POWER FUNCTION ON STATIONARY CLASSES

MOTI GITIK AND CARMI MERIMOVICH

ABSTRACT. We show that under certain large cardinal requirements there is a
generic extension in which the power function behaves differently on different
stationary classes. We achieve this by doing an Easton support iteration of
the Radin on extenders forcing.

1. INTRODUCTION

This work is part of the general project to understand all possible behaviors of
the power set function according to the size of large cardinals in the core model.
We deal here with the power function below a strongly inaccessible cardinal or just
globally. Usually, there is a club subset with the power function having a uniform
behavior along it, see [2, 3, 14]. It is natural to ask if a uniform behavior on a club
is necessary. For a singular of uncountable cofinality there are limitations posed
by the Silver Theorem. Also [11] provides additional limitations. The present
work answers the above question negatively and provides a method of constructing
models with different behavior of the power function on different stationary subsets
of an inaccessible or on different stationary classes. In [6] other methods are used
to deal with the same situation but below a singular of uncountable cofinality.

We demonstrate some possibilities by proving the following theorems.

Theorem 5.1. Let & < k be regular cardinals in K (the core model) and &€ ¢ w—{0}.
Suppose that the set {\ < k| o(A) = \TT+E&} is stationary. Then there is a cardinal
preserving generic extension of K in which the sets

<22 =2 and (FA=E€if E#0 or cfA=w if € =0)}
and

N<r|2=2T and (FEAX=EifE#0 or cfA=w if € =0)}
are stationary.

A similary result is possible if & is replaced by On:

Theorem 5.2. Let & be a regular cardinal in K and § ¢ w — {0}. Suppose that
{A € Cn|o(N\) = AT +£} is a stationary class. Then there is a cardinal preserving
class generic extension of K in which the classes

NelCn|22 = " and (cfFA =€ if €40 or cfA=w if € =0)}
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and
heCn|22 =XT and (FEA=EifE#0 or cfA=w if £ =0)}
are stationary.
By the results of [10], the above theorems are optimal for each & # w;.

Theorem 5.3. Let k be a reqular cardinal in K. Suppose that {\ < k | o(A\) =
AT3 + 1} s stationary. Then there is a cardinal preserving generic extension of K
in which the sets

IN<k|cfA=w, 28 =21},

AN<hr|cfd=w, 22 =TT
and

A<k|cfA=w, 22 =2T3)
are stationary.

Theorem 5.4. Suppose that {\ € Cn | o(\) = A3+ 1} is a stationary class. Then
there is a cardinal preserving class generic extension of K in which the classes

{AeCn|ctA=w, 22 =T},
AeOn|cfr=w, 22 =TT},
and
A€ On|cfd=w, 2> =173}
are stationary.
By [10] the assumptions are almost optimal.

Theorem 5.5. Let k be a regular cardinal in K. Suppose that for each & < Kk the
set {\ < K | o(\) = A3 + &} is stationary. Then there is a cardinal preserving
generic extension of K in which {\ < k| 2% = AT or X is regular} is nonstationary
and both sets {\ < k| 2* = AT} and {\ < K | 2% = AT3} are stationary.

Theorem 5.6. Suppose that for each € € On, {£ <A < Kk |o(\) = A3+ &} isa
stationary class. Then there is a cardinal preserving class generic extension of K
in which {\ € Cn | 2* = AT or X is reqular} is a nonstationary class and both sets
{Ae On|2* =TT} and {\ € Cn| 2> = A3} are stationary classes.

By [10] the assumptions are optimal.

The structure of this work is as follows: In section 2 we review the needed
results from the Easton iteration of Prikry type forcing notions theory. In section
3 we review facts about extenders, and the Prikry on extenders forcing notion. In
section 4 we present the iteration of the Radin on extenders forcing notion. Section
5 presents the usage of the iterated forcing to control the power set function on
stationary sets.

The notation we use is standard. We assume fluency with forcing (p < ¢ means
p is stronger than ¢), iterated forcing, and large cardinals methods (namely, exten-
ders, ultrapowers, and their elementary embeddings).
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2. THE EASTON ITERATION

The Easton iteration of Prikry type forcing notions was introduced in [7], and
appears in a simplified form in [5]. In this section we review results from [5] used
in the current work, stripped down to the special cases we need. We refer to [5] for
the proofs.

Definition 2.1. The forcing (P, <) is called of Prikry type if there is auxiliary
partial order (P, <*) such that
(1) <rc<.
(2) (Prikry Condition) For each p € P and o a formula in the P-forcing lan-
guage, there is p* <* p such that p* ||p o.
When we refer to the forcing notion (P, <, <*)’, we mean that P is of Prikry type
in the above sense. Namely, we force with (P, <) and <* is the auxiliary order.

Note that, trivially, (P, <, <) is of Prikry type.

Definition 2.2. The Easton iteration of Prikry type forcing notions, (Png |
a < Kk, < K), is defined as follows: For each o < Kk, p € P, is of the form
p= (pg | B € s) where
(1) sCa.
(2) (Easton support) For each § < « inaccessible [s N G| < S.
(3) VB € splB=(py|v€EsnP)E P
(4) VB € slFp, "(Qp, <, <*) is of Prikry type .
(5) VB € splBlrp, "Ps € Qs
We call s the support of p and write supp p for it.

Definition 2.3. For p,q € P, we say p <* ¢ (p is a Prikry extension of ¢) if

(1) suppp 2 suppg. ) ]
(2) Ya € suppq plalbp,  pa gz.?a (o -

Definition 2.4. For p,q € P, we say p < ¢ (p is an extension of q) if
(1) suppp 2 suppgq. _ ]
(2) Ya € suppg plaltp, pa <, da -

(3) [suppg ~ {a € suppq | plalFp, "Pa <5 da '} < No.
Q(N

Lemma 2.5. Assume <Pa,Q5 | & < k, B < K) is an Easton iteration of Prikry
type forcing notions. Assume p € P, and let o be a statement in the Py-forcing
language. Then there is p* <p p such that p* ||p, o.

That is, (P, <p,, <p.) is of Prikry type.
The following definition is from the general theory of iterated forcing.
Definition 2.6. Assume (P,, Qs | o <k, § < k) is an iteration, and 0 < a < k.
(1) If p € P, then p, = plle, k). We consider p, . to be a Py-name.
(2) P, is the P,-name satisfying
bp, "7 € Pyn < VpeP,3q<p pqlalp, "qor=1"
(3) The order <p on P, . is defined by

-

p SP,{C q — pfOé ”_Pa rpoz,n Spa q.a,n .

N
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The Prikry ordering on P, induces an ordering on Paﬁ:

Definition 2.7. The order S} on Pa,,{ is defined by

P<p. q, Y8 Esuppg~aplflp, ps < a5’ =
pfOé ”_Pa rpa,n S};ﬁ . 404,/{ .

Claim 2.8. Assume (P,, Qg | a < K, 8 < k) is an Easton iteration of Prikry type
forcings such that Vo < k Ibp, "(Qa, <*) is a-closed'. Then all cardinals X\ > k
are preserved.

Claim 2.9. Let x be Mahlo cardinal, and assume <Pa,Q5 | o < K, B<K)is an
FEaston iteration of Prikry type forcing notions. Then P, satisfies the k-cc.

3. EXTENDERS, THE PRIKRY ON EXTENDERS FORCING NOTION
3.1. k-Extenders.

Definition 3.1. Let j : V — M be an elementary embedding. The generators of
j are defined by induction as
Ko = crit(j),
ke =min{\ € On |V <&EVu e OnVf:p— On j(f)(ke) # A}
If the induction terminates, then we have a set of generators for j:
8(j) = {re | € <€),

The measures in this work are not on crit(j) but on functions taking values inside
crit(j). These objects are named OB in this work.

Definition 3.2. Assume d € [j(x)]=" and x € d. Then v € OB(d) <=
(1) v:domv — k.
(2) kK € domv C d.
(3) v < v(k).
(4) Yo, B € domv a < f = v(a) < v(B).

In the following definition of extender we note that the interesting case is when
Ug(j) = erit(s)*+.

Definition 3.3. Assume j:V — M D M" is an elementary embedding, crit(j) =
k, and g(j) C j(k). The k-extender E derived from j is the system

(B(d) | € de [j(R]=), (Taya, | di,d2 € [j(K)]Z", K € di C da))

where for each x € d, dy,ds € [j(k)]=%, and & € d; C da,
(1) A€ E(d) —
(1.1) A C OB(d).
(1.2) {((@),; ) | a € d} € j(A).
(2) Tdy.4, : OB(d2) — OB(dy) is defined by g, 4, (A) = {v|dy | v € A}.

Given E, a k-extender, we let jg : V. — M ~ Ult(V, E) be the corresponding
elementary embedding.

We use the objects OB and not just & in order to solve a technicality appearing
in the Radin on extenders forcing. That is, if we have a long enough coherent
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sequence of extenders, and a large set in the sense of all of them, then we cannot
know from which extender a specific point from this large set was taken. Hence
we will not be able to use the projection of the right extender. Our solution is
to use OB, where each ‘point’ is in fact a function. This function contains all the
information we need from the extender, that is the projection and where to project.

Assume d € [j(k)]=". As usual, a set T C OB(d)<“ ordered by end-extension
and closed downwards is called a tree. We use the following notation for a tree 7"

Vn <w Lev,(T) = {(vo,...,vn) | (Vo,.-., ) €T},
Ttngyeon) = LW0s -+ svm) | B <w, (po,-- s ftn, V0, -+, vk) € T},
Sucr (v, .- Vn) =4V | {vo,- .., Vn,v) € T}
For our purposes we need special trees called F(d)-trees:
Definition 3.4. Assume d € [j(k)]<F. A tree T of height w is an E(d)-tree if
Y{vg,...,vp—1) € T Sucr(vg,...,vx—1) € E(d)

and for each (v) € Ty, 0y 1)
(1) domwvg_1 C domw.
(2) Va € domvg_1 vp—1(a) < v(a).
(3) Y{u) € Ty, vy V(k) < p(k) = domv C dom p.
Note that we use the convention Sucy() = Levo(T).

