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I. Prikry-type Forcings
Moti Gitik

One of the central topics of set theory since Cantor has been the study
of the power function k — 2%. The basic problem is to determine all the
possible values of 2% for a cardinal k. Paul Cohen [7] proved the indepen-
dence of CH and invented the method of forcing. Easton [11] building on
Cohen’s results showed that the function x — 2% for regular x can behave
in any prescribed way consistent with the Zermelo-Ko6nig inequality, which
entails ¢f(2%) > k. This reduces the study to singular cardinals.

It turned out that the situation with powers of singular cardinals is much
more involved. Thus, for example, a remarkable theorem of Silver states
that a singular cardinal of uncountable cofinality cannot be the first to
violate GCH. The Singular Cardinal Problem is the problem of finding a
complete set of rules describing the behavior of the function k — 2% for
singular k’s.

There are three main tools for dealing with the problem: pcf theory,
inner model theory and forcing involving large cardinals. The purpose of
this chapter is to present the main forcing tools for dealing with powers of
singular cardinals. We refer to [19] or to [24] for detailed discussion on the
Singular Cardinal Problem.

The chapter should be accessible to a reader with knowledge of forcing
(say, chapters VII, VIII of Kunen’s book [31]) and familiarity with ultra-
powers and elementary embeddings. Thus §§5,26 of Kanamori’s book [26]
will be more than enough. Only Section 6 requires in addition a familiarity
with iterated forcing (for example Baumgartner’s paper [5], §§0-2 of Section
IT of Shelah’s book [54], or Cummings’ chapter [8] in this handbook). The
following sections can be read independently: 1 and 2; 1.1, 3 and 4; 1.1 and
5.1, 5.2; 6.
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Andreas Liu and Carmi Merimovich for their remarks and corrections. We
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would like to thank to Assaf Rinot for his corrections and for his help with
TrX. We owe a special debt to Bill Mitchell for his critical reading of a
previous version, culminating in a long list of improvements.



1. Prikry Forcings )

1. Prikry Forcings

We describe here the classical Prikry forcing and some variations of it. They
were all introduced implicitly or explicitly by K. Prikry in [47].

1.1. Basic Prikry Forcing

Let x be a measurable cardinal and U a normal ultrafilter over «.
1.1 Definition. Let P be the set of all pairs (p, A) such that

(1) pis a finite subset of &,

(2) A€ U, and

(3) min(A) > max(p).

It is convenient sometimes to view p as an increasing finite sequence of
ordinals.

We define two partial orderings on P, the first one conspicuously lacking
any useful closure property and the second closed enough to compensate
the lack of closure of the first.

1.2 Definition. Let (p, A), (¢, B) € P. We say that (p, A) is stronger than
(g, B) and denote this by (p, A) > (q, B) iff

(1) pis an end extension of ¢, i.e. pN (max(q) +1) =
(2) AC B, and

(3) p\¢C B.

We shall use < with the corresponding meaning, and proceed analogously
for similar definitions without further comment.

1.3 Definition. Let (p, A),{q, B) € P. We say that (p, A) is a direct (or
Prikry) extension of (g, B) and denote this by (p, A) >* (¢, B) iff

(1) p=gq, and
(2) ACB.

We will force with (P, <), and (P, <*) will be used to show that no new
bounded subsets are added to & after the forcing with (P, <).
Let us prove a few basic lemmas.

1.4 Lemma. Let G C P be generic for (P,<). Then |J{p | JA((p, 4) €
G)}) is an w-sequence cofinal in K.
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Proof. Just note that for every o < k and (g, B) € P the set

Do = {(p,A) € P | {p,A) > (¢, B) and max(p) > a}
is dense in (P, <) above (g, B). !
1.5 Lemma. (P, <) satisfies the *-c.c.

Proof. Note that any two conditions having the same first coordinate are
compatible: If (p, A), (p, B) € P, then (p, AN B) is stronger than both of
them. 4

Let us now state three lemmas about <* and its relation to <. The third
one contains the crucial idea of Prikry that makes everything work.

