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ABSTRACT

This work examines the extent to which a few basic concepts that apply to plane waves, for example, the
refraction of waves up the gradient of the index of refraction, apply to stratospheric planetary waves. This is
done by studying the relation between group velocity (C,) and the wave activity velocity, which is defined as
the Eliassen—Palm flux divided by the wave activity density (V, = F/A). It is shown that athough in the limit
of plane waves V, equals C,, the two velocities are not equal for stratospheric waves, because of reflection,
tunneling, and superposition. The use of conservation of wave activity to understand the spatial variations of
wave structure is explored. This is done by defining a wave activity packet as part of the wave that moves with
V.. Integral lines of V, are then used to keep track of the wave packet location and volume. In the idealized
case of an almost-plane wave, conservation of wave activity leads to variations in the amplitude of the wave
when it is refracted by the slowly varying basic state. This effect is related to changes in wave packet volume.
The wave activity packet framework is used to examine the importance of the ““volume effect” for explaining
the spatial variations of stratospheric waves.

The wave packet formulation is also used to study the evolution of a wave propagating from the troposphere
to the stratosphere. It is shown that the consegquence of the polar night jet being a leaky waveguide is that
perturbations initially concentrate up into the waveguide and only later leak out to the equatorial region. This
can explain the observed stratospheric wave life cycle of baroclinic growth followed by a barotropic stage.
Finally, integral lines of V, are used to estimate vertical propagation timescales of an observed wave, and it is
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shown that this estimate is consistent with linear wave dynamics.

1. Motivation

Midlatitude stratospheric planetary waves are gen-
erally considered to be vertically propagating Rossby
waves (Charney and Drazin 1961), and one of the basic
guestions is how their structure depends on the basic
state and damping fields. Linear wave propagation the-
ory and wave activity conservation have both been used
to address this question. Karoly and Hoskins (1982,
referred to as KH) used linear wave propagation theory,
in particular, ray tracing, to show that plane waves on
a slowly varying medium (in the WKB sense) refract
up the gradient of the index of refraction. Refraction
can cause the group velocity to converge or diverge,
which will result in spatial variations of wave amplitude,
due to conservation of wave activity (Lighthill 1978).
Karoly and Hoskins (1982) used this to obtain an an-
alytic expression for the variation of wave amplitude
along a wave ray. The main limitation of KH'’s result
is how to apply it to realistic cases, which are not plane
waves.

The use of wave activity conservation, on the other
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hand, is not limited to almost-plane waves. A conver-
gence or divergence of awave activity velocity, defined
asthe flux of wave activity divided by the wave activity
density (denoted by V), is accompanied by changesin
wave amplitude. This has been used to understand var-
iations in wave amplitude, both in very idealized cases
of one-dimensional wave propagation (e.g., Lighthill
1978; Swanson et al. 1997) and in more realistic cases
of horizontally propagating tropospheric waves (e.g.,
Hoskins and Karoly 1981; Sobel and Bretherton 1999,
and references therein). The question is how does V
relate to the basic state. In the limit of plane waves on
a slowly varying medium, Edmon et al. (1980) showed
that V, reduces to the group velocity (denoted by C,).
Given this limit, it is tempting to extend KH’s results
to stratospheric wavesin general. Indeed, thereisagen-
eral assumption intheliterature that Eliassen—Palm (EP)
fluxes should refract up the gradient of index of refrac-
tion, and V , is often referred to asthe *“ group velocity.”
There are a few reasons, however, why this may be a
problem. First, V, and C, are equal only for an almost-
plane wave, and not when we have a superposition of
plane waves. In the stratosphere, we generally have a
superposition of northward- and southward-propagating
waves, and sometimes, of upward-propagating and
downward-reflected waves (Harnik and Lindzen 2001,
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hereafter HL). Second, damping affects the direction of
EP fluxes whereas ray tracing does not take into account
the effects of damping on wave propagation. For ex-
ample, it is often observed that the EP flux is directed
equatorward at middle latitudes, where the local index
of refraction increases poleward—an indication in this
case of leakage from the stratospheric waveguide to the
tropical critical surface.

One of the goals of this study is to understand the
relation between V, and C,, and to better understand
how V, is affected by the index of refraction. The con-
dition that the wave activity flux F reduce to the product
of group velocity and wave activity density in the limit
of almost-plane waves propagating on a slowly varying
medium is considered one of the advantages of for-
mulations of wave activity conservation. It is in fact
used as ajustification for the specific choice of F, which
is not defined uniquely from wave activity conservation
(e.g., Edmon et al. 1980; Plumb 1986, and references
thereint). The applicability of this limit to realistic
waves has not been explicitly tested before. While most
studies mention that this limit might be violated because
WKB conditions do not strictly hold, there islittle dis-
cussion of the violation of the plane wave limit. This
is important since violation of WKB conditions may
till allow V, to behave qualitatively like a group ve-
locity,? but violation of the plane wave limit causesV ,
to behave qualitatively different from C, (even where
WKB conditions hold).

Another goal isto determine whether the contribution
of spatial variations of V_ to changes in wave amplitude
are at all important for stratospheric waves, and what
processes or features of the basic state cause the spatial
variationsin V. We also compare with nonconservative
processes that affect wave activity, like damping and
time variations in wave source. Keeping track of the
variations of wave activity requires defining a ‘‘wave
packet” that carries it, in analogy to fluid particles. We
do this by calculating integral lines of V,, and using
them to define a coordinate system in which grid boxes
are the wave packets. The contribution of convergence
or divergence of V, to wave activity density changesis
very intuitive in this framework because it is directly
related to changes in wave packet volume. We will dis-
cuss how the basic processes of refraction, tunneling,
reflection, and superposition affect V, and its diver-
gence.

Finally, one of the most direct links between the tro-
posphere and the stratosphere is through the vertical

11t should be noted, however, that the condition that F be parallel
to C, in the plane wave limit does not uniquely define the flux of
wave activity in more generalized formulations when the basic state
is nonzonal (Plumb 1985).

2 Group velocity does not strictly exist when WKB is violated;
however, if WKB is only weakly violated, for example, because the
scale over which the basic state varies is slightly smaller than the
wavelength, we can still calculate a group velocity assuming that
WKB does hold.
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propagation of Rossby waves. The correlation between
thetwo is strongly affected by how the waves propagate,
and how long it takes them. Existing methods that es-
timate vertical propagation timescales are either statis-
tical, for example, time lag correlations (Randel et al.
1987; Randel 1987), or are based on highly idealized
calculations, like ray tracing (KH), for which the rela-
tion to an actual wave event is ambiguous. Tracking
wave packets using our method allows us to estimate
the vertical propagation time for a given wave event.
We will start by presenting the basic wave activity
formulation (section 2). We then define our wave pack-
ets using a new coordinate system, and study the effect
of V_ convergence on wave structure in a steady state
(section 3) and a time-dependent (section 4) wave field.
In section 5 we discuss the relation between our diag-
nostic and the ray tracing technique, applied to the
stratosphere by KH. In section 6 we use V, to estimate
vertical propagation timescales from observations. We
summarize and discuss our results in section 7.