Definition 3.5. Assume T, T, are E(d), E(d’)-trees, respectively, and d' C d.
Then
Wd,d/(T) = Trd/ = {<Z70 fd/, RN 7| Fd/> | <l70, RN l7k_1> S T},
77;5, (T/) = {<l70, ey l7k_1> S OB(d)k | <DO rd/, R 7 | rd/> S T/}
3.2. The Prikry on extender forcing notion. We review the definition and
basic facts about the Prikry on extender forcing notion [9]. The form of the forcing
we give is a simplification of the presentation in [15].
Assume j: V — M D M*, crit(j) = &, g(j) C j(x), and let E be the x-extender
derived from j.
We begin by defining the forcing notion (P}, <*):
Definition 3.6. f € P4 iff f:d — [x]<“ is such that
(1) d € [j(r)]="
(2) ked.
P%, is equipped with the partial order f <* g <= f D g. (Note that (P}, <*) is
the Cohen forcing adding |j(k)| subsets to ).

Definition 3.7. A condition p in Pg is of the form (f,T), where

(1) fePy.
(2) T is an E(dom f)-tree.

We write suppp, fP, and TP, for dom f, f, and T, respectively.
Definition 3.8. Let p,q € Pr. We say that p is a Prikry extension of ¢ (p <* q or
p<q) if

(1) suppp 2 suppg.
(2) fPIsuppq= fe.
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(3) TsupppsuppqI? S T
Definition 3.9. Let ¢ € Pg and (v) € T9. We define g,y € Pg to be p where
(1) suppp = suppg.
(2) Va € suppp fP(a) =
_ a
(3) TP =T¢,.

When we write q(,,,...,.,) We mean (--- (q<,,0>)<,,1> A )<,,k>.

f1(0) ~ (w(a) o € domy, v(a) > fi ().
fi ) Otherwise.

Definition 3.10. Let p,q € Prz. We say that p is a 1-point extension of ¢ (p <! q)
if there is (v) € T such that p <* q(,.

Definition 3.11. Let p,q € Pr and n < w. We say that p is an n-point extension
of ¢ (p <™ q) if there are p", ..., p° such that

p:pnélglpozq

Definition 3.12. Let p,q € Pg. We say that p is an extension of ¢ (p < ¢) if there
is n < w such that p <" q.

The properties of Pg we need are summarized in the following theorems. The
reader is referred to [9] or [15] for the proofs.

Theorem 3.13. (1) (Pg,<,<*) is of Prikry type.
(2) (Pg,<*) is k-closed.
(3) IFp, " (k1)v is a cardinal .
(4) Pg satisfies the k1 -cc.

Theorem 3.14. Let G be Pg-generic. Then in V]G]

(1) No cardinals are collapsed.

(2) cfk =w.
(3) No bounded subsets are added to k.
(4) 28 = j(x)].

4. THE EASTON ITERATION OF THE RADIN ON EXTENDERS FORCING

This section is modeled after section 3 of [7]. The major change is that instead
of the measures used there we use extenders. The main theorem iterates the Radin
on extenders forcing notion [13] along a Mitchell style (i.e., using double indexing)
coherent sequence of extenders.

The next definition adopts the general notion of coherency [16, 17] to our con-
text. Note the last requirement is a restriction of the sequence to non-overlapping
extenders.

Definition 4.1. A function F is called a coherent sequence of (non-overlapping)
extenders if

(1) dom E = {(k,&) | & < 1(E), ¢ < o¥(k)}, where 1(E) is an ordinal and
of :1(E) — On.

(2) V(k,€) € domE E, ¢ is a k-extender, and j.¢ : V — M, ¢ ~ Ult(V, E, ¢)
is the corresponding natural embedding.

(3) Jue(0") (k) =€ and for each & < &, jue(E)pe = Eqer.
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(4) VK1 < ko < 1(E)
OE(m) < Ko,

SUP  jiy ¢ (K1) < Ko
§<0P (k1)
Since dom E consists of pairs of ordinals and we need to access the first coordinate
from time to time, we use the notation dom' E for the projection of dom E to the
first coordinate.

Theorem 4.2. Let E be a coherent sequence of extenders such that
V{k,§) €edom E 3fe 1k — K
sup §(jn,e) < Jne(fe)(w) < min((dom’ jue(E)) \ (5 + 1))

Then there is a cardinal preserving generic extension in which

Vi € dom' E 2% = sup |j.e(w).
£<0P (k)
Proof. The forcing notion we use is the Easton iteration of the Radin on exten-
ders forcing notion. The proof is by induction on the length of the iteration
k<U dom! E.

e x =0: As usual Py =1 and there is nothing to prove.

e k is a limit ordinal: If {a < & |IFp, "Q4 # 1"} is bounded in x, then there is
an « < k such that P, ~ P, and there is nothing to prove. So we assume this is
not the case.

Let G, be a Py-generic filter, and set Vo < k G, = G, N P, (hence for each
a < K, G4 is a P,-generic filter). By the induction hypothesis we have for each
a < K,

VIGo] E'VA€dom ENa 28 = sup [ine(N)]
£<oB(N)

and
V and V[G,] have the same cardinals.
Let A € dom' E N k. Pick a < & such that A\ < a. Then P, = P, * P,_,. Since
IFp, (P, <, <*) is of Prikry type,
and
Fpy " (Pas, <%) is |af-closed ',

the forcing Pa,,ﬁ does not collapse cardinals below «, nor does it change (2’\)‘/[@&].
Hence V[G,] E "2} = SUPg<oB(n) lixs(V)] .

Since for each a < k, V[G] and V[G,] have the same cardinals below «, we get
that no cardinal below & is collapsed in V[G,].

Cardinal above k are not collapsed by the general Easton iteration theory. Hence
V and V[G,]| have the same cardinals.

erx+1: Ifk ¢ dom! E then we set QK =1 and P41 = P, * Qm thus there is
nothing to prove.

So, we are left with k € dom® E: We would have liked to let Q,. be the P,-name
of the Radin on extenders forcing with the extenders (E, ¢ | £ < 0o®(k)). However,
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after forcing with Py, the extenders E, ¢ measure no longer all subsets of OB. We
begin by finding a good enough replacement for the lost extenders. So, Let G, be
a P,-generic filter.

Lemma 4.2.1. Leti:V — N ~ Ult(V, E, o({k})) be the natural embedding. Then
there is a <*-decreasing sequence <;bév’0 | ¢ < k) C N such that if D € N is a
PN _name of a dense open subset of (i(P,)/PN,<*), where

(P € <i(r) = i((Pe | € < R)),
then there is ¢ < k™ such that I-p "pee D"

Proof. Observe that V§ < k P = PgN, and that QY = 1 since x ¢ dom'i(E).

Let (A¢ | ¢ < £T) be an enumeration of all PN-names of maximal anti-chains of
(i(P,)/PN,<*). Since for each ¢* < kT we have that

(Ac|¢< () eN,

I-px "(i(P.)/PN, <, <*) is of Prikry type
and

I-py "(i(P,)/PN,<*) is wt-closed |,
the sequence <pé\”° | ¢ < kT) can be constructed by induction. O
Definition 4.2.2. Using 4.2.1 we fix a sequence <ﬁév’0 | ¢ < k™) and call it a
master sequence for Ult(V, E, o({k})).

Lemma 4.2.3. Let j.o:V — M, o~ Ult(V,Ey ) be the natural emb_edding. Then
there is a <*-decreasing sequence <p2 | ¢ < k') C Mo such that if D € My is a
PM* _name of a dense open subset of <j,{,0(PK,)/P,£VI"’O, <*), where

(Pe™ 1€ < no(R)) = dro((Pe | € <)),
then there is ¢ < k+ such that H_Pi”"‘” rpg eD".
My.,0

Proof. Observe that V§ < k Pe = P, "7, and OM=0 — 1 since & ¢ dom' j, o(E).
We factor j,. o through the normal measure as follows:

V— > M~ Ult(V, E.o)

Zl k([fD=dr,0(f)(x)

N =~ Ult(V, E,.0({x}))

Let D € M, be such that
“_P:/I"’O "D is a dense open subset of (j. o(Py)/PM=0, <*)".
Pick a € g(E. ) and f € V such that j. o(f)(e) = D. Let
' = min((dom" j. o(E)) \ %).
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Then Ik a1, 0 "(jro(Pe)/PM <*) is k'-closed . Pick g € V such that j. o(g)(k) =

' (Namely, for each inaccessible ¢ < & set g(¢) = min(dom' E \ ¢)). Since

sup g(Ex,0) < jr,0(fo)(k) < k', we have in particular o < j..0(fo)(k) < jr,0(9)(K).
Thus reflection to V' yields

{a} x {¢ <k | ¢ < folma,k(Q),
Fp

o (O "f(¢) is a dense open subset of (Pe/Pr. .(c)»<")s

<PN/P7\'(,,,¢(C)a §*> is g(ﬁa,n(g))'dosedj} € EN,O({Q})'
Noting the existence of X € E, o({k}) such that

V(k, (1), (K, C2) € X [C1, fo(Ca)] N [Cas fo(C2)] = 0,
U (CafO(C)) S Em,O(a)a

(k,()EX

we can define a function f*: X — V such that

V(k,¢*) € X Irp. "f(C) =[O | Tam(Q) =C*, C€ (¢ folC))}

Hence
{r} x{¢" <k |[IFp. "f*(¢*) is a dense open subset of (P, /P, <*),

(€€ (¢ fo(¢), ¢ =man(C) = [(¢T) CF(Q)} € Erol{r}):
That is

I a0 "jeo(f*) (k) is a dense open subset of (j, o(P,)/PM=0, <*)",
and

IF oo G0 (7)) S Jro(f)(a) -
Retreating to N ~ Ult(V, E, o({k})) we get

K =

I-pn "i(f*)(k) is a dense open subset of (i(P,)/PN,<*)".

