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AbstractWe de�ne and develop the rudiments of a cohomology theory suitable for the treatmentof the absolute Galois groups of formally real �elds. Although these groups have torsion,a sensible notion of cohomological dimension can be de�ned in the above theory.IntroductionAs is well known from the Artin-Schreier theory, the absolute Galois group G(K) of a�eld K has no elements of �nite order except elements of order 2. The torsion - whichoccurs if and only if K is formally real (= admits an ordering) { causes problems inapplications, e.g. in the Galois cohomology. For instance, the cohomological dimensionof G(Q) is in�nite, which is not very illuminating, while the cohomological dimensionof G(Q (p�1)) is 2.This note pursues the idea that the presence of elements of order 2 is just a minorbeauty aw that can be dealt with.To be more precise, we propose that in dealing with Galois extensions of (formallyreal) �elds one should consider not only the �eld automorphisms, but also their actionon the extensions of orderings from the ground �eld. This structure - called Artin-Schreier structure - though apparently richer than the Galois group, has the pleasantproperty that in the case of the absolute Galois extension of a �eld it can be read o�from the absolute group. (If the �eld is not formally real then its absolute Artin-Schreierstructure is just its absolute Galois group.)Artin-Schreier structures have been �rst de�ned in [6] to solve the problem ofcharacterization of the absolute Galois groups of pseudo real closed �elds. In [3] wehave used them in a slightly modi�ed form to show that the elementary theory ofreal pseudo real closed �elds is undecidable. Other model theoretic results have beenobtained via Artin-Schreier structures (under the name e-structures) in [1]. Analoguesof this concept have proved to be very useful in the Galois theory of pseudo-p-adicallyclosed �elds ([7]) and in the theory of free products of pro�nite groups ([4]).1



Since projective Artin-Schreier structures have turned out to be an adequate ana-logue of projective pro�nite groups, and since projectivity of pro�nite groups may beconsidered a cohomological property, it has became only natural to seek a suitable coho-mology theory of Artin-Schreier structures. The present paper does this by generalizingthe (Galois) group cohomology to the cohomology theory of Artin-Schreier structures.(Thus if an Artin-Schreier structure is just a group then its cohomology is precisely thegroup cohomology.) No attempt has been made to cover all the possible aspects of thetheory, e.g. products; in contrary, we have tried to limit the material to the minimumnecessary to obtain some interesting results. We mention two of them:(1) Let K be a �eld. Then the group G(K) is real projective if and only if thecohomological dimension of the Artin-Schreier structure G(K) is at most 1.This follows as the second cohomology groupH2(G; A) of the Artin-Schreier struc-ture G with coeÆcients in A classi�es the extensions of G by A (Proposition 3.3).Next consider an algebraic extension K of Q , and let p be a prime. If p > 2 orK is not formally real then a well known result of the class �eld theory ([9], TheoremIV.8.8) states that the p-cohomological dimension of G(K) is 0,1 or 2, and an algebraiccriterion is given to compute it. But if p = 2 and K is formally real then cd2G(K) =1,which gives no similar classi�cation into distinct cases. However, if we now consider theabsolute Artin-Schreier structure G(K) instead of G(K) then we get (Theorem 7.3):(2) The p-cohomological dimension of G(K) is 0,1 or 2 for every prime p, and thereis an algebraic criterion to compute it.We intend to use in a subsequent paper the theory developed here to show thata pro-2-group that is an absolute Galois group of a �eld and contains an open freepro-2-group is, in fact, a free pro-2-product of a free pro-2-group with copies of Z=2Z.This result seems to be inaccessible without the cohomology theory.The main ingredient of the paper is the "right" de�nition of the cohomology func-tors Hn, for n � 1. This task is usually accomplished by choosing a reasonable functoras H0, which (if there are enough injectives) already determines Hn, for n � 1. In ourcase, however, the H0-functor is somewhat mysterious and complicated, and its choice2



is not entirely natural. Furthermore, some results that in the case of group cohomologyare true in all dimensions do not hold in the zero dimension for the cohomology ofArtin-Schreier structures, even though they are valid in higher dimensions. This causescomplication in the proofs, in comparison with standard arguments in the cohomologyof groups. It is not inconceivable that another choice of H0, still leading to the sameHn, for n � 1, might be more transparent; alas, we have not been able to improve onthis point.The author is indebted to Moshe Jarden for the suggestion to try to de�ne acohomology theory for Artin-Schreier structures and for many remarks concerning thepresentation of this work.1. Artin-Schreier structuresConsider a pro�nite group G with a continuous left action on a Boolean space X (pos-sibly empty) and an open subgroup G0 � G of index 1 or 2 such that(i) Gx = f� 2 Gj �x = xg is of order 2 and Gx \G0 = 1, for every x 2 X;(ii) the map d : X ! G, where d(x) is the generator of Gx, is continuous.We call G = hG;G0; Xi an Artin-Schreier structure and d its forgetful map.Note that d(�x) = �d(x)��1 for all � 2 G; x 2 X, and d(X) \ G0 = ; (thusX = ; if G0 = G).For the elementary properties of Artin-Schreier structures the reader is advised tosee [6], Section 3. (There G is acting on X from the right; we have switched the sidesto be consistent with the customary notation of action in the cohomology theory.) Werecall only a few notions, for the convenience of the reader.Let H = hH;H 0; Y i be another Artin-Schreier structure. A morphism of Artin-Schreier structures ' : G ! H is a continuous homomorphism ' : G ! H such that'�1(H 0) = G0, together with a continuous map ' : X ! Y preserving the group action.Note that (denoting by d0 the forgetful map ofH) d0Æ' = 'Æd. A morphism ' : G!His an epimorphism if '(G) = H and '(X) = Y .IfK is a closed normal subgroup ofG, contained inG0, thenG=K = hG=K;G0=K;X=Kiis an Artin-Schreier structure, and the pair of quotient maps G ! G=K;X ! X=K is3



