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Introduction

A sharpened version of the inverse Galois problem is the so-called embedding prob-
lem. Given a Galois extension K/K| of global fields, a finite group G, and an epimor-
phism a: G — Gal(K/Kj), one looks for a Galois extension N of K that contains K
such that Gal(IN/Ko) = G and the restriction map resy,g: Gal(N/Ko) — Gal(K/Kj)
coincides with a. Equivalently, with Ky s, being the separable algebraic closure of Ky,
and Gal(Ky) = Gal(Kosep/Ko), one looks for a continuous epimorphism : Gal(Ky) —
G such that ao) =resg, . /x- We refer to ¢ as a proper solution of the embedding
problem (whereas, if ¢ is only a homomorphism, as above, we say that 1 is a weak
solution of the embedding problem). The question about the proper solvability of finite
embedding problems over Ky is of course far from being settled. But, in those cases
where an embedding problem as above is solvable, one may ask whether a solution field
as above can be found with a bound on the ramification, i.e., with a bound on the

cardinality of the set Ram(/N/Kj) of the primes of K that are ramified in N.

PREVIOUS RESULTS. The combinatorial arguments of Shafarevich in [Sha54A] and
[Shab4B] (which was corrected in [Sha89]) lead for each finite solvable group G to a
Galois extension NV of K with Galois group G such that the order of the set Ram(N/K)
of primes of K which are ramified in N has an exponential growth in |G|. See also
INSWO0, p. 476, Thm. 9.5.1].

The work [GeJ98] uses the method of Scholz [Sch37] and Reichardt [Rei37] in order

to realize for each prime number [ every finite [-group G over K under the condition [ #
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char(K) and ¢; ¢ K. With |G| = 1", the work [GeJ98] constructs a Galois extension N
of K such that Gal(N/K) = G and |[Ram(N/K)| < n+r(K), where r(K) depends only
on arithmetical invariants of K. If K = Q or K = F,(¢), then r(K) = 0, so the result
of [GeJ98] reproduces in this case a result of Serre in [Ser92| that |[Ram(N/K)| < n.

The main result of [GeJ98] is generalized by Markin and Ullom in [MaU11]. The
latter work constructs for each number field K and every finite nilpotent group G a
Galois extension N of K with Galois group G. Moreover, if (G;); is a lower central

series of G and d(G;/G;4+1) is the minimal number of generators of G;/G;y1, then
[Ram(N/K)| <32, d(Gi/Giya) + r(K).

Going back to the case of a finite embedding problem a: G — Gal(K/Kj) with
Ker(a) solvable for number fields, Neukirch observes in [Neu79] that for each prime
divisor p of Ky, the completions K o/ K o,p at p gives rise to a local embedding problem.
We denote the group of roots of unity in K by p(K). In the spirit of Scholz-Reichardst,
[Neu79] proves that if the group Ker(«) is solvable, ged(|Ker(a)l,|u(K)|) = 1, and
each of the local embedding problems is weakly solvable, then the original embedding
problem is properly solvable. We denote the set of primes of the global field Ky by
P(Ky). For each p € P(Ky) we identify Gal(Ko,) with a closed subgroup of Gal(Kj).
Then, one may even find a proper solution that coincides on Gal(lg'o,p) with a given
local weak solution ¢, for finitely many p’s. However, [Neu79] gives no bound on the

ramification of the proper solution. The results of [Neu79] are generalized to the case

of global fields in [NSW15, p. 563, Thm. 9.5.5].

THE MAIN RESULT. It is exactly the latter gap that our work intends to fill out. To
this end we recall that if n = H;il [7" is a decomposition of a positive integer n into a
product of powers of distinct primes Iy, ..., Ly, then Q(n) = > r;. If K is a finite
extension of Ky, then Ram(K/K() denotes the set of p € P(Kj) that ramify in K. Our

main result is:

THEOREM A: Let K/K, be a finite Galois extension of global fields, set T' = Gal(K/K),}
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and consider a finite embedding problem

l—H—G—2->T 1,

with a solvable kernel H. Suppose that
(al) char(Ko) f[H|, ged(|H|, |n(K)|) =1, and
(a2) for each p € P(Ky) there exists a homomorphism t,: Gal(Ko,) — G such that

o, = ,0|Ga1(f(07p) (we call ¢, a local solution).

Let T be a finite subset of P(Ky) that contains Ram(K/Ky) and for each p € T' let ¢,
be a local solution.

Then, there exists an epimorphism v¢: Gal(K(y) — G such that o) = p, and there
exists a set R C P(Ky) T with |R| = Q(|H|) that satisfies the following conditions:
(bl) For each p € T there exists a € H such that (o) = a tpy(c)a for all o €

Gal(Ko p).

(b2) The fixed field N in Kogsep of Ker(y) satisfies Ram(N/Ky) € T U R, hence

[Ram(N/Ko)| < |T|+ Q(|H]).

SPECIAL CASES. Note that if the short exact sequence in (1) splits, then the condition
in Theorem A about the local solvability is automatically satisfied. Thus, in this case,
Theorem A holds under the mere conditions that H is solvable, char(Ky) { |H|, and
gcd(|H|, [u(K)]) = 1.

Also, let S be a finite subset of P(K() and denote the maximal Galois extension
of Ky in which each p € S totally splits by Ko tot,5. Suppose that K C K tot,5. Then,
we may assume that S C T and take ¢, for each p € S as the trivial homomorphism.
We find that the solution field N of (1) is contained in Ko tot,s-

Finally, we note that if we take K = Ky, T = 0, and |G| = I, where [ is a
prime number such that [ # char(K) and (; ¢ K, in Theorem A, then we get a Galois
extension N of K with Galois group G such that |[Ram(N/K)| < n. This improves the
estimate |[Ram(N/K)| < n + r(K) of the main result of [GeJ98] mentioned above.



REMARK. In a forthcoming paper, we plan to remove the condition char(Ky) 1 |H|
from (al) of Theorem A, keeping ged(|H|, |u(K)|) = 1 as the only condition on the

solvable group H in the theorem.

SIMPLE Gal(K()-MODULE. An induction on the order of H reduces Theorem A to the

following result:

PropPOSITION B: Let K/Kq be a finite Galois extension of global fields and | a prime

number. Set I' = Gal(K/Ky) and p = resg, . /k- Then, consider the diagram

(2) T Gal(Ko)
1 A G—2 -7 1,

with a short exact sequence, where A = C] is a simple Gal(Kj)-module (through p and
@; in particular Gal(K) acts trivially on A) and v: G — G is an epimorphism of finite
groups with a non-trivial solvable kernel. Let n be a multiple of | - |Ker(vy)|. Suppose
that

(c1) char(Kp) tn, ged(n, |u(K)|) =1, and

(c2) for each p € P(Ky) there exists a homomorphism 1,: Gal(Ko,) — G such that

a oy = plaak,,)

Let T be a finite subset of P(Kj) that contains Ram(K/K) and for each p € T
let ¢, be a local solution. Then, there exists an epimorphism v: Gal(Ko) — G such
that & o1 = p and there exists a subset R of P(Ky) ~T with |R| = Q(|A|) = r that
satisfies the following conditions:

(d1) For each p € T there exists a € A such that ¥(c) = a '@y(o)a for all o €

Gal(Ko,p)-

(d2) The fixed field K in Kg sep of Ker (1)) satisfies Ram(K /Kq) C T U R.
(d3) ged(n, [u(K)]) = 1.
(d4) For each p € P(Ko) T there exists a homomorphism 1), Gal(Ko,,) — G such

that Yy ©o w;; = &‘Gal(ko,p)'



The proof of Proposition B follows [Neu79] except for the control on the ramifica-
tion for which we prove and apply an improved version (Lemma 2.3) of [GeJ98, Lemma

7.1).

A COMPARISON OF ESTIMATES. We would like to stress that the vanishing of the
constant r(K) that appears both in [GeJ98] and [MaUll] is an essential ingredient
of our result and its proof. Indeed, take for simplicity 7" = (). Assume in the con-
text of Diagram (2) that we could only find an epimorphism : Gal(Ky) — G such
that @ o ¢ = p and the fixed field K of Ker(y) in Kpsep satisfies |[Ram(K/Kp)| <
|Ram (K /Ky)| + Q(|Ker(@)|) + r(K). Then, in the induction step, we would be able to
find an epimorphism v: Gal(K() — G such that vy o = ¢ and the fixed field N of
Ker(1)) would satisfy
(3) |Ram(N/Kp)| < |Ram(K/Ko)| + Q(|Ker(ao~)|) + r(K) + r(K).

Unfortunately our proof gives no control on K, so we cannot bound r(K) in terms
of the initial data of the embedding problem. Thus, (3) would only say that Ram(N/Kj)

is a finite set, so the whole point of our result would disappear.

ELIMINATION OF r(K). The rest of the introduction overviews the proof of Proposition
B with an emphasize on the bound on the ramification of the solution of embedding
problem (2). Among others, it explains how r(K) disappears from the bound on the

ramification.

A LOCAL-GLOBAL PRINCIPLE. Since (2) is locally solvable (by (c2)), a local global
principle (Lemma 10.6), yields a weak solution 1y to embedding problem (2).

We adjust ¢ to the desired proper solution by using two degrees of freedom.
First, for each a € A, we may replace 1y by the homomorphism §: Gal(Ky) — G
defined by o(c) = a 4g(c)a. We say that v is A-equivalent to 1y and de-
note the equivalence class of ¥y by [t)p]. Then, we denote the set of all equivalence
classes by Homr , 5(Gal(Kp),G) and define a free transitive action of H'(Gal(Ky), A)
on Homr ,5(Gal(Ky),G). Similarly, for each prime p of Ky we set p, = p|Ga1(f<0,p)‘
Then, Homr ,, a(Gal(Koyp),G) is a principal homogeneous space under the action of

H 1(Gal(f(0’p), A) (Lemma 10.4). The actions involving the global and the local princi-
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pal homogeneous spaces are our second degree of freedom.

THE SET Sp;(K). The constant r(K) mentioned above is the cardinality of a finite
subset Sp,;(K) of P(K) introduced in Subsection 1.6. Among others, Sp ;(K) contains
all archimedean primes of K and all primes that lie over [ (if K is a number field).
Let s1,...,5, be the elements of Sy ;(K)|x, NT. Since Ram(K/Ky) C T, the primes

51,...,5; are unramified in K.

SURJECTIVITY AND NUMBER OF ROOTS OF UNITY. We take care of the surjectivity
and the number of roots of unity in the solution field by using the Chebotarev density
theorem. Let m be the smallest number of generators of Gal(K (¢,,)/K). We use Lemma
11.2 in order to choose non-archimedean primes ¢, p1,...,pn of Ky away from T U
{s1,...,5;} that totally split in K and for each p € {s1,...,8,} U{q,p1,...,pm} an
unramified local solution ¢,: Gal(f{mp) — G such that if a weak solution v of (2)
coincides with ¢, on Gal(Ky,), then v is surjective and ged(|H|, |u(N)|) = 1, where
H is the group appearing in (1) and N is the solution field associated with 1. We set
T = TU{s1,...,8:} U{q,p1,.--,pm}- We have to make sure that, among others,

{s1,...,5k} remain unramified in the solution field of (2) that we construct.

ELIMINATION OF EXTRA RAMIFICATION. Let vq,...,ts be the primes of Ky away from
T* where vy ramifies, and set T** = T* U {vq,...,ts}. Then, ¢y is unramified at each
p € P(Ky) ~T**. By Part C of the proof of Proposition 12.3, there exists an unramified
local solution ¢,: Gal(f(o,p) — G of (2) for each p € {r1,...,ts}. Unfortunately, we
have no control on s. However, we are able to change 1y in such away that it becomes
ramified, in addition to on Ram(K/Kj), only on r new primes of Ky away from 7%*.
In order to do so, we choose for each p € T** an element y, € Hl(Gal(lA{o,p), A)
such that [pp] = [¢0,]Y". Then, Proposition 9.3, applied to T** rather than to T,
yields an x € H'(Gal(Kj), A) such that resy(z) = y, for each p € T** and a set
R={q1,...,q,} such that z is unramified away from 7'U R. Then, 1 with [¢)] = [1)]*
is a solution of (2) that satisfies [thy] = [py] for each p € T and Ram(N/Ky) = T U R.
Indeed, by its choice, [¢p] is unramified if p € T**NT, and [1y] = [t )" ®) is

unramified if both [ty ,] and res,(x) are unramified (Lemma 10.5).



THE CONSTRUCTION OF z. Let (yp)per++ be the local data given in the preceding
paragraph. Lemma 9.2 yields an element z € H'(Gal(Kj), A) such that res,(z) = y,
for each p € T**. Moreover, p totally splits in K((;) if p € P(Ko) NT™* and resy(z) is
ramified. Then, we consider the set V = T"* U {p € P(Kj)| resy(z) is ramified}. We
define an element n, € Hl(GaI(R’o,p),A) for each p € V by n, = 1if p € T** and
np = resp(z) "t if p € V\T**. We prove, in the notation of commutative diagram (1)
of Section 5 for n = 1, that for each p € V' and every B in P(K) over p there exists an
element 7y € H'(Gal(Kwy), A) such that 7, = [Togp cores (7))

By Proposition 4.2, there exists a homomorphism h: Gal(K) — A, primes q1, ..., q, €}
P(Kp) NV, and primes ,...,9, € P(K), respectively over q,...,q,, such that
among others, resp(h) = 7y for all P € Vi and h is unramified on P(K) (Vi U
{Q1,...,9,}).

Let u be the image of h under the map cor: H!(Gal(K), A) — H'(Gal(Ky), A).
We prove that © = uz has the desired properties mentioned under heading “Elimination

of extra ramification”.

ON THE CONSTRUCTION OF h. The construction proceeds by induction on r (where
we recall that A = CJ'). The main case, where r = 1 is carried out in Corollary 3.3.
That corollary is a translation of Lemma 2.3 via the reciprocity law of class field theory.

Finally, Lemma 2.3 is a generalization of [GeJ98, Lemma 7.1]. We consider a
tower Ko C K C L of finite Galois extensions of global fields such that ¢; ¢ K and L/K
is an abelian l-extension (in particular [ # char(Ky)). Let n = ¢I™ with char(Ky) 1 q
and let S be a finite subset of P(K) that contains So;(K). For each P € S let hg
be a homomorphism from R’% into C;. Then, there exists a non-archimedean prime
q € P(Ky) ™ S|k, and a homomorphism h of the idele class group Cx into C; such that
q totally splits in L((,) (here we use the Chebotarev density theorem), h| Ry = hys for
each P € S, there exists Q € P(K) over q with h(Ugq) = Cj, and h(Usy) = 1 for each
P e P(K)N(SU{Q}). Here Uy (resp. Uyp) are the groups of units of Kq (resp. f(qg)
Note that the latter condition eventually translates into the desired non-ramification

condition in the solution field of most of the primes of Kj.
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1. Preliminaries

A large part of this work is dominated by class field theory and cohomology theory of
global fields. In this section we provide the necessary notions connected to global fields,

their localizations and completions, and the corresponding groups of ideles.

1.1 NoTATION. For each field K we choose a separable algebraic closure K, and let
Gal(K) = Gal(Ksep/K) be the absolute Galois group of K.

If K is a global field, we let P(K) be the set of all primes of K. Then, Pa.cn(K) is
the set of all archimedean primes of K and Pyonarch (K) is the set of all non-archimedean
primes of K. We also write p(K) for the group of roots of unity that belong to K. For
each positive integer n with char(K') { n, we fix a root of unity ¢, in Kgep, of order n.

We use the letter [ as a variable on the set of prime numbers and set C; to be the
(multiplicative) cyclic group of order . Also, we denote the trivial subgroup of each
multiplicative group A by 14 or by 1 if A is known from the context.

Finally, we write AU B and U?:l A; to signify that the unions are disjoint.

1.2 ToroLOGICAL GROUPS. We consider several types of topological groups: finite
groups (equipped with discrete topology), arbitrary discrete groups, profinite groups,
locally compact groups, and idele groups of global fields (that are also locally compact).
Whenever we speak about homomorphisms between topological groups, we tacitly as-
sume that they are continuous. On the rare occasion that a map ¢: G — A between
topological groups is constructed from previously given (continuous) homomorphisms,
and we only know that ¢(g192) = p(g1)¢(g2) for all g1, g2 € G, then we refer to ¢ as

an “abstract homomorphism”.
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1.3 GLOBAL FIELDS AND THEIR LOCALIZATIONS AND COMPLETIONS. For the rest
of this work we fix a global field Ky of characteristic p. Thus, K is either a number
field and p = 0, or Kj is a function field of one variable over a finite field of a positive
characteristic p.

For each p € P(K() we fix a completion IA(OVp of Ky at p that contains Ky and let
Ko,pysep be a separable algebraic closure of K o,p that contains Ko sep, thereby extending
p to Kosep. Let Kop = f(g7p N Ko sep. If p is archimedean and real (resp. complex),
then Ky, is a real (resp. algebraic) closure of Ky at p. If p is non-archimedean, then
Ky, is a Henselian closure of Ky at p.

In the latter case we denote the residue field of Ky at p by KO,p- By Krasner’s
lemma, KO’SepIA{O,p = KO,p,sep- The same equality also holds for the archimedean primes.