2. Formulation—A definition of wave packets
based on the wave activity velocity

In the following section we present the mathematical
formulation of our diagnostic. The derivation is based
on the conservation of wave activity. We use the linear
quasigeostrophic (QG) formulation, but much of what
follows can be done for more general forms of wave
activity provided they obey aconservation law. We start
from the conservation equation. Our notation follows
Andrews et a. (1987), to which the reader is referred
for a derivation

e +V.F =D, (1)
ot
where F is the EP flux, A is a wave activity density,
which is defined as follows on a 8 plane:

pa’?
A= —, 2
2q, @
where T, is the zonal mean potential vorticity (PV) gra-
dient, q" isthe PV perturbation, p is density, D is damp-
ing of wave activity, and an overbar denotes zonal av-
eraging. Notethat q' 2 isrelated to the wave geopotential
height variance (¢'?), hence variations in A imply var-
iations in the wave amplitude of geopotential height.
The relation between A and ¢'2? is not in generally
straightforward, but a sense of it can be obtained by
looking at the simple case of astationary, inviscid wave.
From PV conservation (see, e.g., Andrews et al. 1987),
we get q' = —(7,¢'/U), which implies A = pt,¢'?/
U2. In the middle of the stratospehric waveguide, where
7, and the zonal mean wind do not vary significantly,

% The spatial pattern of T, is qualitatively like the index of re-
fraction squared (dashed lines in Fig. 6). Theq, field for this model
run is shown in Fig. 1b of HL.
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variations in A are roughly proportional to variationsin
p|l¢]|?, but this is not necessarily the case in regions
where g, and U vary significantly.

We define a wave activity velocity, which we denote
by V., as follows (e.g., Pamer 1982):

©)

where V  is the velocity at which wave activity density
propagates along the wave field. Plugging Eq. (3) into
Eqg. (1) gives an equation for the variation of wave ac-
tivity density following V,:

oA 9A
4V (V,-A=—+V,- VA + AV -V, = D,

ot ot
(4)
pm D—-AV.-V,, 5)
where the material derivative is defined following the
wave activity velocity (d/dt = a/ot + V- V). We see
that following V ,, wave activity density increases when
lines of V, converge, and vice versa.

It is convenient to define a coordinate system that
follows integral lines of V,, and define wave packets
as grid boxesin this coordinate. Thisway awave packet
is a part of the wave that moves with V, in analogy to
material fluid parcels moving with the flow. Assuming
the wave packets initially have a unit volume, the Ja-
cobian of the transformation (J) equals the volume of
the wave packets as they move along. It then follows
that the fractional change of J following the wave packet
equals the divergence of V, [see Aris (1962), or any
other appropriate fluid dynamics text book for a deri-
vation]:

dA

T =V,
J ot .

Plugging in Eqg. (4), we get the following conservation
equation:

(6)

d
dt(AJ) DJ. @)
This formulation allows a very intuitive description of
the evolution of wave activity: AJ is the total amount
of wave activity in the packet (A iswave activity density
and Jisthe volume of the packet) and DJ isthe volume-
integrated damping of wave activity. Here AJ is con-
served as it moves along V ,, unless there is dissipation.
The wave activity density does change, however, be-
cause the volume of the wave packet changes due to
divergence of V,. We are interested in understanding
what processes affect V,, because they affect A, and
hence wave amplitude.

In the case of an almost-plane Rossby wave, V , equals
the group velocity (Edmon et al. 1980). The condition
that F reduce to the product of wave activity density
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and group velocity in the limit of a plane wave is in
fact necessary to uniquely defineit (Edmon et al. 1980).
The need for an additional condition stems from the fact
that any nondivergent vector G can be added to F, for
wave activity conservation [Eg. (1)] to hold.

In general, we do not have an almost-plane wave,
rather, we have a superposition of almost-plane waves,
because we have reflection. This has a large effect on
the relation between V, and group velocity (C,). Asis
shown in appendix A, in the case of an almost-plane
Rossby wave, V, = C,. When we have reflection the
wave solution is composed of a superposition of almost-
plane waves propagating in different directions. In this
case V, equals the superposition of the group velocities
of the different components. For example, a superpo-
sition of poleward and equatorward propagating waves,
¢ =(a+ ey + g — e illd)gletrmd ynder WKB
conditions will result in

Colal? + Cyla |2

oA ool o

The meridional component of V, can vary considerably,
depending on the relative magnitudes of the wave com-
ponents, and in the case of a standing wave (i.e., a, =
a_) it will vanish, since C; = —C,  (the subscript y
denotes the meridional component). Nonzero V., implies
anet propagation of wave activity, which, in steady state
requires the existence of a wave activity sink.

a =

5"

3. The evolution of wave packets and the volume
effect in a simple model

In this section we examine how conservation of wave
activity directly affects the structure of stratospheric
wavesinasimplelinear QG B-plane model of the strato-
sphere. We restrict our discussion to waves of a single
wavenumber. We force the model at the tropopause with
astationary wave 1 perturbation. The height in al model
runs is nondimensionalized by the density scale height,
which is 7 km.

Figure 1 shows the basic-state wind, the sponge layer,
and the steady-state wave 1 geopotential height field
along with the shape of the forcing at the bottom. In all
figures, the pole is on the left-hand side (small y). The
basic state is characteristic of an early winter Southern
Hemisphere stratospheric jet. The jet tilts equatorward
and widens with height. The basic-state Brunt—Vaisala
frequency varies only with height in our model (not
shown), and is specified to look like a standard mid-
latitude winter profile. The PV gradient (not shown) and
index of refraction (see Fig. 6) have similar features,
with a ridge that follows the jet and negative regions
on both sides of the jet. We have a sponge layer in the
form of linear damping on temperature and momentum
at the top and at low latitudes, to approximate, respec-



15 JANUARY 2002 HARNIK 205
(b) Wave 1 geopotential height
T 1077 d " T
14 o :

2 V2| o o 8!
5100 < =) ;
Q ] 3
E gF AT = FF ey P 6 :
o] © :
8 BH A TS A, Lok 8 4 6 <

41

o : 5 *

10 0 1 2 3 4 5
<-pole latitude equator—> latitude (non dim.)
(C) Wave activity density (d) EP flux (arrows), V- F
10 g T T y — y g T

° £
2 k=)
25 2
Q Q9
:
a 4t

2

1 2 3 4 5 6
latitude (non dim.)

latitude (non dim.)