an epimorphism G! G=K; a cover is an epimorphism isomorphic to such an epimor-phism. Thus (cf. [6], 4.1) an epimorphism ' : G ! H is a cover if and only if for allx1; x2 2 X '(x1) = '(x2) ) x2 = �x1 for some � 2 G :Assume that H is a closed subgroup of G. We say that H is a substructure of G(and write H � G) de�ned by H if H 0 = H \G0 and Y = fx 2 Xj d(x) 2 Hg.If L is a Galois extension of a �eld K and p�1 2 L, let X(L=K) be the space ofmaximal ordered sub�elds of L containing K (cf. [6], Section 2). ThenG(L=K) = hGal(L=K); Gal(L=K(p�1)); X(L=K)iis an Artin-Schreier structure. If eK is the separable closure of K thenG(K) = G( eK=K)is called the absolute Artin-Schreier structure of K. The elements of X( eK=K) are thereal closures of K (with respect to all the orderings on K), and hence the forgetful mapof G(K) is a bijection of X( eK=K) onto the involutions in G(K) = Gal( eK=K).2. Cohomology groups of Artin-Schreier structuresLet G = hG;G0; Xi be an Artin-Schreier structure, and let d : X ! G be its forgetfulmap. We denote by G[�X the disjoint union of G and X. As G also acts on itself bymultiplication from the left, we get a continuous action of G on the space G[�X.Let A be a discrete G-module. For each n � 1 let Cn(G; A) be the set of contin-uous (i.e. locally constant) functions f : Gn�1 � (G[�X) = Gn[� (Gn�1 �X)! A (thusf : G[�X ! A if n = 1) satisfying f(g1; : : : ; gi�1; 1; gi+1; : : : ; gn) = 0 for every 1 � i � n.Let C0(G; A) = A�C0X(G; A), where C0X(G; A) is the set of locally constant functionsf : X ! A satisfying f(gx) = gf(x) for every g 2 G0 and every x 2 X. Then Cn(G; A)are abelian groups under addition.De�ne the coboundary operator @n : Cn�1(G; A)! Cn(G; A): for n � 2 by(@nf)(g1; : : : ; gn) = g1f(g2; : : : ; gn)++ n�1Xi=1(�1)if(g1; : : : ; gi�1; gigi+1; gi+2; : : : ; gn) + (�1)nf(g1; : : : ; gn�1);4



and for n = 1 by @1(a; f)(g1) = g1a� a ; for every g1 2 G ;@1(a; f)(x) = f(x) + d(x)f(x)� a ; for every x 2 X :This gives a complexC�(G; A) : 0! C0(G; A)! C1(G; A)! � � �De�ne Hn(G; A) to be the n-th homology group of this complex; thus (to �x nota-tion) Hn(G; A) = Zn(G; A)=Bn(G; A), where Zn(G; A) = ff 2 Cn(G; A)j @n+1f =0g; B0(G; A) = 0 and Bn(G; A) = @nCn�1(G; A), for n � 1.We briey explain the homological background of the de�nition. (The argumentswill be more or less obvious modi�cations of the routine arguments in the cohomologyof groups, e.g., [2], Chapter I, x5 and Example 3 on p. 59.) But �rst notice the obviousRemark 2.1: If X is empty then C�(G; A) = C�(G;A), and hence Hn(G; A) =Hn(G;A) for every n � 0.Remark 2.2: (cf. [9], Proposition II.4.1): Let (Gi)i2I be an inverse system of Artin-Schreier structures and (Ai)i2I a compatible direct system ofGi-modules. IfG = lim Giand A = lim! Ai then the natural map lim! C�(Gi; Ai) ! C�(G; A) is an isomorphism,whence Hn(G; A) = lim! Hn(Gi; Ai).Also recall that every Artin-Schreier structure is an inverse limit of �nite Artin-Schreier structures ([6], Lemma 4.4).Because of Remark 2.2 it suÆces to consider only a �nite Artin-Schreier structureG = hG;G0; Xi. For each n � 1 let Fn be the free ZG-module generated by then-tuples [g1jg2j � � � jgn], where g1; : : : ; gn�1 2 G and gn 2 G[�X; let F0 be the free Z-module generated by the elements of G[�X (thus F0 is also a ZG-module in an obviousway, though usually not free). The boundary map @n : Fn ! Fn�1 is the homomorphismof ZG-modules de�ned as follows: for n � 2 let@n[g1j � � � jgn] =g1[g2j � � � jgn]++ n�1Xi=1(�1)i[g1j � � � jgi�1jgigi+1jgi+2j � � � jgn] + (�1)n[g1j � � � jgn�1] ;5



and let @1 : F1 ! F0 be given by@1[g1] = g1 � 1 ; for every g1 2 G[�X :Then the sequenceF� : � � � ! Fn ! � � � ! F2 ! F1 ! F0 :called the standard (bar) G-resolution, is exact. (To see this check that the maps ofZ-modules hn : Fn ! Fn+1 given byhn(g0[g1j � � � jgn]) = [g0jg1j � � � jgn]; for n � 1 ;h0(g0) = [g0]; where g0 2 G[�X ;constitute a contracting homotopy of F� : � � � ! F2 ! F1 ! F0 as a complex ofZ-modules.)Also consider the normalized standard bar G-resolution F � = F�=D�, where D�is the subcomplex of F� generated by the elements [g1j � � � jgn] such that gi = 1 for somei (and D0 = 0). The homotopy h de�ned above carries D� into itself and hence inducesa contracting homotopy of F �, so againF � : � � � ! Fn ! � � � ! F 2 ! F 1 ! F 0 = F0is an exact sequence of ZG-modules. Clearly F 1; F 2; F 3; : : : are free.However, F 0 need not be free; so we embed it in a free ZG-module eF0:Let G act on the space eX = X � f�1g by g(x; Æ) = (gx; gÆ), where gÆ = Æ ifg 2 G0, and gÆ = �Æ if g 2 GrG0. This action is regular (i.e., gex = ex , g = 1, forevery ex 2 eX). Therefore the free Z-module eF0 generated by the elements of G[� eX is afree ZG-module. We embed F0 in eF0 via g 7! g, for g 2 G, and x 7! (x;+1) + (x;�1),for x 2 X.Thus, putting eFn = Fn for n � 1eF� : � � � ! eFn ! � � � ! eF2 ! eF1 ! eF0is a free resolution of eF0=@1 eF1 over the ring ZG.6