1.6 Lemma. <* C < .
This is obvious from the definitions 1.2 and 1.3.
1.7 Lemma. (P, <*) is xk-closed.

Proof. Let ({ pa,Aa) | @ < A) be a <*-increasing sequence of length A for
some A < r. Then all the p,’s are the same. Set p = po and A =, Aa-
Then A € U by k-completeness of U. So (p, A) € P, and it is stronger than
each (pa, Aq) according to <*. -

1.8 Lemma (The Prikry condition). Let {q, B) € P and o be a statement
of the forcing language of (P,<). Then there is a (p, A) >* (q, B) such
that (p, A) || o (i.e. {p, A) I+ o or (p, A) IF —0), where, again, we force with
(P, <) and not with (P,<*).

Proof. We identify finite subsets of x and finite increasing sequences of
ordinals below &, i.e. [k]<“. Define a partition h : [B]<% — 2 as follows:

h(s) = 1, if there is a C such that (qUs,C) IF o,
B 0, otherwise.

U is a normal ultrafilter, so by the Rowbottom theorem (see [26], 7.17 or
[25], 70) there is an A € U, A C B homogeneous for h, i.e. for every n < w
and every s1, s2 € [A]", h(s1) = h(s2). Now (g, A) will decide o. Otherwise,
there would be

(qUs1,B1),{(qU s2, Ba) > (g, A)

such that (q U s1,By) IF 0 and (¢ U s2, B2) IF —o. By extending one of
these conditions if necessary, we can assume that |s;| = |s2|. But then
s1,52 € [A]l*1l and h(s1) # h(s2), which contradicts the homogeneity of
A. -
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The above lemma allows us to implement the x-closure of (P, <*) in the
actual forcing (P, <). Thus we can conclude the following:

1.9 Lemma. (P, <) does not add new bounded subsets of k.
Proof. Let t € P, g is a name, A < x and
thhaCX.

For every a < A denote by o, the statement “&@ € a”. We define by
recursion a <*-increasing sequence of conditions (t, | o < A) such that
ta || oa for each @ < A. Let tg be a direct extension of ¢ deciding o¢; one
exists by 1.8. Suppose that ({5 | 8 < «) is defined. Define . First, using
1.7 we find a direct extension ¢/, of (tg | 8 < «). Then by 1.8 choose a direct
extension t,, of ¢/, deciding o,,. This completes the definition of (t, | & < \).
Now let t* be a direct extension of (t, | @ < A) (again 1.7 is used). Then
t* >t (in fact t* >* t) and t* ||—g=5whereb={a<)\|t* Faca}. H

Let us summarize the situation.
1.10 Theorem. The following holds in V[G]:
(a) Kk has cofinality Ro.
(b) All the cardinals are preserved.
(¢) No new bounded subsets are added to k.

Proof. (a) is established by 1.4, (¢) by 1.9. Finally, (b) follows from (c¢) and
1.5. 4

If 28 > k* in V, then in V[G] the Singular Cardinal Hypothesis will fail
at K.

Let C = J{p | 3A((p, 4) € G)}. By 1.4, C is an w-sequence cofinal in
k. It is called a Prikry sequence for U. The generic set G can be easily
reconstructed from C:

G = {(p, A) € P | p is an initial segment of C and C'\ (max(p) + 1) C A} .
So, V[G] = V|[C].
1.11 Lemma. C is almost contained in every set in U, i.e.
(%) for every A € U the set C'\ A is finite.
Proof. Let A € U. Then the set
D={(p,B)eP|BCA}

is dense in P. So, there is a (g, S) € GN D. But then, for every (¢’, S")

>
(q,5), ¢ \q C S C A. Hence, also, C'\ ¢ C A. 4
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The above implies that C' generates U, i.e. X e U iff X € V and C\ X
is finite.

Mathias [38] pointed out that (%) of 1.11 actually characterizes Prikry
sequences:

1.12 Theorem. Suppose that M is an inner model of ZFC, U a normal
ultrafilter over k in M. Assume that C is an w-sequence satisfying (x).
Then C is a Prikry sequence for U over M.