It follows that in each case
TSR Ko Gal([goyp) — Gal(Ky p)

is an isomorphism. We identify Gal(Ky,) with Gal(Kjy,,) under this isomorphism.

For p € P(Ky) we write p { [, 00 if p is non-archimedean and char(K,) # [. In the
number field case this means that p lies neither over [ nor over co. In the function field
case this simply means that | # char(Ky).

For each p € Pyonareh (Ko), we denote the maximal unramified extension of [A(pr
by IA(O%M and let fp = Gal(f(mp’ur) be the corresponding inertia group.

Next, we denote the normalized p-adic discrete valuation of K’oyp by ord, and
extend it to Ko,pvsep in the unique possible way. We fix an element m, of [A(pr with
ordy(my) = 1. Let Op = {2z € Ko, | ordy(z) > 0} be the ring of integers of Ko,
and let U, = {z € Ko,| ord,(z) = 0} be the group of units of O,. Note that
IA(OXAJ = (mp) X Uy, where (m,) = {m" | m € Z} is the discrete subgroup of IA(OXJJ generated
by mp,. As such, (my) is closed in f(ox’p. By [Ser79, p. 66] U, = lim Up/(1+ 7,0,) and
by [Ser79, p. 66, Prop. 6] U,/(1+m,Oy) is a finite group, hence Uy is a profinite group.

If v is a homomorphism from Gal(Kj) into a finite group G, we denote the restric-

tion of 1 to Gal(Kjy,,) (which is by our identification the restriction of ¢ to Gal(Kq,p))
by .
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1.4 EXTENSIONS OF PRIMES. Next we consider a finite Galois extension K of K and
a prime p € P(Kjp). Let x be a primitive element of K/Ky and set f = irr(x, Ko).
The polynomial f decomposes over IA(OAJ into distinct irreducible factors, f(X) =
pr fp(X), where P ranges over all primes of K that lie over p [Neu99, p. 163,
Prop. 8.2]. For each *B over p we choose a root zgq of fiz in KO,p,sep (which actually lies
in K), write IA(;B = Ko,p(l“m), and let Ap: K — qu be the Kyp-embedding of K into Kq;;
that maps x onto xsz. Then, we extend Ap to an embedding Ap: Ko sep — K07p7sep and
observe that Ky = (IA(ZI;)”\‘;?I is a Henselian (resp. real or separable algebraic) closure
of K at *3 and K‘B is a completion of K at ‘. By definition, Ko sep N kqg = K%‘” and
K()?sepf{qg = KO,p,sep (because K07seplA(07p = KO,p,sep)- Hence, we may identify Gal(f(qg)
with Gal(K%’D). Having done that, we have Gal(Kp)** = Gal(Kyp).

If in addition, 9 is non-archimedean, we write Kq o (resp. [A(qgm) for the max-
imal unramified extension of Kq (resp. f{qg), and set Iy = Gal(Kyp ur) (resp. fs:p,ur =
Gal(Kyps,ur)) for the corresponding inertia group.

Note that the primitive element = of K /K, mentioned in the preceding paragraph
is a root of fy for a unique P over p. In this case we choose zg to be z and conclude
that the embedding Agz: K — kqg is the inclusion map. In this case Ko, C Kgy.

For each homomorphism h: Gal(K) — A we write resy (h): Gal(f(m) — A for the
homomorphism defined by resq(h)(0) = h(a’\‘il) for each o € Gal(Ky).

Given a subset S of P(Kj), we write Sk for the set of all primes of K that lie
over S. Conversely, for each subset T' of P(K'), we denote the set of primes of K| that
lie under T by Tk,

1.5 TOTAL SPLITTING AND UNRAMIFICATION. Let Ky, K, and p be as in Subsection
1.4. Then, p totally splits in K if the number of prime divisors ¥ of K that lie over p
is equal to [K : Ko|. If p € Phonaren (K), then the latter statement is equivalent to the
condition that the Frobenius automorphism [K{SKO] is the trivial element of Gal(K/Kj).
Alternatively, K C IA(O’p. Alternatively, IA(:p = IA(pr, SO Gal(f(gg) = Gal(f(o,p) for all

(alternatively, for one) P|p.
A non-archimedean prime p of Ky is unramified in K if and only if for each B|p

the extension K‘IB / IA(OJ, is unramified, alternatively K C f(o,p,ur- This is the case if and
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only if fqg = fp.

Following the convention at [NSW15, p. 523, first paragraph], we say that an
archimedean prime p of Ky is unramified in K if p totally splits in K. This means
that K C Ko p.

We denote the set of all primes of Ky that ramify in K by Ram(K/K)).

1.6 Basic SET oF PRIMES. Let K be a global field and consider 8 € P(K). If B is
archimedean, then f(qp =Ror qu = C. In this case we set Uy to be the set of positive
elements of kp if P is real and R}E if P is complex. In each case we set mp = 1. If °P
is non-archimedean, then we choose a prime element 7qp with ordy(my) = 1, and set
Up = {z € Ky | ordg(x) = 0} to be the group of units of K.

Recall that an idele of K is an element o = (ap)yp € [Ipep(x) K}g, where ag €
Uy for all by finitely many B’s. The ideles of K form a multiplicative group denoted
by Ix. The group Ix becomes a topological group under the restricted topology. A
basis of neighborhoods of 1 in I is the collection of sets [ [ysc 5 Vip X [ [ ¢ 5 Ugs, where S
ranges over the finite sets of primes of K and the Viz’s run over a basis of neighborhoods
of 1 € f(% In particular, Ux = [[pep(x) Up is an open subgroup of Ix.

Another open subgroup of I is obtained for each finite subset S of P(K). It is
the group I, s = [[pes f(% X [Ipgs Usp of the S-ideles of K.

The multiplicative group K * is embedded diagonally in Ix. Assuch K* is discrete
and therefore closed in I [Neu99, p. 361, Prop. VI.1.5]. The factor group Cx = I /K*
is the idele class group of K. It is a Hausdorff locally compact group [Neu99, p. 361].

For each P € P(K), the multiplicative group f(,ﬁ naturally embeds into Ix. The
image of an element x € IA(% under this embedding is the family (2 )y cp(x), where
xzgp = 1 for P’ # P and zp = z. Note that if y is another element of KX, ae KX,
and a(xyp )y ep(x) = (Y )p/ep(k), then a = 1, so x = y. This gives an embedding of
IA{% into Cx = Ix/K*. Note that the image of I%'% in I is closed, hence so is the
image of IA(;;} in Cg. We identify IA(% with its image in Ck.

For a set S of primes of K that contains P,,c,(K), we define the group of S-units
of K as Kg = {z € K| ordy(z) =0 for all ‘B ¢ S}. Then, Kg = Ix s N K*.

By [Neu99, p. 360, Prop. VI.1.4], there exists a finite subset So(K) of P(K) that
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contains P,;cn (K) such that
(1) IK:IK7SKX and CK:IK,S/KSH

for each finite subset S of P(K) that contains Syo(K). If K is a number field and [ is
a prime number, we enlarge So(K) by adding the prime divisors of | and denote the
extended set by Sp;(K). If K is a function field, we set Sp;(K) = So(K). In each case,
we call Sy ;(K) a basic set of K.

LEMMA 1.7: Let K be a global field, | # char(K) a prime number, and Sy ;(K) a basic

set of K.

(a) Assume that an element a of K* is an l-power in Ky for every 9 € P(K). Then,
a is an [-power in K.

(b) Let S be a finite set of prime divisors of K that contains Sy ;(K). We use a bar
to denote the reduction of elements and subgroups of Ix s modulo Ié(,S‘ Then,

I s/Ks is a quotient of C.

Proof of (a): Statement (a) is a special case of [ArT52, p. 96, Thm. 1]. See also
[NSW15, p. 530, Thm. 9.1.11(ii)]. We offer here an alternative direct proof that uses
the Chebotarev density theorem.

Assume toward contradiction that a is not an l-power in K. Then, X! — qa is
irreducible in K [Lan93, p. 297, Thm. 1]. We denote the splitting field of X' — a over
K by N and choose a root z of X! — a.

Observe that H = Gal(N/K (x)) is a proper subgroup of G = Gal(N/K). Hence,
G>Uyeq H? is a proper subset of G [FrJO8, p. 238, Lemma 13.3.2]. We choose
7 € GN,eq H?. Then, we use the Chebotarev density theorem to choose a non-
%} is conjugate

in G to 7. Hence, X! — @ has no root in IA(qg. This contradicts our assumption.

archimedean prime divisor ¢ of K which is unramified in N such that [

Proof of (b): By (a), Kg ﬂIﬁ(,S = K.. Hence, Ks = Kg/K} KSH(,S/H(,S
Therefore,

Is/Ks = (Ixs/Tks) ) (Kslk s/1kc s) = Ik s/ KsIk
is, by (1), a quotient of Cx = Ix s/ Ks. |

13
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2. Homomorphism from Ck to (|

Let K/Kj be a finite Galois extension of global fields. For a finite subset S of P(K)

that contains Puen(K) we say that elements aq,...,as € Kg are multiplicatively
independent modulo ng if for all k1,...,ks € Z and b € Kg the equality a]fl =
b! implies that I|k; for i = 1,...,s. Here and in the rest of this section, I denotes a
prime number with [ # char(K).

The first step toward the proof of our main result is a construction of a homomor-

phism h: Cx — () that satisfies several local conditions. This construction generalizes

an earlier construction given in [GeJ98, p. 33, Lemma 7.1].

LEMMA 2.1 ([GeJ98, p. 27, Lemma 5.2]): Let S be a finite subset of P(K') that contains
P.ren(K), let m be a positive integer, and let L be a finite [-extension of K (i.e. [L : K]
is a power of ). Suppose that (; ¢ K. If ay,...,as € Kg are multiplicatively indepen-
dent modulo K}, then the fields L((ym,/a1), ..., L({m,\/as) are linearly disjoint and
of degree | over L((jm).

LEMMA 2.2: Let S be a finite set of primes of K that contains P,cn(K). Letay, ..., as €
K be multiplicatively independent elements modulo Kg. Let L be a finite l-extension
of K, let m be a positive integer, and let M be a finite abelian extension of K. Suppose
that (; ¢ K. Then, the fields LM ((m,/a1),...,LM((m,/as) are linearly disjoint
extensions of LM ((;m) of degree [.

Proof: We write M = M’'M", where M’ is an abelian [-extension of K and M" is an
abelian extension of K whose degree is not divisible by {. Then, L' = LM’ is a finite

l-extension of K. Applying Lemma 2.1 to L', we find that L' ((ym, /a1), ..., L' (m, Vas)

HOM
input, 11

HOMa

input, 31

HOMb
input, 44

are linearly disjoint extensions of L’((;m) of degree l. In particular, N = L'({ym, /a1, ..., /as)}}

is an l-extension of K. Since [ { [M" : K], the field M" is linearly disjoint from N over
K. Hence, LM ((ym,\/a1), ..., LM({m,{/as) are linearly disjoint extensions of LM ((jm )

of degree [, as claimed. |
Here is the promised generalization of [GeJ98, Lemma 7.1].
LEMMA 2.3: Let Ko C K C L be a tower of finite Galois extensions of global fields

14
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such that L/K is an abelian l-extension and L/K, is Galois. Suppose (; ¢ K. Let S
be a finite set of primes of K that contains the basic set Sy ;(K) chosen in Subsection
1.6. Let g and m be positive integers with char(Ky) 1 ¢ and set n = ql™. For each
B €S let hyp: IA{% — (' be a homomorphism. Then, there exists a non-archimedean
prime q € P(Ky) ™ S|k, and there exists a homomorphism h: Cx — C} such that the
following holds:

(a) q totally splits in L((,),

(b) h|K;3 = hsy for each P € S,

(c) there exists Q € P(K) over q with h(Ug) = C}, and

(d) h(Ugp) =1 for each P € P(K) (S U{Q}).

Proof: 'We break up the proof into several parts.

PART A: Continuity. We claim that every abstract homomorphism h: C'x — C) that
satisfies (b) and (d) is continuous, hence h is a homomorphism in the sense of Section
1.2.

Indeed, let S = SU{Q}. Then, by Subsection 1.6, I, s = [[ e IA(% x[lpgs Up
and Cx = Ik s /Kg . Let m: Ix 5o — Ck be the quotient map and A’ = hom. Thus, it
suffices to prove that the abstract homomorphism h': I s» — C; is continuous.

By (d), A’ (Ugp) = h(Ugp) = 1 for each P € P(K) (S U {Q}). By (b), ]’L/|Rq>§ =
h| K2 is continuous for each B € S. Hence, it suffices to prove that h| iy = h| i is
continuous.
is

Indeed, by Subsection 1.3, KS = (mq) x Un. Since (mq) is discrete, hl(rq)

continuous. Next recall that Ug is a profinite group (Subsection 1.3). Since each prime
of K that divides [ is in So; C S (Subsection 1.6), char(Kq) # [. It follows from
Hensel’s lemma that 1 + W}{)OQ < Ug. Hence, by Subsection 1.3, Uilj is open in Ugy.
Since UL, < Ker(h|y, ), the group Ker(h|y, ) is open in Ug. Hence, h|y, is continuous.

Therefore, h|zx is continuous, as desired.
9

PART B: Reduction of the lemma to constructing a homomorphism g: Ik s /Ks —
C;. By the Dirichlet unit theorem, Kg is finitely generated [CaF67, p. 72], hence

(Ks : KY) = I° for some positive integer s. We choose multiplicatively independent
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generators ag,...,as of Kg modulo K%. For each Q € P(K) S we can decompose
Ir s as
Igs= ] KgxUax [] Uy
Pes Pgsu{Q}
Then, we use a bar to denote the reduction of elements and subgroups of Ix ¢ modulo

I % g- In particular

(1) EZHK;EXU_QX H U,
Bes PgSU{Q}

and

(2) Kg = (ai,...,as).

Also, for each ‘B € § the homomorphism hg: IAﬂg — (7 induces a homomorphism

ho: IA{% — C. Since I 5/Ks is a quotient of O = I 5/Kgs (Lemma 1.7), it suffices
to find a prime q € P(Ky) ™ S|k, that satisfies (a) and to construct a homomorphism
g: Ix.s — C; such that

(3a) g|K<§ = hy for each P € S,

(3b) there exists Q € P(K) over q with g(Ug) = C,

(3c) g(Usyp) =1 for each P € P(K) (S U {Q}), and

(3d)

g
gla;)=1fori=1,... s.

By (2) and (3d), g will induce a homomorphism g: I s/Ks — C; that will
compose with the quotient map Cx — m/K_S to the desired homomorphism h. By

Part A, we don’t have to care about the continuity of g.

PART C: Presentation of a; as an idele. For each ¢ between 1 and s and every P €

P(K), let a;p be a; considered as an element of IA(;E and let

(4) 6 = ] hp(@mp)-

RUS

If g € P(Ko) ™ S|k, satisfies (a) and char(Ko,q) # [, we choose Q € P(K) over q. Then,
Q totally splits in L(¢;). Hence, a1,...,as,(; € Ug and Ug = C; [GeJ98, p. 24, Lemma
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4.1]. This allows us to choose a generator g for Ug. Thus, for each i there exists an

integer 0 < ; < [ such that

(5) i = 4.

The representation of a; therefore takes the form
(6) ai= [Jam-ud- [ am
RUSH Pesu{Q}
By their choice in Part B, the a;’s belong to Uy for each P € P(K) ™~ S. Hence,
Conditions (3a) and (3c) force that

() glam) = hy(asm) for B € § and glasp) = 1 for P € P(K) (S U{Q}).

Condition (3b) is equivalent to g(ugn) # 1. Therefore we have to choose g such that in
addition to (8), (a) will hold, and to define g(ug) as a non-unit element of C; such that
(3d) will be satisfied.

Let N be the Galois closure of L((n,/a1,...,/as) over Ky. If 6; = 1 for i =

1,...,s, we use the Chebotarev density theorem to choose q € P(Kj) ™ S|k, such that
(8) N C Ko .

In particular, (a) holds. Then, we choose Q € P(K) over q. By its choice, q totally
splits in K, so K’g = IA(OTq. It follows that a;q € Uilj, so B; =0fore=1,...,5. We
therefore define g(ug) to be a non-unit element of C; and derive from (6), (4), and (7)
that g(a;) = &; - g(iq)” = 1 so that (3d) holds.

PART D: The main case. Having settled the case where §; = 1 for i = 1,...,s, we

may and we will from now on assume that
(9) b1 # 1.
Under this assumption there exists an integer 0 < &; < [ such that

(10) 5 =0,  i=1,...,s
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In particular, ey = 1. Then, we set
(11) by = a1 and b; = a;/a fori=2,...,s.

Then, N is also the Galois closure of L((,,v/b1,...,v/bs) over Ky. Since ai,...,as
are multiplicatively independent modulo K é, so are by,...,bs. By Lemma 2.2 applied
to M = K((,) and to by,...,bs rather than to ay,...,as (so that LM ((m,\/b;) =
L(¢n, v/b;)), the fields L(Cp, /1), ..., L(Ca, Vbs) are linearly disjoint of degree [ over
L(¢n).
PART E: Choosing q. Part D allows us to choose o € Gal(IN/L((,)) such that (/a1)? =Jj
(/a1 and (v/b;)° = v/b; for i = 2,...,s. The Chebotarev density theorem gives a prime
q € P(Ky) ™ S|k, such that (%) is the conjugacy class of o in Gal(N/Kj). In par-
ticular, L((,) C Ko,q, so (a) holds.