Let A be a G-module. It is clear from the de�nition of eFn that HomG( eFn; A) =Cn(G; A) for n � 1, and that the boundary maps @2; @3; : : : in eF� induce the coboundarymaps @2; @3; : : : in C�(G; A). Furthermore, under obvious identi�cations,HomG( eF0; A) � HomG(ZG; A)� f : eX ! Aj  (gex) = g (ex) for all g 2 G; ex 2 eXg� A� f : eX ! Aj  (gx; 1) = g (x; 1) and  (x;�1) = d(x) (x; 1); g 2 G0; x 2 Xg� A� f : X � f1g ! Aj  (gx; 1) = g (x; 1) for all g 2 G0; x 2 Xg� A� f' : X ! Aj '(gx) = g'(x) for all g 2 G0; x 2 Xg = C0(G; A) ;where the map  7! ' is induced by x 7! (x; 1). It is easy to verify that under theseidenti�cations @1 : F1 ! eF0 induces @1 : C0(G; A)! C1(G; A).Lemma 2.3:(i) H(G;�) is a positive cohomological functor (cf. [9], De�nition II.5.1).(ii) H(G;�) is e�aceable by the injectives of Mod(G) (cf. [9], De�nition II.5.4).Proof: (i) In the view of Remark 2.2 we may assume that G is �nite. Let 0 ! A !B ! C ! 0 be a short exact sequence of G-modules. Then the corresponding sequence0! HomG( eFn; A)! HomG( eFn; B)! HomG( eFn; C)! 0is exact for every n � 0, since eFn is a free ZG-module. Thus we have a short exactsequence of complexes0! C�(G; A)! C�(G; B)! C�(G; C)! 0 :The assertion now follows from [8], Theorem II.4.1.(ii) Again, with no loss G is �nite (cf. the proof of [9], Theorem II.5.10). If A isinjective then the exactness of eF� implies that C�(G; A) = HomG( eF�; A) is exact. ThusHn(G; A) = 0 for n � 1.As a consequence we get that H(G;�) is uniquely determined by H0(G;�) (cf.[9], Theorem II.5.5). In fact, we have even more:7



Lemma 2.4: Let E = (En) be a positive cohomological functor on Mod(G) e�aceableby the injectives, and let �n : En ! Hn(G;�); n = 0; 1; 2; : : : be a morphism ofcohomological functors. Assume that for every A 2 Mod(G) and every w 2 E0(A) wehave �0(w) = (0; ') 2 H0(G; A) such that for every x 2 X there exists a 2 A satisfying'(x) = a� d(x)a. Then �n = 0 for n � 1.Proof: Enough to show that �1 = 0, since then (�0; 0; 0; : : :) is a morphism of co-homological functors E ! H(G;�), and hence the assertion follows by [9], Theo-rem II.5.5. Now �1 is the unique morphism such that for every short exact sequence0! A! B ! C ! 0 of G-modules the diagram......................................................................................... .........................................................................................__E0(C) E1(A)
H0(G; C) H1(G; A) ,�0 �1�!Æ�!Æwhere Æ denotes the connecting homomorphisms, commutes. Therefore it suÆces toshow that in such a situation Æ Æ �0 = 0.We recall that Æ : H0(G; C)! H1(G; A) is calculated in the following way (\snakelemma"). We have short exact sequences0! Cn(G; A)! Cn(G; B)! Cn(G; C)! 0for every n � 0. Therefore an element (c; ') 2 Z0(G; C) can be lifted to (b; �) 2C0(G; B). There is a unique f 2 C1(G; A) mapped to @1(b; �) 2 C1(G; B), i.e., (think-ing of A as a subset of B)(1) gb� b = f(g); for all g 2 G(2) �(x) + d(x)�(x)� b = f(x); for all x 2 X :A fortiori f 2 Z1(G; A), and Æ(c; ') is de�ned as the class of f in H1(G; A).Now let w 2 E0(C), and let �0(w) = (0; ') 2 H0(G; C). By assumption thereis a map '0 : X ! C such that '(x) = '0(x) � d(x)'0(x) for every x 2 X. As ' is8



locally constant, we may take '0 to be locally constant. We may also assume that '0 isG0-equivariant, otherwise restrict it �rst to a system of representatives of the G0-orbitsin X and then extend it to a G0-equivariant map. Fix a lifting (0; �0) 2 C0(G; B) of(0; '0) and de�ne �(x) = �0(x)� d(x)�0(x); then (0; �) is clearly a lifting of (0; '). But�(x) + d(x)�(x) = 0, hence our claim follows from (2).3. H2(G; A) and extensions of Artin-Schreier structuresLet G = hG;G0; Xibe an Artin-Schreier structure, and let A be a �nite G-module. An extension of G by Ais a cover � : bG ! G of Artin-Schreier structures with Ker � = A. Another extension�0 : bG0 ! G of G by A is isomorphic to � : bG ! G if there is an isomorphism� : bG ! bG0 such that �0 Æ � = � and the restriction of � to A is the identity of A. Amorphism � : G ! bG of Artin-Schreier structures splits the extension � : bG ! G if� Æ � = idG; we also say that the extension splits.Let f 2 Z2(G; A), i.e. a locally constant function f : G� (G[�X)! A satisfying@f = 0 and f(g; 1) = f(1; z) = 0 for every g 2 G and every z 2 G[�X:We associate with f the Artin-Schreier structureAfG = hAfG; AfG0; A�Xiwhere(i) the group AfG is the group extension of G by A associated with the restriction ofthe cocycle f to G�G; it is the topological space A�G with the multiplicationrule(1) (a1; g1)(a2; g2) = (a1 + g1a2 + f(g1; g2)); g1g2);(ii) AfG0 = f(a; g) 2 AfGj g 2 G0g; 9