Proof. We need to show that the set

GC)={pA)eP]|
p is an initial segment of C' and C'\ (max(p) + 1) C A}

is a generic subset of P over M. The only nontrivial property to check is
that G(C') N D # 0 for every dense open subset D € M of P. Let us first
point out that the following holds in M:

1.13 Lemma. Let (¢, B) € P and D C P be dense open. Then there are
(q,A) >* (¢, B) and m < w such that for every n with m < n < w and
every s € [A]™, we have (qUs, A\ (max(s) + 1)) € D.

Proof. We define a partition h : [B]<“ — 2 as in 1.8 only replacing “F ¢”
by “€ D”. Let A’ € U, A’ C B be homogeneous for h. Then, starting with
some m, for every n > m and s € [A']™ we have h(s) = 1. Hence there
will be a set As € U such that (qU s, As) € D. Set A=A NA{A;|s €
[A']",m <n < w}, where

A{As | s [A]",m<n<w}
={a < k|Vn>mVs € [A]"(max(s) < a — a € A5)} .

Then, clearly A € U. The condition (g, A) is as desired, since for each
n > m and s € [A]" we have A\ (max(s) + 1) C A and, so (¢ U s,
A\ (max(s) + 1)) € D. —|

Now, let D € M be a dense open subset of P. For every finite ¢ C k, using
1.13, we pick m(q) < w and A(q) € U such that (g, A(q)) >* (g, x\ (max(q)+
1)) and for every n > m(q) and s € [A(q)]™, (¢Us, A(q) \ (max(s)+1)) € D.
Set

A=A{A(q) g€ [s]™} ={a<r| Vg€ [s]"*(maxq <o —a € Aq)} .

There is a 7 < & such that C\ 7 C A. Consider (C'N7, A\ 7). Since CN7 is
finite, (C N7, A\ 7) € P. Then, for every n > max(C N7) and s € [C'\ 7]"
we have

(CnT)Us, A\ (max(s)+ 1)) € D,
since A\7 C A\ (CN7). But C\7 C A, so we can pick s € [C'\ 7]™ for some
n > max(CN7). Then (CNT)Us C C and C\ (max(s)+1) C A\ (max(s)+1).
Hence, ((CNT)Us, A\ (max(s) + 1)) € G(C)N D. 4
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1.2. Tree Prikry Forcing

We would now like to eliminate the use of the normality of the ultrafilter U
in the previous construction. Note that it was used only once in the proof
of the Prikry condition 1.8.

Let us now assume only that U is a k-complete ultrafilter over k.

1.14 Definition. A set T is called a U-tree with a trunk t iff
(1) T consists of finite increasing sequences of ordinals below .

(2) (T, <) is a tree, where < is the order of end extension of finite se-
quences, i.e. n < v iff v[dom(n) = .

(3) tis atrunk of T, i.e. t € T and for every n € T, n >t or t > 1.

(4) For every n >t the set Sucr(n) ={a <k |n"{(a) € T}isin U.
Define Lev,, (T) = {n € T | length(n) = n} for every n < w.

We now define the tree Prikry forcing.

1.15 Definition. The set P consists of all pairs (¢,7) such that T is a
U-tree with trunk ¢.

1.16 Definition. Let (¢,T), (s, S) € P. We say that (¢,T) is stronger than
(s,S) and denote this by (¢,T) > (s, 5) it SO T.

Note that S O T implies that ¢t > s and t € S.

1.17 Definition. Let (t,T), (s, S) € P. We say that (¢,T) is a direct (or
Prikry) extension of (s,S) and denote this by (¢t,T) >* (s, S) iff

(1) SO T, and
(2) s=t.

As in the previous section we will force with (P, <) and the role of <*
will be to provide closure.

1.18 Lemma. Let (T, | a < A) be a sequence of U-trees with the same
trunk and X < k. Then T = (), Ta is a U-tree having that same trunk.

Proof. Let t be the trunk of T (and so of every T, ). Suppose that n € T
and n > t. Then

SHCT (77) = ﬂa<)\SuCTa (n) :

By k-completeness of U, Sucr(n) € U. Hence T is a U-tree with trunk
t. 4

Using 1.18 it is easy to prove lemmas analogous to 1.4-1.7.
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1.19 Lemma. Let G C P be generic for (P,<). Then
U{t | 3T((t, T) € G)}

s an w-sequence cofinal in K.