We choose Q € P(K) over q. Since q is unramified in N, so is Q. Hence,
KQ(\Z/Q_l) /Kgq is an unramified extension. It follows that the Frobenius element of
the latter extension acts on /a; as o. In particular, that Frobenius does not fix {/a;.

This implies that [Kq (Var) : Kq] =1, so

(12) 01 € Ua UL,

On the other hand, b; € Ug, so by (11)

(13) Ain = A1, i=2,...,8.

PART F: Definition of g. By (5) and (12),

(14) arn = ﬂg for some 0 < B < I.

This allows us to define g(ug) as the element of C; that satisfies
(15) g(an)’ = &7

In particular, by (9), g(ug) # 1. By (13) and (14), a;n = aj = ﬂg&, i=2,...,s. This
gives (6) the form
(16) a;i= [[am-ug - J[ am

pes PESU{D}
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By (4) and (8),

(17) I] 9(@p)=6;and ] g(@m) =1.

Pes PESU{D}

Finally, we apply g on (16) and use (17), (15), and (10) to get

g(a) = ([] glap)) -9(@a)’ - [[ 9(@mp) =66 =1.

Pes PESU{Q}
Thus, (3d) holds and the proof is complete. |
3. Homomorphism from Gal(K) to C GAL

input, 11
We use class field theory to translate Lemma 2.3 into a result about the existence
of a homomorphism from Gal(K) into C; with local data and with a bound on the
ramification. Again, we assume for the whole section that | # char(K)).

We start with a presentation of the main result of class field theory.

PROPOSITION 3.1: Let K be a finite Galois extension of Ky, B a prime of K, and L a GALa
input, 21
finite abelian extension of K. Then, there exists a commutative diagram

1 — > Ny L” O — M Gal (LK) ——1

] [

) /R o
Ry — LI Gal(f /Ry) — 1,

>

1 Nﬁm/f{m ‘g

with exact rows. In this diagram

(a) IA(sI; is the completion of K at 3, Ay is the embedding of K, into Kfn,sep chosen
in Subsection 1.4, and Ly = A (L) K.

(b) Ni/k and Nj. ks are the norm maps.

(c) (,L/K) and ( ,Lg/Ks) are the global and local norm residue symbols. They
are obtained from the inverses of the Artin reciprocity maps rp rx: Gal(L/K) —
CK/NL/KLX and

T X

L‘I?’

Tfﬂp/f(fp: Gal(im/Km) — K%/Nﬁ‘ﬁ/f{m

19



respectively.
(d) IfP is non-archimedean, then the map ( , Ly /Ky) maps the group of units Uy of
Ky onto the inertia group I(Ley/Kgy) of Ly /Ky
In addition,
(e) both the global and the local residue symbols are compatible with the restriction
maps and
(f) the map L — Np,xCr maps the set of finite abelian extensions L of K (in Ksep)

onto the set of closed subgroups of C'i; of finite index.

References: The upper exact sequence is guaranteed by [Neu99, p. 391, Thm. 5.5] in
the number field case, and by [CaF67, p. 172, Thm. 5.1(B)] in the general case. In both
cases, the lower exact sequence is established by [Neu99, p. 320, Thm. 1.3]. Part (d) of
the theorem is established in [CaF67, p. 142, Cor.] and in [Neu99, p. 354, Thm. 6.2].
The commutativity of the diagram is proved in [Neu99, p. 391, Prop. 5.6] in the number
field case, and in [CaF67, pp. 174-176, Sec. VIL.6] in the general case.

Statement (e) is established for global fields in [CaF67, p. 171, Prop. 4.3], and in
[Neu99, p. 302, Prop. 6.4] in the number field case.

Finally, the “existence theorem” (f) is proved in [Neu99, p. 395, Thm. 6.1] for
number fields, and [ArT52, p. 71, Thm. 3] in the general case. |

LEMMA 3.2: Let A be a finite abelian group and let 3 be a prime of K. Then, there HOMd
input, 105
is a commutative diagram

(1) Hom(Gal(K), A) — > Hom(C, A)

Hom (Gal(Ky:), 4) —> Hom(K 3, A),

where resq is the map introduced in Subsection 1.4 (thus, resy(h)(o) = h(okil) for

each

h € Hom(Gal(K), A)

and o € Gal(Ky)), the right vertical map is the natural restriction map, and the

horizontal maps are the isomorphisms induced by the global and local norm symbols
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cited in Proposition 3.1. Moreover, if ' is non-archimedean and f € Hom(Gal(Km), A),
then s (f)(Uy) = f(Ip).

Proof:  Our lemma is a consequence of Proposition 3.1. Since A is finite, Diagram (1)
is the inverse limit of diagrams where Gal(K) is replaced by Gal(L/K) for finite abelian
extensions L/K, and Gal(f(s;g) is replaced by the corresponding decomposition group in
Gal(L/K). The maps ¢ and 1y are replaced in those diagrams by the corresponding
global (resp. local) norm residue symbols. The latter are compatible with each other.
Since both the global and the local reciprocity law are compatible under finite Galois
extensions (Proposition 3.1(e)), an inverse limit argument gives the desired diagram (1).
The injectivity of ¢ follows from the surjectivity of the map (,L/K): Cx — Gal(L/K).

The surjectivity of ¢ and 1y are consequences of the existence theorem 3.1(f). |

COROLLARY 3.3: Let Ky C K C L be a tower of finite Galois extensions of global fields
such that L/K is an abelian l-extension and L/ K is Galois. Suppose (; ¢ K. Let S be
a finite set of primes of K that contains the basic set Sy ;(K) chosen in Subsection 1.6.
Let g and m be positive integers with char(Ky) 1 ¢ and set n = ql". For each ‘B € S let
hg: Gal(Ky) — C; be a homomorphism. Then, there exists a prime q € P(Ko) ™ S|k,
and there exists a homomorphism h: Gal(K) — C; such that the following holds:

(a) q totally splits in L((,),

(b) resy(h) = hy for each P € S,

(¢) there exists Q € P(K) over q with resq(h)(Iq) = C), and

(d) resp(h)(Iyp) = 1 for each P € P(K) (S U {Q}).

Proof: For each B € 5, let hﬁn: IA(% — C) be the image of hgp under the map g of
Diagram (1), applied to C; rather than to A. By Lemma 2.3, there exist a prime q of K
and a homomorphism h': Cx — C) that satisfy Conditions (a)—(d) of that lemma (with
h" and hgy replacing h and hyp). Let h: Gal(K) — C) be the unique homomorphism
given by Lemma 3.2 such that ¢)(h) = h’. Then, by Proposition 3.1, q and h satisfy

Conditions (a)—(d) of our corollary. |
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4. Homomorphism from Gal(K) to C} CLR
input, 12

For each positive integer r, a repeated application of Corollary 3.3 yields a homomor-

phism A from Gal(K) into C] with local data and with a bound on the ramification.

Remark 4.1:  The construction of h: Gal(K) — C} uses the following basic argument: CLRa
Let Ky C K be a finite Galois extension and let Lq,..., L, be finite abelian - o

extensions of K. Let M be the Galois closure of Ly - - - L,/ Ko. Then, M = [[;_; I, L7 |}

where o; ranges over the finitely many Ky-embeddings of L; into Kge,. Hence, the cor-

responding restriction map Gal(M/K) — [[;_; [,, Gal(L{*/K) is an embedding. Since

the right-hand side is an abelian l-extension, SO is

Gal(M/K).

ProOPOSITION 4.2: Let Ko C K C L be a tower of finite Galois extensions of global CLRb
fields such that L/ K is a Galois extension, | # char(Ky) is a prime number with (; ¢ K, o 9
L/K is an abelian l-extension, r is a positive integer, and A = Cj 1 X --- x Cy,, where
each C); is an isomorphic copy of C;. Let n = ¢l™ for some positive integers ¢ and m
with char(Ky) t q. Let S be a finite set of primes of K which contains Sy ;(K). For each
P €S let hayp: Gal(f(q;) — A be a homomorphism.
Then, there exist distinct primes qi,...,q, € P(Ky) ™ S|k, and there exists a
homomorphism h: Gal(K) — A such that the following holds for each 1 <i < r:
a) q; totally splits in L((,),

b) resq(h)(Gal(Kq)) <1x---x1xCyx1x---x1 for each Q € P(K) over q;, and

d) Moreover, resy(h) = hsy for each B € S, and

(
(
(c) there exists Q; € P(K) over q; such that resq, (h)(Ig,) = 1x---x1xCpix1x---x1.
(
(e) resy(h)(Iyp) = 14 for each S € P(K)N(SU{Qi,...,Q.}).

Proof: For each 1 < i < rlet m: A — Cj; be the projection on the ith factor of A.
For each B € S we set heq; = m; 0 hap: Gal(f{qg) — Cj;. Then,

(1) hg = (hpa,---, hypr).

We construct primes qq,...,q, € P(Ky), homomorphisms h;: Gal(K) — Cj; for i =
1,...,7, and primes Q1, ..., Q, € P(K) such that with L; being the fixed field of Ker(h;)
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in Kep and M;_; being the Galois closure of LL; --- L;_1 /Ky (in particular, My = L)

the following conditions hold:

(2a) q; lies in P(Ko) N(S|x, U{dq1,.-.,9:—1}) and totally splits in M;_1(,).

(2b) resq(h;) = 1 for each Q € P(K) that lies over one of the primes qq,...,q;-1.

(2¢) resq, (hi)(Ia,) = Ci,.

(2d) resq(he)(Gal(Kq)) = 1 for each 1 < e < i — 1 and for each 9 € P(K) that lies
over (.

(2e) resq(hi) = he,; for each P € S.

(2) resy(hi)(Iyp) = 1 for each P € P(K) (S U {Q;}).

The rest of the proof breaks up into two parts.

PART A: Induction. Let1 < i <randinductively assume that q1,...,q;—1, h1,...,hi—1,}}
and
Q1,...,9;—1 have been constructed such that they satisfy Condition (2). In partic-
ular, for each 1 < e < ¢ — 1, the prime . totally splits in K. Let O, be the set of
primes of K that lie over q.. For each Q € Q. let gn: Gal(ffg) — C),; be the trivial
homomorphism.

Note that L/K,L1/K,...,L;_1/K are abelian [-extensions. Hence, by Remark
4.1, M;_1/K is also an abelian l-extension. Thus, by Corollary 3.3 applied to Ky C
KCM;_1,5UQU---UQ;_1, and the hgp ;, gq’s rather than to Ko C K C L, S and
the hg’s, there exists a prime q; € P(Ko) (S|, U {q1,...,9:,—1}) and there exists a
homomorphism h;: Gal(K) — C); such that
(3a) q; totally splits in M;_1((n),
(3b) resyp(hi) = hy; for each P € S and resq(h;) = gq = 1 for each Q € P(K) that

lies over one of the primes q1,...,q;—1,
(3c) there exists Q; € P(K) over q; such that resg, (h;)(Ia,) = Cy, and
(3d) resq(hi)(Ip) = 1 for each P € P(K)N(SUQ U---UQ; 1 U{Q;}).

In particular, Conditions (2a), (2b), (2¢), and (2e) hold.

Next, we prove Condition (2d). Indeed, let 1 < e <i—1. Since Ker(h.) = Gal(L.)
and L. < M;_q, we have h.(Gal(M;_1)) = 1. Since q; totally splits in M;_1, each
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9 € P(K) over q; totally splits in M;_;. Hence, by Subsection 1.5, M;_; C Kgq, so
he(Gal(Kg)) = 1. Finally, for each o € Gal(Kg) we have > € Gal(Kq), so by the
notation of Lemma 3.2, resq(h.)(0) = he(a’\‘gl) =1, as claimed.

Finally, by (3b) and (3d), resy (hi)(Is) = 1 for each P € P(K) (S U {2;}), so
(2f) holds. This concludes the induction.

PArT B: Conclusion of the proof. We prove that the homomorphism
(4) h:(hl,...,hr):Gal(K)—>Cl,1 X oo XCI’T,

the primes qq, . .., g, of Ky, and their corresponding extensions 1, ..., £, to the primes
of K chosen in Part A satisfy Conditions (a)—(e) of the proposition.

Indeed, let ¢ be an integer between 1 and r. Then, (a) follows from (2a).

Next, let 9 be a prime of K over q;. By (2d), resq(he)(Gal(Kgq)) = 1 for each
1<e<i—1. Ifi+1<e¢e <r, then by (2b), with (¢’,4) replacing (i,e), we have
resq (hes)(Gal(Kgq)) = 1. Therefore, by (4), resq (h)(Gal(Kgq)) <1x---x1xCp; x 1x
.- x 1, as (b) states. If Q = 9, then by (2¢), resq, (h;)(Gal(Kq,)) = Cy;. Therefore,
resg, (h)(Gal(Kg,)) =1 X ---x 1 x Cp; x 1 x --- x 1, as stated by (c).

By (4), (2e), and (1), resyp(h) = (resg(h1),...,resp(hy)) = (hp1,..., hyg ) = hyp
for each P € 9, as (d) states.

Finally, for each P € P(K) (S U {Q1,...,9,}), Condition (2f) implies that
resp (h)(Ip) = (resy(h1)(Ip), ..., resp(hy)(Ip)) = 1 x --- x 1, as (e) claims. This

completes the proof of the proposition. |

5. A Commutative Diagram DGRM
input, 10

Let K/Kj be a finite Galois extension of global fields, and let A be a finite multiplicative
Gal(K()-module. Our goal in this section is to prove that for every non-negative integer

n, and every p € P(Kj), the following diagram commutes.

(1) H™(Gal(K), A) === ]y, H"(Gal(Kg), A)

cor l Cor

H"(Gal(K), A) — > H"(Gal(Ko,), A).
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In this diagram

(2a) we identify Gal(Kj,,) with the subgroup Gal(Ky,) of Gal(Kj) (as in Subsection
1.3), making A also a Gal(f(o,p)—module,

(2b) for each prime P of K over p, we let Gal(f(qg) act on A by the rule a” = a™» (™ for
a € A and 7 € Gal(Ky), and where Ayp: Gal(Ky) — Gal(Ky) is the isomorphism
introduced in Subsection 1.4; in particular, if Gal(K) acts trivially on A, then so
does Gal(Ky) and therefore also Gal(f(qg),

(2¢) the map cor: H"(Gal(K), A) — H™(Gal(Ky), A) is the corestriction map for the
open subgroup Gal(K) of Gal(K)),

(2d) the map res,: H"(Gal(Ky), A) — H"(Gal(f(o,p), A) is the restriction map for the
closed subgroup Gal(Ky.,) of Gal(Kj),

(2e) the map Res is an abbreviation for the system of maps (resy)qp, Where for each
Plp the map resqp: H*(Cal(K), A) — H"(Gal(Kwyp), A) is defined for each homo-
geneous cochain h: Gal(K)"™' — A by resy(h) = hg, where hoy(og,...,0,) =
h(ag_ . .,02%1) for o1,...,0p € Gal(f(sp),

(2f) the map Cor is defined for each tuple (hy)q)p € [y, H"™(Gal(Ky), A) by

COI“ hqg m|p HCOI‘{B hqg
Blp

where for each 9B|p the map corg: H™(Gal(Ky), A) — H™(Cal(Ky,), A) is the
corestriction map for the open subgroup Gal(f(sp) of Gal(f(mp).
Diagram (1) is used in the proof of Theorem 1 on page 145 of [Neu79] without a

proof in the case where K is a number field.

5.1 EXPLICIT DEFINITION OF THE CORESTRICTION MAP. We set d = [K : K
and dyp = [Ky : Ko,p] for each PB|p. Then, we choose e1,...,64 € Gal(Ky) and
Eq1s- -+ Eq,dy € Gal(Kop) such that

dep

Uand Gal(Ko,) = U Gal(f(p)ai’lk.
k=1

(3) Gal(Ky) = U Gal(K

j

—1

Then, in the notation of Subsection 1.4, the polynomial f(X) = H;l:l(X —z% ) is
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—1

irreducible over Ky, the polynomial f(X) = HZil(X — a:,;nk) is irreducible over K,

and f(X) =[]y, fos(X). Therefore,
(4) there exists a bijection of sets 8: [y, {(B,1),..., (B,dy)} — {1,...,d} such that

5%’1k|;< = 5§(1‘13,k)|K’ hence
(5) there exists ny r € Gal(K) such that 5;;371,{|K0750p = fr)spykgg(lm’k) for Plp and k =
1,....d.
For each o € Gal(K)), let & be the unique element of {1, . ..,&4} with Gal(K)o~1 =|j
Gal(K)5—!. Then, cor: H"(Gal(K), A) — H"(Gal(Ky), A) is defined for each homoge—
neous cochain h: Gal(K)"*! — A, and for all (oq,...,0,) € Gal(Ky)"! by

—1

—1 .~

O'()ET‘7 Uoéj,...,O'nETj O-ngj) J

(6) cor(h)(og,...,0

H,’:]&

(Compare with the formula given on page 46 of [NSWO00, Subsection 1.4], where the

groups act on the additive modules from the left.) Similarly, for each P € P(K)

over p, and every o € Gal(f('gp) there is a unique & € {ep1,...,6p, 4y} such that
Gal(f(s;p) Gal(qu) ~1. Again, we have for each homogeneous cochain h: Grad(qu)”Jrl —>I
A and every tuple (09, ...,0,) € Gal(Ky )" that

dy
—~ —1 — —1 -1
(7) COI‘qg(h)(O‘(), . ,O'n) = | | h(O'()&?gB’k O0EB,ky- -+ OnEP,k O'n&?sp’k)s‘pvk.
k=1

In particular,
(8) if Kgp = [A(Om, then dy = 1, and we may choose ez; = 1. Hence, by (7), corg(h) =
h.
The following lemma generalizes the well-known fact that the norm of an algebraic

number is the product of its local norms [CaF67, p. 55, Cor.].