Thus there is ¢ < k™ such that IFpw " évo €i(f*)(xk)". Sending the last equation
along k yields I .o k(D) € o (F7)(K) C dro(f)(@)". O

Definition 4.2.4. Using 4.2.3 we fix a sequence <p2 | ¢ < k), and call it a master
sequence for M, o ~ Ult(V, Ey o).

The first extender, E, o, is different from all other extenders E, ¢ (£ > 0) as we
can lift it to an extender in V[G,] as we show now.
The following definition makes sense since the master sequence <p2 | ¢ < k™) is

<*-decreasing, j P = Py, and ji o(Px) ~ P *j,{yo(PK)/Péw“"’. Note that:

(1) On the one hand, P, has added subsets to j. (%), hence there are ultrafil-
ters which have no ‘original’ in the ground model.

(2) On the other hand each new set in [j, o(x)]=" is contained in an old set of
[jx.0(k)]=". So we really do not need these orphan ultrafilters.
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Definition 4.2.5. Assume pl-p, "d € [j.0(r)]="". We define E, o(d) as follows:

(plFp, "A C OB(d)" and
3¢ < kT p’\pg I o(P) r{<j,‘€,o(oz),0¢> | a € d} S jmo(/l)j) =
plkp, "A € E,o(d) .
Claim 4.2.6. Assume p IFp, "d € [juo(k)]<" and A C OB(d)". Then there are
p* <p pand (< &t such that p* “pg \\j&o(pn) r{<j,.i70(01)704> |aed}e jm,o(A)j.

Proof. Set D ={r € juo(Pe) | 7 [lj.op0) {{ro(a),a) |ac d} € jro(A)"}. Since
P, is of Prikry type, D is dense open in (jx o(Ps), <*). Thus D/P, is a name of a
dense open subset of (ji. o(Py)/Ps, <*). Hence there is ¢ < kT such that IFp, rpg €

D/P,". This means I-p_ "p2 |;, opy/p.  {Uro(@),@) | @ € d} € jro(A)"". Using
the Prikry property we find p* <% p such that

P 7 B oo {lno(e).a) |a € d} € jro(A)"

Corollary 4.2.7. Assume plrp, "d € [juo(k]=") and A C OB(d)". Then
(1) plrp, "A€ Epo(d)’ <
A<kt p “pg I o(Po) r{(j,sﬂwo(a),o& | € d} € j,.;}o(A)j.
(2) plrp, "A¢ Byo(d)' <
<t p7 BN, opo {Uno(a),a) [a € d} ¢ juo(A)"

Proof. The (<) direction is immediate from the definition. We prove the (=)
direction.

(1) Assume plFp, "A € E, o(d)": This means that there exists X, a maximal
anti-chain below p, such that for each ¢ € X there is ¢, < k* such that

g7 P i op {(so(a), ) | a € d} € jiro(A)'. We set ¢ = U,ex Co-
Since | X| < k we get ¢ < k1. Thus

p/\pg H_jn,o(PH) r{<.jf~@,0(0‘)704> | (CBS d} € jn,O(A)j'

(2) Assume p Ikp, "A ¢ E,. o(d)": Necessarily, if ¢ <p, p and ¢ < s, then
q“pg Wi, o) r{(jmo(a),a) | o € d} € jH}O(A)j. Invoking 4.2.6, we
construct X, a maximal anti-chain below p, such that for each ¢ € X, there
is ¢, < w+ such that ¢ = 52 by ym {Uieo(0).a) | o € d} ¢ juo(d)".
We set ¢ = U, ex G- Since |X| < &, we have ¢ < x*. Thus

P B I op {no(a),a) [ € d} ¢ jro(A)"

Claim 4.2.8. Assume lFp, "d € [ju.o(k)]="". Then
bp, " Ero(d) is a k-closed ultrafilter on OB(d) .

Proof. We prove the four conditions showing EN,O(d.) is a k-complete ultrafilter.
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(1) Assume p IFp, "A C OB(d) and A ¢ E, o(d)": Then there is ¢ < x*
such that p = p? Ik (p) {ro(a),a) | a € d} ¢ je.o(A)'. That is
pApg =5, 0Py r{(j,ﬁ’o(a),a) | a € d} € OB(d) \j,i,o(A)j. Hence

plkp, "OB(d)\ A € E, o(d) .

(2) Assume A < s and plFp, "V < X\ A, € Ey o(d)": That is, for each u < X

there is ¢, < k1 such that
P B, oy {Uso(a),a) | a € d} € juo(Ay) .

Let ( = U,K)\ Cu- Then

P B, o(py {lro(a),a) [a € dh € () jno(Ay) .

<A

Since crit(j) = k > X we get

P B o(py {lo(@),a) [ a € d} € o) Au) -

<A

That is pIFp, ~ Nu<x A, € E,o(d)".

(3) Assume p IFp, "ACBC O-B(d) and A € E,@O(d')j: It is immediate that
there is ¢ < kT such that

P B0 Gm0(A) € eo(B), {(iso(e)a) [ € d} € jiro(A).

From 4.2.5-4.2.8 we deduce that we have constructed a lifting of E, o.
Corollary 4.2.9. The system

(Buo(@)Gr] | k € d € [j(8)]Z"), (Taya, | dr,da € [[(k)]Z", K € di C da))
is a k-extender lifting Ey .

Proof. The only thing left to be proved is the lifting.
We work in V. First we note that if d € [j.0(k)]=" and A € E, o(d), then
{Uro(a),a) | a € d} € ju0(A). Trivially

Fjeope) {lino(a),a) | € d} € jro(A),

hence IFp, "A € E,o(d)".
The second thing to note is that if I-p, "d € [j..0(k)]="" then due to the x-c.c.
of P, there is d € [j. o(k)]=" such that IFp, "d C d'. ]

When £ > 0 we cannot lift the extender E, ¢ to an extender in V[G,]. This is
because we use the Prikry condition to decide when a set is large. When & > 0 we
have that Qn*¢ £ 1. In QL™ there might be two incompatible conditions (which
are nonetheless Prikry extensions of the same condition!), one deciding that some
set is large and the other that it is small.

What we do is construct an indexed set of filters. The properties of these filters
will allow us to work almost as if we had ultrafilters. In fact this system of filters
is the name of an extender which is found in a Cohen generic extension of V[G,].
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Lemma 4.2.10. Assume 0 < & < o¥(k), and leti: V — N ~ Ul(V, E,; ¢({x})).
Then there is a <*-decreasing sequence (pév | ¢ < K1) C N such that if D € N s
a PN -name of a dense open subset of (i(P.)/PN_ 1, <*), where

(PN | & <i(r)) = i((Pe | € < m)),
then there is ( < k™ such that Fpx "pc €D

Proof. Observe that Vo < & P, = PN. Let (A¢ | ¢ < x*) be an enumeration of all
PN -names of maximal anti-chains of i(P,)/P2, ;. Since for each (* < kT we have

(Ac|¢< () eN,
Il-pév+1 r(i(l:’,.i)/P,i\_fi_l, <, <*) is of Prikry type ,
and
Fpx "(i(Py) /P, <*) is kT -closed |,
the sequence <pé\' | ¢ < k™) can be constructed by induction. |

Definition 4.2.11. For each 0 < ¢ < oF(k), we use 4.2.10 to fix a sequence
<pév’5 | ¢ < k™) and call it a master sequence for Ult(V, E,; ¢({£})).

Lemma 4.2.12. Assume 0 < & < oP(k). Then there is a <*-decreasing sequence
(pe | ¢ < &) C Mye such that if D € My is a Pxﬁ’g -name of a dense open

subset of (jue(Po)/ oYy <), where (P | & < jue(w)) = (P | € < 1)),

then there is ¢ < k™ such that H—Pﬂﬁf "peeD’.

Proof. Observe that Va < k P, = P,iVI =t We factor j¢ through the normal

measure as follows:

v J M,.¢ ~ ULt(V, E.¢)

’Ll e([f)=dr.e(f)(x)

N ~ Ult(V, E. £ ({s}))

Let D be such that ”_P:i”l’ﬁ "D is a dense open subset of (jN,E(PH)/Pﬁ"l’E, <)
Pick a € g(Ey¢) and f € V such that j, ¢(f)(a) = D. Let
&' = min((dom" jie ¢(E)) \ (5 + 1)).
Then H—P:hg r(j&g(P,g)/P,‘?i"l’g, <*) is #’-closed . Pick g € V such that j, ¢(g)(x) =
#' (Namely, for each inaccessible ¢ < & set g(¢) = min(dom' E \ (¢ + 1))). Since

sup g(Ex¢) < jre(fe)(k) < k', we have in particular o < ju ¢(fe)(K) < jue(9)(k).
Thus reflecting to V' yields

{o} x {{ <K [ (< fe(ma,n(C)),
Fp,., o "f(¢) is a dense open subset of (Pe/Pr, . ()+1, <),
<PN/P7TQ),{(()+17 §*> is g(ﬂ—a,m(C))'Closed—l} € EH,E({Q})'
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Noting the existence of X € E, ¢({x}) such that
V(k, C1)s (K, G2) € X [Cr, fe(C)I N [C2s fe(C2)] = 0,
{a}x U (€ fe(0) € Bug{a}),

(k,()EX

we can define a function f* : X — V such that
V(k,C*) € X Ikpe,, F(C) = [WFQ) [ man(C) =C7, C€ (¢ fe(¢))} -
Hence
{w} x{C* <k |[Fp.,, f*(¢")is a dense open subset of (P, /Pc11,<"),

)
(C e (¢ fe(@), ¢ =man(C) = (") S F(Q)} € Brel{r}).
That is

IF 6 e "jee(f*) (k) is a dense open subset of (j, ¢(Py)/ ,ﬁ'”l&, <)
k+1

and
‘FPMK ¢ Gne(f)R) Chne(f)la)’.

