(w). We prove that
I(w) is trivial (This will also imply that K (A;»)/K is Galois [Ser3, p. 33,
Remarque].)

Indeed, let o € I(w) and consider p € A (K). Then p = 6p = p

and op € Aj»(K). By our choice of v, op = p. Conclude that o = 1, as
desired. |

2. Finiteness of the [-power torsion

In this section we prove Part C of the Geyer-Jarden Conjecture. The proof

uses the following condition on a field K:

(C’) Let A be an abelian variety over K and [ a prime number. Then
A (K(0)) is finite for almost all o € G(K).

Remark 2.1: Reduction steps.

(a) Let A be an abelian variety over a field K. Let L be a purely
inseparable extension of K. Then resk. : G(L) — G(K) is an isomorphism.
If o' € G(L) and o = resg_ ('), then K (o) = L(0’). Hence, Aj~(K(0)) is
finite for almost all o € G(K) if and only if Aj~(L(c)) is finite for almost
all o € G(L).



(b) The field N = K(Aj~) is a normal extension of K. If [ #
char(K), then multiplication by [’ is an etale endomorphism of A [Mum,
p. 64, Prop. 2 and p. 74, Cor. 1]. In particular, it is etale over 0. Hence,
N/K is Galois. So, Aj (M) = Ajee (Miys) for each algebraic extension M
of K. In particular, Aj~(K(c)) = Aj=(Ks(0)) for each o € G(K).

If however, | = char(K), this need not be the case. For example, let
K =TF,((t)) be the field of formal power series in ¢ over ), and A the Tate-
curve over K with period ¢. By [Roq, p. 19, IV and V], A(L) = L*/(t) for
every finite extension L of K. In particular, K (A,) = K (t'/?) is a purely
inseparable extension of K of degree p.

The arguments of the first paragraph also imply that |J, A4;(M) is
finite if and only if (J A;(Mips) is finite.

(c) Let M be an algebraic extension of K. We prove that T;(A)(M) #
0 if and only if Aj~ (M) is infinite.

Indeed, if 7;(A)(M) has a nonzero point p, then there is iy such that
for all i > ip, the ith component p; of p is a nonzero point in Ay (M).
Moreover, Ip;+1 = p; and therefore [ - ord(p;) = ord(p;+1). Thus, the p;,
1 > 1ig, are distinct.

Conversely, suppose A; (M) is infinite. Since each A;i (M) is finite,
there are infinitely many i’s with A (M) = {p € A;;(M)]| ord(p) = I'}
nonempty. It follows from [ - ord(Ip) = ord(p) that each of the finite sets
A3 (M) is nonempty. The same formula implies that multiplication by [
maps Aj; (M) into Aj;(M). Hence, lim A3 (M) is nonempty [FrJ, Lemma
1.2]. Each point in the inverse limit is a nonzero point of 7;(A)(M). i

Proposition 5.1 of [JaJl] proves (C’) for every global field K and
every prime number [ # char(K). Having proved Lemma 1.1 and Corollary
1.2, the proof of [JaJ1, Prop. 5.1] basically works also for the remaining
case where | = char(K). Since it makes no extra effort, we state and prove
the result over global fields for all [.

PROPOSITION 2.2: Every global field K satisfies Condition (C).

Proof: Let A and [ be as in (C’). The field N = K(A;~) is a normal
extension of K. Let L be the maximal separable subextension of N/K
and K’ the fixed field in N of Aut(N/K). Then K’ is a purely insep-
arable extension of K, both L/K and N/K' are Galois extensions, and
res;: G(N/K') — G(L/K) is an isomorphism.

We have to prove that almost no o € G(N/K') fixes a nonzero ele-
ment of 7;(A) (Remark 2.1(c)). To this end let  be a nonnegative integer
with T;(A) = Z]. Then the action of G(N/K") on T;(A) defines an isomor-
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phism p of G(N/K') onto a closed subgroup G of GL(r,Z;). In particular
G is an [-adic Lie group.

Let S be the set of all 0 € G(N/K') that fix a nonzero element
of T;(A). Then p maps S onto the set of all ¢ € G for which 1 is an
eigenvalue. In other words, p(S) = {g € G| det(1 — g) = 0}. It follows
that p(9) is an analytic subset of G. As such, p(5) has a boundary of Haar
measure zero in G [Ser2, p. I-8, Exercise. Alternatively, use Proposition
4.2]. Conclude that S is a closed subset of G(N/K’) with a boundary
of Haar measure zero. In addition, S is invariant under conjugation by
elements of G(N/K'). It follows that res;S is a G(L/K)-invariant closed
subset of G(L/K) whose boundary is of measure 0.