LEMMA 5.2: Diagram (1) commutes for n = 0. DGRe
input, 177

Proof: We know that H°(Gal(K),A) = AGIK) = [4 ¢ A|a® = aforallo €
Gal(K)}. By (6), the map cor: H°(Gal(K), A) — H°(Gal(Kj), A) is defined (in terms
of inhomogeneous 0-cochains) for each a € A% ) by cor(a) = szl a% . Simi-

larly, for each B|p we have HO(Gal(IA(qg), A) = AGal(K) and corg: HO(Gal(IA(qg), A) —
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HO(Gal([A(O,p), A) is defined for each a € AGal(Kp) 1y corg(a) = Hzil =k Moreover,
. At

for each a € A%K) and o € Gal(Ky) we have a® = a” ¥ = a, so resp(a) = a.

Similarly, if a € A%(50) and o € Gal(Ky ), we have a” = a®l%oser = q, s0 resy(a) = a.

Now, let a € AS2(K) Then, by (2¢), (2f), (7), and (5),

Cor(Res(a)) = Cor(a,...,a) = H cory (a)
Blp

dy dp »

Blp k=1 Plp k=1

Since ny x € Gal(K) and a € ASK) | we have a"* = a. Therefore, by (4) and (6),

Cor(Res(a)) = [y, Hiil arr) = H;'l:1 a® = cor(a) = resp(cor(a)), as claimed.

|
LEMMA 5.3: Diagram (1) commutes for each n > 0.

Proof: Each of the four vertices in Diagram (1) can be considered as a cohomological
functor in the sense of [Rib70, p. 120, Def. 5.1]. Moreover, res: H"(G,A) — H"(H, A)
commutes with the connecting homomorphism of the cohomology groups for every profi-
nite group G, every closed subgroup H, and every finite G-module A [Rib70, p. 135].
The same holds for the maps induced by the conjugations with the Agp’s [NSWO0O, p. 48,
Prop. 1.5.4 and p. 58, Prop. 1.6.2]. Hence, both horizontal maps in Diagram (1) are
morphisms of cohomological functors in the sense of [Rib70, p. 121, Def. 5.2]. The same
holds for the corestriction maps in (1), with H now open in G [Rib70, p. 136]. By
Lemma 5.2, Diagram (1) commutes for n = 0. Therefore, by the method of dimension
shifting of cohomology theory (in particular, [Rib70, p. 124, Cor. 5.6]), Diagram (1)

commutes for each n > 0. |

6. On the First Cohomology Group

As in Section 5, we consider a finite Galois extension K of Ky, and a finite multiplicative

Gal(Kp)-module A. We apply commutative diagram (1) of Section 5 to the case n = 1.
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6.1 CROSSED HOMOMORPHISMS.  Recall that if G is a profinite group that acts on A CRss
(from the right), then each element z of H'(G, A) can be represented by an inhomoge- e =
neous chain of dimension 1. The latter is a multiplicative crossed homomorphism
x: G — A, ie., a map that satisfies the rule x(o7) = x(0)"x(7) for all 0,7 € G. If
X': G — A is another crossed homomorphism that represents x, then y’ differs from
x by a coboundary. Thus, there exists a € A such that x'(¢) = x(c)aa™?! for all
oed.
In particular, if the action of G on A is trivial, then x’ = x and x(o7) = x(0)x(7)

for all 0,7 € GG, so x is just a homomorphism. Thus, in this case, we may consider x as

a homomorphism from G to A.

LEMMA 6.2: If a prime p of K\ totally splits in K, then the map IMAa
input, 47

Cor: [[ H'(Gal(Ky), A) — H'(Gal(Ko ), A)
Blp

is surjective.

Proof: Indeed, for each ‘P we have IA(s;p = IA(oyp (Subsection 1.5). Hence, by (8) in
Subsection 5.1, corg: H'(Gal(Kg), A) — H'(Gal(Kg ), A) is the identity map. Now,
consider h € Hl(Gal(IA(pr), A), and choose a prime P of K over p. Then, set hyy = h
and hg = 1 for each P’ € P(K) over p with P’ # P. Then, by (2f) of Section 5,
Cor((hg)spr1p) = [l cOrgpr (hepr) = h-1---1 = h, as desired. i

If H is a closed subgroup of a profinite group G, A is a finite G-module, and h €
H™(G, A), then we write h|y for the image of h under the restriction map res: H" (G, A) —|}
H™(H,A).

LEMMA 6.3: Let p be a prime of Ky which is unramified in K. For each € P(K) mMAb
~ N input, 82
that lies over p, consider hy € H'(Gal(Ky), A) such that hy(ly) = 1. Let u, =

Hmh) COI‘qg(hgp). Then, UP|fp =1.

Proof:  For each B|p we consider hy also as a homogeneous cochain hgp: Gal(f{qg) X

Gal(f(sl;) — A. By assumption we then have

(1) hop(Ip x Ip) = 1.
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Similarly, we consider u, as a homogeneous cochain uy: Gal(Ko,p) ¥ Gal(f(o’p) — A.
Since p is unramified in K, we have Iy = I, for each P|p (Subsection 1.5). Hence, since
fp is normal in Gal(f(o,p), so is j‘B'

We write Gal(Ko ) = | Ty Gal(Kyp)r~ ! = UTeTq} 7Gal(Ky) for an appropriate

TE
subset Ti of Gal(Kb’p). By the preceding paragraph,
(2) 7 loT € fqg < Gal(f(sp) for all Plp, 7€ Ty, and o € j‘li-

Moreover, in the notation of Subsection 5.1, we have by (2)

orGal(Ky) = orGal(Ky) = 7(7 to7)Gal(Ky) = 7Gal(Ky).

1

Hence, by the definition of Ty, we have o7 = 7, so, by (2), or tor = 77 lor € j‘B-

Thus, by (7) in Subsection 5.1, we have for all op, 01 € fp that

corg(hg)(00,01) = [] hyp(oor ‘oor, o7 tour)™
TETq;

(3) » » .
= H hog (Tt~ oor, 7 01T)" .
TEqu

By (2) and (1), we have hys (17 1oo7, 7oy 7) = 1 for each Blp. Hence, by (3), corg (hay) (00, 01) =}
1. It follows that uy (00, 01) = JIg), corg(hg)(o0,01) =1, as claimed. i

7. Classes of Homomorphisms CLAS
input, 13

It turns out that many of the properties of homomorphisms we consider are preserved

under a natural equivalence relation that we explain in this section.

7.1 EMBEDDING PROBLEMS. An embedding problem for a profinite group G is a PREd
input, 21
pair

(1) (p:G =T, : G—T),

where G and I" are profinite groups and p and « are epimorphisms. A weak solution
of (1) is a homomorphism : G — G such that a o 1 = p. We say that 1) is a proper

solution if, in addition, v is surjective.
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7.2 CONJUGATE HoMOMORPHISMS. Let I', G, G be profinite groups, and consider the PREe
homomorphisms p: G — I' and a: G — I'. We write Homr , (G, G) for the set of o
all homomorphisms ¢: G — G that satisfy a o ¢ = p. Note that if both p and « are
epimorphisms, then 1 is a weak solution of Embedding problem (1).

Two elements 1,1’ of Homr , (G, G) are said to be Ker(a)-conjugate if there
exists a € Ker(a) such that ¢'(§) = a~14(g)a for each g € G. A quick check confirms
that Ker(a)-conjugacy is an equivalent relation on Homp’p,a(G,G). We denote the
quotient set of Homr , (G, G) under Ker(a)-conjugacy by Homr , (G, G). We denote
the Ker(a)-conjugacy class of ¢ by [¢]. In general, when we consider an element [¢)] of
Hr po(G,G), we tacitly assume that ¢ € Homr , (G, G).

We denote the subset of Homr , (G, G) that consists of all elements [¢/] that are
surjective by Hompvp,a(é, G)sur-

Given a closed subgroup Gy of G, we set po = p|é0. Then, the map ¢ +— ¢|éo
induces a natural map Homr , (G, G) into Homr ,, «(Go, G). Moreover, we also set
Py = w\éo, I'y = po(éo), Go = a 1(Ty), ag = a|g,, and consider py also as a homo-
morphism from Gy into Ty. Then, Ker(ag) = Ker(a) and Im(to) < Go. Hence, we may
identify Homr ,, (Go, G) with Homr, py.a0 (Go, Go).

AN

¥ P Go
%o
1 —— Ker(a) G = r po
\ \ b
1— Ker(ao) GO &0 Fo.

By construction, both pg: Go — I'p and «p: Gy — I'y are surjective.

7.3 FINITE EMBEDDING PROBLEMS OVER K. A finite embedding problem for a GLOa
input, 116
finite Galois extension K of Ky is a pair

(2) (p: Gal(Kp) =T, a: G = T),
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where G is a finite group, I' = Gal(K/Kj,), «: G — T is an epimorphism, and p is
the restriction map resg, .. /x. Thus, Gal(K) = Ker(p). If : Gal(K¢) — G is a weak
solution of Embedding problem (2), then the fixed field of Ker(¢) in Ky, is said to be
a solution field of (2).

For each p € P(Kj), (global) embedding problem (2) gives rise to a local em-
bedding problem

(3) (pp: Gal(Kop) — Ty, ap: Gp — Ty),

where I'y = p(Gal(IA(O’p)), Pp = p|Ga1(Ro,p)7 Gp, = o 1(T'y), and ap = «|g,. Note that
Ker(ay) = Ker(a).

As in Subsection 7.2, we consider p, also as a homomorphism from Ga,l(f(o,p)
into I', and identify Homr, ,, o, (Gal(f(()m), Gp) with Homp,pma(Gal(lA{O,p), G), thereby
somewhat simplifying the notation.

Again, as in Subsection 7.2, if ¢ is a weak solution of Embedding problem (2), then
Yp = ¢|G31(K0,p) is a weak solution of Embedding problem (3). When ¢, ¢": Gal(Ky) —
G are Ker(a)-conjugate weak solutions of (2), then for each p € P(Kjy), the G-

homomorphisms 1y, ¢, are also Ker(a)-conjugate. This gives a canonical map

Homr , o (Gal(Ky),G) — | [ Homrp, «(Gal(Ko ), G),
p

that maps each [¢] to the family ([1)p])p.

7.4 PROPERTIES OF HOMOMORPHISMS. Let ¢ be a homomorphism of Gal(Kj) into a
finite group G, let L be the fixed field of Ker(¢) in Ko sep, and let p € P(K)).

We say that 1 totally splits at p, if 1)(Gal(Kp,)) = 1, that is ¢(Gal(Kg ) = 1,
which means that L C Ko . In this case p totally splits in L, which means that L has
[L : Ko primes that lie over p. Conversely, if p totally splits in L, then L C Ky,
(Subsection 1.5), so @D(Gal(ffg,p)) = (Gal(Kop)) = 1.

We say that 1 is unramified at p, if p is unramified in L. If p is non-archimedean,
this means that 1(1,) = 1. When p is archimedean, this means that ¢(Gal(Ko,)) = 1,

alternatively p totally splits in L (Subsection 1.5).
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We denote the set of primes at which 1 ramifies, by Ram(t), and observe that
Ram(v¢) = Ram(L/Kj) is the set of primes of K that ramify in L.

Note that if ¢, ¢": Gal(Ky) — G are Ker(«a)-conjugate weak solutions of (2), and
has one of the above-mentioned properties, then v’ also has that property. In addition,
Im(¢)") = Im(%)), so if ¢ is surjective, then so is ¢’. Finally, if 4 is trivial, then so is ¢'.

We therefore say that a conjugate class in Homr , o(Gal(Kj), G) totally splits,
is unramified at p, surjective, or trivial if one (alternatively, each) representative of
that class has the corresponding property.

Similar observations and definitions (except for total splitting) apply to conjugate

classes in

Homr ,, (Gal(Ko ), G),

for each p in P(K)).

8. Two Embedding Problems

The results we prove in this section ensure the weak solvability of local embedding
problems in each of the cases that occur in the induction step of the solution of our

global embedding problem.

LEMMA 8.1: Let A\: G — G be an epimorphism of profinite groups, p € P(Kj), and

EMBEDD
input, 11

PREg
input, 17

an unramified homomorphism. Then, there exists an unramified homomorphism )y: Gal(K 0.p) —>I

G such that X oy = tby. If 1, is the trivial homomorphism and Ker()\) # 1, we can
choose 1, such that in addition Ker(X) NIm(v,) # 1.

Proof: If p is archimedean, then t,(Gal(Kjy,,)) = 1 (Subsection 7.4). Then, the trivial
homomorphism );: Gal(koyp) — G is unramified and satisfies A o ¢, = 1)y.

Now assume that p is non-archimedean. Let 7: Gal(f(o’p) — Gal(IA(07p7ur/IA(07p) be
the restriction map. By assumption, ¢, (Gal(Ko pur)) = ¥p(I,) = 1. Hence, there exists
a homomorphism &: Gal(Ko pw/Kop) — G such that ¢, = & o 7. By [CaF67, p. 28],
Gal(f(o’%ur/ffap) >~ 7. Let z be a generator of Gal(f(o’p,ur/ffo,p), and choose a € G
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such that A(a) = R(2). Let k: Gal(f(o’p,ur/ffo’p) — G be the unique homomorphism
with x(z) = a, so Aok = R, and consider the homomorphism ¢, = kom: Gal(Kg ) — G.
It satisfies A o ¢, = 1), and @Dp(fp) =1, so 1, is an unramified homomorphism.

If 1, is the trivial homomorphism and Ker(\) # 1, then we choose z € Gal(Kj,,)
with 2 = 7(Z). Then, k(z) = &(m(2)) = ¢¥p(2) = 1. Hence, we may choose a above to
be a non-unit element of Ker(A). In particular, the unramified homomorphism ), now

satisfies 1, (2) = a, so Ker(A\) NIm(vy) # 1, as desired. i

Definition 8.2: A homomorphism \: G — G of profinite groups is said to be a Cj-
homomorphism, for a prime number [, if Im()\) is contained in a subgroup of G which

is isomorphic to Cj. |

LEMMA 8.3: Let \: G — G be an epimorphism of finite groups. Let | be a prime
number, and suppose that C; < G, set e = |Ker(\)|, and let n be a multiple of el
with char(Ko) { n. Also, consider p € P(K) such that p { l,00 and ¢, € Ko,. Let
Py Gal(f(o,p) — G be a ramified Cj-homomorphism (thus, @/;p(fp) # 1). Then, there
exists a homomorphism ),: Gal(Kg ) — G such that \ o 1, = 1.

Proof: Let N, be the fixed field of Ker(¢,) in KO,p,Sep- Since Im(¢p,) < C; and
Pp(Iy) # 1, we have Im(4,) = C;. Hence, N,/Ko, is a cyclic ramified extension of
degree [, and we identify Gal(Np/kovp) with Im(ty). Since p { [, the ramification of
N,J/[A(O,p is tame. Since (, € IA(O,p, we have (; € IA(OAJ. By [CaF67, p. 32, Prop. 1(i)],
there exists a prime element 7 of f{O’p with NV, = IA{O,F(\Z/?). Let o be a generator of
Gal(N, /Ko ,) and choose o € G with A(c) = 4.

We denote the order of o by d, let X' = A|(,), and set ¢/ = |Ker(\')|. Since
Ker()') is a subgroup of Ker(\), we have €’|e. Since d = €’l, €’|e, and el|n, we have
d|n. Since (, € Koy, we have (g € K. Thus, Ny = Ko, ({/7) is a (tamely ramified)
cyclic extension of IA(O’p of degree d that contains N,. Since N, is the fixed field of
Ker(t,), there exists an epimorphism @,: Gal(Ng/K'o,p) — Gal(N,/Ko,) such that
Pp = Pp 0 TOSRy \ on/Ny°

Finally we choose a generator 7 of Gal(Ny, /Ko p) such that ¢,(7) = &, and define a
homomorphism h: Gal(N,/ Ko,p) — @, by setting h(7) = 0. Then, the homomorphism
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Yo =ho TES R o o /N satisfies A o ¢y, = 1y, as desired.

ep

Gal(Kop)

res
res

Gal(N,/Kq,p) —"> Gal(Ny/Kop) |6

!

G A Go

9. An Element of H!(Gal(Kj), A) that Satisfies Local Conditions

For a simple Gal(K()-module A = C], we establish the existence of an element of
H'(Gal(Kj), A) that satisfies finitely many local conditions, and is otherwise unramified

except at most r additional primes of Kj.