Retreating to N ~ Ult(V, E,; ¢({x})) we get
||_P,iv+1 "i(f*)(k) is a dense open subset of (i(P,)/Pl,,,<*)".

(
Thus there is ¢ < T such that Py, p< ME e i) (k)
along ke yields IFpar ke(50 ) € m(f )(K) € jime(f) () O

Definition 4.2.13. For each 0 < ¢ < of(x) use 4.2.12 to fix a sequence <p§ | ¢ <
xT) and call it a master sequence for M, ¢ ~ Ult(V, E, ¢).

Sending the last equation

In order to lift the ultrafilters in F, ¢ we define a forcing notion which will be
used to index the lifting.

Definition 4.2.14. Let G, be Ps-generic. In V[G,] we define the forcing notion
Py: f e Py iff

(1) f:d— [k]<¥. We use the convention f(a) = (fn(a) | n <|f(a)]).
(2) d € [SuPecon(y) i (£)] ="

(3) Kk ed.

(4) Vn < |f(r)| 0®(fa-1(K)) = 0" (fu(K)).

(5) Va€da#r = ¥n<|f(a)] o®(fu(e)) =0.

P% is equipped with the partial order <*: f <* g if f D g. We let Q* be the
P,;-name of P%. We note the implicit existence of Q,{

Note that (P}, <*) is the Cohen forcing for adding [sup¢oe ) jr,¢(%)| subsets to
kT, and QV~¢[G,.] is the Cohen forcing for adding |SUpPg: ¢ e/ (#)] subsets to k™.
Hence if H is P%-generic (or Q:M*¢[G,.]-generic) over V[G,], then PVIC: (k) =
PVIG:]H ]( ).

Note that the above definition relates to our main forcing notion 4.2.26 in the

same way as 3.6 relates to 3.7. That is a tree of large sets will be put along side f.
The complication here is that now we have filters instead of ultrafilters. Thus in
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3.7 the largeness of the sets was dependent on dom f. Now the largeness depends
on f (and not only its domain).

The requirement o®(f,_1(x)) > o®(f.(k)) stems from 4.2.26. The f,_1(k)’s
codes a previously added Radin sequence and oF(f,_;(x)) codes the order type of
this sequence. If of(f,_1(k)) < oF(f.(k)) then the sequence coded by f,_1(x) is
a prefix of the sequence coded by f, (), hence giving superfluous information.

We construct the filters which are the lifting of the ultrafilters in E, ¢ (§ > 0).
The following definition makes sense since j;',&P,i = P..

Definition 4.2.15. Assume &, p, f, A, and d are such that 0 < £ < o®(k) and
plkp " feQMc de [jr.c(k)]=", and A C OB(domd) .
We define a P,-name, E, ¢(d, f), as follows:
I <ktIge Qi (plFp, f = f1" and
P77 P p  (ling(a),0) | a € d) € jrg(4))
= pltp, "A€ E.c(d, f)".
Lemma 4.2.16. Assume &, p, f, A, and d are such that 0 < £ < oP(k), and
plkp, " feQiM de [m.c(R)]=%, and A C OB(domd) .
Then
plrp, "A€ B e(d, f) —
3 <kt 3Ge Qi (piep, "f = f1,
P qT P, cpy (Une(@),@) | o € d) € Gre(A)).

Proof. The (<=) direction is immediate from the definition. We prove the (=)
direction. So, assume &, p, f, A, and d are such that 0 < ¢ < oP(k), and

plrp, e QM d e [jue(r)=", and A € B, ¢(d, f).

This means that there exists X, a maximal anti-chain below p, such that for
each r € X there are (. < k™, ¢,, such that

rlkp, " fir = f
and
PG TP I epy)  ((ne(a), @) [ o € d) € jae(A)

Hence we can construct a Py-name, ¢, such that Vr € X r lIFp_ "¢ = ¢, . We set
¢ =U,ex ¢ Since |X| < K we get ¢ < xT. Thus

—~

P AT B epy (Une(a),a) [ a € d) € Ging(A) .

Claim 4.2.17. Assume &, p, f, and d are such that 0 < & < of(k) and
plrp, " f e Qi and d € [jog(m) =",
Then
plep, "Eoe(d, f) is a k-closed filter on OB(d) .
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Proof. The properties meaning a k-closed filter are:
(1) Assume A\ < k and p lFp. "Vu < A Au € E',i’g(d, f)7: By 4.2.16, we can
construct a <*-decreasing sequence (p, ~ ¢, pgu | p < A) satisfying
Do g;h D,
pulrr, " f=1
and
~ e~ r . . . . 1
Pp  4u péL ”_j,;,g(PN) {<]N,E(a)7a> |la€d}e ]N,E(AM) .
Let ¢ = U,<xCu- Since A < r we get ( < x*. Since (Pjﬁs,g*) is

k-closed there are p* and ¢* such that p* IFp_ Tf = 7 and Vi < A
(P 4%) <" ui e (P dp). Thus

Kk+1
P* T TP, p {Uke(@),a) [a€d} € () re(Ay)
pn<A
Since crit ji ¢ = Kk > A,
PTG T B cpy {Une(@)) [a € d} € joe([) A
<
Hence p* IFp_ " ﬂ#<>\ Ap € E’m,g((L f)j
(2) Assume p lFp, "d € [jne(r)]=F, A C B C OB(d), and A € F,¢(d, f)": Tt
is immediate that there are ¢ and ¢ < k% such that pl-p, " f¢= f' and
P Q7 BE I, (p dne(A) Cne(B) and {(jre(a), o) [ a € d} € joe(A) .
([l
We can view the corollary of the following lemma as a form of ‘ultrafilterness’.
Lemma 4.2.18. Assume &, p, §, A, and d are such that 0 < & < of(k), and
plrp, "G € Qi d € [jue(r)=", and A C OB(d)".

Then there are p* — ¢* <* Mo e PTG and ¢ < kT such that
K41

PTG T eery (Ure(@),0) [ a € d) € jiue(A)
Proof. Assume p lkp, "d € [jne(k)]=" and A C OB(d) . Set
D= {1 € jue(Po) |7 ety (ne(a)a) | a € d) € jee(A)).
Since P, is of Prikry type, D is a dense open subset of (j, ¢(Px), <*). Thus D/P,ﬁ“l'E
is a name of a dense open subset of (jmg(P,.;)/Pﬁ“l's, <*). Hence there is ¢ < kT
such that Ik, ¢ "pf € D/PL5ST. That is

Fpine "B jeccp) (Une(@),a) | a € d) € jxe(A)
Using the Prikry property we find p* ™ ¢* S; m, ¢ P~ ¢ such that
r+1

ko~ sk

P07 B eepo (Ug(@), ) | a€ d) € jre(A)
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Corollary 4.2.19. Assume &, p, f, A, and d are such that 0 < & < of(k) and
plep, "fe QM d e [ue(r)]=", and A C OB(d)".
Then there is f* satisfying p I p, " fx g;*Mms {7 such that either

plrp, "A€ B e(d, )’
or
plp, "(OB(d)\ A) € E,¢(d, f*) .
A corollary of 4.2.15-4.2.19 is that the system

(Brg(d, PG | d € [jne(W)]=", f € Qu=[G.]),
(Tayay | d1,da € [Jre(K)]S", k € dy C do))

codes an extender in a Py * Q*-generic extension. Written explicitly in V[G,][H*],
where H* is PL-generic over V[G,], this extender is

Frg = ((Feg(d) | d € [jug(8)]="), (Taa, | divda € [ug (k)" & € di C da))
where the ultrafilters F); ¢(d) are defined by

Frg(d) = | J{Bug(d, ) | d € [ne(w)]=", f € H n Q=)

Corollary 4.2.20. Assume 0 < ¢ < oF(k) and H* is a P-generic filter over
VI|Gg]. Then

(Fee(d)[Grl | d € [rg(W)]Z"), (Tazay | dyda € [ g(R)]=7, k€ di C do))

is a k-extender lifting E ¢.
A couple of remarks regarding the last corollary are in order:

(1) Of course we could have taken H* to be a Q:M”’E[G,i]—generic filter over
VIG.].

(2) The demand § > 0 is not really needed. After all forcing with P} adds
no subsets to , hence the lifted extender E,; o[G,] remains an extender in
VIG.][H*]. Thus we can set F, o = Ey .

The following is the substitute for the intersection of measures used in the Radin
on extenders forcing.

Definition 4.2.21. Assume & < 0"(k) and f € P%. Then
Em&(f) = Em,f(domfrjm,ﬁ(ﬁ)a fr?u%jn,ﬁ’(ﬁ))a
<

En(f) = m En,ﬁ(f)'
£<oB(k)

Note that we have used E, o(d, f]0) in the above definition. Obviously we just
mean E, ¢(d). In addition, instead of writing Tdaom f,dom ¢ We will write 7 ¢.

After all these liftings, we are ready to define the forcing notion at stage k of
the iteration, Q.. The definition is by induction on o® (k).

o®(k) = 1: Then Q,[G,] is the Prikry on extenders forcing, reviewed in 3.2, with
the (lifted) extender E,; o.

oP(k) > 1: Then Q,[G,] is the Radin on extenders forcing, defined as follows,

in V[G,]. (Recall that Q:[G.] = P%).
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Definition 4.2.22. Assume f € P% and v € OB(d). The function
Jp) :dom f — [k] =

is defined as

Va € dom f
a € dom v,
fa) 1k~ () P(@) > fipa)-1(a),
fioy (@) = k = max{n + 1 | o®(#(k)) < o2 (fn(a))}-
f(a) Otherwise.