Assume p(S) > 0. Then p(resyS) > 0. By Corollary 1.2, almost all
primes of K are unramified in L. As K is global, “almost all” means “all
but finitely many”. Hence by a generalization of the Chebotarev density
theorem [Ser2, I-8, Cor. 2. Alternatively, use Proposition 4.3|, the set of
all primes p of K such that
(1) p is unramified in L and (L/TK) C resy S
has a positive Dirichlet density. In particular, the set is infinite. Hence,
by Lemma 1.1, there exists p with the property (1),

(2) A has a good reduction at p, and
(3) the maps A (K) — flln(f(), n=1,2,3,... are bijective.

Let 0 € G(L/K) be a Frobenius element over p and extend o to
an element of Aut(N/K) (also denoted by o) in the unique possible way.
Then o € S (by (1)) and therefore o fixes infinitely many points of A (K).
Reduction modulo p maps o onto the Frobenius automorphism Frobz of
G(K). By (3), Frobg fixes infinitely many points of A;(K). Each of
these points is in Aj;~(K). Hence K is an infinite field. But K, as a
residue field of a global field, must be finite. This contradiction proves
that our assumption is false. Conclude that u(S) = 0. |

Next we prove that the finiteness of A;~ (K (o)) is preserved under
finitely generated extensions of K.

LEMMA 2.3: Let G be a closed subgroup of GL(n,Z;). Then:
(a) G is finitely generated (as a topological group);

(b) G has an open pro-l subgroup; and

(¢) The Frattini subgroup, ®(G), of G is open.

Proof of (a): Indeed, the number of generators of G is bounded by a
constant which depends only on GL(n,Z;) (and not of G) [DSM, Thm. 5.2
and the remark that follows the theorem].
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Proof of (b): The subgroup I'y = {¢g € GL(n,Z;)| g = 1 mod I} of
GL(n,Z;) is an open pro-l group [DSM, p. 87]. Hence, I'y NG is an open
pro-l subgroup of G.

Proof of (c): Let L be an open pro-l subgroup of G. Replace L, if
necessary, by the intersection of its conjugates, to assume that L is normal
in G. By (a), L is finitely generated. Hence, by [FrJ, Lemma 20.36], ®(L)
is an open subgroup of L. Since ®(L) C ®(G) [FrJ, Lemma 20.4(c)], ®(G)
is open in G. |

LEMMA 2.4: Let Ky be a countable separably Hilbertian field. Suppose
every finite extension of K satisfies Condition (C’). Then, every function
field of one variable over K satisfies (C’).

Proof: Consider a function field of one variable K over K, an abelian
variety A over K, and a prime number [. We have to prove that A;~ (IN( (U))
is finite for almost all o € G(K).

Use Remark 2.1(a) to replace Ko by Ko ins and K by K - Ko ins,
if necessary, to assume that Ky is perfect. Let N, L, and K’ be as in
the proof of Proposition 2.2. Then, G(L/K) = G(N/L’) is isomorphic to
a closed subgroup of GL(r,Z;) for some nonnegative integer r. As such,
the Frattini subgroup of G(L/K) is open (Lemma 2.3). Let K; be the
fixed field of ®(G(L/K)) in L. Then K is a finite Galois extension of K.
Choose a separating transcendental element ¢ for K /K. Then K;/Ky(t)
is a finite separable extension. Choose a primitive element z for K; /K(t)
and let f(t,X) =irr(z, Ko(t)) € Ko(t)[X]. As K is separably Hilbertian,
there exists a € Ky such that f(a,X) € Ky[X] is irreducible. Choose
a prime divisor p of K/Kjy such that t(p) = a. Using Lemma 1.1 and
Corollary 1.2 and possibly avoiding finitely many elements of Ky, we may
assume that a satisfies also the following conditions:

(4a) K;/K is a Galois extension and [K; : K| = [K; : K|;

(4b) A has a good reduction at p;

(4c) Reduction modulo p gives a bijection Aje (K) — Aj(Ko) and;

(4d) p is unramified in L.