Fic. 1. Characteristics of the B-plane model run. (@) Zonal mean wind (solid, m s~*) and the
damping coefficient (dashed, day —*. Note: to show the sponge layer, the domain of this plot is
larger than the others). (b) Wave 1 stationary geopotentia height amplitude (solid, arbitrary units),
phase (dashed, in units of 77), and the forcing at the bottom (thick line, magnitude varies between
zero and one, with no phase variation with y). (c) Wave activity density (A, arbitrary units). (d)
The EP flux (arrows) and EP flux divergence (arbitrary units). Height is in scale-heights (7 km)
and latitude is in radii deformation (L, = 1190 km). The a and b in the bottom two plots also

appear in Figs. 2 and 3.

tively, a radiation condition and the effect of either ab-
sorption at an equatorial critical surface or radiation to
the other hemisphere.

The same model is used in HL, to which the reader
is referred for more details. From the various model
runs we have done, with different basic states and forc-
ings, the overall picture we get is that the stratospheric
jet acts to guide wave activity from the troposphere
upward along its axis. Correspondingly, the wave geo-
potential height peaks in the middle of the waveguide,
and in this specific run, the sponge layer damping causes
the amplitude to decrease above nine scale heights. The
equatorial boundary of the waveguide is leaky because
of the wave sink at the equator (represented by the
sponge layer). We will show later some consequences
of aleaky waveguide configuration.

Figure 1 also shows the wave activity density (A),
and the EP flux and its divergence, calculated using Eq.
(2) and the middle expressions of Eq. (A4), respectively.
We see two distinct maxima of wave activity density,
one in the middle of the wave guide, and the other
equatorward of it. The EP flux vectors are vertical at
lower levels and tilt toward the equatorial sponge layer
higher up. Here V -F is large at the equatorial sponge

layer where there is a maximum of wave activity den-
sity, and in the upper stratosphere in the middle of the
waveguide.

The corresponding wave activity velocity V, isshown
in Fig. 2 (arrows). We define a coordinate system that
follows V,, shown in Fig. 2 by the solid lines. One
coordinate, denoted by s, is obtained by calculating in-
tegral lines of V,.# We refer to s lines as wave packet
paths, and the value of s represents the time it takes a
parcel to reach its location. The other coordinate, de-
noted by r, represents the | atitude at which awave pack-
et enters the stratosphere at the bottom. The use of this
coordinate system for the steady state case is mostly
illustrative, but it will prove very useful for keeping
track of the wave activity budget in the time-varying
case. Wave packets are defined as grid boxesins — r
space. The wave packets move along slines, and change
their volume both because the spacing between s lines

4 Since the definitions of wave activity density and wave activity
velocity are ambiguous in regions of zero and negative PV gradients,
and since the regions of negative PV gradients are small, we have
artificially set V, to zero there. This explains why wave activity paths
end in a point in the middle of the domain.
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FiG. 2. The wave-based coordinate, plotted in geometric space (latitude-height). The scoordinate
is tangent to V, (arrows). The circles are spaced 1 day apart on s lines. The a and b are also

marked in Figs. 1 and 3.

changes and because the magnitude of V', changes along
the packet path. The variation of the volume of awave
packet iny — z space is clearly illustrated by the two
thick grid boxes marked on Fig. 2. Since the total wave
activity in a wave packet (AJ) is conserved (damping

-AV- Va, Meridional evanescence regions shaded

T T

Height (scale heights)
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Lattitude (non dimentional)

Fic. 3. The variations of wave activity density due to changes in
packet volume [second term on the rhs of Eq. (5), contours, negative
values dashed], and regions of evanescence in the meridional direc-
tion (shaded). The a and b, are also marked in Figs. 1 and 2.

is very small in the region of the two marked grid
boxes), A has to change when the volume (J) does.
Technical details of these calculations are given in ap-
pendix B. Using this framework, in which we can keep
track of the wave activity budget of a wave packet, it
is tempting to explain the variations in A as caused by
the variationsin wave packet volume, which areinduced
by local effects of the basic state on V, as the wave
packet propagates. Indeed, this has been donein various
past studies (e.g., Swanson et al. 1997; Sobel and Breth-
erton 1999; Hoskinsand Karoly 1981). Aswewill show,
however, there are some processes, most notable re-
flection, which affect V , nonlocally, and as aresult such
causality cannot always be assumed.

Figure 3 shows the volume contribution to changes
in A [the second term on the rhs of Eq. (5)]. This should
be compared to V -F (Fig. 1d), which equals the damp-
ing contribution to changes in A when 0A/ot = O [first
term on the rhs of Eq. (5)]. We see that variations of
volume have a significant effect on wave activity den-
sity, larger in magnitude than the effect of damping
(although the regions of influence are different and the
upper-stratospheric damping actswhere Aisvery small).

There are a few mechanisms that affect wave packet
volume. One mechanism, of course, is the refraction of
the wave by spatial variations of the basic state. This
is essentially the mechanism shown by KH of refraction
of the group velocity up the gradient of nZ,. To get some
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sense of the contribution of refraction, however, we need
to better understand the relation between C, and V.
We discuss this in detail in section 5. Two other pro-
cesses that affect the volume of wave packets are wave
tunneling and reflection. Both processes cause V, to
differ from C . Wave tunneling is seen on the equatorial
side of the waveguide, where the PV gradients are small
and n2, is small or negative (point b, and the region
with large V, at the bottom betweeny = 3 — 4, see
Fig. 6). The shaded regions in Fig. 3 are where the
meridional wavenumber sgquared (as defined in HL) is
negative, meaning these are wave evanescence regions
through which the wave tunnels. There are a few points
to note about tunneling. First, V, is very large in the
tunneling regions, compared to propagation regions.
This has alarge effect on the volume of wave packets—
the volume decreases as the wave packets enter the tun-
neling region (poleward of point b) and increases as
they leave it on the equatorial side. Correspondingly,
there is a minimum of wave activity density (point b,
see Fig. 1c) in the evanescent region, with maxima on
both sides. It is interesting that wave propagation (as
represented by V) is faster in evanescent regions than
in propagation regions, however, thisis true only after
the tunneling is established. As we show in section 4,
when wave forcing is turned on, the wave does not
initially propagate through the evanescent region, rather,
it takestime for tunneling to develop. Consequently, the
propagation across the tunneling region of “‘informa-
tion,” as represented by the leading edge of the forced
wave, is not actually faster than regular wave propa-
gation. The second point to note is that while V_ shows
tunneling through evanescence regions, the group ve-
locity is reflected away from these regions (hence the
distinction from propagation regions). The phenomena
of tunneling, which occurs when the wavelength is on
the order of the width of the evanescent region, is not
captured by the group velocity or by wave rays. This
limitation of the wave ray formulation is well known
for light waves. In section 5 we discuss this limitation
for stratospheric Rossby waves.