Note that f;) € P%.
By writing fiz,.....5,_,) Wwe mean (- (fiz0)) (51) " )(mr_1)-

Note in the above definition that when a # x we have o®(f,(a)) =0
In the following couple definitions it is implicitly assumed that if 7" is a tree then
Sucy() is Levo(T).

Definition 4.2.23. Assume f € P%. A tree T' of height w is called E,(f)-tree if
V(ljo, Cey Dk71> eT SUCT(D(), RN 17]@,1) S Eﬁ(fwo 77777 pk71>)

and for each (7) € T}

D0yeey V1)

(1) dom7g_; C dom ir.

(2) Va € dom g1 7—1(a) < 7(a).

(3) Vaedomyk 1 a# Kk = of(v(a)) =0.

(4) V(i) € Twy,...5y,_1) P(k) < fi(k) = domw C dom fi.

Definition 4.2.24. Assume f € P%. A tree T of height ht(T) < w is called an
E.(f)-fat if

V<l70, e l7k_1> eT 35 < OE(H) SuCT(Do, e Dk—l) S E,{vg(fwo,_“’;kil))

and for each (7) € Tz, .5, 1)

(1) domvg_1 C dom b.

(2) Va e domvy_y v—1() < ().

(3) Va € dom i1 a# Kk = oF(v(a)) =0.

(4) Y{() € Tp,,....0n_y) P(k) < (k) = dom v C dom fi.

The definition of mq ¢ and 7}, for E.(f)-trees (or E.(f)-fat trees) is taken
verbatim from 3.5. 7

It is useful to observe that different levels in E, (f)-fat trees are big in the sense
of product filters (and hence the different levels in E(f)-trees are big in the sense
of all relevant product filters). Recall

Definition 4.2.25. Assume Fj is a filter on Ap, and for each vy € Ay, Fi(vp) is a
filter on A1 (vp). Then the product filter Fy x F} on Ag x A; is defined by

XeFlyxF — {VQ € Ay | {Vl c Al(l/o) ‘ <1/0,V1> S X} S Fl(U())} € Fy.
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By induction we define [[;_, F; by

n n—1
Xel[F <= {(v,....vm1) e [[ A |
i=0 i=0

{vn € An(vo, ... svn—1) | (Voy. s Vn—1,vn) € X}
n—1
€ Fn(VOv' . ~;Vn—1)} S H Fz
i=0

Definition 4.2.26. A condition p € Py is of the form
<f7 T>3

where
(1) fePs.
(2) T is an E,(f)-tree.
We write suppp, fP, and TP, for dom f, f, and T, respectively.
Definition 4.2.27. Let p,q € Pz. We say that p is a Prikry extension of ¢ (p <* ¢
orp <° q) if
(1) fPlsuppq= f2.
(2) TsupppsuppqI” ST .
Definition 4.2.28. Let ¢ € P and (7) € 7. We define 5y € Pg to be p where
(1) suppp = suppg.
(2) 17 = 11,
_ a
(3) TP =TL,.

When we write qp,.....,_,) We mean (- (q<,;0>)<,;1) .- ~)<,;k71>.

Definition 4.2.29. Let p, q € Pz. We say that p is a 1-point extension of ¢ (p <! ¢q)
if there is (77) € T such that p <* q(,.

Definition 4.2.30. Let p,q € Pz, n < w. We say that p is an n-point extension
of ¢ (p <™ q) if there are p",...,p° such that

p=p" <t < pl=g¢

Definition 4.2.31. Let p,q € P;z. We say that p is an extension of ¢ (p < q) if
there is n < w such that p <" q.

Proposition 4.2.32. Assume q € Pg and a € supg o (y) jue(k). Then there is
D S}E q with o € supp p.
Proof. If a € supp ¢q then there is nothing to do, we set p = q.
. _ ~1
Otherwise we set p = (f? U (a, <>>77Tsuppqu{a},supquq>' Then p <g_ ¢, and
«a € supp p. Note that strictly speaking T gupp gu{a}supp qTq might not be legal as a

tree for fP. However the illegal points have measure zero in all the relevant filters,
so we just remove them. O

Proposition 4.2.33. P satisfies the kT -cc.
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Proof. Assume X C Pz and |X| = k™. Since for each p € X we have |supp p| < &,
we can assume that {suppp | p € X} forms a A-system. That is, there is d such that
Vp,q € X supppNsuppq = d. Since |d| < x we have [{f | f:d — [k]<“}| < kT, so
we can assume that Vp,q € X VB € d fP(8) = f4(5).

Let us fix two conditions, p,q € X, and let f = fP U f? Then f : suppp U
suppgq — [H]<w' We set T' = 7rs_ui>p pUsupp q,suppp(Tp)mTrs_u}ap pUsupp q,suppq(Tq)' Then

(£;T) <ps P O
Claim 4.2.34. (Pg, <*) is k-closed.

Proof. Assume A < k, and (pe | £ < A) is a <*-decreasing sequence in Pz. Then
(fPe | € < A) is <*-decreasing sequence in P%,. Since (P}, <*) is kT -closed, there is
f € Py such that V& < X f <g. fP¢. Set T'= ey Taom f,supp, (17¢)- Then V€ < A

The notions (N, P)-generic and properness are due to S. Shelah, originally used
for countable N. We adapt these notions for our use, i.e. for N of size k. H. Woodin
initiated the use of properness in the context of Radin forcing.

Definition 4.2.35. Assume P is a forcing notion and y is large enough so that

X > 22lp|, N < H,, and P € N. We say that p € P is (N, P)-generic if for each

D € N a dense subset of P, pl- "DNNNG # 0", where G is the canonical name
e e

of the P-generic filter.

Definition 4.2.36. Assume P is a forcing notion, and y is large enough so that
X > 227! We say that P is k-proper if for each N < H, and p € PN N such that
IN| =k, NDN<F and P € N there is ¢ < p such that ¢ is (N, P)-generic.

The following lemma is an immediate corollary of the x™-closedness of the Cohen
forcing P%, and it amounts to the s-properness of P

Lemma 4.2.37. Let x be large enough so that x > 22‘%‘, Assume N < H, and
[ €PN are such that [N| = k, N D N<" and P}, € N. Then there is f* <p: f
such that:
(1) f*is (N,P%)-generic.
(2) If H* is Py-generic with f* € H*, then for each dense open subset of P%,
D, appearing in N, there is g € DN H* NN such that f* <p. g <p- f.
E E
(3) For each & € NNo®(k), Ex¢(f*) is an N-extender. (Note that this allows
the construction of Ult(N, E. ¢(f*)).)

Claim 4.2.38. Assume that p € Pz and D is a dense open subset of Pg. Then
there is p* §E‘,E p such that if q §?|;E p and q € D, then pz‘ljﬂ ey € D.

*
(D0, s Pk—1)

Proof. Let x be large enough so that P(Pz) € H,. Let N < H, be such that
IN| =k, NDN<* and Pz, D,p € N.
Since Pz € N, also P € N. By 4.2.37 there is f* S}E f which is (N, P%)-

generic. Let T' = 77;*17f(Tp). For each (Do, ...,Ux—1) € T we define

c _ *
D(ﬁo,“,,ﬁk_l) = {C] S[PE P(po suppp,...,05—1 ] supp p) | q¢c D}>
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and

€ _ * S
D(Do,...,ﬁk,l) ={q <P, P(5ol supp p,....,7x_1 | supp p) | Vr € D(Dg,‘..,Dk_l) qlp,r}

Since D is open, D<€D(’,__i7ﬁk71> is S}E-open below py,. .5, ,)- By its definition
Démmpkil) is SE;E—open below p(p,,....5,_,)- Hence
_ e 1L
Dipg,.pnr) = D(DO,...,DR,1> U D(f/o,“.,f/k_ﬁ
is Sﬁéé—open and S}E—dense below p(y,.....5,_,)- Let us set

D?Dg,...,ﬂk_l) ={f S*E TP 3T (fiog, i) T) € Dipg,...oon_1) }-

The <j.-openness of D’{DO et follows immediately from the §E;E—0penness of
= oDl

Dp,.....5._,)- We show that DZ‘DO PE1) is a dense subset of P% below f?. So, let
g <p. f7.
E
Pick g <g. ¢’ such that domg D J,_, dom;, and set
E
T =7 0, (T

9,fP\" (Dol supp p,...,0k—1 FSUppm)'

Then <g<l707~~~,l7k—1>7Tl> SE;E P(vo ! suppp,...,7k 1 suppp) - Since D<l70,~~~,17k—1> is S?I;E'
dense, there is ¢ € Dz, » such that ¢ <p (9o, 1) IT"). We set

k1)

f=9U(f!(suppgq\ domg)).

Since fip,,...5_,) = f9, we get f € DZ‘}/O,_“pkil). Thus D’<“DO7“_717,%1> is §;E—dense
open below fP.
J_ .
The sets D<ep()7---7’7k—1>’ Do vy Divorin_yy @and D7, o appear in N.