1.20 Lemma. (P, <) satisfies the kT -c.c.

1.21 Lemma. <* C <,

1.22 Lemma. (P, <*) is k-closed.

Let us show that (P, <, <*) satisfies the Prikry condition. The proof is
based on the following Ramsey property:

If Tis a U-tree and f : T — A < k, then there is an U-tree S C T such
that f[Lev,(S) is constant for each n < w.

We prefer here and later to give a direct proof instead of deducing first
a relevant Ramsey property and then proving it.

1.23 Lemma (The Prikry condition). Let (t,T) € P and o be a statement
of the forcing language. Then there is a (s,S) >* (t,T) such that (s,S) | o.

Proof. Suppose otherwise. Consider the set Sucy(t). We split it into three
sets as follows:

Xo = {a € Sucr(t) | 3So C T a U-tree with trunk ¢ («) such that
t (), So) IF o}

X7 ={a € Sucr(t) | 3S, C T a U-tree with trunk ¢~ (a) such that
t{a), Sq) IF o}

Xo = Sucr(t) \ (XoU X7) .

Clearly, XoNX; = @, since by 1.18 any two conditions with the same trunk
are compatible. Now U is an ultrafilter and Sucr(t) € U, so for some
1 < 3, X; € U. We shrink T to a tree T} with the same trunk ¢, having
Sucr, (t) = X; and: If ¢ < 2, then let T} be S, above t () for every a € X;
if i = 2, then let T} be the same as T above ¢t~ (a) for every a € X5. We
continue by recursion to shrink the initial tree 7" level by level. Thus define
a decreasing sequence (T}, | n < w) of U-trees with trunk ¢ so that

1) Ty =T.

(2) For every n > 0 and m > n, T, [(n + [t]) = T,[(n + |t]), i.e. after
stage n the n-th level above the trunk remains unchanged in all T,’s
for m > n.

(3) Foreveryn >0, if i <2, n € Lev,,4(T,) and for some U-tree S with
trunk 1 we have (n, S) I o, then
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(3a) (1, (Ty),) I+ o, and

(3b) For every v € Lev,,,(T,,) having the same
immediate predecessor as 7,

(v, (T,),) IF o .

Here, % denotes o, 'o denotes —o and for a tree R with r € R
(R),={r"eR|r>r}.

Now, we set T* = T,. Clearly, T* is a U-tree with a trunk ¢ by

n<w N

(2) or by 1.18. Consider (t,T*) € P. By the assumption, (t,7*) I~ 0. Pick
a condition (s, S) > (¢,T*) forcing o with n = |s — t| as small as possible.
Then s € Lev,, 44 (T™) = Lev4¢ (Tn). By (3) of the recursive construction,

(s,(Th)s) IFo

and for every s” € Lev,, 4 (1) with the same predecessor as s, (s', (Ty,)s) IF
o. But T* C T,, so

(5,(T*)s) Ik o and (s',(T*)s) IF o
for every s’ as above.
Let s* denote the immediate predecessor of s, i.e. s without its last ele-
ment. Then (s*, (T7*)4+) IF o since for every (r, R) > (s*,(T*)s=), r = "¢
for some s’ € Lev,, | (T*) and s’ > s*. Hence, (r, R) > (s',(T%)y) IF 0.

But we chose s to be of minimal length such that for some S (s, S) I- o,
yet |s*| = |s| — 1. Contradiction. =

Now, as in 1.9 the x-closure of (P, <*) can be used to derive the following:
1.24 Lemma. (P, <) does not add new bounded subsets of k.

The conclusions are the same as those of the previous section.
1.25 Theorem. The following holds in V[G]:

(a) Kk has cofinality Ro.

(b) All the cardinals are preserved.

(¢) No new bounded subsets are added to k.
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1.3. One-Element Prikry Forcing and Adding a Prikry
Sequence to a Singular Cardinal

Suppose that x is a limit of an increasing sequence (k,, | n < w) of measur-
able cardinals. We want to add an w-sequence dominating every sequence
in [[,,, kn, i.e. a sequence (7, | m < w) € [], ., #n such that for every
(pm | m < w) € ([1,,co, £n) NV and for all but finitely many m’s, 7, > pp,.