The effect of reflection is less obvious. We see that
the volume effect increases wave activity density in the
waveguide (y = 1 — 3) inthelowest third of the domain
and decreases it above, and the peak in wave activity
density (point a) falls exactly on the zero line. These
volume variations are the result of downward reflection
from a turning surface that exists in the upper strato-
sphere in this model run.> The EP flux field changes
very smoothly in space, and its spatial pattern is not
affected much by reflection (rather, reflection reducesit
everywhere). At the same time, the superposition of the
incident and downward reflected components of the
wave causes its amplitude and wave activity density

SHL calculated the vertical wavenumber for this run and found a
reflecting surface for vertical propagation at around eight scale
heights.
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patterns to vary in space quite a lot. As a result, V,
maximizes where A is minimum and vice versa [Eq.
(3)]. Thisleadsto aconvergence *‘ upstream’ (assuming
““stream lines’ follow V,) of the maximum in A and a
divergence ‘‘downstream’ from it, which is consistent
with the volume-induced variations in A. The volume
effect in this case cannot be seen as causing the vari-
ations in wave activity density, rather, it is consistent
with them. This effect of reflection is true not only for
stratospheric waves but for any waves for which wave
activity conservation applies.

Finally, we note that damping can also affect the vol-
ume of wave packets by affecting V.. Thisis a separate
effect from the direct decrease of wave activity. From
this and other runs (see HL), we find that damping af-
fects V, mostly by indirectly affecting the amount of
reflection from upper-stratospheric reflecting surfaces.
We find a noticeable local effect on V, only in the
sponge layer, where the damping becomes quite large.
Our sponge layer, which only serves as an energy sink,
is most likely not a very realistic description of the
effects of damping on the waves. Since the magnitude
of damping in the stratosphere, and in particular, the
extent to which a linear formulation is applicable, are
not very well known, we leave the discussion of damp-
ing effects for future work.

4. The transient evolution of wave activity density
and V,

Observed stratospheric waves occur in episodes (Hir-
ota and Sato 1969; Randel 1987) and are continually
varying in time. When the wave field varies with time,
the wave activity density, the EP flux, and hence V, and
our wave-based coordinate vary with timeaswell. Time
variations in the tropospheric source of wave activity
are advected into the stratosphere, resulting in a con-
tribution to the spatial variations of A. To understand
how the various mechanisms affect wave activity den-
sity in this case, we study the evolution of astratospheric
wave in a time-dependent version of our model (de-
scribed in HL). Our basic state, which is constant with
time, is the same as in the steady-state model (Fig. 1).
We start with no perturbation, turn on the forcing over
aperiod of 12 daysand decreaseit to 0.6 of its maximum
on days 14-19. The latitudinal shape of the forcing is
the same as in Fig. 1. The technical details of the cal-
culations presented in this section are described in ap-
pendix B.

Figure 4 shows the wave activity density, and the
integral lines of the corresponding instantaneous V,
fields, for 3 days of the model run. We find a two-stage
evolution, with the perturbation initially propagating up
the waveguide and later on ‘“ spreading sideways.”” This
evolution is due to the existence of an evanescent region
separating the midlatitude waveguide from the large
equatorial n2, region. Initially, the waveis ‘‘ not aware”
of the large index of refraction at the equator, and it
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FiG. 4. Three days (6, 10, 18) of (top) wave activity density and (bottom) integral lines of V,
(stars mark day intervals) for the model run described in the text. Note that contour intervals are

not the same for al days.

travels up the local nZ; gradient into the middle of the
waveguide. Since the width of the evanescent region is
on the order of the wavelength, some wave activity
eventually leaks through to the equator, where it is ab-
sorbed in the sponge layer, and tunneling devel ops. Cor-
respondingly, V, lines tilt equatorward. This behavior
is found in all the runs we did in which a tropospheric
source is turned on. Randel et al. (1987) in a study of
life cycles of stratospheric planetary waves find an ini-
tial baroclinic stage (EP fluxes point upward), followed
by a barotropic stage (EP fluxes point equatorward),
suggestive of the wave evolution shown here. Viewed
as an evolution on a leaky waveguide, it is clear why
the *‘barotropic stage’” (meridional propagation) occurs
only later on in the wave life cycle—it takes time for
the wave to ““see” the damping region in the eguator
and tunnel to it. Note that tropospheric waves have a
similar life cycle of upward followed by equatorward
EP fluxes (e.g., Edmon et al. 1980), and this picture of
initial propagation into the waveguide, followed by
eventual leakage to the equator might apply there too.

The time variations of the wave field complicate the
interpretation of wave activity conservation. The ad-
vection of atime-dependent wave sourceintroduces spa-
tial changes in wave activity density. We can get rid of
this effect by following a single wave packet. This re-
quires a different calculation of V, lines because those
shown in Fig. 4 do not represent the propagation of a
single wave packet (analogous to the distinction be-

tween streamlines and trajectories in fluid flow). We
follow the set of wave packets that leave the tropopause
at a given day, taking into account their time varying
V. For clarity, we denote the integral lines of the ve-
locity field following wave packets by wave packet
paths. Correspondingly, the fractional change in wave
packet volume as it propagates is given by V-V, with
V , following a wave packet (and not by the divergence
of the instantaneous V, field). Wave packet paths are
analogous to trgjectoriesin fluid flow, while the integral
lines of the instantaneous V, field are analogous to
streamlines.

Figure 5 shows the wave packet paths for a set of
wave packets that |eave the bottom of the model on day
16. We mark intervals of 1 model day by circles, so,
for example, the lowest set of circles (at around three
scale heights) are the location of the wave packets on
day 17. To illustrate the conservation of wave activity
of this set of wave packets we need to keep track of
their wave activity density. This is most convenient to
do if we define the wave packet paths as our s — r
coordinates. We then determine A of the packet from
its correct day and location, by transforming the A field
of each model output time to the s — r coordinates,®
and stacking the A values from the appropriate s of each
time. For example, a plot of this composited wave ac-

6 The transformation of a scalar field is simply done by unskewing
it so that s lines are vertical (see appendix B).
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Fic. 5. Wave activity budget for packets that leave the bottom on day 16. (a) Wave packet paths
and the corresponding wave activity density that the packets have. (b) A of the wave packets,
plotted on s — r coordinates. (¢) The AJ of the wave packets, plotted on s — r coordinates. The

pole is at small y/r.

tivity density field, plotted in the s — r coordinates, is
shown in Fig. 5b. The values of A that are plotted on
the s = i row are taken from the s = i row of the A
field of day 16 + i, wherei = 0:0.5: . .. 12 (our model
output time step is half a day). The “vertical”’ axis in
this plot is the direction of propagation of each of the
wave packets, and the variations of A along the vertical
direction indicate it changes as the wave packets move
along. This is due both to variations in packet volume
and to damping. Since we are tracking given wave pack-
ets, however, we do not have a contribution from the
time variation of the forcing. For reference, we trans-
form the composited A field back to y — z space and
plot it on the wave packet paths (Fig. 5a). The packets
that leave the bottom on day 16 travel along these paths,
while wave activity density varies according to the con-
tours.