Since f* is in the intersection of all <*-dense open subsets of P, appearing in N,
we have that f* € N{D7,, y | (70, k1) €T}

oo Vk—1
Hence for each (7, ..., 0,_1) € T there is T7o:Pr-1) C Tp,...,7x_,) Such that
<f(*1707---717k71>’T(1707."’17k71)> € D<l707~~-7l7k—1>'
Let T* be the tree T shrunken level by level (i.e., T<*_ e1) = Tiwo,....on_1) N
Doy V-1 s V=1

T Pos7=1))  Thus for each (Dg, ..., 0, 1) € T*

<f<*1?0,~-,17k71>7TZ(507-»-,171¢71>> € D<’707---7’7k71>'
Let p* = (f*,T*). We show that p* is as required: Let ¢ <p_ p* and q € D.
Then there is (Do, ...,0x—1) € T* such that ¢ <p, P} By the con-

(D0, sPe—1) "

struction of p*, p?ﬁoy--w’jk—ﬂ € Dp,,....5,_,)- By the definition of D<€DO’”_7%71>, q €<
S caar] * € e
D<170,~~7Dk'—1>. Necessarily Pioo,....o1—1) € D<907-~7Dk’—1). That is Pivg,..svr1) €eDb. U

Claim 4.2.39. Assume p € Pg and D C Pg is dense open. Then there are
p* <p_p and an E.(fP")-fat tree, S*, such that

V(Do, ... Uni(s+)-1) € S* Pip,,. y €D.

SPht(S*)—1
Proof. Let us assume, by contradiction, that there is no such p*. We construct a
<p -decreasing sequence (p" | n <w) such that

Y(Do, ..., 1) € TP Pl ¢ D.

(D0seeesPn—1)
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We construct p® §|’}’;E p* using 4.2.38. Let us assume p" was constructed, and
construct p"t!. We set

X ={(@0,--,7) €T | Do 1oy € D}
Note that if ¢ SE‘;E p" is such that
{{Do,...,0n) €T | (Dol suppp”,...,Un|suppp™) € X}
is an E,(f9)-fat tree, then by the openness of D,
{0, vn) €T | qip,,....5,) € D}

is an F,(f9)-fat tree, contradicting our assumption. Hence there is p"*! <p. P
such that

n

_ _ nt1 _
V(vo,...,Un) €T (Dol suppp”,...,Unlsuppp™) ¢ X.
In particular (since p° was constructed using 4.2.38)

V<DO7 o 7Dn> € Tpn-H pn+1 Un) ¢ D.

(LT
Having constructed (p" | n < w), we pick p* € Pz such that Vn < w p* <p, p"
Note that since p® was constructed using 4.2.38 then

V(Dg, ..., Un_1) € TP Pioginyy & D.

Let us pick ¢ <p_ p* such that ¢ € D. Then there is (7g,...,7p—1) € TP such

* * * 0
that ¢ S[PE Plog,..svnn) Then ¢ S[PE Plogt supp p0,....50—1 | supp p©)° hence
P} supp p0,....7n—1 | suppp®) € D.
By the openness of D, p’<"l70 iy € D. Contradiction. O

Lemma 4.2.40. Assume p € Py, £ < o(k), o is a formula in the P g-forcing
language, and {(v) € TP | ppy lFp, o} € Ege(fP). Then there is p* <g_ p such
that p* IFp. 0.
Proof. Let D = {q € Pg | q |[p, o}. Since D is dense open, we use 4.2.38 to
construct p° <p, psuch that if ¢ <p p?m and ¢ ||p, o, then p(<)l7> llp, o

We construct by induction a <p_-decreasing sequence (p" | n < w) such that
Vn <w fP" = fP, and for each (g - -+ s fiy_1) € TP" cither

p -
Pliigyeiin-s) TP O
or

{(m) € T{;io,.--,ﬁn,ﬂ |p?ﬂo,m7ﬂn_1,l71> ”_[PE o} € Eﬁaf(f(jiio,...,ﬁm >)'

—1

p° trivially satisfies the requirements. Let us construct p”t! assuming p" was

constructed. What we do is construct for each (fig, ..., i, ) € TP a set
Xtos s fnr) € Bulfi., )

. p’ﬂ n
and then shrink 77 to these sets. If Plrigsoiin 1)

to do and we just set X(iig,...,MH,—1) = Sucpen (fgs---,fd,_1). On the other

IF o then there is nothing
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hand, if p?ﬁo i1
Xo(fgy -y fip_1)s X1(Bgs -5 fpn_1), and Xo(fig, .-, f,_1), such that

n

XO(ﬂOa-“vﬂn—l) € ﬂ Eﬂaﬁo(f{)go7___7gn_l>)7
§o<€

Xl(ﬁOv v 7/_1%—1) € E&&(fg;jop”’ﬁnil))v

XQ(ﬂOW"?ﬂnfl) € ﬂ Eﬁ’ﬁz(ffp,o)m’ﬁniﬁ)'
£<€2<oB (k)

) ¥ o, then X(fig,...,fi,_1) is the union of the three sets

Let us begin the construction. For each (fiy,...,fi,_;) € TP" such that

n
Plagyiin_) ¥ O

do the following three steps:
(1) Set

n

Xl(ﬁO? . 'a/jnfl) = {<l71> € T<p/j’07"‘7ﬂn—1> | p?ﬁo,...,ﬁnfl,ﬁl) “_[PE U}'

By the induction hypothesis X1 (fig, ..., fl,_1) € Em&(ff,—:) o))
(2) For each (71) € X1(fg, .-, [fA,_1) We set

v

X2(:D“07 .. _aian—lvljl) = {<l_/2> S T{)ﬁOV"'vﬁn—lﬂjl) |

N A,
(figy-eesBm—1,72) (s sl —1571,02)
n

Then Xo(fig, - in—1,71) € Necgycobn) E"‘@(ffﬂo,...,ﬁn,l,ﬁl)>‘ We set
X5(fgs -y Fin—1) = U{X2(ﬂo» oo figy,71) [ (1) € Xa(fgs - fin—1) }
Then X3(fg, -+ fin—1) € Neceycon ey Bries (Fln, ). We set
Xo(figy -+ fin1) = Xo(figy - ) VT
(

Then Xo(fig; - fin—1) € Ne<gy<ob () Erit f(pﬂo ,,,,, ﬂn71>)~

(3) For each (7o) € Tp;(]

_ we set
< ’~~~,Hn71>

n

X{(ﬂO) .. .7/-7/71—17170) = {<171> S T(Ijﬂ07___7ﬂn_l7170> |

=y
<H07~~~»/~Ln,71:l’1> <H0a~-~:/~tn,71,l’0,l’1>

Then X{(fg,-- - fn_1,70) € E,ng(ffﬂo f_pgy)- Since

.....

Xl(ﬁ07 e 7.an—1) € Eﬁvf(ffﬁm.__,p‘n71>)

then also
(o) € T,y | X2 By ooy 1) € B (F g,y 00))} €

() Exeo Sl )
o<€

Hence by setting
Xl(ﬂm' : .,ﬁn,l,po) = X{(ﬁm" : 7ﬂn71750) le(ﬂO? s 7/7%71)7
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and

XO(ﬂO? B :anfl) = {<D0> € T(pﬁo,m,ﬁyHl) | Xl(ﬂOa ey s 170) €

23

"
En,&(f(po,...,ﬁn,l,ﬂo))}’

P

we get Xo(Ho, - - - 1) € ﬂ§0<§ B g (f<,107,,,,,1n_1>)'

We complete the set construction by setting
X(fig; - Bn—1) =Xo(Ro, - - - fin—1)Y
Xi(fgs - -+ s Ap—1)U
Xa(figs - Fin—1)-
p"t1 is constructed from p” by shrinking TP" as follows:
77" A [0B(dom f7")]" = T%" N [OB(dom f7")]",
Sucypne (fo, - -+ fin—1) = X (fgs - 5 Bpp—1),

and

n41 n

-y 7 7 P _ P
v<l/> = X(MO’ e 7/1’77,71) T<ﬁ07'“7/7'n—171_’> B T(ﬁo:‘"ﬁ/]n—lv’?>.

n+1

"+l is as required. Thus let (jig,...,[d,) € TP . If

Let us show that p

n
p<ﬁ0""’ﬁn—1> H_|PE g

N n+1
then trivially piz. .\ s,
T
Pligiin_y) ¥ P2 O-

We split the handling according to the whereabouts of f,,:

IFp, o, and we are done. Thus let us assume that

(1) (f,) € X1(fgy---,fy_q1): The definition of Xy (g, ..., H,_;) implies im-

. n n+1
mediately p, IFpy 0, hence pig & Gy

_ _ Fp. o.
(B sy 1 5B ) Ps

(2) <1U’n> € XQ(p/Oa"'vﬂnfl): Then there is <171> € Xl(ﬁOaw.vﬂnfl) such
that (@i,,) € Xa(figs- - -, ly_1,71)- Since (1) € X1(fg,-- -+ fp_1), We have

we

o _ _VIFp_. o. Th in o _ o <p. P _ _
Plag,osin_1,1) P O US, SICE Pl f_1,718,) P& Plag,..p,_1.01)
L . v _ - "
we have pil, . 5 oy lFpgy 0. Since (i) € Xo(figs---sfp_1,71
have f = f _ Since
f<u07---,un_1,l/17un,> f(uo,-u,;tn_uum

n n

b TP nT?
<f(ﬁ07-~7ﬁn_1vﬁn>’ (BgseesBpy —1 3Py ) <ﬂ07---aﬂn—1a’717ﬁn>>

we have
p p"l m p’”. H_
. — - — — — = = . - 0.
<f(ﬂov---7ﬂn—1vﬂn>7 (RgseesBm—1+Fp) <H07~~-7ﬂn—17V17Hn)> Ps
Since
n >*
p<l7«ov ;l»_bnful»_’fn) =Pz

n n

Pliigserosfin 171,510} TPE O

p NnTP IFp_. o
<f<ﬂo ----- B 13By) " (s sBn— 150 (figs-s ﬁH,Dl,ﬁn>> Pe @

and p° was constructed using 4.2.38 we conclude that p?ﬂo sl 1)
n+1
and thus pla s, Fes 0

”_[PE g
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(3) (f,,) € Xo(fig,---sfn,_1): The crucial points are that

Xl(ﬂo, cee 7ﬂn—1a /'_l’ﬂ) € E57f(f8107.._,ﬁn71,ﬁn))’
and if (71) € X1(fgs - - fp_1, Bby) then
<ﬂl> S Xl(ﬂo» ) ﬂn71>7

A
(FigseeesBn—1,71) (FigseeesBn— 15 71) "
So let us assume (71) € X1(fg, - - - 1, fp)- Then
pn Tp’VL Tp *
<f(ﬁo ..... Ay 15Bs71)" " Fgse P 1By, 71) n <ﬁ0,-.»,ﬁn,1,z71>> =Pz
T
p<ﬂ0,...,ﬁn,1,l71> ”_PE g

Hence
n n

b _ o P _ . NTE _ Ve o
<f<“07"~)/1'n—1)/1'n7’/1>, <M0)'“7Mn—17/‘n)y1> (U’O""v“n—lvul>> Ps

Since p° was constructed using 4.2.38 we get p?ﬁ
n+1
p<ﬂ07"-7ﬁn717ﬁ7ul71>
Xl(ﬁo; s 7/171717/177,) we got
_ n41 n
{(v) e T?. fa bp, 0} € Eve(f7 ).