Fix a k,-complete ultrafilter U,, over k,, for every n < w. One can assume
normality but it is not necessary.

Let n < w. We describe first a very simple forcing for adding a one-
element Prikry sequence.

1.26 Definition. Let Q,, = U,,Uk,. If p,q € Q,, we define p >,, ¢ iff either
(1) p,q € Un and p C ¢,
(2) ¢ €U, and p € q, or
(3) p=q E kn.

Thus we can pick a set in U,, and then shrink it still in U, or pick an
element of this set. In particular, above every condition there is an atomic
one. So, the forcing (Q,,, <,) is trivial.

Nevertheless we also define a direct extension ordering:

1.27 Definition. Let p,q € Q. Set p >} ¢ iff p = ¢, or p,q € U, and
P<aq.

The forcing (Qn, <n,<!) is called the one-element Prikry forcing . The

following lemma follows from the k,-completeness of U,.

1.28 Lemma. (Q,, <) is k,-closed.

1.29 Lemma. (Q,,<,,<!) satisfies the Prikry condition, i.e. for every
P € Qn and every statement o of the forcing language there is a ¢ >3, p
such that ql o.

The proof repeats the first stage of the proof of 1.23.
We now combine @,,’s together.

1.30 Definition. Let P be the set of all sequences p = (p,, | n < w) so that
(1) For every n < w, p, € Q.

(2) There is an £(p) < w so that for every n < £(p), py, is an ordinal below
kn and for every n > £(p), pn € Up,.

The orderings < and <* are defined on P in obvious fashion:
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1.31 Definition. Let p = (p,, | n < w), ¢ = (gn | n <w) € P. We say that
p > q (resp. p >* q) iff for every n < w, pn >n qn (reSp. pn =5 qn)-

For p = (p, | n < w) € P we denote (p,, | m < n) by pln and (p,, | m >
n) by p\n. Let Pln={p/n|peP}and P\n={p\n|pe P}

The following splitting lemma is obvious:
1.32 Lemma. P ~Pln x P\ n for every n < w.
1.33 Lemma. For every n < w, (P \ n,<*) is ky-closed.

The above follows from the fact that each U,,, with m > n is k,,-complete.
1.34 Lemma. (P, <, <*) satisfies the Prikry condition.

Proof. Let p = (p, | n < w) be an element of P and o be a statement
of the forcing language. Suppose for simplicity that £(p) = 0. Then let
pn = A, € U, for every n < w. We want to find a direct extension of p
deciding 0. Assume that there is no such extension. Define by recursion on
n < w a <*-increasing sequence (¢(n) | n < w) of <*-extensions of p such
that for every n < w the following holds:

(1) If m > n, then g(m)[n = g(n)In.

(2) If ¢ = {gn, | n < w) > q(n) decides o and £(q¢) = n + 1 then already
(gm | m < n)"(q(n)m | m > n) decides o and in the same way as ¢;
moreover for every 7, € g(n), also (gm | m < n) " (m) " {(g(n)m | m >
n) makes the same decision.

The recursive construction is straightforward. At stage n, the k,-com-
pleteness of the U,,’s for m > n is used in order to take care of the possi-
bilities for initial sequences of length n — 1 below x,. The number of such
possibilities is |[[,«,_1 ®i] = Kn—1 < kn. Now define s = (s, | n < w) to
be (q(n), | n < w). Clearly, s € P and s >* p. The conclusion is now as in
1.23. Thus let ¢ = (g» | n < w) be an extension of s forcing o and with £(q)
as small as possible. By the assumption, #(q) > 0. Let n = £(¢) — 1. Now,
using (2) of the construction, we conclude that

(Gm | m<n) " (mh) (sm |m>n)lFo

for every 7, € q(n)n = sn. But then also (gm | m < 1) (sm | m > n) IF o,
contradicting the minimality of ¢(q). o

Combining 1.32, 1.33 and 1.34 we obtain the following:
1.35 Lemma. (P, <) does not add new bounded subsets to k.