Extend p in the unique possible way to a prime divisor p’ of K’. Then p’
is unramified in N. Let K| = K K’. Since K, is perfect, K’ = K and
K| = K. Extend p’ to a prime divisor p} of K} and extend p/ to a prime
divisor P of N. Then G(N/K) is isomorphic to the decomposition group
D(B/p’). The latter is a subgroup of G(N/K'). By (4a), resg; D(B/p’) =
D(py/p') = G(K1/K) = G(K{/K'). Hence, resg: D(B/p’) = G(K|/K').
Since resg:: G(N/K') — G(K7/K') is a Frattini cover [FrJ, p. 299], this
implies that D(B/p’) = G(N/K’). Thus, by (4c), reduction modulo p gives
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an isomorphism of modules: (G(N/K'), Aj~(K)) = (G(N/K), A (Ky)).
By assumption, almost all ¢ € G(N/K) fix only finitely many points in
Ajo (Ky). Conclude from (4c) that almost all o € G(N/K') fix only finitely
many points of Aje (K). |

PROPOSITION 2.5: Condition (C’) holds for every finitely generated field
K.

Proof: 'We proceed by induction on the absolute transcendence de-
gree r(K) of K. That is, r(K) = trans.deg(K/F,) if char(K) =p > 0
and r(K) = trans.deg(K/Q) + 1 if char(K) = 0.

If r(K) = 0, then K is finite and (C’) is taken care of by [JaJl,
Prop. 4.2]. If r(K) = 1, then K is a global field. Proposition 2.2 proves
(C’) in this case.

Let therefore » > 2. Suppose (C’) is true for all finitely generated
fields with absolute transcendence degree » — 1. Consider a finitely gen-
erated field K with r(K) = r. Then K is a function field of one variable
over a Hilbertian field Ky [FrJ, Corollary 12.8 and Theorem 12.10]. Since
r(Ko) = r(K) — 1, (C’) holds for Ky. Hence, by Lemma 2.4, (C’) holds
for K. |

Since there are only countably many [, it is possible to switch quan-
tifiers in Proposition 2.5.

LEMMA 2.6: Let K be a countable field and e a positive integer. Suppose
every finite extension of K satisfies Condition (C’) Then, for almost all
o € G(K)¢, for every abelian variety A over K (o), and for each | the
group Ay~ (K (o)) is finite.

Proof: The proof naturally breaks up into two parts.

PArT A: Condition (C’) for an arbitrary e. Let A be an abelian vari-
ety over K and let [ be a prime number. If oy,...,0. € G(K), then

Ao (K(01,...,0¢)) € Ao (K(01)). Hence,

{01 € G(K)| Aj=(K(01)) is finite} x G(K)¢™1
C {o € G(K)®| Ai=(K(0)) is finite}.

By assumption, the left hand side has measure 1. Hence, so does the right
hand side.

PART B: Switch of quantifiers. Let L be a finite extension of K, A an
abelian variety over L, and [ a prime number. Define

S(L,A,l) ={o € G(L)®| A~ (K(0)) is finite}.
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By Part A applied to L instead of to K, S(L, A,l) has measure 1 in G(L)°.
Hence, since there are only countably many triples (L, A,1), the set

S=GEK)~ | [GL)*~S(L, A1)
LAl

has measure 1 in G(K)¢. If o € S, A is an abelian variety over K (o),
and [ is a prime number, then A is already defined over a finite extension
L of K which is contained in K (o). Then o € S(L, A,l) and therefore
Aj (K (o)) is finite, as desired. i

The combination of Proposition 2.5 and Lemma 2.6 proves a stronger
version of Part C of the Geyer-Jarden Conjecture:

THEOREM 2.7: Let K be a field which is finitely generated over its prime
field. Let e be a positive integer. Then, for almost all ¢ € G(K)¢, for
every abelian variety A over K(o), and for every prime number | the
group A~ (K (o)) is finite.

3. Homotheties

We give in this section an alternative proof to Part C of the Geyer-
Jarden Conjecture in characteristic 0. This proof is based on a theorem
of Bogomolov-Serre. The same theorem is also the main ingredient in the
proof of Part B of the conjecture in characteristic 0.