9.1 RAMIFICATION OF COHOMOLOGY CLASSES. Let A be a finite Gal(K()-module
and consider p € Pponarch (Ko). By [NSWO00, p. 64, Prop. 1.6.6], the inflation-restriction

sequence for the inertia subgroup .fp of Gal(f(mp)
(1) l—— Hl(Gal(KO,p)/jpa Af") S Hl(Gal(K&p), A) —— Hl(fp» A),

is exact. An element z € H 1(Gal(f(0,p), A) is unramified if € Im(inf), alternatively,
if res(x) = 1.

If Gal(f(o’p) acts trivially on A, then z: Gal(f(o’p) — A is a homomorphism
(Subsection 6.1). In this case, « is unramified as an element of H'(Gal(Kj ), A), if and

only if z is unramified as a homomorphism, that is z(I,) = 1 (Subsection 7.4).

LEMMA 9.2: Let K be a finite Galois extension of Ky and | # char(Ky) a prime
number with (; ¢ K. Let A = C] be a simple Gal(K)-module on which Gal(K) acts
trivially. Let T be a finite set of primes of Ky, and for each p € T consider an element
yp € H'(Gal(Kop), A). Then, there exists an element z € H'(Gal(Kj), A) such that

(a) resy(2) =yp for each p € T, and
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b) ifp € P(Ky) T and res,(z) is ramified, then p totally splits in K ((;).
p

On the proof: Our result appears as Lemma 3 on page 143 of [Neu79| for the case
where Ky is a number field. The proof of that lemma relies on [Neu79, p. 142, Lemma
2]. Both proofs generalize mutatis mutandis to the case where Kj is a global field. We

supply more detailed proofs of both lemmas in the appendix of this work. |

ProproOSITION 9.3: Let Koy C K C L be a tower of finite Galois extensions of global
fields such that L/K is an abelian [-extension for which | # char(Ky) and (; ¢ K.
Let A = C] be a simple Gal(K()-module on which Gal(K) acts trivially. Let n be a
positive integer such that l|n and char(Ky) 1 n and let T' be a finite subset of P(K)
that contains Ram(K/K,). We suppose that Sy ;(K) C Tk (Subsection 1.6). For each
peT,lety, € H(Gal(Ky,), A).
Then, there exist distinct primes qi,...,q, € P(Ko) T, and there exists x €
H'(Gal(Ky), A) such that
(a) for each p € T we have resy(z) = y,,
(b) for each p € P(Ko) (T U{q1,...,q,}), the element res,(z) of H'(Gal(Ky ), A) is
unramified, and
(c) fori=1,...,r, the prime q; totally splits in L((,) and res,, (z): Gal(Kq q,) — A is
a Cj-homomorphism (Definition 8.2).
(d) Moreover, let G and G be finite groups such that A < G and let \: G — G be an
epimorphism. Suppose that |Ker(\)| - [ divides n. Then, for each 1 < i < r there

exists a homomorphism . : Gal(Koq,) — G such that \o Ty, = resgq, (z).

Proof:  We choose an element z € H'(Gal(Kj), A) that satisfies Conditions (a) and (b)

of Lemma 9.2, and we break up the rest of the proof into three parts.

PART A: Definition of n,. Let V.= T U {p € P(Ky)| resy(z) is ramified}. For each
p € V we define an element 7, € Hl(Gal(IA(O’p), A) as follows:

(2) ne =1 for p € T and 1, = res,(z) " for p € V\T.
CramMm:  For each p € V, the element n, lies in the image of the map

(3) Cor: [[ H'(Gal(Ky), A) — H' (Gal(Ko ), A).
Blp
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Indeed, the claim holds for p € T, because by (2), 5, = 1 for p € T"and Cor = [[, corg
is a homomorphism of groups. If p € V \T, then by the definition of V, res,(2) is
ramified. Hence, by (b) of Lemma 9.2, p totally splits in K ((;), so p totally splits in K.
Therefore, by Lemma 6.2, Cor is surjective. In particular, n, belongs to the image of

Cor, as claimed.

PART B: Shifting the n,’s. By Part A, we choose for each p € V' and each P € P(K)
over p, an element iy € H'(Gal(Ky), A) such that

(4) np = | ] corss (7).

Blp
Since Gal(K) acts trivially on A, the group Gal(Ky) acts trivially on A (by (2b) of

Section 5), hence 7jy: Gal(Ky) — A is a homomorphism for each B|p (Subsection 6.1).
Likewise
(5) 2" = z|Gaik): Gal(K) — A is a homomorphism.

Let L' be the fixed field of Ker(z") in Kgep. Then, L’ is a finite abelian [-extension
of K, hence so is LL'. Hence, by Remark 4.1, the Galois closure L” of LL" over K,
is also a finite abelian [-extension of K. Then, Proposition 4.2 applied to the tower
of global fields Ko € K C L”, the set of primes Vi (Subsection 1.4), and the sys-
tem of homomorphisms (7y)pecv, give distinct primes q1,...,q, € P(Ko) >V, primes
Q1,...,9, € P(K) over q1,...,q, respectively, and a homomorphism h: Gal(K) — A
such that
(6a) q; totally splits in L ((,) for i =1,...,r,
(6b) resq(h)(Gal(Kq)) <1x---x1xCp; x1x---x1 for each Q € P(K) over g;.
(6¢c) resq(h) = Mg for each P € Vi, and
(6d) resq(h)(Ip) = 14 for each P € P(K) (Vi U{Q1,...,Q,}).

We consider u = cor(h) € H'(Gal(Kj), A), where cor is the corestriction map that
appears in Diagram (1) of Section 5 for n = 1. By the commutativity of that diagram

(Lemma 5.3), by (6¢), and by (4), we have for each p € V
resy (u) = resy(cor(h)) = Cor(Res(h)) = Cor((resq(h))ypp)

(7) = H Corqg(reSm(h)) = H COT%(ﬁ%) = Mp-

Blp Blp
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PArT B’: A Cj-homomorphism. We prove for i = 1,...,r that
(8) resq, (u) = [Lq)q, cora(resa(h)): Gal(Kg q,) — A is a Cj-homomorphism.

Indeed, let 9 be a prime of K over g;. Since q; totally splits in K (by (6a)),
Gal(f(qui) = Gal(Kgq) (Subsection 1.5). For each & € Gal(f(mqi) we observe that
=5 € Gal(Kgq) < Gal(K) (Subsection 1.4). Since Gal(K) acts trivially on A, we
have, by Convention (2a) of Section 5, that a® = a° = a for each a € A. Hence, by
Subsection 6.1, resq, (u): Gal(f{o,qi) — A is a homomorphism.

Since q; totally splits in K, we have corg(resq(h)) = resq(h) for each Q|q; (State-
ment (8) of Section 5). By (6b), resq(h)(Gal(Kq)) <1x---x1xCpy x1x---x1,

50 resg, (u)(Gal(Koq,)) <1 X - x 1 x Cpi x 1 x -+ x 1, as claimed.

PART C: The element x. We prove that the element z = uz € H*(Gal(Kj), A) satisfies

Conditions (a)—(d) of the proposition.

Proof of (a): For each p € T we have by (7), (a) of Lemma 9.2, and (2) that res,(z) =

resy (u)resy(2) = Nyyp = Yp, as Condition (a) claims.

Proof of (b): Let p € P(Ko) (T U{q1,...,9-}). If p € V, then by (7) and (2), we
have resy(z) = resy(u)resy(z) = 1, - resy(2) = resy(2)~! - resp(z) = 1. In particular,
resy (z) is unramified (Subsection 9.1). If p ¢ V, then by the definition of V in Part A,
resy(2) is unramified, thus resp(z:)]fp = 1. Since Ram(K/Ky) C T C V, we have that
p is unramified in K. By (6d), resg(h)(lyp) = 14 for each P|p and by (7), resy(u) =
[ Lo corq(resys(h)). Hence, by Lemma 6.3, resp(x)|fp = resp(u)|fpresp(z)|fp =1, so

resy (z) is unramified, as asserted by (b).

Proof of (c): Consider an i between 1 and r. By (8), res,, (u) € H'(Gal(Ko4,), A) is
a Cj-homomorphism.

By (6a), q; totally splits in K. Hence, Gal(Kg 4,) = Gal(Kgq) for each prime 9 of
K over q;. In particular, this is the case for the prime Q of K that lies over q; such that
Aq is the inclusion map (Subsection 1.4). Since Gal(K) acts trivially on A, the group
Gal(Kp q4,) acts trivially on A. Hence, resy,(z) € H'(Gal(Kg ), A) is a homomorphism
(Subsection 9.1). Moreover, with 2’ = z|gai (k) being the homomorphism introduced in

(5), we have by the choice of Q, that resg, (2) = resq(2’). Again, by (6a), Q totally splits
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in I/. Since Gal(L') = Ker(z') (Part B), the homomorphism resq, (2): Gal(Kg q,) — A
is trivial. Hence, L' C Kq. Then, resy, (r) = resy, (u), so by the preceding paragraph,

resq, (x) is a Cj-homomorphism as (c) claims.

Proof of (d):  We fix an i between 1 and r. By (c), resq,(z): Gal(Kgq,) — A is
a Cj-homomorphism. If resq, (z) is unramified, then by Lemma 8.1, there exists a
homomorphism y : Gal(Ko 4,) — G such that Aoxy, = resg, (v). Otherwise, resq, (z) is
ramified. By (c), ¢, € Ko.q;- Since q; € P(Ko) N T, q; {l,00. Hence, the result follows

from Lemma 8.3. |

10. Principal Homogeneous Spaces

We describe how to shift a weak solution of our global embedding problem by an element

of the first cohomology group.

10.1 AN EMBEDDING PROBLEM. Let K be a finite Galois extension of Ky. We set
[' = Gal(K/Ky), p=resg, ., /k: Gal(Ko) — T (so Gal(K) = Ker(p)), and consider an
embedding problem

(1) (p: Gal(Ky) =T, a: G —T),
where G is a finite group, @ is an epimorphism, and A = Ker(a) is abelian. The latter
assumption implies that the action of G on A by conjugation induces an action of T
on A (from the right). Thus, for all a € A, v € T, and g € G with a(g) = v, we
have a7 = g~'ag. We lift that action to an action of Gal(Kj) on A via p, making A
a multiplicative Gal(Kjp)-module. In other words, for each a € A, 0 € Gal(Kj), and
g € G with a(g) = p(c), we have a® = g~ lag. Under this action Gal(K) acts trivially
on A. In particular,
(2) if ¢ is a weak solution of embedding problem (1), then a® = (o) tay(o) for all
a € A and o € Gal(K)).
As usual, one says that A is a simple Gal(Kj)-module if A has no submodule

except itself and 1.

38

PHSP
input, 12

MODa
input, 20



LEMMA 10.2: Under the above assumptions, let 1) be a weak solution of embedding PHSa
input, 57

problem (1) and let x: Gal(Ky) — A be a crossed homomorphism. Then, the map

Y- x: Gal(Kg) — G defined by (v - x)(0) = (0)x(c) for each o € Gal(Ky) is also a

weak solution of embedding problem (1).

Proof:  We set ¢* =1 - x and observe by (2) that for all 01,0, € Gal(K))

P*(o102) = Y(0102)x(0102) = P(01)¥(02)Xx(01)7> X (02).
= p(01)Y(02)Y(02) " x(01) ¥ (02) X (02) = ™ (01)Y* (02).

Thus, ¥*: Gal(Ky) — G is a homomorphism. Since y(c) € A, we also have a(*(0)) =
a(y(o))a(x(o)) = p(o), for all o € Gal(K)y), as claimed. i

10.3 AN ACTION ON Homr , 5(Gal(Ky),G). The product defined in Lemma 10.2 gives AcTi
rise to a right action of H!(Gal(Kj), A) on Homr , 5(Gal(Kp), G). Indeed, e %
(3) if Y] € Homr , 5 (Gal(Ky),G) and z € H'(Gal(Kj), A), we choose a crossed homo-

morphism

x: Gal(Kjy) — A that represents x and set [¢]* = [¢ - x].
By Lemma 10.2, [¢ - x] € Homr , 5(Gal(Kp), G). We claim that the class [¢ - x] does
not depend on v nor on Y.

Indeed, if ¥': Gal(Ky) — G is an additional weak solution of embedding problem

(1) with [¢)'] = [¢], then there exists a € A such that for each o € Gal(Ky) we have
Y'(0) = a~Y(o)a (Subsection 7.2). Also, if x': Gal(Kg) — A is another crossed
homomorphism that represents z, there exists b € A such that for all 0 € Gal(Ky) we
have x'(0) = bb~tx(0) = ¥(0)"tbp(o)b~x (o) (Subsection 6.1). Since A is normal in
G, we have 1(0)ap(c)~! € A. Hence, since A is abelian, we have (¢(0)aw(o)™1)b =
bip(c)ap(o) . Therefore, using Lemma 10.2, the weak solution ¥ = ¢’ - X’ of (1)
satisfies for each o € Gal(Kj) that

V" (o) =P (0)X (o) = a~ ((0)ayp(o) " )by (a)b™ x ()
= a” by (o)ap(o) " Hp(a)b " x(0) = a” by (o)ab” x (o)
= a”'bp(o)x(0)ab™t = (ab™h) T (o) (ab7H),
hence [¢"] = [¢'], as claimed.
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In a similar way, for each p € P(K() the cohomology group Hl(Gal(IA(07p), A) acts

on

Homr ,, +(Gal(Kop), G).

Both actions are compatible with the restriction from Gal(Kj) to Gal(f{oyp). In other
words,
4) [, = [Wp]e* @) for ] € Homr ,4(Gal(Ky),G), = € H'(Gal(Ky), A), and
p € P(Ky).
Recall that a principal homogeneous space X over a group H is a set X on
which H acts freely and transitively (from the right). This means that if x € X and
n € H satisfy " = x, then = 1; moreover for all y € X there exists 7 € H such that

" =y.

LEMMA 10.4: The set Homr , 5(Gal(Ky), G) (resp. Hompvpp,o—[(Gal(IA(O,p), Q)) is a prin-
cipal homogeneous space over H'(Gal(Ky), A) (resp. over H'(Gal(Ky ), A)).

Proof: Consider [¢], [¢] € Homr ,s(Gal(Kj),G). Let x: Gal(Ky) — G be the map
defined by x(0) = (o) 1(0) for each o € Gal(Ky). Then, a(p(c) Ha(w(o)) =
p(o) " 1p(c) = 1, hence p(o) " 1(o) € A, so x maps Gal(Kj) into A. Next observe that

X(0)x(7) = (e(r) " (o) (0)e(r)) (e(r) " (7)) = e(oT) Mp(oT) = x(o7),

so x: Gal(Kyg) — A is a crossed homomorphism. Let z € H'(Gal(Kj), A) be the
cohomology class of x. Then, by (3), [1)] = [¢]?, so the action of H*(Gal(Kj), A) on
Homr , 5(Gal(Ky), G) is transitive.

Now suppose that [¢]* = [¢] for some z € H'(Gal(Kj), A). Let x: Gal(Ky) — A
be a crossed homomorphism that represents x. Then, by Subsection 7.2, there ex-
ists a € A such that o(o)x(c) = a~tp(o)a for each ¢ € Gal(Ky). Hence, x(c) =

la=typ(o)a = (a=1)?a. Thus, x is a coboundary, i.e. z = 1. Therefore, the action

(o)~
of H'(Gal(Ky), A) on the set Homr , 5(Gal(Kp),G) is free, as claimed.

The proof of the local statement is similar. |
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LEMMA 10.5: Let p € Pronaren(Ko), let [¢] € Homr ,4(Gal(Ky),G), and let © € PHsc
_input, 232
H'(Gal(Ky), A). Suppose that [¢)] is unramified at p and the element res, (x) of H'(Gal(Kg ), A)i

is unramified. Then, [¢)'] = [¢]* is unramified at p.

Proof: By assumption, ¢(c) = 1 for each o € fp. Let x be a representative of x. Then,
the restriction xp: Gal(kovp) — A of x to Gal(K’o,p) is a crossed homomorphism that
represents resp(x). By Subsection 7.4, we may assume that ¢’ = ¢ - x. Since res,(z)
is unramified, 1resp(90)|fp = 1, so there exists a, € A such that x,(o) = agap_1 for all
o € I,. Hence, by (2), we have for each o € I, that ¢/(c) = z/)(o)agap_l = agap_l =
V(o) tapp(o)ay ! = apa, ' = 1. Therefore, [¢] is unramified at p. |

The following local-global principle of Jiirgen Neukirch plays a central role in the
proof of our main result. It appears in the case where K is a number field as Lemma 4

on page 149 of [Neu79] and in the general case as Lemma 9.5.6 on page 565 of [NSW15].
We recapitulate the proof in the appendix to this paper (Lemma 15.8).

LEMMA 10.6: Suppose under the assumptions of Subsection 10.1 that A = Ker(«) is PHSd

input, 278
a simple Gal(K()-module which is isomorphic to C|, where | # char(Ky) is a prime
number with (; ¢ K. Then,
Homr , 4(Gal(Ko),G) # 0 if and only if | [ Homr ,, &(Gal(Ko ), G) # 0.
p
11. Embedding Problems whose Kernel is a Simple Gal(Kj)-Module SIMP
input, 13

We show in this section how to choose local conditions for our global embedding problem
such that every weak solution of the problem is proper and the condition on the roots

of unity in the solution field is preserved.