(/1’0""’/7‘71—17’7)) | p<p‘07“':/~_‘n—lr/’_"n”7> <ﬁ07"'7ﬂn—17ﬂn>

_ _ _ .\ IFp. o, thus
0reeesbip_15fin,71) | BB

IFp. o. Since this last relation is true for each (7;) €

With (p" | n < w) constructed we pick p* € Pz such that Vn < w p* <p, P
Obviously for each (fig, ..., [, ;) € TP either

*
p(ﬁ’O)“',ﬂn—l) “_[PE g

or
_ p* * pn
) €Th o an o | Plage, o FPe 0 € Bae(FG )

We claim p* IFp, 0. To show this let us take ¢ <p_ p* such that ¢ ||p, o.

Then there is (fg,...,f,—1) € TP such that ¢ <P, p’gﬂo ____ ) Then either
Plag....5n,_p) FP5 0 and then g lbp o, or there is (7') € T? such that
— * p*
(P lsuppp) € TG, 5,y
*
Plige.siin 1.7 1suppp*) 75 O
and then ¢ ||p, p?ﬁ07~~-vﬁn71¢7>’ thus ¢ IFp, 0. a

Claim 4.2.41. Assume p € Py, S CT? is an E.(fP)-fat tree, and o is a formula
in the P g-forcing language such that ¥(Do, ..., Uny(s)—1) € S P(o, Py 1) FPg O
Then there is p* Sﬁé p such that p* IFp_ 0.

Proof. We invoke 4.2.40 for each of P(5o,s sy ) WheTe (Do .-y Uny(s)—2) € S.
Since the condition constructed by 4.2.40 is just a shrinking of T<l70 e esy_z) WO CALL
construct py <p _ p such that (D0, - -, Un(s)—2) € SNTP py o Tne(sy—2) TPg O

Repeating this process for ht(S) — 1 steps we construct a §;E—decreasing sequence
(Pn+1 | m < ht(S)) such that

V<ﬂo, ceey ﬂht(5)7n71> e sSnNTPn Pn( ”_PE o.

D0 .oy Phe(S)—n—1)

That is Pht(S) “_[PE ag. ([
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Corollary 4.2.42. Assume p € Pg and S is an E.(fP)-fat tree. Then there is
p* <p, p such that {p,,. y | (Do ..., Due(s)—1) € S} is pre-dense below p*.

SUht(S)—1

Proof. We set A = {p(z, Do -y Uny(s)—1) € S} Trivially

7-~~7l7hc(s)—1> | <
Y(To, .-, Phe(s)—1) € S Dz, pma(s)—1) TP "AnN Ig £0,

where H is the canonical name for a Pz-generic object. Hence, by 4.2.41, there is
e

p* <p_ psuch that p* IFp, "TANH' #0. O
e

Claim 4.2.43. (Pg,<,<*) is of Prikry type.

Proof. Let p € Py and o be a statement in the Pg-forcing language. We set

D={qePs|qlp, o} Since D is dense open in Pz, by 4.2.39, there are p’ <p, D

and an E,(f?')-fat tree, S’, such that V(i, .. ., Uhi(sy—1) € S p'<l_,0 B
We set

Phe(s7)—1)

So = {(70, -+, Pn(sny—1) € S [ Py, Fe, =0},

Phe(sh)—1)

and
Sl = {<170, .. .,Dht(s/)_1> € S/ |pl(507»--,5m(s)71> |FPE O’}.

By 4.2.37 there is p” <g_ p" and 5" C T?" | an E,.(f?")-fat tree, such that either
ST suppp’ C Sp or S”suppp’ C S;. That is either

{(Do, ..., Pryesmy—1) € " | it Fp, —o} is an B, (f7")-fat tree,

D0y sVng(8/y—1)

or

{(Po,..., Pny(smy—1) € " | Pl y IFpy o} is an E,.(f*")-fat tree.

s Vhe(S17)—1

Hence there is p* <g _ p” such that either

1 1 . . *
~{p<907___79ms//)_1> |p<,70,m7,7ht(sn)_1> IFp, —o} is pre-dense below p*,

or

1" 1
{p<l_/07‘“vl7ht(s”)—1> |p<170,-~~»17m(s“)71>

IFp, o} is pre-dense below p*.
Hence either

p* IFp, —o,
or

p* H_[PE g.

Claim 4.2.44. (Pz, <) is k-proper.

Proof. Let x be large enough so that P*(Pz) € Hy. Let N < Hy and p € Pz NN
be such that |[N| =k, N D N<* and Pz € N. We will construct p* <p, p such
that p* is (IV, P z)-generic.
Use 4.2.37 to construct f* <p. f, an (N,P%)-generic condition. Let T =
E
w]?*lf(Tp). Let < be a well-ordering of T of ordertype . (Thus V(7g,...,vp_1) €T

onto

< NUgy...,Up_1) €EN.) Let D: T —= {D € N | D C Pj is dense open}.
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For each (Do, ...,Un—1) € T we set
D><kl70,~~~,l7n71> = {f S**E fp ‘ dOHlf 2 U domﬂia

i<n
Jq SE;E P(5o 1 supppy.-..in_11suppp) J - = S(zorin_1)
V<567 ) ﬁ;c—l> = <DO» cees Dn71> dq SEE q/ SEEE P(o | supp p,...,0n_1] suppp)
3S C T an E,(f7)-fat tree {qzﬁo,_”’ﬁm(s)iﬁ € Dy, ..., V1) |
(Igs - - - Bng(sy—1) € S} is pre-dense below g}.
By repeat invocations of 4.2.39 and 4.2.34, we get that D7 P 1) is a dense open

<l70,...7
subset of Pt below fP. Thus V(Pg,...,v,1) €T f* € Doy

So for each (Do, ...,Un—1) € T we pick T'(g,...,p_1) such that

(1) <f(*907___717n71)7T(1707 <y Vn-1)) S;E D(wol suppp,....7n—11 supp p)-
(2) Y(7g,...,V)_q1) = (Do,...,Pp_1) thereis ¢’ € Pz N N such that

— — /
<f€kﬁo,...,ﬁn,1)7T(V07 N 2} SEE q S[*PE P(vo ! suppp,...,7n—11 supp p)

38 C 79 an E,(f9)-fat tree (@i iy 1) € DWoses W) |

(Hgs - fing(sy—1) € S} is pre-dense below (fi, - . T(vo,..., Un-1)))-
We construct the tree T* from T by shrinking so as to get
V(vo,....Un1) €T Ty 5y ST (D05, Un—1).

Then we set p* = (f*,T*). What we got is

(1) p?ﬂo Dr1) SEE D(wo1suppp,...,0n_1]suppp)-

(2) W@, ... i) < (T, ..., p_1) there is ¢’ € Pz N N such that
p?ﬁo,.“,ﬁn,ﬁ SE;E q S;E P(pg ! suppp,...,7n—11 supp p)
IS CT7 an E.(f?)-fat tree {qzﬁo,myﬁmsyl) € D(Wy,...,Vj_q) |
(Hos - - s Bg(sy—1) € S} is pre-dense below pi;, - .
Let us show that p* is as required. So, let D € N be a dense open subset of Pz.
Let (g,...,Un_1) € TP be such that there is (7)),..., 7} ;) =< (Do, Un_1)
satisfying D = D(Py,...,7},_,). Then there are ¢ € Pz NN and S € N such that
pz}o,-uﬁnfﬁ SH;E 7,
SCTY an E,{(fq/)—fat tree,

and

A= {qzﬁov---aﬁht(S)—ﬁ € D(1767 ) D;c—l) | </]Oa s vﬁht(S)—1> € S}

is pre-dense below pr; 5 .

Hence py, ) IFp, AN I(;[ # 0" Since A C NN D(v,...,0,_,) we really
have ply, 5, ) Fey DOHON D O

Corollary 4.2.45. Pz does not collapse k7.
Claim 4.2.46. Assume cfo®(k) = XA < k. ThenlFp, "cfr=\".
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Proof. Assume p < A and p lFp,, rf- it — & . For each & < p set

De={q<p,p|I <rqle, f(&)=("}

Note that D, is dense open below p. Hence, using 4.2.39, 4.2.42, and the &-
closedness of (P, <*) we construct a <g _-decreasing sequence (p¢ | { < ) together

with (S¢, fe | € < p) so that for each £ < u
S¢ is an B, (fP¢)-fat tree,
fe: 5S¢ — kK,

Y(70, ..., py(se)—1) € S Pe (70t sy _1) TP2 TFE) = fe(Do, - Pra(sey-1) s

and
{pe (P0seens P56y 1) | (D0, -+ Vhe(sey—1) € Sg} is pre-dense below pe1.
For each & < p and (vg, ..., 7,_1) € S¢ let 7(&, Do, ..., Un_1) < 0F(k) be a witness

of the E,(fP)-fatness of S¢. That is

Ve < uY{(bg,...,0n_1) € S
Sucse (70, Pa1) € Brtenr o ULy )
Pick an increasing sequence {\¢ | ¢ < A} so that of(x) = Uc<rAc. Then
for each & < p and (Dg,...,Un_1) € S, there is ((&,Do,...,7n_1) such that

T(&, D0y, Vn—1) < Ae(€,50,pm_r)- OiNCE Cepg,.pn_y < A < K we can shrink
S¢ so that

.....