To illustrate that indeed we are following wave pack-
ets that conserve wave activity in regions where there
is no damping, we multiply A by the corresponding
packet volume (which is the Jacobian of the transfor-
mation J), and plot in s — r coordinates (Fig. 5¢). Again,
since s is the direction of wave packet propagation,
vertical contours mean a constant value with time. We
see that indeed AJ is quite constant for the first 3 days,
roughly the time it takes the packets to traverse four
scale heights and reach the sponge layer. The strong
decrease in AJ near the surface is probably not real,
because the Jacobian, which involves derivatives along
the packet paths, is not very accurate at the bottom.

To summarize, in steady state, we can calculate the
damping and the volume effect in Cartesian coordinates,
using V-V, and V -F directly. In the time-varying case,
in order to separate out the variations of wave activity
due to advection of time variations of the wave source,
we need to follow a wave packet. The damping that a
specific wave packet feels, or the changes of A due to
the volume effect, equal 0A/ot + V-F and AV -V, [Egs.
(1) and (5)], calculated with keeping track of how A,

V., and F vary as the wave packets move along. The
most practical way to do this is using the s — r coor-
dinates. The amount of damping the wave packets feel
is the vertical derivative of the s — r plot of AJ. The
volume contribution can be calculated from a similar
derivative of J. On the other hand, the more commonly
used quantity 0A/ot + V-F, calculated using instanta-
neous fields, gives the local variation of wave activity
density due to damping for all wave activity packets
that compose the wave field at that time.

5. The relation to ray tracing

In section 3 we discussed various processes that affect
wave packet volume, and only mentioned wave refrac-
tion. Wave refraction, by definition, affects the group
velocity. In this section we want to understand how
wave refraction affects V,. We do this by comparing
wave activity paths to the wave rays calculated by KH.
Wave rays are the integral lines of C,. The integration
of dy/dt = C,, and dz/dt = C_, is done along with an
integration of the equations for the variation of the ver-
tical and meridional wavenumbers (m and I, respec-
tively) along the wave rays, subject to a set of initial
conditions: y,, z,, |,, m,, and assuming an almost-plane
wave with a given zona wavenumber and phase speed.
The wave rays essentially show where wave activity
will propagate if a point source (y,, z,) is put into the
medium, for a given initial wave vector (l,, m,). Wave
activity velocity paths, on the other hand, are diagnostic
in nature, meaning the path of wave activity isdiagnosed
for agiven wave field. The calculation requiresaknowl-
edge of the wave field and the basic state, but no wave-
numbers have to be specified. Karoly and Hoskins
(1982) calculated rays for arange of initial propagation
angles, on specified stratospheric basic states and var-
ious locations of the point source. They used the rays
asan indication for where waveswill propagate, in order
to gain insight into their structure. They showed that
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Fic. 6. (a) Wave rays (solid), superposed on the index of refraction squared (dashed). (b) and
(c) A comparison between wave rays (dashed) and wave packet paths (solid), for (b) wave packets

that leave the bottom at day 0.1 and (c) for steady
on at day O, over 4 days. Half-day intervals are
for details.

wave rays are refracted up the local gradient of n. (in
spherical coordinates rays also refract equatorward).
The relation of wave rays to a given wave field and its
EP fluxes, was not discussed in detail in KH.

Figure 6 shows the wave rays along with the wave
packet paths for a stationary wavenumber 1 point source
that is turned on at the bottom of the waveguide at t =
0, both for wave packets that leave the bottom during
the initial stages of wave development (0.1 days) and
for the steady-state solution. The basic state is the same
as used in previous sections. The circles/squares on both

state, for amodel run with point forcing turned
marked on al rays and packet paths. See text

mark half-day intervals. We aso plot the wave rays
superposed on nZ;, to show that the rays are reflected
back and forth in the latitudina direction aong the
nZ, waveguide. When a point source is turned on, wave
activity propagates in all directions, and the wave rays
tell us how it propagates in one such direction. When
the wave activity reaches the sides of the waveguide, it
reflects back and superposes. The actual wave field is
the superposition of wave activity propagating from all
directions. At later stages, the wave tunnels to adjacent
propagation regions and is dissipated in regions with
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damping. In the bottom 1.5 scale heights, before the
wave field reaches the sides of the waveguide, the wave
packet paths follow the wave rays quite well. Abovethe
level at which meridional reflection occurs, wave packet
paths initially concentrate into the middle of the wave-
guide, while the wave rays oscillate around them. At
later stagesthe wave rays do not change but wave packet
paths tilt to the equator.

We see significant differences between V , and C,, that
arise from the fact that wave packet paths are a diag-
nostic of the waves while wave rays characterize the
basic state for a given zonal wavenumber. While wave
packet paths show the flow of wave activity in the total
wave field, which is affected nonlocally by processes
like tunneling, reflection, and damping, wave rays re-
flect local wave propagation properties. They do not
“tunnel” through evanescent regions and are not af-
fected by damping. A more subtle effect is the fact that
the stratospheric waveguide, through reflection in the
meridional direction, sets the structure (i.e., the merid-
ional wavenumber) of the waves. Harnik and Lindzen
(2001) show that thisresultsin areflecting surfaceform-
ing at around eight scale heights in this model, because
nZ, — 12 < 0. Harnik and Lindzen (2001) also show
that this reflecting surface has a very large effect on the
wave structure and evolution. Ray tracing, on the other
hand, does not capture its effect, because the meridional
wavenumber is set locally, and by the initial wave vec-
tor, and there is a wide range of initial |, values for
which wave rays propagate beyond the reflecting sur-
face. The difference between the evanescent region for
vertical propagation and the evanescent region on the
equatorial side of the waveguide is that in the latter,
nZ, isnegative or very small. Then, < 0 region, which
is often observed in the real stratosphere, is a result of
the small meridional PV gradientsthere. Another source
of difference between V, and C, is the fact that ray
tracing applies to point sources that have a pure sinu-
soidal oscillation in time (a single frequency), hence it
is not an accurate description at the initial stages when
the point source is turned on. This is probably why we
see such a poor correspondence between the timescal es
of the wave rays and V, lines (the distances between
the circles or squares) in the bottom scale height of the
0.1 day plot and quite a good correspondence in the
steady-state case. Finally, in the general case of non-
localized forcing the wave field is the superposition of
the response to many point sources, and the relation
between wave packet paths and wave rays becomeseven
more complicated.