Consider a subgroup G of GL(n,F;) or a closed subgroup G of
GL(n,Z;). We identify each n in F (resp. Z;) with the correspond-
ing scalar matrix of GL(n,[F;) (resp. GL(n,Z;)) and call it a homothety.
This makes F}* (resp. Z;°) a subgroup of GL(n,[F;) (resp. GL(n,Z;)). Our
main observation is that if G contains a big chunk of the group of homoth-
eties, then the probability that an element of G has eigenvalue 1 is small.
Lemmas 3.1 and 3.2 below make this statement precise.

LEMMA 3.1: Let G be a subgroup of GL(n,[F;), and let

E ={g € G| 1 is an eigenvalue of g}.
Suppose that (F; : F* N G) < c. Then |E| < £5|G].
Proof: Let H =F, N G. Consider the surjective map f: H x E — HE
given by f(n,e) = ne. For each g € HE list the elements of f~!(g) as
(m,e1),..- (Mm,em). Then, n;e; =g,i=1,...,m, the n; are distinct and

each of them is an eigenvalue of ¢g. Since an element of GL(n, F;) may have
at most n eigenvalues, m < n.



It follows that |H|-|E| < n-|HE|. Since HE C @, this implies that

n

H|

ne
[—-1

n
B| < oGl = T () )G <

1 |G|7

as contended. |

We denote the normalized Haar measure of a profinite group G by
pe. In particular pug(G) = 1.

LEMMA 3.2: Let G be a closed subgroup of GL(n,Z;) and let
E ={g € G| 1 is an eigenvalue of g}.

Suppose the group H = Z; N G of all homotheties in G is infinite. Then
,ug(E) = 0.

Proof: We prove that for each positive integer r and for all r-tuples
N, ..., of distinct elements of H the measure of ;;EN---Nn.E is 0.
The case 7 = 1 and 1, = 1 will prove that ug(E) = 0.

Indeed, if r > n+ 1 and 7y, ...,n, are distinct elements of H, then
M, - .., "N, are distinct eigenvalues of each element of ny EN---Nn,.E. Since
an element of G has at most n eigenvalues, this implies that n EN---Nn,. E
is empty. In particular its measure is 0.

Suppose now that the above statement is true for r > 2. We prove
it for r — 1. To this end consider r — 1 distinct elements ny,...,n,._1 of H
and let D =mFEnN---Nn._1E. Since H is infinite, it has a subsequence
(1,(2,(3,... such that ( # QZ—Z for k =1,2,3,...,i=1,...,7r—1, and
j=1,...,k—1. It follows for £ > j that (;n1, Cxn1,Ckn2, - -, CeNr—1 are r
distinct elements of H. Hence, pa((;mENGm ENCGn2EN- - -Nnr—1 E) =
0. The inclusion

GDNGD CGmENGmMmENGneEN--- N1 B

then implies that puq(¢;D N (D) = 0. Hence,
1> pa(|JGD) =D ne(¢;D) = pa(D).
j=1 j=1 j=1

Conclude that ug(D) = 0, as contended. i

Consider now an abelian variety A of dimension d over a field K.
Let | # char(K) be a prime number. The action of G(K) on the A;(K)
(resp. T;(A)) defines (after choosing appropriate bases) representations
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pai: G(K) — GL(2d,F;) (resp. pa,~: G(K) — GL(2d,Z;)) such that
PA, = T O pa e, Where m;: GL(2d,Z;) — GL(2d,F;) is reduction modulo
[. Let Gl = pA’l(G(K)) and Gloo = pAJoo(G(K)). Then Gl = 7Tl(Gloo).
So, F NGy 2 m(Z] N Gi=). It follows that

(1) (FXFXNGy) < (2 ZF N Gre).

THE HOMOTHETY CONDITION ON A FIELD K. For every abelian variety
A over K there exists a constant ¢ such that for all [

(2a) (Z] :Z] NG1=) <ec.

Hence, by (1),

(2b) (F) :F NGy <e. i

ProrPoOsITION 3.3: Let K be a countable field which satisfies the homoth-
ety condition. Then the following statements hold for every abelian variety
A over K:

(a) Ay (K(0)) is finite for each | # char(K) and for almost all o € G(K).
(b) If e > 2, then for almost all & € G(K)¢ the set | J; A/(K (o)) is finite.

Proof: Let A be an abelian variety over K of dimension d.