Note that for each n < w, P[n is just a trivial forcing “adding” a sequence
of length n of ordinals in [[,,.,, | Km.
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1.36 Lemma. (P, <) satisfies the kT -c.c.

Proof. Note that any two conditions p = (p,, | n < w) and ¢ = (g, | n < w)
are compatible provided {(p) = 4(q) and (p, | n < £(p)) = (gn | n <

€(q))- n

Now let G C P be generic for (P, <). Define an w-sequence (¢, | n <
w) € [[,.cy, fin as follows: t, = 7 if for some p = (p,, | M < w) € G with
L(p) >np,=T.

Using density arguments it is easy to show the following:

1.37 Lemma. For every (s, |n <w) € ([],,., 5n) NV there is an ng < w
such that for every n > ng, t, > Sp.

Combining lemmas together we now obtain the following;:
1.38 Theorem. The following holds in V[G|:

(a) All cardinals and cofinalities are preserved.

(b) No new bounded subsets are added to k.

(c) There is a sequence in || Kkn dominating every sequence in

(Hn<w H") N V

nw

1.4. Supercompact and Strongly Compact
Prikry Forcings

In this section, we present Prikry forcings for supercompact and strongly
compact cardinals. The main feature of these forcings is that not only <
changes its cofinality to w, but also every regular cardinal in the interval
[k, A] does so, if we use a A-supercompact (or strongly compact) cardinal x.
The presentation will follow that of M. Magidor who was the first to use
these forcings in his celebrated papers [35, 36].

Fix cardinals x < A. Let Po(A\) = {P C A | |P| < k}. Let us recall few
basic definitions.

1.39 Definition. An ultrafilter U over Py (A) is called normal iff
(1) U is k-complete.
(2) U is fine, ie. for every a < A\, {P € P,(\) |a € P} € U.

(3) For every A € U and every f: A — X satisfying f(P) € Pfor P A
there are A’ € U and o < X such that for every P € A’ we have

f(P)y=4d
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1.40 Definition. (1) « is called A-strongly compact iff there exists a k-
complete fine ultrafilter over P, (A).

(2) & is called A-supercompact iff there exists a normal ultrafilter over
Pr(N).

(3) If P,Q € P.(N), then P is strongly included in Q iff P C @ and
otp(P) < otp(Q N k). We denote this by P C Q.

Suppose now that k is A-supercompact cardinal, and U is a normal ul-
trafilter over P, (\). The normality of U easily implies the following:

(a) If F is function from a set in U into P,(A) such that for all P # {)
F(P) C P, then F' is constant on a set in U.

(b) If for every @Q € P.(X), Ag € U, then {P |VQ QP (P € Ag)} € U.
(This last set is called the diagonal intersection of the system {Agq |

Q € Pu(N)}).

For B C P(\), denote by [B] ["] the set of all n element subsets of B
totally ordered by C ; denote (J,_ [B]™ by [B]l<“l. The following is a
straightforward analog of the Rowbottom theorem:

If F: [P.(N\)]I<“] — 2, then there is an A € U such that for every n < w,
F is constant on [A]l"].

We are now ready to define the supercompact Prikry forcing with a nor-
mal ultrafilter U over Py (A).

The definitions will be the same as in 1.1 with only x replaced by P ()
and the order on ordinals replaced by C.

1.41 Definition. Let P be the set of all pairs ((Py, ..., P,), A) such that
(1) (P1,...,P,) is a finite C -increasing sequence of elements of P, (\),
(2) AeU, and
(3) for every Q € A, P, C Q.

1.42 Definition. Let ((Py,...,P,), A), ((Q1,...,Qm), B) € P. Then de-
fine ((P1,..., Pn),A) > ({Q1,...,Qm), B) iff

(1) n>m,
(2) for every k <m Py = Qs
(3) AC B, and
4) {Pn+1,-..,P,} C B.

1.43 Definition. Let ((Py,..., P,), 4), ((Q1,...,Qm), B) € P. Then
<<P1;~--7Pn>7A> 2* <<Q77Qm>7B> lﬁ
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(1) (P1,...,P,)={(Q1,...,Qm), and

(2) ACB.

The next lemmas are proved as in 1.1 with obvious changes from & to
Pr(A).
1.44 Lemma. <* C <.