To summarize, meridional reflection off of the sides
of the waveguide, and later on, tunneling to the equator
and downward reflection, cause V, and C; to differ
greatly from each other. Essentially, ray tracing cannot
capture these phenomena because they occur when the
characteristic wavelength is on the order of the merid-
ional scales of the waveguide and the evanescent re-
gions. This limitation of ray tracing is not the same as
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the limitations to WKB conditions being valid. In fact
in our model run, while WKB conditions are violated
near reflecting surfaces, they do hold locally quite well
in large parts of the domain (see HL, appendix B). In
addition, C, represents the propagation from a point
source, while V is diagnosed from the superposition of
the wave field from many point sources. An important
implication for the stratosphere is that we do not expect
F to refract up the local gradient of the index of re-
fraction just because C, does. The general tendency of
F to refract toward the large equatorial index of refrac-
tion values is more likely because there is a critical
surface there, which absorbs wave activity.

6. Diagnosing vertical propagation timescales and
the application to observations

In this section we use wave packet paths as a diag-
nostic of vertical propagation time scales of the waves.
By doing this on observed waves, we also examine
whether our framework of a wave being composed of
many small wave activity packets makes sense for real
waves, and whether some of the features we find in our
model apply to the real world.

Since vertical wave propagation is one of the main
ways in which the stratosphere and troposphere are
linked, the vertical propagation timescale is one of the
fundamental timescales of the coupled troposphere—
stratosphere system. As mentioned in the introduction,
the existing methods for estimating vertical propagation
timescales are based on ray tracing (KH) or on time lag
correlations (Randel et al. 1987; Randel 1987). Ray trac-
ing, as we saw in section 5, is a highly idealized cal-
culation, and the relation of it to the actual propagation
of a wave is complicated. The time-lag correlation
method is statistical, meaning it gives an averaged time-
scale over many wave events. Tracking wave packets
using our method allows usto estimate the vertical prop-
agation time for a given wave event, and to see how
much it varies between different wave episodes. By
tracking different parts of the wave (individual wave
activity packets), we get a sense of how characteristic
asingle propagation timescaleis of the entirewavefield.
This is useful for understanding how the choice of ref-
erence point in the time-lag correlation calculations
might affect estimated propagation times.

To apply to observations, we first interpolate the ob-
served geopotential height, zonal mean wind, and tem-
perature onto a high-resolution grid, and then calculate
our wave activity diagnostics. The observational data
we use, as well as the technical details of applying our
diagnostic to observations are described in appendix C.
The vertical coordinate in the figures is log-pressure
height, using a 7-km scale height.

We should note that Randel’s timescal e estimates are
based on correlations of geopotential height. Harnik and
Lindzen (2001) studied how reflection affects the geo-
potential height structure of the waves. This allowed
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them to obtain an independent estimate of a vertica
propagation timescale. A comparison with our method
can therefore be used to increase our confidence in both
estimates. We use an observed wave 1 event from 18
July to 19 August 1996, in the Southern Hemisphere,
which was studied in detail by HL. They showed that
during most of this period the basic state allowed ver-
tical propagation throughout the stratosphere. The wave
underwent the following life cycle. It propagated from
the troposphere to the stratosphere, and after afew days
started decelerating the mean flow in the upper strato-
sphere. Eventually, the deceleration resulted in the for-
mation of a reflecting surface. The wave responded by
reflecting downward, at which timeits source decreased.
Downward reflection was accompanied by acceleration
of the zonal mean wind, which caused the reflecting
surface to disappear. This cycle repeated itself twice.
Reflecting surfacesformed during 29 July—1 August and
8-10 August. We choose this wave event because it
allows us to test the effects of downward reflection on
our estimates. As we saw in section 3, downward re-
flection considerably affects V,, therefore a test of our
timescale estimates should include a comparison using
reflected and nonreflected waves. Also, a comparison
between the two life cycles will give us a sense of the
variability in propagation times.

The top plot of Fig. 7 shows a height-time plot of
the latitudinal averaged wave 1 geopotential height am-
plitude during this wave event. The reader is referred
to HL for plots of the evolution of other wave and basic-
state properties. Starting 18 July, we calculate the wave
packet paths for each emanation day, and use them to
calculate the time it takes various wave packets to reach
a certain height, and correspondingly, the height wave
packets reach after a certain time. The most striking
property of these calculations is how variable they are,
both as a function of the emanation latitude, and as a
function of time. Figure 7b shows the maximum height
reached after a certain time, by wave packets that start
at 16 km on 18 July—19 August [calculated by inte-
grating Egs. (B1)—(B4)]. The maximum height is chosen
from the different emanation latitudes. The bottom plot
shows the height reached by packets after 3 days of
propagation, for all latitudes and emanation days. The
line corresponding to 3 days in the middle plot is con-
structed by plotting the daily maximum value from the
bottom plot, and the bottom plot gives an indication of
how representative the maximum height is of the entire
wave field. We see that propagation is fastest when the
wave is growing in the stratosphere (due to propagation
from the troposphere), and it is smallest during down-
ward reflection periods (28 July—2 August and 10-15
August). This decrease due to reflection is because the
wave activity velocity represents the total wave field,
which is a superposition of upward- and downward-
propagating waves [e.g., the vertical version of Eq. (8)].
To get a real propagation timescale, we therefore need
to look at the initial stages of a wave event, when the
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waveisonly propagating upward. Since the wave source
decreased during our wave event, we have two such
periods (before 24 July and 3—6 August). The estimated
propagation time from 16 to 45 km is 3—4 days for the
second growth period (using 4-5 August) and roughly
5 days for the first growth period (18 July gives 4-5
days and 24 July gives 5-6 days). The difference be-
tween the two periods is probably due to differencesin
the basic state (the zonal mean winds were weaker by
more than 10 m s~* during the second period). Randel
(1987) estimated 4 days for wave 1 to propagate from
midtroposphere to midstratosphere. While the two cal-
culations are not of exactly the same thing, it is en-
couraging that they give similar numbers.

A different test we can do is to check whether our
diagnosed times are consistent with the observed wave
dynamics. Downward reflection causes the wave phase
tilt with height to change, such that the original upward-
propagating structure of a westward phase tilt with
height changes to a standing wave structure (vertically
aligned phase lines) when the wave is fully reflected.
If the source of the wave is constant with time, this
happens when the wave propagates from the turning
surface to the tropopause, but if the source decreases
with time during downward reflection (as is the case
here), it should happen in half the time.” Harnik and
Lindzen (2001) showed that it takes the wave roughly
2 days to tilt to a vertical position from the time of the
formation of the reflecting surface (on 10 August),
meaning the vertical propagation time should be around
4 days. This is indeed consistent with the timescale
estimated from the wave activity packets. Since our es-
timate uses the early stages of the wave event, while
vertical phase tilting occurred later on, the two calcu-
lations are independent.