(a) By the homothety condition, Z; N G~ is an infinite group.
Hence, by Lemma 3.2, the set Ej« = {g € G~ | 1 is an eigenvalue of g}
has measure 0 in Gj. Let 0 € G(K). Then py ;= (0) € Ej~ if and only
if there exists p € T;(A) such that p # 0 and op = p. Hence, by Re-
mark 2.1(c), the set of all 0 € G(K) such that A;(Ks(0)) is infinite is
,0;171500 (Ej>). So, it is of measure 0. Conclude that for almost all o € G(K)
the group A;s(K,(0)) is finite. Since | # char(K), Aj~(K(0)) coincides
with Aje (Ks(0)) (Remark 2.1(b)). So, it is finite.

(b) Suppose now e > 2. Let

E; ={g € G| 1is an eigenvalue of g}
Sei1={o0ce€GK)| Jac A(Ks(o)):a#0and cyba=a, i=1,...,e}.

Then S.; C p;l,ll(El)e. By (2b), (F : F' N G;) < c and therefore, by
Lemma 3.1, |Ey| < 2%|Gy| for all | # char(K). Hence pg(r)(Ses) <

pe, (B¢ < (%)6. Since e > 2,

ZMG(K)(Se,l) < Z <§2iicl); < 00
1 !

Hence, by Borel-Cantelli [FrJ, Lemma 16.7], almost all & € G(K)° be-
long to only finitely many S.;. Thus, for almost all & € G(K)® the set
U, Ai(K,(a)) is finite. Conclude from Remark 2.1(b) that |J, A;(K (o)) is
finite. |
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LEMMA 3.4: Suppose every finite extension of a field K satisfies the ho-

mothety condition. Then so does every finitely generated extension of
K.

Proof: Induction on the transcendence degree shows it suffices to con-
sider a finitely generated extension K of K of transcendence degree 1,
an abelian variety A over K, and to find ¢ > 0 such that (Z; : Z; N
pa=(G(K))) < c for all primes .

Indeed, replace K by its relative algebraic closure in K, if necessary,
to assume that K is algebraically closed in K. Choose a prime divisor
p of K/Ky at which A has good reduction (This holds for almost all p.)
Then, for each | # char(Kjy), the inertia groups over p in K(A;~) are
trivial [SeT, Thm. 1(b)]. Hence, the reduction map Ay (K) — A (Ko) is
bijective and p 3 1 (G(K)) = G(K(Aj~)/K) embeds into pa,~(G(K)) =
G(K(Aj=)/K). Hence Z] N pj(G(K)) C Z] N pay=(G(K)). Since
K is a finite extension of Kj, there exists ¢ > 0 independent of | with
(Z] - Z) N pi=(G(K))) < ¢ (the homothety condition). It follows that
(Z] - Z] Npay~(G(K))) < cfor all | # char(K). i
CoNDITION (B’) ON A FIELD K. Let e > 2 be an integer and A an

abelian variety over K. Then (J, 4;(K (o)) is finite for almost all o €
G(K)e. |

LEMMA 3.5: Let K be a countable field and e > 2. Suppose every finite
extension of K satisfies Condition (B’). Then for almost all o € G(K)*¢
and for each abelian variety A over K (o) the set | J, A;(K (o)) is finite.

Proof: Let L be a finite extension of K and A an abelian variety over L.
Consider the set

S(L,A) ={o € G(L)*| | JAi(L(0)) is finite}.
l

By (B’) and Remark 2.1(b), S(L, A) has measure 1 in G(L)®¢. Hence, since
there are only countably many pairs (L, A), the set

S=GE)* | [GL)*~S(L, A)]

L,A

has measure 1 in G(K)¢. Here we have identified G(L) with G(Ks N L)
and S(L, A) with its restriction to Ks. If o € S and if A is an abelian
variety over K (o), then A is already defined over a finite extension L of K
which is contained in K (o). Then o € S(L, A) and therefore |, A;(L(o))
is finite. But L(o) = K (o). Conclude that |J, A;(K (e)) is finite. i
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LEMMA 3.6: Let B be an abelian group. For each positive integer n let
B,, = {b e B| nb=0}. Suppose |J,; B; is a finite set and Bj~ = J;=, By
is a finite group for each l. Then By, is finite.

Proof: By assumption, there exists |y with B; = 0 for all [ > [y. Hence,
By =0 for all I > Iy and all 7. So, Bior = @KZO Bj~ is finite. |

We are now ready to prove our second main result.