(iii) AfG acts on A�X by(2) (b; g)(a; x) = (b+ ga+ f(g; x); gx) :Lemma 3.1:(a) AfG is indeed an Artin-Schreier structure.(b) The projection on the second coordinate � : AfG! G is a cover.Proof: (a) The semidirect product AfG is a group; its unity is (0; 1). Clearly (AfG :AfG0) = (G : G0) � 2. Condition @f = 0 ensures that (2) is an action, i.e.,((b1; g1)(b2; g2))(a; x) = (b1; g1)((b2; g2)(a; x)) :Now let (b; g) 2 AfG and (a; x) 2 A�X. Write Gx = f"; 1g. Then(b; g)(a; x) = (a; x), gx = x; b+ ga+ f(g; x) = a, either g = 1 and b+ a+ f(1; x) = a or g = " and b+ "a+ f("; x) = a, either (b; g) = (0; 1) = 1 or (b; g) = (a� "a� f("; x); ") :Thus f1; (a� "a� f("; x); ")g is the stabilizer of (a; x), and (a� "a� f("; x); ") 62 AfG0.(b) Clearly � is an epimorphism of Artin-Schreier structures and Ker � = A. If�(a1; x1) = �(a2; x2) then x1 = x2, and hence(a2 � a1; 1)(a1; x1) = (a2; x2) :
As expected, Z1(G; A) classi�es the splitting morphisms of the extension � :A0G ! G: Every splitting morphism � : G ! bG of the extension � : A0G ! G isgiven by �(z) = (f(z); z) for all z 2 G[�Xwhere f 2 Z1(G; A) is uniquely determined by �. Indeed, every continuous left inverse� : G! bG of � is given by �(z) = (f(z); z), where f : G[�X ! A is a continuous map.It will be a morphism of Artin-Schreier structures if and only if�(gz)) = �(g)�(z) for all g 2 G; z 2 G[�X:10



This is equivalent to f(gz) = f(g) + gf(z), that is, f 2 Z1(G; A).Lemma 3.2: Every extension � : bG!G of G by A is isomorphic to � : AfG!G forsome cocyle f 2 Z2(G; A). The cocycle f is unique modulo B2(G; A).Proof: Write G = hG;G0; Xi and bG = h bG; bG0; bXi. We shall write the group law of bGmultiplicatively, but its restriction to A additively. Choose continuous sections u : G!bG of � : bG! G and u : X ! bX of � : bX ! X such that u(1) = 1 (cf. [9], PropositionI.3.5 and [6], Lemma 9.1). The �rst one of them turns A into a G-module by(4) ga = u(g)a(u(g))�1 ;and both sections de�ne f : G� (G[�X)! A by(5) u(g1)u(g2) = f(g1; g2)u(g1g2) for all g1 2 G and g2 2 G[�X :It is easy to see that @f = 0 due to the fact that(u(g0)u(g1))u(g2) = u(g0)(u(g1)u(g2)) ; for all g0; g1 2 G and g2 2 G[�X :Also, u(1) = 1 implies that f is normalized. Thus f 2 Z2(G; A).De�ne � : AfG! bG and � : A�X ! bX by�((a; g)) = au(g); for all a 2 A and g 2 G[�X :It is easy to check that both of these maps are continuous bijections, and �(AfG0) = bG0.We show that (�; �) : AfG! bG is a morphism of Artin-Schreier structures.Indeed, for all g1 2 G and g2 2 G[�X�((a1; g1)(a2; g2)) = �((a1 + g1a2 + f(g1; g2); g1g2)) = (a1 + g1a2 + f(g1; g2))u(g1; g2)= (a1 + u(g1)a2u(g1)�1)u(g1)u(g2) = a1u(g1)a2u(g2) = �((a1; g1))�((a2; g2)):Clearly the following diagram commutesAfG ��!�! bG� & % �G11



The isomorphism AfG! bG constructed above depends on the (arbitrary) choiceof the sections u : G ! bG and u : X ! bX. But obviously any isomorphism �0 :AfG ! bG of the extensions AfG ! G and bG ! G must be of the above form,possibly de�ned by other sections, say u0 : G ! bG and u0 : X ! bX. These de�neanother cocycle f 0 2 Z2(G; A). As in the case of group extensions (cf. [9], p. 102),f 0 � f = @(u0 � u) 2 B2(G; A).Combining the two lemmas and the observation that split extensions are isomor-phic we obtain:Proposition 3.3: The map f 7! (� : AfG!G) induces a bijection betweenH2(G; A)and set of isomorphy classes of extension of G by A. The zero of H2(G; A) correspondsto the class of split extensions.Recall ([6], Section 7) that a (�nite) embedding problem for an Artin-Scheier struc-tureG consists of a cover � : C! B of (�nite) Artin-Scheier structures and a morphism' : G ! B. Its solution is a morphism  : G ! C such that � Æ  = '. We call Gprojective if every �nite embedding problem for G has a solution, in which case everyembedding problem for G has a solution.Corollary 3.4: An Artin-Schreier structure G is projective if and only if H2(G; A) =0 for every �nite G-module A.Proof: Let ' : G ! B; � : C ! B be a �nite embedding problem for G. LetbG = C � BG and let � : bG ! G be the coordinate projection. By the properties of�bred products ([6], Lemma 4.6) ' : G ! B; � : C ! B has a solution if and only ifthe embedding problem id : G! G; � : bG! G has a solution, i.e., � splits. Thus Gis projective if and only if every extension of G by a �nite G-module splits. The restfollows from Proposition 3.3.
12



