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The aim of this note is to give a positive answer to a question raised by W. Jehne
in a talk.

I'am indebted to Professor Jehne for letting me use his notes from this talk.

Let P be the set of the rational primes. Let K be a finite normal extension of Q.
Then, the set R (K) = {p € P|pis ramified in K} is finite. For every pe P — R (K)

K
the Artin symbol ( p/ Q) is a conjugacy class in the Galois group ¥ (K/Q).
Let now € be a non empty conjugacy class in % (K/®). Put

A(6) = {peP—~ R(K)| (f%‘%?_): (s,}

A(€) is called a Cebotarev set. Cebotarey density theorem assures us that 4 (&) has
a positive Dirichlet' density and in particular that it is an infinite set.
If L is a finite normal extension of @ which contains K and

¢ ={oe 9 (LjQ)| 0| Kcb)

thert €' can be decomposed into a disjoint union of conjugacy classes,
n , n ,
C=1J6;, and A4@E)— R(IL) = j4@y.
i=1 i=1
Conversely, if J is a finite normal extension of @ which is contained in X and

C={0]J|oct)

then € is a conjugacy class in % (J/Q) and A4(€) € 4(C). The Theorem which we L
prove here shows that the lattice of all Cebotarev sets is small compared with the
lattice of all subsets of P.

Theorem. T'here exists a subset A of P such that A " C and (P — A) N C are infinite
sets for every Cebolarev set (.

*) This paper was written while the author attended the University of Heidelberg,
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Proof. Let @ = K;c Ksc Ksc... be an increasing sequence of finite normal

extensions of @ such that (Il = U K, For every n = 1 let

n=1

g(I{n/Q) = U @ﬂ’i

ieJ(n)
be the disjoint decomposition of ¥ (K,/®) into conjugacy classes and let Oy ¢ =
= A(€y,;) be the corresponding Cebotarev sets. For every n and for every i € I(n)
there exists a unique subset J C I'(n + 1) such that

(1) Oﬂ,,i - R(](m—l) = U 0n+1,]~
jed

We define now for every n and for every i e I(n) finite subsets Ay, i, Bn,i of P
such that:
a) Ap,i, Bn,i G Cn,i;
b) Api0 By, =0,
¢) |4n,i|, | Bu,i| =7,
d) If J is the subset of I(n + 1) such that (1) holds then
Api O COni1,; & Anrayg

and

Bp,i N Cny1,5C Buya,; for every jeJ.

We proceed by induction on n. For n = 1 I(l) = {1} and Cy,; = P. Define |
A= {2} and Byi={3}.
Assume that A, ¢ and By, ; have already been defined for every m = n and for |
every i e I (m) and that they satisfy (a)—(d). Let i e I(n) and let J be the subset

of I(n 4 1) for which (1) holds.

For every j € J Ay,i N Cpya,y and By, 0 Cpy1,j are certainly finite set
Cyt1,; s infinite, since it is a Cebotarev set. We can therefore choose 2(n - 1) dis-
y Prils Qs s Guat i Cpgtyg which do not belong neither to

s, wheras

tinet primes p1, ..
An,z‘ M C’n+1,7’ nor to Bn,i M OnJrl,jA Define

A'n—*“l’j = (Anvi n O"+1:j) U {pl) . 'vpﬂ+1},
Byt = (Bn,i 0 Cur1,) Y {q1, o5 g1}

It is clear that the conditions (a)—(d) are still satisfied. Put now

n=11{eJ(n) n==1 1€ (n)

Then AN B = @. Indeed assume that there exists a pe AN B. Then there exists
an n, anie l(n), an m and a ke I(m) such that pe Ay N By, k- Without loss of
gencrality assume that n = m. Then p ¢ R(Kp) since B, xS Cn, k-

If m > n, then p ¢ R(Kns1), since Kyi1 © K. Let J be as in (1), Then there
exists a j € J such that p € Cpy1,;. It follows by (d) that p € Ay41,;. Proceeding in




Vol. XXV, 1974 On Cebotarev Sets 497

this way we see that one can assume that m = n. It follows that pe Cp,s N Cp, 1.
Hence ¢ = F, since otherwise Cyy ; N €y, ; = 0. But this means that 4, ; O By, ;=0
which contradicts (b).

Secondly we claim that 4 N ¢, ; and B N €y, ; are infinite sets for every n and
t € I(n). We prove it for example for 4 N Cy,;. Let J S I(n + 1) as in (1). Then
Api1,;C A N Cy,; for every jeJ. Proceeding inductively one can find for every
m =n a ke l(m)such that A, ; €A N Cy ;. Hence, by (c), |4 N Chp,i| = m for
every m = n, i.e. AN Oy, is an infinite set.

Let now C be an arbitrary Cebotarev set. Then there exists a finite normal ex-
tension K of @) and there exists a conjugacy class € in % (X/Q) such that ¢ = 4 (€).
Take an 7 such that K C K,,, then there exists an ¢ & I(n) such that Cp,; C C.
Hence 4 N C and B C are infinite sets. Since BC P — 4, (P — A)n C is also
an infinite set.

Corollary. T'here exists a subset A of P such that for every filter base B which consisls
of Cebotarev sets only (i.e. B is a collection of Cebotarev sets such that By N Bz N
N--N B, is an infinite set for every By, By, ..., By € B) there exist two non
principal ultra filter ©, D of P which contwin B such that A e D and P — A D',
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