THEOREM 3.7: Let K be a finitely generated extension of Q and e a
positive integer. Then the following statements hold for almost all o €
G(K)¢ and for each abelian variety A over K (o):

(a) The group A;~(K(c)) is finite for each prime number [.

(b) Ife > 2, then Ay (K (o)) is finite.

Proof: A theorem of Bogomolov-Serre [Serl, Thm. 2, or Ser4, p. 92,
Thm. 2] confirms the homothety condition for number fields. Hence, by
Lemma 3.4, the homothety condition holds for every finitely generated ex-
tension K of Q. So, by Proposition 3.3, every finitely generated extension
K of Q satisfies Conditions (B’) and (C’). It follows from Lemma 3.5 and
Lemma 2.6 that for almost all o € G(K)¢ and for every abelian variety A
over K (o) the following statements are true:

(3a) For each [ the group A;~(K(c)) is finite.

(3a) If e > 2, then |J; 4;(K (o)) is finite.

Conclude from Lemma 3.6 that if e > 2, then Ay (K (o)) is finite.
|

Remark 3.8: The Geyer-Jarden Conjecture implies the Corollary to the
Geyer-Jarden Conjecture. Let K be a finitely generated field and e a
positive integer. The Conjecture implies Condition (C’) for each finite
extension L of K. Hence, by Lemma 2.6,

(4) for almost all & € G(K)¢, for every abelian variety A over K (o) and

for each [ the group A;~ (K (o)) is finite.

For e > 2 the Conjecture implies Condition B’ for every finite ex-
tension L of K. Hence, by Lemma 3.5,

(5) for almost all & € G(K) and for every abelian variety A over K (o) the
set
U, 4i(K (a)) is finite.

Conclude from (4), (5), and Lemma 3.6 that for e > 2, for almost
all o0 € G(K)¢ and for every abelian variety A over K (o) the group
Aior(K(0)) is finite. This is II of the Corollary to the Geyer-Jarden Con-
jecture.
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Next we prove I of the Corollary. For each finite extension L of K and
each abelian variety A over L the Conjecture and Remark 3.3 imply that
T(L,A) = {0 € G(L)| U; Ai(L(0)) is infinite} has measure 1 in G(L).
Hence

T =G(K)~ (JIGL)NT(L, A)]
L,A

has measure 1 in G(K). For each ¢ € T and each abelian variety A over
K (o) the set |, Ai(K(0)) is infinite. Hence, Aor(K(0)) is infinite, as
desired. |

4. Appendix: Generalization of the Chebotarev density theorem

We solve a special case of an exercise that appears on page I-8 of [Ser2]. In
this exercise we consider an [-adically closed subgroup G of GL(n,Z;) and
a Zariski-closed subset V' of M,, which is defined over Q;. Here M,, is the
variety of all n xn matrices. The group G is compact and has a normalized
Haar measure p. Let 9(V(Z;) N G) be the boundary of V(Z;) N G. We
prove that x(0(V(Z;) N G)) = 0.

LEMMA 4.1: Let W be a Zariski-closed subset of M,, which is defined over
Qy. Suppose for eachn € N and for all g1,...,8,,h1,...,h, € G

(1) G # Ugi(W(Zl)ﬂG)hi.
Then
(2) n(W(Z) NG) = 0.

Proof: ~'We prove the lemma by induction on dim(W). Note that the
assumption of the lemma holds for each Zariski-closed subset of W which
is defined over ;. If (2) holds for each Q-irreducible component of W,
then it holds also for W. We may therefore assume W is QQ;-irreducible.

If W(Z;)NG is empty, then (2) is certainly true. Otherwise we choose
w € W(Z;) N G. Then we choose by induction p; € G, i =1,2,3,... with
piW # p;W if i < j. Indeed, suppose that we have already chosen
P1,--.,Pn. By (1), we may choose pp+1 € GNUL, pi(W(Z) NG)wL.
In particular for each i, there exists no w’ € W(Z;) N G with p,1w =
piw'. So, pW # pppiWilori=1,...,n.

Let i <j. If g1,...,8-,hy,..., h, are points in G, then

T

(3) U gk <(P¢W Np;W)(Z) N G) h;, C U grpi (W (Zi) N G)hy.
k=1 k=1
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Hence, by (1), G is not equal to the left hand side of (3). Since W is
Qy-irreducible, so is p;W. Hence, by the dimension theorem, dim(p;W N
p; W) < dim(W). By the induction hypothesis,

p((PiW Np;W)(Z)NG) = 0.