4. Special mapsLet G1 = hG1; G01; X1i and G2 = hG2; G02; X2i be Artin-Schreier structures. A mor-phism � :G1 !G2 induces continuous maps � : Gn�11 � (G1[�X1)! Gn�12 � (G2[�X2).Let Ak be a discrete Gk-module, k = 1; 2 and let �0 = A2 ! A1 be a homomorphismcompatible with �, that is�0(�(g1)a2) = g1�0(a2); for every g1 2 G1 and every a2 2 A2 :It is then easy to see that the maps Cn(�; �0) : Cn(G2; A2)! Cn(G1; A1), de�ned byf 7! �0 Æ f Æ �, constitute a homomorphism of complexes C�(�; �0) : C�(G2; A2) !C�(G1; A1), and therefore induce homomorphismsHn(�; �0) : Hn(G2; A2)! Hn(G1; A1),for every n � 0.Example 4.1: (a) Let G1 be a substructure of an Artin-Schreier structure G2, andlet A be a discrete G1-module. Thus the embedding G1 ! G2 and the identity of Ainduce the restriction resG2G1 : H�(G2; A)! H�(G1; A). Clearly, if G0 � G1 � G2 thenresG1G0 Æ resG2G1 = resG2G0 .(b) Let G be an Artin-Schreier structure, and let A be a discrete G-module. LetK be a closed subgroup of G0 normal in G. The quotient map G ! G=K togetherwith the inclusion AK ! A induce the ination infG=KG : H�(G=K;AK)! H�(G; A).Clearly, if L � K then infG=KG Æ infG=LG=K = infG=LG .Corestriction.Let H � G be Artin-Scheier structures, say G = hG;G0; Xi and H = hH;H 0; Y i,such that H is an open subgroup of G. Recall that H 0 = H \ G0, and Y = fx 2Xj d(x) 2 Hg, where d is the forgetful map of G. Let � be a set of representatives ofthe left cosets of H in G. For every x 2 X choose a �nite set �(x) of representatives ofthe double classes of hd(x)inG=H, such that:(i) if x0 2 X is near to x then the elements of �(x0) are near to the elements of �(x):(ii) �(�x) = ��(x) for every x 2 X and every � 2 G0.(To achieve this, choose a closed system X0 of representatives of G0-orbits in X. Firstde�ne �(x) for x 2 X0 so as to satisfy (i), say, by putting �(x0) = �(x) if hd(x)inG=H =13



hd(x0)inG=H. Then extend the de�nition to X by �(�x) = ��(x) for every x 2 X0 andevery � 2 G0.)Denote�1(x) =fr 2 �(x)j d(x)rH = rHg = fr 2 �(x)j d(r�1x) 2 Hg == fr 2 �(x)j (r�1x 2 Y g;�2(x) =fr 2 �(x)j d(x)rH 6= rHg :Then conditions (i) and (ii) hold also with �1 and �2 instead of �.Our choice ensures that the union 	(x) = �1(x) [ �2(x) [ d(x)�2(x) is disjointand it is a set of representatives of the left cosets of H in G.Let A be a discrete G-module. We de�ne a natural map (a; ') 7! (~a; ~') fromH0(H; A) to H0(G; A) in the following way:(1) ~a =Xr2� ra;(2) ~'(x) = Xr2�1(x) r'(r�1x) + Xr2�2(x) ra; for every x 2 X :By (i), ~' is continuous. If � 2 G0 then by (ii)~'(�x) = Xr2�1(x)(�r)'((�r)�1�x) + Xr2�2(x)(�r)a = � ~'(x) :Thus (~a; ~') 2 C0(G; A). We check that (~a; ~') 2 H0(G; A). Clearly, the de�nition of~a is independent of the choice of �, and ~a 2 AG. If r 2 �1(x) then r�1x 2 Y , hence'(r�1x) + d(r�1x)'(r�1x) = a, whence(3) r 2 �1(x) =) r'(r�1x) + d(x)r'(r�1x) = ra :As a 2 AH , we have~a =Xr2� ra = Xr2	(x) ra = Xr2�1(x) ra+ Xr2�2(x) ra+ Xr2�2(x) d(x)ra14



and thus by (3) ~a = ~'(x) + d(x) ~'(x) ;whence (~a; ~') 2 H0(G; A).As in [9], p. 136, H0(H; A)! H0(G; A) extends to a unique morphism of coho-mological functors corHG : H�(H; A)! H�(G; A).Unfortunately, the morphism H0(H; A) ! H0(G; A) depends on the choice of�(x). However, if �0(x) is another choice of representatives of the double classes ofhd(x)inG=H then for every r 2 �(x) there is h 2 H such that either rh 2 �0(x) ord(x)rh 2 �0(x). If ~'0(x) is de�ned by (2) with respect to �0(x) then ~'0(x)� ~'(x) is asum of expressions of the formrha� ra; d(x)rha� ra; rh'(h�1r�1x)� r'(r�1x); d(x)rh'(h�1r�1x)� r'(r�1x);where r 2 �(x) and h 2 H. But(a) ha = a;(b) if r�1x 2 Y and h 2 H 0 then '(h�1r�1x) = h�1'(r�1x);(c) if r�1x 2 Y and h 2 HrH 0 then h�1d(r�1x) 2 H 0, hence'(h�1r�1x) = h�1d(r�1x)'(r�1x) = h�1r�1d(x)r'(r�1x) :Therefore ~'0(x)� ~'(x) is a sum of expressions of the form0; d(x)ra� ra; d(x)r'(r�1x)� r'(r�1x) ;where r runs through �(x), whence ~'0(x)� ~'0(x) = b� d(x)b for some b 2 A. Thus byLemma 2.4 the morphisms corHG : Hn(H; A)! Hn(G; A), for n � 1, do not depend onthe choice of �(x).Proposition 4.2: For n � 1 the composed map corHG Æ resGH : Hn(G; A)! Hn(G; A)is the multiplication by (G : H).Proof: Let (a; ') 2 H0(G; A), and denote its restriction to H0(H; A) also by (a; ').Write G as hG;G0; Xi, and let x 2 X. If r 2 G0 then r'(r�1x) = '(x); furthermore15