1.45 Lemma. (P, <*) is k-closed.

1.46 Lemma (The Prikry condition). Let (g, B) € P and o be a statement
of the forcing language (i.e. of (P,<)). Then there is a (p, A) >* (q, B)
such that (p, A) || o.

1.47 Lemma. (P, <) does not add new bounded subsets to k.
1.48 Lemma. (P, <) satisfies the (A\<%)T-c.c.

Proof. As in 1.5, any two conditions with the same finite sequence, i.e. of
the form (p, A) and (p, B) are compatible. The number of possibilities for
p’s now is A<*. So we are done. -

By the theorem of Solovay (see [55] or [27]), A<" = X if A is regular
or of cofinality > s and A<F = AT in case of cf(\) < k. Note that \-
supercompactness of x implies actually its A<*—supercompactness. We can
restate 1.48 using Solovay’s theorem as follows:

1.49 Lemma. (P, <) satisfies the u*—c.c., where

A dfd(N) >k
H= AT dfef(N) < k.

Our next lemma presents the main property of the supercompact Prikry
forcing. Also, it shows that 1.49 is sharp.

Let G be a generic subset of (P, <) and let (P, | 1 < n < w) be the
Prikry sequence produced by G, i.e. the sequence such that for every n < w,
there is an A € U with ((P1,..., P,), A) € G.

1.50 Lemma. Every § € [k, p] of cofinality > k (in' V') changes its cofinality
to w in V[G], where

A dfd(N) >k
FZA0, ifef) <k .

Moreover, for each 6 <X, 6 =, ., (PnN0), i.e. it is a countable union of
old sets each of cardinality less than k.
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Proof. Let o < A. The fineness of U implies that {P € P,(\) |« € P} € U.
Then, by a density argument, o € P,, for all but finitely many n’s. Hence,
for each 6 < \

§=U,_,(P.N6).

This implies that each § < X\ of cofinality > k in V changes cofinality to
w in V[G], as witnessed by (sup(P, Nd) | n < w). In order to finish the
proof, we need to deal with A of cofinality below x and to show that in this
case AT also changes its cofinality to w. Fix in V a sequence cofinal in A of
regular cardinals (\; | i < cf()\)), a sequence of functions (f, | @ < A1) in
IL <cf(n) Ai and an ultrafilter D over cf()\) including all cobounded subsets
of cf(A), so that

(a) a < B <At = fo < fg (mod D), and
b) for every g € [], A; there is an 4 < AT such that f; > g(mod D).
i<cf(X\)

Using A<® = AT, it is not hard directly by induction to construct such
sequence of f;’s. Omne can also appeal to general pcf considerations; see
[1]. Now, by fineness and density again, for every a < At and for all
but finitely many n < w we will have P, D ran(f,). Hence, for such n’s,
UP. N X)) | i < cf(X) > far So, {lUEP.NN) | @ <cf(N) | n < w}
will be an w-sequence of functions from (J];_.¢(y) Ai) NV unbounded in
(ILi<ceny A)NV. This implies that AT should have cofinality w in V[G].

Let us now turn to the strongly compact Prikry forcing. So, we give
up normality and assume only that U is a k-complete fine ultrafilter over
P.(N). The construction here is completely parallel to the construction of
the tree Prikry forcing in 1.2.

1.51 Definition. A set T is called a U-tree with trunk t iff

(1) T consists of finite sequences (P, ..., P,) of elements of P, (\) so that
PCPC - CP,.

(2) (T, <) is a tree, where < is the order of the end extension of finite
sequences.

(3) tisatrunk of T, ie. t € T and for every n € T, n >t or t > n.

(4) For every n > t,
Sucr(n) ={Q € Px(N) [n7(Q) €T} e U .

The definitions of the forcing notion P and the orders < and <* are now
exactly the same as those in 1.15, 1.16 and 1.17. (P, <, <*) here shares all
the properties of the tree Prikry forcing of §1.2 except the xT-c.c. Thus the
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Lemmas 1.18, 1.21-1.24 are valid in the present context with basically the
same proofs. Instead of the kT—c.c. we will have here the (A<*)T—c.c. Also
1.48-1.50 holds with the same proofs.