Setup 11.1: Again, we consider a finite Galois extension K of Ky and an embedding SimMPa
input, 19
problem

(1) (p: Gal(Kp) =T, a: G = 1),

where I' = Gal(K/Kj), G is a finite group, & is an epimorphism, and p = TeSK, .op /K-

Let [ # char(Ky) be a prime number such that (; ¢ K. Let A = Ker(@) and assume
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that A = C7] is a simple Gal(K()-module under the action defined in Subsection 10.1.
In particular, Gal(K) acts trivially on A.
We denote the finite group of roots of unity in K by u(K). |

Recall that if h: Gal(Ky) — A is a homomorphism and p € P(Kj), then hy: Gal(Kp ) —j
A is the restriction of h to Gal(Kj,,) (Subsection 1.3).

LEMMA 11.2: Under Setup 11.1, let n be a positive integer with ged(n, [u(K)|) = 1 sivpb
and char(K) 1 n, let m be the minimal number of generators of Gal(K ((,)/K), and let o 1
T be a finite set of primes of Ky. Then, there exist distinct non-archimedean primes

P,y Pm,q € P(Ko) T that totally split in K such that for each p € {p1,...,Ppm,q}

there exists [pp] € Hompvppyd(Gal(K'o,p), G) such that if an element

(] € Homr , 4(Gal(Ky), G) satisfies [thy] = [pp] in Homnpma(Gal(lA{o,p),G) for each

p €{p1,-..,Pm,q}, then

(a) [¢] is unramified at pq,...,Pm,4q,

(b) if N is the fixed field of Ker (1)) in K sep, then ged(n, |u(N)|) = 1, and

(c) v is surjective.

Proof: Although q satisfies the same conditions as p1,...,p,, in the lemma, q plays a
special role in the proof, namely to insure that 1) is surjective.

We break the proof into three parts.

PART A: Choosing p1,...,pm- Letoy,...,0p, be generators of Gal(K((,)/K). Then,

we apply the Chebotarev density theorem and inductively choose non-archimedean

primes
le e 7Qm € ]P)(K<CTL)) N TK(Cn)
which are unramified over K such that [K(%—)/K} =o; fori=1,...,m and the primes
p1 = QI|K07 e Pm = Qm|Ko S ]P(KO) NT
are distinct. For each i = 1,...,m we set PB; = Q;|x. Then, [%} = 0ilg =

1, hence K C Ky, (Subsection 1.5). Since CGal(K) = Ker(p) (Subsection 10.1),

it follows that the homomorphism p,,: Gal(f(mpi) — I' is trivial. Hence, setting

42



@p.: Gal(Kg,p,) — G to be the trivial homomorphism, we find that [py,] is an element
of Homnppwd(GaI(IA(O,pi), G)fori=1,...,m.

PArT B: Choosing q. We apply the Chebotarev density theorem again in order to

choose

q S Pnonarch(KO) \(T U {plv B 7pm})

which totally splits in K. By Lemma 7.4, py(Gal(Koq)) = 1, in particular p, is unrami-
fied. Hence, by Lemma 8.1, there exists an unramified homomorphism ¢,: Gal([%ovq) —

G such that @ o pq = pq (thus [p4] € anq’@(GaI([A{o,q), G)) and ANIm(pq) # 1.

PART C: Conclusion of the proof. Let 1) be a weak solution of embedding problem (1)
such that [¢,] = [p] for each p € {p1,...,Pm,q}.

PROOF OF (a): By Part A, foreachp € {p1,...,pm}, the homomorphism ,: Gal(Ko,p) —>I
G is trivial, so ¢, is unramified. Hence, [¢/] is unramified at p. Also, by Part B, [p,] is

unramified, hence [¢] is unramified at q.

PROOF OF (b): Since &0t = p, we have Ker(¢)) < Ker(p) = Gal(K). Hence, the fixed
field NV of Ker(v)) contains K, so K C NNK((,). In addition, for each i € {1,...,m} we
have [hy,] = [@p,], that is 1(Gal(Kop,)) = 1, 50 N C Ko ,. Hence, p; totally splits in

N (Subsection 1.5), in particular p; totally splits also in N N K ((,,). Therefore, with B’
NOK (cn)/K}

U
i =1,...,m, which generate the Galois group Gal(N N K((,)/K), are all the identity
maps (Subsection 1.5), so NN K((,) = K.

Now let d = ged(n, |u(N)]). Then, (s € NNK(¢,) = K, so d divides ged(n, |u(K)]).}

being the prime of N N K ((,) that lies under £;, the automorphisms &; = [

By assumption, ged(n, |u(K)|) = 1, hence d = 1, as claimed.

PROOF OF (c): Since [thy] = [pq], we have Im(¢)4) = Im(y,) (Subsection 7.4). Hence,
ANIm(pg) = ANIm(yy) < ANIm(y). By Part B, AN Im(py) # 1, hence the

Gal(K()-module A N Im(¢)) is non-trivial. Since A is a simple Gal(Kj)-module, we

obtain A NIm(¢) = A. Since a(y(Gal(Ky)) = p(Gal(Kyp)) = I', we conclude from the
exactness of (1) that ¢(Gal(K)) = G, as claimed. i
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12. Bounding the Ramification BOUN
input, 13

The preparations done in the previous sections lead now to the essential step toward the
solution of our embedding problem. This is the case where the kernel of the problem
is a simple Gal(Ky)-module. We properly solve the problem with a bound on the
ramification and such that the necessary conditions for the existence of a solution in

the next step will hold.

Notation 12.1: Recall that for each positive integer n, one writes {2(n) for the number BOUa
input, 22
of prime divisors of n, counted with multiplicity. Thus, if n = []}", [I* with distinct

prime numbers Iy, ..., Ly, then Q(n) = 37" r;. In particular, Q(nn’) = Q(n) + Q(n’)
[HaWe62, p. 354, Sec. 22.10].

Setup 12.2: An extended embedding problem. Asin Section 11, let K be a finite Galois BouUb
input, 35

extension of Ky. We set I' = Gal(K/Kj) and let p: Gal(Ky) — I' be the restriction

map. We also consider a prime number [ # char(K) with ¢; ¢ K. Then, we consider a

diagram of profinite groups,

(1) 1; Gal(Ky)
1 A G—2% 7T 1,

with an exact short sequence. As in Setup 11.1, A = C] is a simple Gal(K()-module
under the action defined in Subsection 10.1, in particular Gal(K') acts trivially on A.
In addition 7: G — G is an epimorphism of finite groups. |
PROPOSITION 12.3: Under Setup 12.2 let n be a positive integral multiple of 1-|Ker(7)|. BoUd
Let T be a finite set of primes of K that contains Ram(K/Kg). Suppose ged(n, |u(K)|) :Ilnput, v
1, char(Ko) 1 n, and [], Hompvppyd(Gal(f(om),@) # (). For each p € T we consider
[pp] € Homr ,, +(Gal(Koy),G).
Then, there exists a finite set R C Pponarch(Ko) N1 with |R| = Q(|A]) = r, and

there exists [1)] € Homr , 5(Gal(Ky), G)sur such that
(a) [p] = [ip] in Homp’pp@(Gal(f(o,p),G’) for each p € T,
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(b) [] is unramified at each p € P(Ky) (T U R), so if N is the solution field of
(i.e. the fixed field of Ker(v))), then Ram(N/Ky) C T UR,

(c) for each p € P(Ky) T we have Hom@ﬂ;pﬁ((}al(f(o,p), G) # 0, and

() ged(n, |u(N))) = 1.

Proof: Let s1,...,8; be the elements of S ;(K)|x, NT. Since Ram(K/Ky) C T, the
primes s1,...,5; are unramified in K. Hence, by Lemma 8.1, for each 1 < ¢ < k,
there exists an unramified homomorphism ¢, Gal(f(ogi) — G such that @ o ,, = ps,.
Therefore,
(2) if an element [¢)] € Homr , 5(Gal(Ky), G) satisfies [¢bp] = [¢p] for each p € {s1,...,5:}}
then [¢] is unramified on {sy,...,5;}.

Since Parcn(Ko) € So,1(K) |k, €T U {s1,...,5k},
(3) each p € P(Ky) ~(T'U {s1,...,5;}) is non-archimedean.

We break up the rest of the proof into four parts.

PART A: The surjectivity and the number of roots of unity. Let m be the minimal
number of generators of Gal(K ((,)/K). We choose distinct p1,...,pm,q € P(Koy) N(TU

{s1,...,5,}) and elements

[op] € Homnpp’&(Gal(f{o’p),@)

for p € {p1,...,pm,q} that satisfy the conditions of Lemma 11.2. Thus, if [¢)] €
Homr , 5(Gal(Ky), G) satisfies [1y] = [¢p] for each p € {p1,...,Pm,q}, then
(4a) [¢] is unramified at pi, ..., Ppm, q,
(4b) the fixed field N in K sep of Ker (1)) satisfies ged(n, |u(N)]) = 1, and
(4c) [¢] is surjective.
PART B: Strategy of the proof. Since [], ’Homnpp,&(Gal(f(o,p)?@) # (), there exists
by Lemma 10.6, an element [thg] € Homr , 5(Gal(Ky),G). We are going to find = €
H'(Gal(Ky), A) such that [¢)] = [1g]® satisfies the conclusions (a), (b), and (c) of the
proposition.

To this end, let Ny be the fixed field of Ker(t¢g) in Ko sep. Then, p(Gal(Nyg)) =
a(vo(Gal(Ng)) = 1, so Gal(Ng) < Ker(p) = Gal(K), hence K C Ny. Moreover
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Yo|cai(x) induces an embedding

Wh: Gal(No/K) — G

such that a (i} (Gal(Ny/K)) = 1, so Gal(NNy/K) is isomorphic to a subgroup of A, hence

Ny/K is an abelian [-extension.

PArT C: The sets T* and T**. We set T* =T U{s1,...,5:tU{p1,...,Pm,q} and let
t1,...,ts be the primes that belong to P(Ky) ~T™* at which 1y ramifies. Then, we set
T** =T* J{ry,...,ts} and have that
(5) o is unramified at each p € P(Kqy) ~\ T™**.

Next observe that since Ram(K/Ky) CT C T*, each p € {tq,...,ts} is unramified
in K, so

is unramified (Subsection 7.4). Hence, by Lemma 8.1,
(6) there exists an unramified element [p,] € "Homp,pw@(Gal(koyp), Q).

Then, we consider the system ([p,] € Homr7pp7d(Ga1(Ko7p), é))peT**. For each
p € T**, Lemma 10.4 supplies a unique element y, € Hl(Gal(}A{o,p), A) that satisfies

(7) [Yo.p]” = [@p]-

By Setup 12.2, A is a simple Gal(K()-module on which Gal(K) acts trivially.
Since T' C T™* and Sy (K)|x, C T™*, we have Sy ;(K)|x, CT* C T**. Hence, the
set T of all primes of K that lie over T** contains Sp;(K). Also, Ram(K/Ky) CT C
T**. By Setup 12.2, (; ¢ K. Since Ny/K is an abelian l-extension (Part B), Proposition
9.3, applied to T** rather than to T, yields an element z € H'(Gal(Ky), A) and primes
q1s- -+, qr € P(Ko) T"* such that
(8a) resp(x) =y, for each p € T,
(8b) resp(x) is unramified at each p € P(Ko) (T U{q1,...,q:}),
(8c) fori=1,...,r, the prime g, totally splits in Ny((,) and resg, (x): Gal(f(qui) — A
is a Cj-homomorphism, and
(8d) for i = 1,...,r the homomorphism resy, (x) can be lifted to a G-homomorphism

Ty, Gal(Koq,) = G (ie. vo Ty, = resq, ().
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Since Sp(K) C T**, the primes q1,...,q, are non-archimedean (Subsection 1.6).

PART D: The solution . We consider the element [1)] = [t)o]* of Homr , 4(Gal(Ky), G).}]
For each p € T** we have by (8a) and (7) that

9) (o] = [0, ) = [W0,]"" =[]

in Homp,pm@(Gal(IA{O’p), G). In particular, (9) holds for each p € T', so Conclusion (a)
of the proposition holds.

Also, by Part A, [] satisfies Conditions (4a), (4b), and (4c). In particular, by
(4b), ged(n, |w(N)|) = 1. By (4c), v is an epimorphism. We prove that 1 also satisfies
conclusions (b) and (c) of the proposition.
PROOF OF (b): Weset R ={qi1,...,q.}. Let p € P(Ky) N(TUR). Ifp € {s1,...,5,}U
{p1,..-,Pm,q}, then by (9), [¥p] = [pp]. Hence, by (2) and (4a), [)] is unramified at p.
If p € {r1,...,ts}, then by (6), [pp] is unramified. Hence, by (9), 1 is unramified at p
(Subsection 7.4). Thus, 1) is unramified at each p € T** \T.

Finally if p € P(Ko) (T U {q1,...,9,}), then by (5) and (8b), [¢,] and
resy(z) are unramified. By (3), p is non-archimedean. Hence, by Lemma 10.5, [¢),] =

[1bo p]7% ®) is unramified. Thus, Condition (b) holds.

PROOF OF (c): Let p € P(Ko)NT. If p ¢ R, then by (b), [ty is unramified. Hence,
by Lemma 8.1, ¥, can be lifted to an unramified element of Hom@@pﬁ(Gal(f(O,p), G).
If p € R, then by (8c), p totally splits in Ny((,), hence also in Ny. Therefore,
Yo,p: Gal(f(o’p) — G is the trivial homomorphism (Subsection 7.4). Also, since p = q;
for some 1 < i < 7, we have by (8c) that res, (z): Gal(Ko,,) — A is a C;-homomorphism,
hence res, () represents its own cohomology class. Therefore, [thy] = [thg )" @) =
[tho,p - resy ()] = [resy (z)].

By (8d), resy(z) can be lifted to a G-homomorphism zy,. Hence, also ¥y has the
same property. This implies that ?—[om@’%ﬁ((}al(f%,p), G) # 0, as (c) states. i
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13. Embedding Problems with Solvable Kernel

Following Proposition 12.3, we now prove the main result of this work by induction on

the order of the kernel of the given embedding problem.

Construction 13.1: We wish to solve a finite embedding problem
(1) (p: Gal(Kp) =T, a: G =T,

where H = Ker(a) is a solvable group and char(Ky) { |H|. Without loss we may
assume that H # 1. For each weak solution ¢: Gal(Ky) — G of (1) and every a € H,
we let p® Gal(Ky) — G be the homomorphism defined for each o € Gal(Ky) by

Lo(o)a. Thus, ¢ and ¢® are Ker(a)-conjugate.

p*(0) =a”
Since H is solvable, it has a normal subgroup H; such that H/H; is a non-trivial
abelian group. As in Remark 4.1, the subgroup ) gecH ¥ of G is normal, contained in

H, and H/(\,eq H is abelian. Therefore, replacing Hy by (¢ H{, we may assume

geG
that Hy is normal in G. Furthermore, replacing H; by a larger subgroup of H, we may
assume that H; is a maximal subgroup of H with the property that H; is normal in G
and H/H; is non-trivial and abelian. As in Subsection 10.1, H/H; becomes a simple
Gal(K()-module via p. Thus, there exist a prime number /; and a positive integer r;

such that H/H; = C;'. In particular [;|H;| divides |H| and char(Ky) # l1. Moreover,

we have the commutative diagram

(2) H]. _ H]_ Gal(Ko)
l”
1 H G = r 1
1——> H/H —> G/H, —2 r 1
with exact horizontal sequences such that both maps 7 are quotient maps. |

Strategy 13.2: Note that |H| = |H/H1| - |H1|. Hence, by Notation 12.1,

Q([H]) = Q(|H/H1l) + Q(|Hil).
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Using Proposition 12.3, we first find a proper solution 1/; for the lower Embedding
problem in (2) with the accompanying conditions. Then, we apply induction on the
order of the kernel to find a proper solution 1 to the embedding problem (¢1: Gal(Ky) —
G/Hy, m: G — G/H), that satisfies the accompanying conditions. Finally, we prove
that 1) is the desired solution of Embedding problem (1). 1

THEOREM 13.3: Let K/K, be a finite Galois extension of global fields and consider
the finite embedding problem (1) with the solvable kernel H, where I' = Gal(K/Kj)
and p = resg, . /k- Let T be a finite set of primes of Ky that contains Ram(K/Kj).
Suppose that char(Ko) 1 |H|, ged(|H|, [u(K)|) = 1, and [], Hompipp,a(Gal(f(o,p), G) #
() (notation of Subsection 7.3). For each p € T let [p,] € Homp’ppva((}al(lgoyp), G).

Then, there exists an element [)] € Homr , o(Gal(Ky), G)sur and there exists a
set

R g ]P)nonarch(KO) NT

with |R| = Q(|H|) such that

(a) [¥p] = [¢p] In ”Homp,pp,a(Gal(f(o,p), G) for each p € T and

(b) [¢] is unramified at each p € P(Ky) (T U R), that is the fixed field N of Ker(v) in
K sep satisfies Ram(N/Ky) C T'U R.

Proof: Let H; be the normal subgroup of G contained in H with H/H; being a simple
Gal(Kp)-module (Construction 13.1). We break up the rest of the proof into three parts.