ra = a = '(x) + d(x)'(x) for every r 2 G. Thus by (2) we can write~'(x) = Xr2�1(x) Ær'(x) + Xr2�2(x)'(x) + d(x)'(x) ;where Ær 2 f1; d(x)g. Therefore (~a; ~') = (G:H)Xi=1 (a; di') ;where di(x) 2 f1; d(x)g. But (G : H)(a; ') = (G:H)Xi=1 (a; ') :Thus the assertion follows by Lemma 2.4.Corollary 4.3: Hn(G; A) is a torsion group for every G-module A and n � 1. More-over, the order of every c 2 Hn(G; A) divides jGj.Proof: Cf. [9], Corollary II.6.7.
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5. Induced modules and spectral sequencesLet G = hG;G0; Xi be an Artin-Schreier structure. De�ne a continuous action of G onthe product space eX = X � f1;�1g by �(x; Æ) = (�x; ��Æ), where � 7! �� is the uniqueepimorphism from G onto f1;�1g with kernel G0. Let H � G and let A be a G-module.De�neC0H(G; A) = ff : G[� eX ! Aj f continuous; f(h�0) = hf(�0); h 2 H; �0 2 G[� eXg :For q � 1 de�neCqH(G; A) = ff : Gq�(G[�X)! Aj f continuous; f(�0; �1; : : : ; �q) = 0 if �i�1 = �i for some1 � i � q; f(h�0; h�1; : : : ; h�q) = hf(�0; �1; : : : ; �q); h 2 H; �0; �1; : : : ; �q�1 2 G; �q 2 G[�Xg:De�ne @ : C0H(G; A)! C1H(G; A) by(@f)(g0; g1) = f(g1)� f(g0); g0; g1 2 G(@f)(g0; x) = f(x; 1) + f(x;�1)� f(g0); g0 2 G; x 2 X;and de�ne @ : CqH(G; A)! Cq+1H (G; A) for q � 1 by(@f)(g0; g1; : : : ; gq+1) = f(g1; g2; : : : ; gq+1)�f(g0; g2; : : : ; gq+1)+� � � (�1)q+1f(g0; g1; : : : ; gq) :Then (CH(G; A); @) is clearly a complex. Moreover, let MHG (A) be the induced G-module (cf. [9], p. 142)MHG (A) = ff : G! Aj f continuous and f(hg) = hf(g) for all h 2 H; g 2 Ggon which G acts by (f)(g) = f(g); g;  2 G. Then we have:Lemma 5.1: (i) The complexes CH(G; A) and C(G;MHG (A)) are isomorphic;(ii) The complexes CG(G; A) and C(G; A) are isomorphic;(iii) HnH(G; A) � Hn(G;MHG (A)) for every n � 0.Proof: (i) The maps� : CqH(G; A)! Cq(G;MHG (A)) and 	 : Cq(G;MHG (A))! CqH(G; A) given17



(a) for q = 0 by:(�f) = (�; '); where �(�) = f(�) and '(x)(�) = f(�x; �); for � 2 G; x 2 X	(�; ') = f; where f(�) = �(�); f(x; 1) = '(x)(1); f(x;�1) = '(x)(d(x)) ;(b) for q � 1 by:(�f)(�1; : : : ; �q)(�) = f(�; ��1; ��1�2; : : : ; ��1�2 � � ��q);(	h)(�0; �1; : : : ; �q) = h(��10 �1; ��11 �2; : : : ; ��1q�1�q)(�0)are morphisms of complexes, inverse to each other.(ii) - follows from (i), since MHG (A) = A.(iii) - is a consequence of (i).Shapiro's Lemma 5.2: Let G = hG;G0; Xi be an Artin-Schreier structure,H = hH;H 0; Y i a substructure of G, and let A be a G-module.(i) There is a natural short exact sequence0! R(A)! H0(G;MHG (A))! H0(H; A)! 0 ;where R(A) is the additive group of all continuous ' : X ! A satisfying'(Y ) = 0'(hx) = h'(x) for all x 2 X; h 2 H 0'(hx) = �h'(x) for all x 2 X; h 2 HrH 0 :(ii) There is a natural isomorphism Hn(G;MHG (A)) � Hn(H; A) for each n � 1.Proof: (i) We may replace H0(G;MHG (A)) by H0H(G; A) = Z0H(G; A). Furthermore,Z0H(G; A) may be naturally identi�ed with the additive group D0 of all pairs (a; '),where a 2 AH and ' : X ! A, such that for all x 2 X(1) '(hx) = h'(x) for all h 2 H 0(2) '(hx) + h'(x) = a for all h 2 HrH 0 :18



Indeed, let f 2 Z0H(G; A). Put a = f(1) and de�ne ' : X ! A by '(x) = f(x; 1).Then (a; ') 2 D0, since:(a) We have 0 = (@f)(1; g) = f(g) � f(1), hence f(g) = a for all g 2 G. Butf(hg) = hf(g), for all g 2 G; h 2 H, hence a 2 AH .(b) '(hx) = f(hx; 1) = f(h(x; 1)) = hf(x; 1) = h'(x) for all x 2 X and h 2 H 0.Furthermore 0 = (@f)(1; x) = f(x; 1) + f(x;�1)� a. Thus for h 2 HrH 0 we get'(hx) = f(hx; 1) = f(h(x;�1)) = hf(x;�1) = ha� hf(x; 1) = a� h'(x) :The map Z0H(G; A)! D0 is clearly injective; its inverse is given by (a; ') 7! f , wheref(g) = a for all g 2 G, and f(x; 1) = '(x) and f(x;�1) = a� '(x).Note that if (1) holds then (2) is equivalent to(20) '(�x) + �'(x) = a for some � 2 HrH 0 :(If � 2 HrH 0 satis�es (2') then for every h 2 H 0'(h�x) + h�'(x) = h('(�x) + �'(x)) = ha = a :But HrH 0 = �H 0, hence we get (2).) In particular, if x 2 Y then we may take � = d(x),and hence (2') is equivalent to(200) '(x) + d(x)'(x) = a :This permits us to de�ne a map D0 ! H0(H; A) by (a; ') 7! (a; resY ').To show that D0 ! H0(H; A) is surjective, we may assume that G is �nite, sinceG is an inverse limit of �nite Artin-Schreier structures. Let (a; ') 2 H0(H; A). Wehave to extend ' : Y ! A to a function ' : X ! A satisfying (1) and (2) for all x 2 X.This is possible, since H acts �xed-point-freely on XrY .Finally, the kernel of D0 ! H0(H; A) is clearly R(A).(ii) Let 0! A! B ! C ! 0 be an exact sequence in Mod(H). Then0! R(A)! R(B)! R(C)! 019