In previous sections we showed that the effect of the
leaky waveguide on wave packet pathsisto causethem
toinitially concentrate up the waveguide and only later
on to spread sideways and leak to the equator. Thisis
also found in observations when we look at the evo-
[ution of the wave through the location of wave pack-
ets. Figure 8 shows wave packet locations for 21, 26,
28, and 31 July, superposed on the corresponding out-
line of regions where nZ, < 0 (shaded regions). Each
symbol represents a wave packet. Packets are marked
by the day they emanate at the bottom (16.1 km in this
case), and the color and symbol are kept the same in
al plots for a given emanation day. For example, on
21 July we see the locations of packets that left the
bottom on 18 July (magenta 0’s), 19 July (yellow 0's),
20 July (black squares), and 21 July (the purple line
at the bottom). These plots are created by compositing
the locations of wave packets from the wave packet

7 This estimate is for an idealized case. In reality the formation of
a turning surface is gradual, hence the time it takes the structure to
changeisnot exactly the vertical group propagation time, but it should
be close to it.
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Fic. 7. Height—time sections (18 Jul-19 Aug 1996) of (a) wave 1 geopotential height amplitude
(m), averaged over 40°—80°S. (b) The maximum height reached by wave packets 1, 2, 3, 4, 5,
and 6 days after leaving the bottom (16.1 km), as a function of emanation day (in km). The curves
are stacked in order on 18 Jul (1 day is the lowest). (c) The height (in km) reached by wave
packets 3 days after they |eave the bottom (16.1 km), as afunction of |atitude and day of emanation.
Dashed lines indicate wave packets that propagate downward at 16.1 km.

paths of all emanation days prior to the day in which
the packet locations are shown. We see that it takes
the packets of 18 July 3 days to ascend from 16.1 to
40 km (which is consistent with the estimates from
Fig. 7). We also see the slowing down of packet prop-
agation later on. The wave packets show a clear evo-
lution of an initial propagation up into the middle of
the waveguide followed by a spreading out and leaking
out of the sides, mostly toward the eguator.

A noteisneeded as to the quality of these diagnostics.
First, in our calculations, we set the wave activity ve-

locity to zero in regions of negative PV gradients, hence
the bunching of packets at equatorward vertical lines.
The magnitude (not the direction) of V, depends strong-
ly onq, (V, = F/IA « F/(1/q,) = T,). The direction of
the propagation, on the other hand, depends on the phase
structure of the wave. Plots of successive wave packet
locations are useful in showing us general propagation
patterns, but the exact location of a given wave packet
on a given day is not very accurate. An idea of the
uncertainty in packet locations can be drawn from the
large differences between calculations of V-F of the
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Fic. 8. Latitude-height plots of wave packet locations, for 21, 26, 28, and 31 Jul 1996, superposed
on the shading of regions of negative nZ, of the same day. Each symbol denotes a wave packet.
Packets are plotted for each day, and the colors and symbols mark the day of emanation at the
bottom. These are consistent within the different plots; e.g., magenta circles denote packets that

emanated on 18 Jul.

various analyses products, especially for the Southern
Hemisphere (see Grose and O’ Neill 1989).

7. Summary and discussion

In this paper we use the conservation of wave activity
to study how afew very basic wave processesthat relate
to the group velocity of the waves apply to stratospheric
waves. More specifically, KH showed that the group
velocity refracts up the gradient of the index of refrac-
tion (for Rossby waves), and they combined this with
conservation of wave activity to obtain an analytic ex-
pression of the variation of wave amplitude along a
wave ray, for almost-plane waves propagating on a
slowly varying basic state. This providesthe mechanism
by which spatial variations in the basic state cause the
spatial variation in wave amplitude.

We ask whether we can obtain similar understanding
of wave structure for more realistic waves. To do this,
we need to understand how the wave activity velocity
V, = F/A, which equals the group velocity C, in the
plane wave limit, relates to C, in the case of strato-
spheric waves. We do this by comparing the integral
lines of V, to wave rays (which are integral lines of
C,). We find that meridional reflection off of the sides

of the waveguide, and later on, tunneling to the equator
and downward reflection, cause V, and C, to differ
greatly from each other. In addition, C, represents the
propagation from a point source, while V, is diagnosed
from the superposition of the wave field from many
point sources. One of the things this meansis that con-
trary to what is often assumed in the literature, the EP
flux is not refracted up the local gradient of the index
of refraction. It is true that the EP flux tends to refract
to the equator, where the index of refraction is very
large, but thisis due to the existence of acritical surface
there.

We also use the integral lines of V, to define a co-
ordinate system. We then define grid boxes of this co-
ordinate as wave activity packets that are analogous to
compressible fluid parcels. Each wave packet contains
a certain amount of wave activity, which is conserved
unless there is damping. The convergence of V, will
result in changes of wave packet volume, which are
accompanied by changes in wave activity density, and
hence wave amplitude. This volume effect, which was
shown by KH for the almost-plane wave limit, is very
basic in wave theory (not only for the stratosphere)—
it provides aphysical explanation of why thefirst-order
WKB solution of an almost plane wave has a term
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inversely proportional to the square root of the wave-
number (see KH). Also, if changes in V, are caused
locally by the variations in the basic state (as is the
case with C;), the corresponding variations in wave
activity density can be viewed as caused locally by the
spatial variationsin the basic state, through the volume
effect. It would be useful to have such an understanding
for stratospheric waves, and if that is not possible, it
is interesting to understand why. We use our wave
activity coordinate, aswell as our understanding of the
relation between V, and C, to show how refraction,
tunneling, and reflection affect V-V, and the volume
effect in a simple steady-state model. Since these pro-
cesses are characteristic of aleaky waveguide, we ex-
pect them to occur in the real stratosphere. One of the
important things we show isthat causality (in the sense
discussed above) is lost when we have reflection, be-
cause V, is no longer related to the basic state in a
local way. Rather, the structure of the wave is deter-
mined by the superposition of theincident and reflected
waves, and the corresponding variations in V, and
wave packet volume, are merely consistent with the
wave structure. Note that this effect of reflection is a
general property of waves, and is not specific to strato-
spheric Rossby waves.

We also use V, as a diagnostic of the vertical prop-
agation timescale for the waves. This timescale is im-
portant for the coupled troposphere stratosphere system
because vertical wave propagation is one of the main
links between the two. We test our method by applying
it to an observed wave event. We choose a wave event
that occurred during a time when the basic state had no
reflecting surfaces, but during its life cycle reflecting
surfaces formed (also analyzed by HL). This allows a
comparison of the timescale estimates with and without
reflection. We also compare with an independent esti-
mate that HL obtained based on their understanding of
how wave structure changes when awave reflects down.
We find that both estimates give a timescale of 4 days
for wavenumber 1 to traverse the stratosphere. The fact
that these estimates, one based on V , and wave activity,
and the other on the geopotential height structure, are
consistent, strengthens our confidence in our dynamical
understanding of the wave life cycle and in the wave
activity framework presented here. Note that our defi-
nition of a wave packet, as being a part of the wave
field, which is much smaller than a wavelength, is dif-
ferent from the more traditional view that awave packet
contains a few wavelengths.