V<l70, ey Dn—l>7 </7'O7 R 7ﬂn—1> € SE Cf,ﬁo,-uﬁn—l = <€7ﬂoa~-:ﬁn_1'

Then we set ¢* = sup{Ce.po,...5n 1 | € < i, (Po,...,Un—1) € S¢}, and get ¢* < A.
Hence there 7 such that\¢» < 7% < o¥(k) and for each & < p and (v, ..., Un_1) €
S¢, we have 7(&,7g,...,U,_1) < T*. Let

A={{p) € TP | V€ < (Do, ..., Upy(s)—1) € S°
y = (U[supppe) e T }.

<’70""7’7ht(s€)_1>

Pu) lIPs Peo,...

7Dht(S§)—1

We note that A € E.«(fPr). We set for each (D) € A,

f(#) = sup{fe(Po, . - -, Pneesey—1) |
§< Hy <’707 .- 'a’jht(Sf)—1> € Sga <17[SUPPP§> € T

(Po,es f’m(s&)71>

.

The supremum is taken over less than x elements hence for each (7) € A f*(¥) < &.
Thus we get p,py IFp, VeE<u fE) < () <k
We construct p* from p, by shrinking 7%+ so as to have {p, | (7) € A} is
pre-dense below p*. Since p* Ibp, "3(7) € A p,z) € H', we are done. O
e
Claim 4.2.47. Assume cfoP(k) > k. Thenlrp, "cfr =K.

Proof. Assume A < k and plFp, " f: A — . For each £ < X set
De={q¢<p,p| I <rqlp, f)=C
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Note that D, is dense open below p. Hence, using 4.2.39, 4.2.42, and the &-
closedness of (P, <*) we construct a <j _-decreasing sequence (p¢ | § < A) together

with (S¢, fe | € < A) so that for each £ < A

S¢ is an E,(fP¢)-fat tree,

fe: S8 — K,

v<170; R ljht(S£)—1> € SE Pbe <l707""l7ht(S§)—1> IHPE rf( V) = ff(’j()v SRRE) Dht(Sg)—l)jv
and

{pe (P0seens e 56y 1) | (Dg,. .., Dht(sg),ﬁ € SE} is pre-dense below peyi.

For each & < X and (vg,...,Uy_1) € S* we let 7(&, Vg, ..., Vn_1) < o(k) be the
ordinals witnessing the E, (fP¢)-fatness of S¢. That is

VE < AY(Do,...,Up 1) € S¢

Sucge (Pg,- .-, Un—1) € ET(g,ﬁO,...,ﬁn,l)( {;5,307“_757171).
Since cf of (k) > &, there is 7* < o¥(k) such that for each ¢ < X and (7o, ..., 7n_1) €
S¢ we have 7(&,7q,...,Un_1) < 7*. Let

A={({p) € TP |VE < AY(Do, ..., Upyse)_1) € S
= (v]supppe) € TS >}.

<’70""7’7ht(s€)_1

Py e s Pe,...,

Dht(SE)—1>

We note that A € E.«(fP*). For each (¥) € A we set

f(@) = sup{fe(Po, . - ., Pneesey—1) |
E< A, (Do, ..., Duy(sey_1) € S&, (V) € Ty

(Po,es Dht(SE)—1> ’

Since the supremum is taken over less than x ordinals we have that for each (7) € A,
f(7) < k. In particular

Pay Fey VE <X F(E) < f(7) <k .

We construct p* from py by shrinking TP* so as to get that {py | (7) € A} is
pre-dense below p*. Thus p* IFp, "3(V) € A pyz € H ', and we are done. O
e

All in all we got

Corollary 4.2.48. Let H,, be Pg-generic over V[Gy]. Then in V[Gy][Hy]:
(1) All V]G] cardinals remain cardinals.
cfoP(k) cfo¥(k) < k.
(2) cfr=qw o¥(k) is successor, or cfy g, 0" (k) = k.
K cf of (k) > k.
(3) VG| and V[G][H,| have the same bounded subsets of k.
(4) 27 = ‘U§<OE(/<) Jre (K]

This step of the induction terminates by setting P41 = P; * Q.. O
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5. APPLICATIONS

In the following examples we use the iteration P, of the previous section with
different coherent sequences E.

Theorem 5.1. Let & < k be regular cardinals in K (the core model) and & ¢ w—{0}.
Suppose that the set {\ < k| o(\) = AT T+&} is stationary. Then there is a cardinal
preserving generic extension of K in which the sets

AN<r|22 =T and (FA=€ifE#0 or cfA=w if € =0)}
and

IN<k|2Y=MF and (X =€ if €40 or cfA=w if € =0)}
are stationary.

Proof. For £ = 0 we iterate the forcing of [8] thus getting that {A < k | o(A) =
ATt + 1} is stationary. Constructing a coherent sequence E such that {\ < x |
oP(\) = AT* + 1} is immediate. Now force with P, of the previous section using
this E. Since k is Mahlo, P, preserves stationary subsets hence

IN<k |22 =2, of A =w),
and
A< k|2 =21, f A=W},

are stationary.
For £ > w we construct directly a coherent sequence E satisfying {\ < & |
oP(A\) = AT+ + ¢} is stationary, and then we proceed as above. O

A similary result is possible if & is replaced by On:

Theorem 5.2. Let & be a regular cardinal in K and £ ¢ w — {0}. Suppose that
{N€ Cn|o(N) = AT +&} is a stationary class. Then there is a cardinal preserving
class generic extension of K in which the classes

NelCn|22 =X and (cfFA=E€ if E£0 or cfA=w if € =0)}
and

e on|2X =X and (cfEA =€ if €40 or cfA=w if £ =0)}
are stationary.

Proof. Use class forcing and On instead of P, and & in the previous proof, see [12]
or [4], O

By the results of [10], the above theorems are optimal for each & # w;.

Theorem 5.3. Let £ be a regular cardinal in K. Suppose that {\ < k| o(\) =
AT3 + 1} s stationary. Then there is a cardinal preserving generic extension of K
in which the sets

A<k|cfd=w, 22 =T},
{
A< k|cfd=w, 22 =TT
{
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and
IN<k|cfA=w, 22 =213}
are stationary.
Proof. Let S ={\ < | o(\) =AT3+1}. It is easy to define E such that
A<k |o®N) =124+ 1}
and
A <r|o®\) =23 +1)}

are stationaries: Just split S into disjoint stationaries Sy and Ss. Then for A € Sy
restrict the extenders to size ATT.

Now force with P, for this E. In the generic extension we have VA € S, cf A =w
and

o — AT A€ Sy,
AP Ae S,

Since x is Mahlo in V, stationary subsets of x are preserved, thus in the extension
A<r|cfd=w, 22 =111}

and
A<kr|cfA=w, 22 =2T3)

are stationaries.

Since VA € £\ S, 2* = AT in the generic extension, and in V the set {\ < & |
A =w} ={A<k\S|cfA=w} is stationary, in the generic extension we get
that

A<k|cfA=w, 22 =2T}
is stationary. O

Theorem 5.4. Suppose that {\ € Cn | o(\) = A3+ 1} is a stationary class. Then
there is a cardinal preserving class generic extension of K in which the classes
{ANeOn|cfr=w, 22 =2T},
AelCn|cfr=w, 20 =TT},

and
A€ On|cfr=w, 2* =13}
are stationary.

Theorem 5.5. Let k be a regular cardinal in K. Suppose that for each £ < Kk the
set {€ < X < k| o(N) = A3+ &} is stationary. Then there is a cardinal preserving
generic extension of K in which {\ < k| 2% = At or X is reqular} is nonstationary
and both sets {\ < k| 2* = AT} and {\ < K | 2% = A13} are stationary.
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Proof. We construct a coherent sequence E such that for each £ < k the sets
{E< A<k |o®N) = AT + &) and {€ < A < k| 0P(\) = A3 + £} are stationary.
Then we force with P, of the previous section using this F. In the generic extension
we get that for each regular £ < k,

{E<A<r|2Y=2TT, cfA=¢}
and
{E<A<kr|2Y =23 cfA=¢}

are stationary. In this model, as in 5.3, we have that {\ < k | 2} = At} is
stationary.
We note that the set {\ < x| 2% € {k*T,kT3}} is fat in the following sense:

Definition 5.5.1. A stationary set S C k is called fat if for each £ < k and each
club C C k there is a closed subset of order type £ in SN C.

By [1], we can shoot a club through a fat stationary without adding bounded
subsets. Thus after shooting the club the power function below s does not change
and in addition we have {\ < x| 2* = A% or X is regular} is nonstationary. O

Theorem 5.6. Suppose that for each € € On, {£ <X < Kk |o(\) = A3+ &} isa
stationary class. Then there is a cardinal preserving class generic extension of K
in which {\ € Cn | 2* = At or X is regular} is nonstationary class and both sets
{Ae Cn|2* =XT+) and {)\ € On| 2> = A*3} are stationary classes.

With the forcing notion of this paper we were not able to eliminate the GCH
behavior altogether.
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