is also exact. Hence the top and the bottom row in the following commutative diagramare exact. 0 0 0# # #0! R(A) ! R(B) ! R(C) ! 0 ! 0 ! � � �# # # # #0!H0(G;MHG (A)) ! H0(G;MHG (B)) ! H0(G;MHG (C)) Æ�!H1(H; A) ! H1(H; B) ! � � �# # # # #� � � id id0! H0(H; A) ! H0(H; B) ! H0(H; C) Æ!H1(H; A) ! H1(H; B) ! � � �# # # # #0 0 0 0 0By (i) the columns are exact, hence the middle row is also exact.This shows that(H0(G;MHG (�)); H1(H;�); H2(H;�); � � �)is a cohomological functor on Mod(H); by Lemma 2.3 it is e�aceable by the injectivesof Mod(H). But if A 2 Mod(H) is injective, then MHG (A) is injective in Mod(G)([9], Proposition II.7.3), hence Hn(G;MHG (A)) = 0 for n � 1 (Lemma 2.3). Thus thecohomological functor H�(G;MHG (�)) is also e�aceable by the injectives of Mod(H).Therefore our assertion follows from [9], Theorem II.5.5 and Corollary II.5.7.Let G = hG;G0; Xi be an Artin-Schreier structure and A a G-module. Let N bethe substructure of G de�ned by a closed normal subgroup N of G. Consider the actionof G on CqN (G; A), for q � 0, given by(�f)(�0; �1; : : : ; �q) = �f(��1�0; ��1�1; : : : ; ��1�q); f 2 CqN (G; A); � 2 G :Clearly �f = f for � 2 N , hence the above induces a G=N -action on CqN (G; A).Since this action commutes with the coboundary map @; G=N also acts on the groupsHqN (G; A). By Lemma 5.1 and Lemma 5.2, HqN (G; A) � Hq(N; A) for q � 1.20



We haveHq(G=N;CpN (G; A)) = 0 for q > 0. Indeed, given f 2 Cq(G=N; CpN (G; A)),i.e. a homogenous function f : (G=N)q ! CpN (G; A), such that @f = 0, de�ney 2 Cq�1(G=N;CpN (G; A)) in the following way. If p = 0, choose a closed systemX0 of representatives of the G-orbits in eX, and puty(�0; : : : ; �q�1)(�) = f(�0; : : : ; �q�1; �)(�)y(�0; : : : ; �q�1)(� ~x) = f(�0; : : : ; �q�1; �)(� ~x); � 2 G; ~x 2 X0:If p > 0, de�ne y as in [9], Lemma III.5.2y(�0; : : : ; �q�1)(�0; : : : ; �p) = f(�0; : : : ; �q�1; �0)(�0; : : : ; �p) :It is easy to see that @y = �f .Therefore (cf. [9], Theorem III.5.3) we get:Theorem 5.3: There exists a spectral sequence E such thatEp;q2 � Hp(G=N;Hq(N; A))for q > 0, and Ep;q2 ) Hn(G; A).6. Cohomological dimensionDefinition 6.1: Let G be an Artin-Schreier structure and p a prime number. Wewrite cdp(G) = n if n is the smallest nonnegative integer such thatHq(G; A)(p) = 0 for all q > n and all torsion G-modules A.If no such n exists we write cdp(G) =1. We also put cd(G) = supp cdp(G).Proposition 6.2: The following conditions are equivalent:(i) cdp(G) � n;(ii) Hn+1(G; A) = 0 for all p-primary G-modules A;(iii) Hn+1(G; A) = 0 for all �nite G-modules A annihilated by p;(iv) Hn+1(G; A) = 0 for all �nite simple G-modules A annihilated by p.Proof: Follow the proof of [9], Proposition IV.1.5, (keeping in mind that every �nitesimple p-primary G-module A 6= 0 is annihilated by p, since pA is a proper G-submoduleof A). 21



Proposition 6.3: Let H � G be Artin-Schreier structures and p a prime number.Then cdp(H) � cdp(G). Moreover, equality holds in either of the following cases:(1) p does not divide (G : H);(2) H is open in G and cdp(G) <1.Proof: See the proof of [9], Proposition IV.2.1. Use Proposition 4.2 for (2).Corollary 6.4: Let Gp � G be the Artin-Schreier structures such that Gp is a p-Sylow subgroup of G. Then cdp(G) = cdp(Gp) = cd(Gp).Corollary 6.5: Let G = hG;G0; Xi be an Artin-Schreier structure. If p is odd orX = ; then cdp(G) = cdp(G).Proof: WriteGp as hGp; G0p; Y i. In both cases Y = ; (if p is odd there are no involutionsin Gp), hence cdp(Gp) = cdp(Gp) by Remark 2.1. Apply Corollary 6.4.Example 6.6:(a) Let G = hG;G0; Xi be an Artin-Schreier structure such that G is a pro-2-group. Then cd2(G) = 0 if and only if G = 1 (and hence X = ;) or jGj = 2, jXj = 1.Indeed, by Proposition 6.2, cd2(G) = 0 if and only if H1(G;Z=2Z) = 0. Letf : G[�X ! Z=2Z be a continuous map. Then@f ,f(�z) = f(�) + f(z) for all � 2 G and all z 2 G[�X,resGf is a homomorphism; f(d(x)) = 0 and f(�x) = f(�) + f(x)for all � 2 G0 and all x 2 XThusZ1(G;Z=2Z) =ff : G[�X ! Z=2Zj f is continuous; f(1) = 0 and @f = 0g=Hom(G=N;Z=2Z)� ff : X0 ! Z=2Zj f is locally constantg ;where N is the smallest closed normal subgroup of G containing d(X), and X0 is aclosed system of representatives of the G-orbits in X.Furthermore, it is easy to see that under this identi�cationB1(G;Z=2Z) = 0� ff : X0 ! Z=2Zj f is constantg :22