Finally, we identify a characteristic evolution of a
wave propagating up aleaky waveguide, of initial prop-
agation up into the middle of the waveguide, and alater
tunneling out to the equator. The leaky waveguide pic-
ture was suggested quite early on in studies of strato-
spheric waves (Dickinson 1968; Matsuno 1970), but the
consequences of such a configuration, in particular, on
thelife cycle of stratospheric waves, have not been dem-
onstrated in detail. We show that tunneling has a large
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effect on the wave activity density, through the volume
effect. This may have some implications for the struc-
ture of waves in the tropical region, because we expect
the factors affecting the magnitude of wave activity den-
sity to be different in the case of direct propagation into
the tropical region (if the evanescence region did not
exist, or as a result of direct vertical propagation from
the tropical tropopause). Also, the evolution we find
corresponds nicely to the baroclinic growth—barotropic
decay life cycle that was observed for stratospheric
waves by Randel et al. (1987). It explains why the bar-
otropic stage, of meridional propagation, comes later—
it takes time for the wave to feel the wave activity sink
at the equator and tunnel out to it. While this propa-
gation picture is obviously relevant to the stratosphere,
it is unclear to what extent it is relevant to life cycles
of tropospheric waves, where we also expect a contri-
bution to the EP fluxes from baroclinic growth due to
instability, and barotropic decay due to shearing of the
perturbation by the basic state (see Edmon et al. 1980,
and references therein).
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APPENDIX A

The Relation between V, and Group Velocity

The following derivation is quite standard, but
since we want to emphasize aresult that is not always
appreciated in the literature [Eq. (8)], we bring it here
for completeness. We use standard notation and a full
derivation can be found in Andrews et al. (1987), or
in HL.

We assume linear quasigeostrophic Rossby waves,
that satisfy WKB conditions, and an almost-plane Ross-
by wave of the form:

foa oo o

The dispersion relation is

b < exp . (A
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where F(N?) = f2(e?"/N)(0/02)[(e-7"IN?)(6/0Z)(e?>"N)],
which is obtained when the equations are transformed
into canonical form (e.g., see HL). The density is as-
sumed to vary exponentially with a scale height h = 7
km.

The group velocity of this wave equals
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For a wave of the form (A1), the EP flux and the wave
activity density equal
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We see that C, = F/A. In general, however, Eq. (A1)
does not hold, rather, we have a superposition of waves,
for example,
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where «, and «_ are complex coefficients of the two
wave components. It is easy to show that under WKB
conditions Eq. (A6) implies
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A similar relation can be derived for a superposition of
waves in the vertical. Finally, using Egs. (3) and (A3)—
(A7), we get Eq. (8).
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APPENDIX B

Technical Details of the Wave-Based
Coordinate Diagnostics

The setup of the s — r coordinate is described in
section 3 and shown in Fig. 2. We denote the location
of s — r coordinate grid pointsiny — z space by [y.(Y,
2), z(y, 2)]. To obtain [y.(y, 2), z(y, 2], we integrate
the following set of equationsfor a set of equally spaced
emanation latitudes (y,):

dys

e \' (B1)
dz,
ds
Pl 1 (B3)
dr
—=0 B4
a (B4)
subject to the following initial conditions at t = O:
z(t=0 =2 y(t=0 =y,
s(t =0) = 0, rit =0 =y, (B5)

After each time step we need to calculate V , at the new
location (ys, z,), which we do by interpolation from
adjacent grid points. Here r equals the latitude at which
the V, integral line emanates at the bottom (z = 2 scale
heights), and s is the time it takes to reach the given
location [y.(Y, 2), z(y, 2)] from the initial location (y,,
2). In the new coordinate system V, is nondivergent
(rather, the physical volume of a grid box varies along
the coordinate), and constant s lines are spaced pro-
portionally to |V,| in geometric space.

The Jacobian of the transformation is very simple to
caculatein s — r space:

_ 9¥.0z, 9y, 97
ar 9s  9s ar’

In the time-dependent model run we calculate the s
— r coordinate in the same way, taking into account
that V, is now a function of time. Since our model
integration time step is larger than the coordinate in-
tegration time step, we first interpolate the V, field in
time.

The wave activity budget calculations involve trans-
forming A to the new coordinate. The transformation of
a scalar field onto the new s — r grid is simply an
interpolation of these fields from the regular y, z model
grid onto the irregular y,, z; grid.

(B6)

APPENDIX C

Application to Observations

The observations we use are from the National Aero-
nautics and Space Administration Goddard Space Flight
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Center stratospheric dataset, which is based on satellite
retrievals in the stratosphere and radiosonde data in the
troposphere. There are 18 levels between 1000 and 0.4
mb, 9 of them at or above 100 mb. The latitudinal res-
olution is 2°. Since the observations analyzed in this
paper are the same asin HL, the reader is referred there
for more details.

Harnik and Lindzen (2001, manuscript submitted to
Ann. Geophys.) verified that the coarse vertical reso-
Iution of the satellite observations are capable of rea-
sonably resolving the vertical structure of stratospheric
planetary waves, by simulating the retrieval processin
our model. Also, to check the effect of low resolution
of the observations on the present calculations, we sam-
ple the geopotential height and the basic state of our
model at a resolution roughly similar to the observa-
tional product (9 levels between 2 and 8 scale heights,
equally spaced in our sample but not in observations),
and interpolate back to high resolution for our calcu-
lations. Comparing A(y, 2) and AJ(s — r) to the original
high-resolution version, we find that the sampled-inter-
polated version captures the fact that AJ is constant,
except near nodes in A, where the high-resolution cal-
culations are problematic also. The effect of sampling
is to spread the node in the vertical, over 1-2 obser-
vational grid points. This can have alarge effect on V,
especidly if we have a node in midstratosphere, where
the vertical resolution of the observations is quite low.

For the observations we us a spherical coordinate
version of the calculations of appendix B. The wave
activity equation in spherical coordinates is derived the
sameway asin the B plane (see section 2), and isexactly
like Eq. (1), only the definitions of A, F, V-F, and D
are different

a2p CoSp——
A=———(7 (C1)
24,
F, = —ap cospu'v’, (C2)
_ 9f ——
F,= —ap COSQDWU T, (C3)
V.an_FZ+ 1 8(F¢COS<,D), (ca)

9z acose A

where ¢ is latitude.

To calculate the s — r coordinate, we define the wave
activity velocity asin the 8 plane[Eg. (3)], and integrate
(C5) aong with Egs. (B2)—(B4):
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dys Vay
== C5
dt a (€5)

subject to the same initial conditions (B5) where 'y, =
ap,.
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