Hence,
p(pi(W(Z) NG) Np;(W(Z)) N G)) = 0,

If wW(W(Z;) N G) > 0, then
n(Upi(Wz)ne)) =

which is false. Conclude that (2) is true. |
PROPOSITION 4.2: The boundary of V(Z;) N G has measure 0 in G.

Proof:  'We prove the proposition by induction on dim(V). By the
decomposition-intersection procedure [FrJ, §19.1] there exist absolutely
irreducible subvarieties Vi,...,V,, of V which are defined over Q; with
V(Q) = UL, Vi(Q). We may therefore assume V is absolutely irre-
ducible.

Let Viimp (resp. Vsing) be the Zariski-open (resp. Zariski-closed)
subset of V' of all simple (resp. singular) points. By the density theorem
[GeJ, Prop. 8.2|, each p € Viimp(Z;) NG has an open [-adic neighborhood
U in Vgimp(Z;). Hence, U N G is an open Il-adic neighborhood of p in
V(Z;) N G. 1t follows that

(4) O(V(Z) NG) C Vaing(Zi) N G.

Denote Viing by W and observe that dim(W) < dim(V).
Suppose first that there exist g1,...,g,,h1,...,h, € G such that

n

(5) G =J&(W(z)NnG)h,,
Then,
(6) V(Z)NG = (O VﬂgiWhi)(Zl) naG.

Since dim (U?:l VN g,-Whi> < dim(V'), an induction hypothesis implies
that the boundary of the right hand side of (6) has measure 0 in G. Hence,
pn(O(V(Z)NG)) = 0.
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If there exist no g1,...,8n,h1,..., h, € G such that (5) holds, then
by Lemma 4.1, u(W(Z;) N G) = 0. Hence, by (4), n(0(V(Z;) N G)) = 0.
So, u(0(V(Z;) NG)) is 0 in each case. i

Let C be a subset of a group G. We call C a conjugation domain
of G if C9 = C for each g € G.

The conclusion of Proposition 4.2 enters sometimes as an assumption
of the following result.

PROPOSITION 4.3 (The Chebotarev density theorem for infinite exten-
sions): Let N be a Galois extension of a global field K, G = G(N/K),
and p the normalized Haar measure of G. Suppose almost all prime divi-
sors of K are unramified in N. Denote the set of all nonarchimedean prime
divisors of K which are unramified in N by P. Let ¢ be the Dirichlet den-
sity function on P. Consider a conjugacy domain C of G whose boundary
has measure 0 in G. Let C = {p € P| (%) C C}. Then §(C) = u(C).

Proof: Let C (resp. C°) be the closure (resp. interior) of C. Then both C
and C° are measurable sets, C° C C C C, and

(7) d(C) =C~C".

Hence, C is measurable and p(C%) = u(C) = u(C).
Choose a sequence L1 C Ly C L3 C --- of finite Galois extensions of
K such that |J;o; L; = N. For each i let C; = Reszi1 (Resy,C) and

Ci = {p eP| (LZSK) C ResLiC}.

Then Resy,(C) is a conjugacy domain in G(L;/K), C C C;, and C C
C;. By the Chebotarev density theorem for finite Galois extensions [FrJ,
Thm. 5.6],

®) 3(C) = T = e

Since C; is closed (and open), we have C CC C --- C C3 C Co C C; and
C =(;=, Ci. Hence, by (8) and (7),

(9) lim 5(C5) = p(C).

71— 00

Next let D = G~Cand D = {p € P| (*25) € D}. Then D = PC.
Observe that D = G\ C° and D° = G~ C. Hence, u(D°) = u(D) = u(D).
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For each i let D; = Reszl(ResLiD) and D, = {p € P| (%) C Resy,, D}.

Replace C by D and C’Zby D in the arguments above to conclude that
D C D; and pu(D) = lim; o §(D;). Thus,

(10) P~D;,CC and w(C) = lim 6(P D).

— 00

It follows from (9) and (10) that for every € > 0 there is ig such that
for all 7 > in we have

P ND; CCCC; 6(PNDj)>pu(C)—e, 0(Ci) < p(C) +e.

This implies that C' has Dirichlet density which is equal to pu(C). i
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