Therefore Z1(G;Z=2Z) = B1(G;Z=2Z) if and only if Hom(G=N;Z=2Z) = 0 and jX0j �1. Since G is a pro-2-group, the �rst condition means that G = N , and hence G =hd(X0)i; if also X0 = ; then G = 1; if jX0j = 1 then jGj = 2. Thus H1(G;Z=2Z) = 0 ifand only if either G = 1 or jGj = 2 and jXj = 1.(b) Let G = hG;G0; Xi be an Artin-Schreier structure such that jGj = 2. Thencd2(G) = 0 if jXj = 1, and cd2(G) =1 otherwise.Indeed, let C denote the group of continuous maps from X into Z=2Z and let C0denote the subgroup of constant maps. Write G = f1; "g. Then C0(G;Z=2Z) = Z=2Z�C by de�nition, and Cq(G;Z=2Z)� Z=2Z� C for q � 1, the isomorphism being givenby f 7! (a;  ), where a = f("; : : : ; ") and  (x) = f("; : : : ; "; x). Furthermore, underthis identi�cation the coboundary map @ : Cq(G;Z=2Z)! Cq+1(G;Z=2Z) is given by(a;  ) 7! (0; �a), where �a is the constant map of value a. Thus Zq(G;Z=2Z) = C, andBq(G;Z=2Z) = C0, for q � 1. Note that C = C0 if and only if jXj = 1, hence theassertion follows from Proposition 6.2.Corollary 6.7: Let G = hG;G0; Xi be an Artin-Schreier structure. If cd2(G) < 1then the forgetful map d : X ! G is a bijection of X onto the involutions of G.Proof: Let " 2 G be an involution. The Artin-Schreier substructure H of G de�ned byh"i satis�es cd2(H) <1 by Proposition 6.3. We have jd�1(")j = 1 by Example 6.6(b).Corollary 6.8: (i) Let p be an odd prime. Then cdp(G) = 0 if and only if p doesnot divide jG0j.(ii) cd2(G) = 0 if and only if 2 does not divide jG0j and the forgetful map of G is abijection of X onto the involutions of G.Proof: (i) cdp(G) = cdp(G) by Corollary 6.5. By [9], Corollary IV.2.3, cdp(G) = 0 ifand only if p does not divide jGj, i.e., p does not divide jG0j, since (G : G0) is prime top. (ii) By Corollary 6.4 we may assume thatG = G2 and then apply Example 6.6(a).
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7. An application to algebraic extensions of QLet G be a pro�nite group such that the set X of involutions in G is closed in G. Wesay that G is real projective (cf. [6], p. 472) if for every epimorphism � : B ! A of�nite groups and every continuous homomorphism ' : G! A there exists a continuoushomomorphism  : G ! B such that � Æ  = ', provided that for every x 2 X suchthat '(x) 6= 1 there exists an involution b 2 B such that �(b) = '(x).The concept of cohomological dimension of Artin-Schreier structures may be usedto characterize real projective groups.Proposition 7.1: A pro�nite group G in which the setX of involutions inG is closed isreal projective if and only if there exists an open subgroup G0 of G such that (G : G0) � 2and G0 \X = ;, and for every (or for some) such G0G = hG;G0; Xiis an Artin-Schreier structure and cd(G) � 1. (Here G acts on X by conjugation. If G isthe absolute Galois group of a �eld K, this is the result announced in the introduction.)Proof: By Proposition 3.4 and Proposition 6.2, and Artin-Schreier structure G is pro-jective if and only if cd G � 1. Apply this to [6], Proposition 7.7.Our next aim is to determine the cohomological dimension of the absolute Artin-Schreier structures of algebraic extensions of Q .Proposition 7.2: Let G be an Artin-Schreier structure and let N be a normal closedsubgroup of G. Let p be a prime. Thencdp(G) � cdp(N) + cdp(G=N) :Proof: This follows from Theorem 5.3. Cf. [9], Proposition IV.2.6.Theorem 7.3: Let K be an algebraic extension of Q , and let p be a prime number.Then cdpG(K) = 0; 1 or 2. More precisely,(i) cdpG(K) = 0, p1-[ eK : K]. 24



(ii) cdpG(K) = 1, p1 j [ eK : K] and p1j[Kv : Qv ] for every non-archimedian placev of K.(iii) cdpG(K) = 2 , p1 j [ eK : K] and p1-[Kv : Qv ] for some non-archimedian placev of K.Proof: We may assume that p = 2 and K is formally real (i.e., X( eK=K) 6= ;); otherwisecdpG(K) = cdpG(K) by Corollary 6.5, and the theorem coincides with [9], TheoremIV.8.8. It follows from the Artin-Schreier theory that the forgetful map of G(K) isa bijection of X( eK=K) onto the involutions in G(K) = Gal( eK=K). Denote K 0 =K(p�1).(i) By Corollary 6.8, cd2G(K) = 0 if and only if 2-[ eK : K 0]. This is equivalent to21-[ eK : K 0], since G(K 0) is a torsion free group.(ii) The condition on the right side does not change if we replace K by K 0, andtherefore by [9], Theorem IV.8.8, is equivalent to cd2G(K 0) = 1. In the view of (i) wehave to show that cd2G(K) � 1 if and only if cd2G(K 0) � 1. To this end we may, byCorollary 6.4 and [9], Corollary IV.2.2, replace G(K) by its Sylow 2-subgroup, and thuswe have to prove that cd G(K) � 1 if and only if cd G(K 0) � 1. By Proposition 7.1cd G(K) � 1, G(K) is real projective, cd G(K 0) � 1 ([5], Theorem 6.1).(iii) By (i) and (ii) it suÆces to show that cd2G(K) � 2.Without loss of generality [K : Q ] < 1. By [9], Lemma IV.8.7 there is a Galoisextension L=K such that G(L=K) = Z2 and 21j[Lv : Kv] for all non-archimedian v onL. By (i) and (ii), cd2G(L) � 1. One knows that cd2Z2 = 1. Thus cd2G(K) � 2 byProposition 7.2.
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