PART A: An embedding problem whose kernel is a simple Gal(Ky)-module. We con-
sider Diagram (2). If p € P(Ky) and [n,] € Homr,pp,a(Gal(IA(o,p),G), then [ o] €
Homnpp,@((}al(f(o,p),G/Hl). Hence, [], Homp,pp,@((}al(f(o,p),G/Hl) # (). For each
p € T we have that

Pp =T 0@y € Homr , 4(Gal(Ky ), G/Hy).

Since H/H; = C}} is a simple Gal(K()-module, |H| is a multiple of /;|H;| (Con-
struction 13.1), char(Ky) 1 |H|, and ged(|H|, |u(K)|) = 1, Proposition 12.3 with n = |H|
provides a finite set T C Pponarcn (Ko) N7 with |17 = Q(|H/H1|) and an element
(3) [¢1] € Homr , 5(Gal(Ky), G/H1)sur such that
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(4a) [t1,p] = [@p] in Homnpp,@(Gal(IA{o,p),G/Hl) for each p € T,

(4b) [¢1] is unramified at each p € P(Kp) N(T'UT1), so if Ny is the fixed field of Ker(v1),
then Ram(N,/Ky) C T UT,

(4c) for each p € P(Ky) T we have Homg/Hl,wlyp7W(Gal(I§'07p), G) # 0, and

(44) ged(|H], [u(N1)]) = 1.

PART B: The induction step. This gives rise to an embedding problem
(5) (¢12G&1(K0)—>G/H1, ﬂ'IG—)G/Hl)

with a finite solvable kernel H;.
For each p € T there exists, by (4a), an element a, € H such that for each
o € Gal(Ko,p)

U1p(0) = wlap) " Bplo)m(ay) = mlay rlpp(o))n(ay) = 7lay pp(0)ay) = (moi?) (o),
(6) so [pp"] € HomG/Hl,wl,pm(Gal(f(()’p),G) for every p € T..

It follows from (4c) and (6) that [], Homg/Hl,wlypJ(Gal(f(o’p), G) # (). Moreover,
char(Ky) 1 |H1| and (4d) implies that ged(|H1|, |u(N1)|) = 1.

For each p € T we set 1, = gogp. Then, for each p € T7 we use (4c) to choose
[o1.0] € HOme a1, 4y.,,7(Gal(Ko p), G).

Since H; is solvable and |H;| < |H|, an induction hypothesis on the order of
the kernel of the embedding problem gives a set Ry C Pphonaren (Ko) N (T'UT1) and an
element
(7) W] € Haym g7 (Gal(Ko), G)sur
such that |Ry| = Q(|H;|) and
(8a) [¥p] = [1,p] In ”H,omG/thl’p,ﬂ(Gal(f(o,p), G), for each p € T U T,

(8b) [¢] is unramified at each p € P(Ky) N(T'U Ty U Ry), that is if NV is the solution

field of embedding problem (5), then Ram(N/Ky) C T UTy U R;y.

We set R = Ty U Ry. Then, by Notation 12.1, |R| = |T1| + |R1| = Q(|H/H:|) +
Q(|Hy) = Q(|H)).
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PART C: Conclusion of the proof. We prove that [¢] satisfies the conclusion of the
theorem. Indeed, by (2), (7), and (3) we have a0y = @omo) = @ohy = p, so
[w] c Homp,pya(Gal(Ko), G)sur-

1—>H/H ——> G/

1.

Moreover, by (8a), for each p € T there exists b, € H; such that for each o € Gal(IA{Qp)
we have 1 (0) = by p1p(0)by = by 'ap ' @p(0)apby = (apby) ™ 0p(0)(apby). Since a, €
H and b, € H;, we have apb, € H. Therefore, [1),] = [pp] in Hompypp,a(Gal([A(g,p), G)

for each p € T', as desired. |

14. Embedding Problems with Solvable Kernel in K (o5 APPL
input, 12

In this section we provide some applications of the main theorem of this work. We
consider our basic global field Ky and let S be a finite set of primes of Ky. Then,
Ko tot,s denotes the union of all finite Galois extensions of Ky in which each p € S

totally splits. Thus,
(1) Ko tot,5 = m m K{
peS reGal(Ky)

The field Ko tot,s5 has several distinguished properties. First of all Ko 01,5 is PSC.
That is, if V' is an absolutely integral variety over Ky (01,5 With a simple Kg’p—rational
point for each p € S and 7 € Gal(Kj), then V has a K to,s-rational point [Jarll, p. 75,

Example 5.6.5 (with citation to original works)|. In particular, Ko tot,5 is ample [Jarll,

51



p. 67, Lemma 5.3.1]. The latter implies among other things that if ¢ is a transcendental
element over K (ot g, then every finite group occurs as a Galois group over K tot,s(t) [a
consequence of Jarll, p. 88, Thm. 5.9.2]. Finally, by [Pop96, p. 3, Thm. 3], Gal(Kp tot,s)
is a “free product of groups of the form Gal(K{,) in the sense of Melnikov and Haran

with p and 7 as above”.

Setup 14.1: Again, with Ky and S as above, we let K be a finite Galois extension of SETP
input, 44

our global field K¢ and set I' = Gal(K/Kj) and p = resg, . /x. Then we consider a
finite embedding problem

(2) (p: Gal(Kp) =T, a: G —=T),

where H = Ker(«) is a solvable group. i

For each prime number p we write Qo , rather than Q¢ ¢py. The thesis [Ram13]
conjectures that every finite group that occurs as a Galois group over QQ is a quotient of
Gal(Qsot,p/Q). The conjecture is verified in [Ram13] for finite abelian groups, symmetric
groups, and alternating groups.

In this section we go even further as far as solvable groups are concerned. We use
Theorem 13.3 to solve Embedding problem (2) with local data and bounded ramification
in Ko tot,5 once the kernel H is solvable, ged(|H|, |u(K)|) = 1, char(Ky) 1 |H|, K C

Ko tot,5, and each of the corresponding local embedding problems is solvable.

Remark 14.2: Let Ky and S be as above. If S’ is a subset of P(Kj) that contains S, CNGa
input, 76
then by Definition (1), Ko tot,57 € Ko tot,S-
Now, consider the set Sk of all primes of K that lie over S. For each p € §

we choose B, € Sk that lies over p such that Ko, C Kgqp, (Subsection 1.4). Then,

Kotot,5 = pes MNrecaro) Kop S Nypesy Nrecair) Kg = Kot s - i

THEOREM 14.3: Under Setup 14.1 we assume that K C K tot,5. Suppose that ged(|H]|, |(A#¢)|) - |

1, char(Ko) 1 |H], and [T, Homr., o(Gal(Koy), G) £ 0. Let T C B(Kp)~ S be a finite

set such that Ram(K/Ky) C T. Foreachp € T we consider [¢,] € ’;’-Lomrm7a((}:etl(f(07p)7 G) I
Then, there exists a proper solution ¢ of Embedding problem (2) and there exists

a finite set R C Pponarch(Ko) (S U T) with |R| = Q(|H|) such that if we denote
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Vp = ¢|Ga1(f(0,p)a then

() [y] = lpy) for each p €T,

(b) the fixed field N of Ker(v) satisfies N C K tot,5, and
(¢) Ram(N/Ky) C RUT, so |[Ram(N/Ky)| < Q(|H|) + |T.

Proof: Since K C Ky 01,5, €each p € S totally splits in K, in particular p is unramified
in K (if p is non-archimedean) and p,: Gal(f(o,p) — I' is the trivial homomorphism
(Subsection 7.4). Hence, the Ker(«)-conjugacy class [p,] of the trivial homomorphism
@p: Gal(Ko,) — G is an element of ’Homp,pp,a((}al(f(o’p), G).

By Theorem 13.3 applied to SUT rather than to T', there exists a proper solution
¢ of Embedding problem (2) and there exists a set R C Pyonarcn(Ko) N(S U T) with
|R| = Q(|H|) such that
(3a) [¥p] = [pp] for each p € SUT and
(3b) the solution field N of v satisfies Ram(N/Ky) C RUSUT.

In particular, (3a) implies (a). Also, for each p € S we have [¢,] = [p,]. Since ¢,
is the trivial homomorphism, so is ¢, (Subsection 7.4). Hence, since Gal(N) = Ker(v)),
each p € S totally splits in N (Subsection 7.4). Therefore N C K tot,5, as (b) claims.

Finally, each non-archimedean p € S is unramified in N. It follows from (3b) that
Ram(N/Ky) C RUT, as asserted by (c). |

COROLLARY 14.4: Let S be a finite subset of P(Ky) and let G be a finite solvable group
with
ged (|G|, |u(Ko)|) = 1 and char(Kjy) 1 |G]|.

Then, Ky has a Galois extension N in Ky o,s and there exists a finite set R C
Phonarch (Ko) ™ S with |R| = Q(|G|) such that Gal(N/Ky) =2 G, Ram(N/Ky) C R,
and [Ram(N/Ky)| < (|G]).

Proof:  We let ' in (2) be the trivial group and let both p, o be the trivial homo-
morphisms. Then, H = Ker(a) = G. Moreover, for each p € P(Kj) the Ker(a)-
conjugacy class of the trivial homomorphism ¢y: Gal(f{()m) — G is an element of
Homp,pp,a((}al(f(o’p), G). We set K = K and let T' be the empty set. Then, by The-

orem 14.3, Ky has a Galois extension N in Ky tot,s and there exists a finite set R C
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Phonareh (Ko) > S with |R| < Q(|G|) such that Gal(N/Ky) = G, and Ram(N/Kj) C R.
Thus, |[Ram(N/Ky)| < Q(|G]). i

COROLLARY 14.5: Suppose that K is a number field, let S be a finite subset of P(Kj),
and let G be a finite group of odd order. Then, Ky has a Galois extension N in K tot,s
such that Gal(N/Ky) = G and |Ram(N/Kj)| < [Ky : Q] - Q(|G)).

Proof: By the celebrated theorem of Feit and Thompson [FeT63], G is solvable. Since
n(Q) = {1, -1}, we have |u(Q)| = 2, hence ged(|G], |#(Q)]) = 1. By Corollary 14.4
applied to Q and S|g (Subsection 1.4) rather than to Ky and S, there exists a Galois
extension Ny of Q in Qo 51oURam (K, /@) With Gal(No/Q) = G and there exists a finite
set R € Phonaren (Q) ™ (S|oURam(Ky/Q)) with |R| = (|G|) such that Ram(Ny/Q) C R.
Let N = KgNy. Then, if p € Pyonareh (Ko) and the prime number p that lies under p
is unramified in Ny, then p is unramified in N. Since over each prime number there lie
at most [Ko : Q] primes of Ky, we conclude from Ram(N/Ky) C Rk, (Subsection 1.4)
that |[Ram(N/Ko)| < [Ko: Q] - |R| < [Kp : Q] - Q(|G]), as claimed.

Moreover, Ram (Ko N Ny/Q) C Ram(Ky/Q) N Ram(Ny/Q) C Ram(Ky/Q) N R
= (). Thus, Kq N Ny is an unramified extension of Q. By a corollary to a theorem of
Hermite-Minkowski, Ky N Ny = Q [Neu99, p. 207, Thm. 2.18]. Therefore, the Galois
extension N = KNy of K satisfies Gal(Ny/K() = G. Moreover, since S C (S|g)x,, it
follows from Remark 14.2 that Qyot,5),UuRam(Ko/Q) € Qtot,sle © K07t0t7(S|Q)KO C Ko tot,S-

Hence, by the preceding paragraph, N = KqoNg C Ky tot,s- |

Remark 14.6: The interest in Corollary 14.5 lies in the fact that in contrast to previous
results of this work, we impose the condition ged(|G|,2) = 1 on G, rather than the
stronger condition ged(|G|, |u(Kp)|) = 1. Of course, this comes with a price, namely
the usual upper bound Q(|G|) for the number of ramified primes of the extension must
now be multiplied by [Ky : Q]. Nevertheless, the latter factor is independent of G.
|

COROLLARY 14.7: Under Setup 14.1 we assume that K C Ky 1015, char(Ko) { |H| and
ged(|H|, |u(K)|) = 1. In addition, we assume that one of the following conditions holds:

(a) « splits, that is there exists a homomorphism o/: T' — G such that « o o/ = idr.
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(b) Embedding problem (3) has a weak solution.

Then, Embedding problem (3) has a proper solution with a solution field N in
Ko tot,s such that |Ram(N/Kj)| < |[Ram(K/Ky)| + Q(|H|).

Proof: First note that Condition (a) of the Corollary implies Condition (b). If ¢ is a
weak solution of (3), then for each p € P(Kp) the homomorphism t,: Gal(Ko,) — G
satisfies w0 9p, = p,. Hence, by Theorem 14.3, with 7' = Ram(K/Kj), the field K, has

a Galois extension N in Ko tot,5 as asserted by the corollary. |

Recall that a finite extension N/K of number fields is tame if every prime divisor
of K is tamely ramified in N. In his survey paper [Bir94], Bryan Birch asks whether for
each finite group G there exists a tame Galois extension L of Q with Gal(L/Q) = G.
Among others, he suspects that this is the case for each finite solvable group. Our last

application of 14.3 is a contribution to Birch’s problem.

COROLLARY 14.8: Let K be a number field, G a finite solvable group, and S a finite set
of primes of K that contain all prime divisors of |G|. Suppose that ged(|G|, |u(K)|) =
1. Then, K has a tame Galois extension N in K. s with Gal(N/K) = G and
Ram(N/K)| < Q(G)).

Proof: We consider the embedding problem 1 — G — G — 1 — 1, where «
is the trivial map. Without loss we enlarge S to include all primes of K that divide
|G|. By Theorem 14.3 with Ky = K and T = (}, the field K has a Galois extension N
with Galois group G and there exists a set R C P(K) S with |R| = Q(]G|) such that
Ram(N/K) C R. In particular no 8 € P(K) over R divides the order of G. Hence,

N/K is a tame extension, as claimed. |

15. Appendix

For the convenience of the readers, in this appendix we prove a few results about the
pairing of cohomology groups attached to global and local fields, originally proved in
[Neu79] for number fields.
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Remark 15.1: Perfect pairing. Let [ be a prime number and let G and G’ be locally
compact abelian multiplicative groups of exponent [. Suppose w: G x G’ — p; is a non-
degenerate bilinear map (also called a perfect pairing in [NSWO00]). To each 0 € G
we attach the homomorphism x,: G' — p; defined by x,(0’) = w(o,0’). Similarly, to
each ¢/ € G’ we attach the homomorphism x/,: G — p; defined by x..(0) = w(o,o’).
Note that since ¢! = 1 and (¢/)! = 1 for all ¢ € G and ¢’ € G’, we can actually
identify the group of homomorphisms of G (resp. G’, resp. G x G’) into the unit
circle T = {z € C| |z| = 1} with the corresponding groups of homomorphisms into ;.
We may therefore replace p; throughout by T in order to cite the results of [Pon46].
In particular, by the Pontryagin duality theorem [Pon46, p. 134, Thm. 32|, for each
homomorphism x: G — p; (resp. x': G" — p;) there exists a unique 0’ € G’ (resp. o € G)
such that x = xL, (resp. X' = x0)-

Next recall that for each closed subgroup H of G the orthogonal complement
of H is defined as H+ = {0/ € G'| w(n,0’) = 1 for all n € H}. Similarly, for each
closed subgroup H' of G’ we let (H')* = {0 € G| w(o,n’) =1 for all o’ € H'}.

If H; and Hs are closed subgroups of G, then the bilinearity of w implies that
(HiHy)* = Hi N Hy. Similarly, if H and H) are closed subgroups of G’, then
(H{HS): = (H])* 1 (Hb)*

Less obvious, but still true, is the relation (H+)+ = H for each closed subgroup
of G (resp. of G') [Pond6, p. 136, Thm. 3.3]. By definition, 15 = G’. Hence, 1¢ =
15+ = (G')*. Similarly, 1¢- = G*. |

Remark 15.2: The dual module. We consider our fixed global field K, a prime number
[ # char(K)y), and a finite simple Gal(Ky)-module A = C}, for some positive integer r.
Let 1 be the group of roots of unity of order ! in Kg¢p. We also consider the dual
module A’ = Hom(A, 11;). The group Gal(K,) acts on A’ by the rule h?(a) = h(a® ' )°
for all h € A’, 0 € Gal(Ky), and a € A. Note that for each a € A1 there exists h € A’
such that h(a) # 1. Hence, the map (a,h) — h(a) for a € A and h € A’ is a perfect
pairing. In particular,

(1) A’ is isomorphic as a group to C.

Moreover,
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(2) A’ is a simple Gal(K()-module.

Indeed, if B is a submodule of A’ and B+ = {a € A| h(a) = 1 for all h € B},
then B+ is a submodule of A. Since A is simple, B+ = 14 or B+ = A. Hence, by
Remark 15.1, B= A" or B =14/, so A’ is simple.

Note that if x: Gal(Ky) — A or x: Gal(Ky) — A’ is a crossed homomorphism and
o € Gal(Kjp), then x!(o) = x(0)! = 1.

We also recall the following rule:

(3) If a profinite group G acts on A (resp. A’), then H(G, A)! = 1 (resp. H (G, A")! =
1) for each i > 0.

Indeed, if f: G* — A (resp. f: G* — A’) is a cochain of degree i and o € G?, then

flo)=fo) =1.

The following result is a generalization of [Neu79, Lemma 2] to global fields.

LEMMA 15.3: In the notation of Remark 15.2, let K be a finite Galois extension of K
such that Gal(K) acts trivially on A and (; ¢ K. Let P be a subset of P(Ky) that
consists of all but finitely many primes which totally split in K((;). Then, the homo-
morphism H'(Gal(Ky), A") = [],ep H'(Gal(Ko ), A') defined as the direct product of
the restriction map H'(Gal(Ky), A') — H'(Gal(Ky,,), A’), is injective.

Proof: We set I' = Gal(K/Ky), A = Gal(K((;)/K), and Z = Gal(K({;)/Kp). Then,
we note that if h € A’, ¢ € Gal(K((;)), and a € A, then a’ ' = a and h?(a) =
h(a"il)” = h(a). Hence,
(4) Gal(K((;)) acts trivially on A’

Hence, the action of Gal(K() on A’ induces an action of Z, hence also of A, on

A’. Since #A|(l — 1) (Here we use the assumption that [ # char(K)).), we have
(5) L1#A.

CramM A: HY(A,A’) =1 for all i > 1. Indeed, by (3), each x € H*(A, A’) satisfies
2! = 1. On the other hand, by [Rib70, p. 138, Cor. 6.7], ord(z)|#A. Hence, by (5),
[ tord(x). It follows that = = 1, as claimed.
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Cramm B: H™(T,(A")A) =2 H™(Z,A’) for all n > 1. Indeed, Claim A, applied to

i=1,...,n — 1, yields an exact inflation-restriction sequence
(6) 1— H™(T,(A)2) 2 Hn(Z, A') 25 Hn (A, AT

that corresponds to the short exact sequence 1 - A — Z — I" — 1 [NSWO00, p. 64,
Prop. 1.6.6]. Again, by Claim A, H"(A, A’) = 1. Hence, by (6), inf: H"(T, (A")?) —
H™(Z, A") is an isomorphism, as claimed.

Cram C: H"(Z,A") =1 for alln > 1. Indeed, since (; ¢ K, the group A acts non-
trivially on u;, so A acts nontrivially on A’. Therefore, (A’)® is a proper Z-module
of A’. Since by (2), A" is a simple Gal(K()-module, A’ is also a simple Z-module, so
(A")A = 1. It follows from Claim B that H"(Z, A’) = H"(T, (A")?) = 1, as claimed.

CLAIM D: The map res: H'(Gal(Ky), A") — H'(Gal(K(¢)), A")? is an isomorphism.
Indeed, as in the proof of Claim B, the beginning of the five-term exact sequence at-
tached to the short exact sequence 1 — Gal(K((;)) — Gal(Ky) — Z — 1 takes the

following form:

(7) 1—— H'(Z, (A)GIE @) 2 g1(Gal(Kp), A)

I HY(Gal(K(Q)), A — B H2(Z, (AN)GAE ),

By (4), (A")Gal(K() = A", Hence, by Claim C, the second and the fifth terms of (7) are
trivial, so res: H(Gal(Kj), A') — HY(Gal(K((;)), A’)Z is an isomorphism, as claimed.

Next we consider the commutative diagram

(8) H'(Gal(K), A) [T,ep H'(Gal(Ky,p), A')

| .

HY(Gal(K (), A)? ——Tlpep [y H (Gal(K (G)g) A7),

where all of the arrows are restriction maps or appropriate direct products of restriction

maps.
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CrLAIM E: The lower horizontal map in (8) is injective. Indeed, let  be an element of
H(Gal(K (), A').

By (4), Gal(K((;)) acts trivially on A’, hence x: Gal(K((;)) — A’ is a homomorphism.
Let N be the fixed field of Ker(z) in Kggep. Then, N is a finite Galois extension of
K ((;). We prove that N is a Galois extension of K.

Indeed, we consider o € Gal(Ky) and set & = resg, . /k()(0) € Z. Then, by

—1

definition, z° is the element of H'(Gal(K((;)), A’) defined by 2°(7) = x(r )7 for

each 7 € Gal(K((;)) [NSWO00, p. 44, 1. Conjugation]. Since, by our choice, z° = =z,
_1),

so 77 € Ker(z). This implies that Ker(z) is a normal subgroup of Gal(Kj), which

we have z(7)° = x(7° ). In particular, if 7 € Gal(N) = Ker(z), then 1 = 2(7°

proves our claim.

Now assume that for each p € P and every B € P(K((;)) over p we have resqp(z) =
1. Thus, z(7) = 1 for each 7 € Gal(K((;)y), so N € K((;)gp. It follows that p totally
splits in N. Conversely, since K((;) C N, every prime of Ky that totally splits in N
also totally splits in K ((;). Thus, for almost all p € P(K() we have that p totally splits
in K(¢;) if and only if p totally splits in N. By a theorem of Bauer N = K((;) (see
[Neu99, p. 548, Prop. 13.9] for number fields and [FrJO8, pp. 129-130, Exercise 5] for
global fields). Consequently, = = 1, as claimed.

CONCLUSION OF THE PROOF: By Claims D and E, both the left vertical arrow and
the lower horizontal arrow of the commutative Diagram (8) are injective. It follow that

the upper horizontal arrow of that diagram is injective, as claimed by the lemma. |

For each p € Pponarch (Ko) and for i = 1,2 we denote the image of the map
inf: H'(Gal(Ko p.ur/Koyp), A) — H (Gal(Ko ), A)

by Hi (Gal(Ko,),A). In particular, HL (Gal(Ky,), A) is the subgroup of unramified
elements of

HY(Gal(Ky,), A)

(Subsection 9.1). Similar notation applies to A’ rather than to A.
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LEMMA 15.4: In the notation of Remark 15.2, let x € H'(Gal(Ky), A). Then,
res (z) € Hy, (Gal(Ko ), A)
for almost all p € Pronarch(Ko)-

Proof: Let x be a crossed homomorphism that represents x. As such, x is continuous.
Hence, there exists a finite Galois extension K’ of Ky that contains K such that x is
trivial on Gal(K'). If x’ is another representative of y, then there exists a € A such
that x/(0) = a®a=1x(o) for each o € Gal(Ky). Let K” be a finite Galois extension of
K that contains K’ such that Gal(K") acts trivially on A. Then, for each o € Gal(K")
we have x/(0) = a®a"!x(0) = x(0) = 1. Thus, the restriction of z to H'(Gal(K"), A)
is trivial.

Now recall that almost all p € P(Kj) are unramified in K”. In other words,
K" C KO,p,ur (Subsection 1.5). Hence, by the preceding paragraph, the restriction of
z to Gal(Kg p.ur) is trivial. This means that res,(z) € HL (Gal(Ky ), A), as desired.
|

Next we generalize [Neu79, Lemma 3] to global fields.

LEMMA 15.5: In the notation of Remark 15.2, let K be a finite Galois extension of K
such that Gal(K) acts trivially on A and (; ¢ K. Let S be a finite set of primes of K and
for each p € S consider y, € Hl(Gal(IA{oyp),A). Then, there exists 2 € H'(Gal(Kjy), A)
such that

(a) resy(z) =yp for each p € S and

(b) if p € P(Ko) ™S and resy(z) is ramified, then p totally splits in K ().

Proof: Let S’ be a finite subset of P(K() that contains S. For each p € S’ S let y,
be the unit element of H'(Gal(Ky ), A). In particular, if p is non-archimedean, then
yp is unramified (Subsection 9.1). Thus, if the lemma holds for S, then it holds for S.
It follows that we may assume without loss that S contains (in the number field case)
all prime divisors of [ and all infinite primes of K.

We denote the set of all p € P(Ky) that totally split in K ({;) by Splt(K(¢(;)/Ko)
and set P = S U Splt(K(¢;)/Kop). The rest of the proof breaks up into several parts.
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PART A: A local-global principle for the first cohomology groups. By Lemma 15.3,

the product
H'(Gal(Ko), A) —» [] H'(Gal(Ko,),4)
peEP NS

of the restriction maps is injective. Hence, so is the map

(9) H'(Gal(Ko),A') — ][] H'(Gal(Ko,),A)
peP NS
< [ H'(Gal(Ko,p), A)/H} (Gal(Ky ), A).
p¢ P

PART B: Restricted products. The cohomology groups Hl(Gal(IA(O,p), A) and H! (Gal(f(gyp), AN

are equipped with discrete topology [NSWO00, p. 324]. In particular, each subgroup of
those groups is open. Thus, it makes sense to consider the restricted products
(10) X = H; H'Y(Gal(Ko ), A) and X' = H; H'(Gal(Ky ), A’) with respect to the
subgroups
H} (Gal(Ky,), A) and HL (Gal(Kq ), A’), respectively.
Let Y be the image of H'(Gal(Ky),A) in [], H'(Gal(Ky ), A) under the map
z — (resp(z))y. By Lemma 15.4, Y C X. Similarly, the image Y’ of H*(Gal(Kj), A’)
in [, H'(Gal(Ko,,), A’) under the map z — (resy(z)), is contained in X'.

PArT C: Duality. For each p € P(Kj) the cup product gives a perfect pairing

(11) H'(Gal(Ko), A) x H' (Gal(Ko ), A") = | 1tn,

pin

where p = char(Ky) [NSWO00, p. 327, Thm. 7.2.6]. By (3), the exponent of each of the
groups on the left-hand side of (11) divides . Hence, we actually have a perfect pairing
H'(Gal(Ko,), A) x H'(Gal(Kqp), A") = .

If x € X and 2’ € X', then by definition, for almost all p € P(Kj) we have

resy () € H (Gal(Kg ), A) and res,(z') € HL (Gal(Ky ), A').

Moreover, ignoring the finitely many p’s that ramify in K((;), we have Alv = A and
(Al = A’ (by (4)). Hence, by [NSWO00, p. 333, Thm. 7.2.15], (res,(z), res, (z')) = 1
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for all of those p’s. It follows that the expression (z,z') = [[, (resp(x),resy(z')) is a
well-defined element of ;. This defines a perfect pairing X x X' — .

By [NSWO00, p. 412, Prop. 8.5.2], Y and Y’ are mutually orthogonal complements
in X x X’ ThatisY = (Yt ={ye X|(y,9/) =1forally €Y'} and Y/ =Y+ =
{y e X'|(y,y)=1forally e Y}.

PART D: The subgroup W. We consider the following subgroup of X:
(12) W =TIl,es1p X ITpep~s H'(Gal(Kq,p), A) x [L¢r H} (Gal(Kop), A),
where 1, is the trivial subgroup of Hl(Gal(KO,p), A).
By Part C, 1, = H'(Gal(Ky ), A') for each p € S (actually, for all p), H' (Gal(Ko ), A)LI
is the trivial subgroup of H' (Gal(f(ojp), A’) for eachp € P\ S, and H&F(Gal(f(o7p), At =}
H! (Gal(Kop), A'), if p € Pronarch (Ko) > P [NSWO00, p. 333, Thm. 7.2.15]. Hence,

= [[ ' (Gal(Ko,), A) x  [] 15 x [] Har(Gal(Ko,), A)

pes peP~ S peP
(where, 1} is the trivial subgroup of H! (Gal(f(o,p), A")) is a subgroup of X’ and X'/W+
is equal to the right-hand side of (9). Therefore, the map Y’ — X’/W+ defined by
y' +— y'W is injective. It follows that
(13) Y/ N Wt =1x.

PArT E: We prove that Y - W is a closed subgroup of X. Indeed, by the defini-
tion of the restricted topology, the open subgroups of X have the form HpeT Vp X
[lyer H 1 (Gal(K,, p); A), where T is a finite subset of P(K() and V,, is a subgroup of
H'(Gal(Ky ), A) for each p ¢ T. By (12), W hence also Y - W contains such a sub-
group. Therefore, Y - W is an open subgroup of X. It follows that Y - W is a closed
subgroup of X.

PART F: Conclusion of the proof. By Remark 15.1, Part C, and (13), (Y - W)+ =
YErNWE =Y’ NnW+ = 1x/.. By Part E, Y - W is closed. Hence, by Remark 15.1,
Y -W = (Y W)+t = 1%, = X. Thus, Y is mapped onto X/W under the quotient
map X — X/W. By (10) and (12),

(14) X/W = [Tyes H'(Gal(Kop), A) x [Tyep H'(Gal(Rop), A)/H(Gal(Ko ), A).
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Since Y is the image of H!(Gal(Kj), A) in X, there exists z € H'(Gal(Kjp), A)
such that res,(z) = y, for each p € S and res,(z) € H} (Gal(Ky,), A) for each p €
P(Ko) ™ P, in particular res,(z) is unramified. Therefore, if p € P(Ky) > .S and res,(2)
is ramified, we have p € P\ S, so p € Splt(K((;)/Ko), which means that p totally splits
in K((;), as claimed. i

Definition 15.6: For a Gal(Ky)-module A we denote the restricted product of the

groups

RESP
input, 570

H?(Gal(Ky,,), A) with respect to the subgroups H2,(Gal(Kg ), A) by H;Hz(Gal(IA(Om), A)I

LEMMA 15.7: In the notation of Remark 15.2 the homomorphism
(15) [T,resp: H*(Gal(Ko), A) — [T, H*(Gal(Ko), A)

defined as the product of the restriction maps is injective.

Proof:  First note that the image of the left-hand side of (15) does indeed lie in
H;Hz(Gal(IA{pr),A) [NSWO00, p. 417, Prop. 8.6.1]. Now let Sh?(Gal(Kj), A) be the
kernel of the map (15) and let

Sh'(Gal(Ky), A"

be the kernel of the map H!(Gal(K,), A") — H; H'(Gal(Ko ), A’). The Poitou-Tate
duality theorem supplies a perfect pairing Sh?(Gal(Ky), A) xSh'(Gal(Ky), A") — p; (by
[INSWOO, p. 422, Thm. 8.6.8], taking into account that the exponents of the cohomology
groups are ).

By Lemma 15.3, Sh'(Gal(Kj),A’) = 1. Hence, by the perfect pairing, also
Sh?(Gal(Ky), A) = 1. Tt follows that map (15) is injective. 1

The following lemma appears as Lemma 4 of [Neu79] for number fields and as

Lemma 9.5.6 on page 565 of [NSW15] for global fields.
LEMMA 15.8: In the notation of Remark 15.2 and Subsection 7.3 we have
(16) Homr , o (Gal(Ky),G) # 0 <= [ [ Homr ,, .(Gal(Ko ), G) # 0.
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Proof: We have already noticed in Subsection 7.3 that the restrictions to the local
groups Gal(Ky ;) give the implication “==" of (16). The proof of the reverse implication

“<=" of (16) breaks up into three parts.
PART A: Global short exact sequences. We consider the commutative diagram

&

(17) 1 1‘4‘1 T
G

1 A

Gal(KO) —1
l”
r

where the right square is cartesian (with the fiber product G = G x 4 Gal(Kj)) [FrJO8,

1

)

p. 500, Def. 22.2.2]. By the basic property of cartesian squares, the upper row of (17)
splits if and only if there exists a homomorphism : Gal(Ky) — G such that a0 = p.
Thus, Homr , o(Gal(Ky), G) # 0 if and only if the upper row of (17) splits.

By a theorem of Schreier [NSWO00, p. 7, Thm. 1.2.5], each element y of H?(Gal(Kj), A)}}
bijectively corresponds to a short exact sequence, as in the upper row of (17), modulo a
natural “congruence relation”. The unit element of H?(Gal(Kj), A) corresponds to the
class of the splitting short exact sequences.

Next consider the homomorphism p*: H?(T', A) — H?(Gal(Ky), A) that attaches
the cohomology class of each inhomogeneous cocycle f: I'? — A to the cohomology class
of the inhomogeneous cocycle fop: Gal(Ky)? — A. Thus, if x is the element of H2(T', A)
that corresponds (under the theorem of Schreier) to the lower row of (17), then by the
two preceding paragraphs, Homr , o(Gal(Ky), G) # 0 if and only if p*(x) = 1.

PART B: Local short exact sequences. Similarly, for each p € P(Kj) we consider the

local counterpart of Diagram (17):

(18) 1 A Gy % Gal(Kop) —1
| b
1 A G = r 1,

where, as in Subsection 7.3, p, = p| Gal(Ko.p)? and again the right square is cartesian.

Then, resy(z) is the element of H?*(I'y, A) that corresponds to the lower short exact
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sequence in (18). As in Part A, Homp,ppia(Gal(f{O,p),G) # 0 if and only if pj(x) = 1,
where p}: H*(Tp, A) — H?(Gal(Ky,,), A) is the map associated with p,.

PART C: Conclusion of the proof. Note that res,(p*(x)) = py(z). Thus, the diagram

(19) H*(T, A)

/ m\
[T, resy

H?(Gal(Ky), A) i [T, H?(Gal(Ko), A)

is commutative.
Now suppose that [ ], Homp,pp,a(Gal(Koyp), G) # 0. Then, by Part B, [[,, pp(z) =
1. Since Triangle (19) is commutative and [[, res, is injective (Lemma 15.7), we have

p*(z) = 1. Hence, by Part A, Homr , o(Gal(Ky), G) # 0, as claimed. i
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