Let us summarize the properties of both supercompact and strongly com-
pact Prikry forcings.

1.52 Theorem. Let G be a generic set for (P,<,<*), where (P,<,<*)
is either supercompact or strongly compact Prikry forcing over P(\). The
following holds in V[G]:

(a) No new bounded subsets are added to k.

(b) Every cardinal in the interval [k, u] of cofinality > k (as computed in
V') changes its cofinality to w.

(¢) All the cardinals above p are preserved, where

A dfcdf(N) >k
A, difef(N) <k
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2. Adding Many Prikry Sequences
to a Singular Cardinal

In this section we present the extender-based Prikry forcing over a singular
cardinal. It is probably the simplest direct way for violating the Singular
Cardinal Hypothesis using minimal large cardinal hypotheses. This type of
forcing first appeared in [20] in a more complicated form. The presentation
here follows [17], Sec.3.

Let, as in 1.3, K = |, ., fn With (5, | » < w) increasing and each
kn, measurable. The Prikry forcing described in 1.3 produces basically one
Prikry sequence. More precisely, if GCH holds in the ground model, then
k+-many new w-sequences are introduced but all of them are coded by the
generic Prikry sequence. Here we present a way for adding any number of
Prikry sequences into [],, ., #n. In particular this will increase the power of
K as large as one likes without adding new bounded subsets and preserving
all the cofinalities.

The basic idea is to use many ultrafilters over each of k,’s instead of a
single one used in 1.3. This leads naturally to extenders over the «,’s. For
the basics about extenders and corresponding large cardinal hypotheses,
which are significantly weaker than A-supercompactness of 1.4, see the fine
structure and inner model chapters of this handbook.

Assume GCH and let A > k% be a regular cardinal. Suppose that we
want to add to s or into [],,_,, #n at least A many Prikry sequences. Our
basic assumption will now be that each k,, is a (A 4 1)-strong cardinal.
This means that for every n < w there is a (kp, A + 1)-extender E,, over
kn, whose ultrapower contains Vy1; and which moves x,, above A. We fix
such E, and let j, : V — M, ~ Ult(V, E,). For every a < A we define
a kn—complete ultrafilter U, over k, by setting X € U,, iff a € j,(X).
Actually only U, ’s with a > k,, will be important. Note that a lot of U, ’s
are comparable in the Rudin-Keisler order <gx, recalling that

U<pg Wiff 3f : W — JUVX CUU (X € U « f71(X) e W).

Thus for example, if « is a cardinal and 8 < «, then Un(a+8) =Rk Una
and Un(oz+ﬂ) ZRK Un,ﬁ'

We will need a strengthening of the Rudin-Keisler order. For a,8 < A
define

a<g, B iff a« < and for some f € "k, ju(f)(B) =« .

Clearly, then a <pg, 3 implies Uno <rr Ung, as witnessed by any f € "x,,
with j,(f)(8) = a: If A € Uyg, then 8 € j,(A). So o = j,(f)(B) €
Jn(f)“in(A) = jn(f“A). Hence f“A € U, o. Note that, in general, a <
B < A and U,q <grr Upg does not imply o <g, B.
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The partial order (A, <g,_) is k,-directed, as we see in Lemma 2.1 below.
Actually, it is k7 F-directed, but for our purposes k,-directness will suffice.
Thus, using GCH, find some enumeration (a, | @ < Kn) of [k,]<"" so that
for every regular cardinal § < K, (a, | @ < §) enumerates [§]<° and every
element of [§]<% appears § many times in the enumeration. Let j,((aq | @ <
Kn)) = {aa | @ < jn(kn)). Then, {a, | @ < ) will enumerate [A\]<* D [\]<F»
in both M,, and V’; this coding will be applied below.

The next lemma is a basic application of commutativity of diagrams
corresponding to extenders and their ultrafilters.

2.1 Lemma. Let n < w and T < Ky. Suppose that (o, | v < T) is a
sequence of ordinals below A and o € A\ (|, ., oo, + 1) codes this sequence,
i.e. ag = {ay |v <7}. Then o >g, ay for every v < .

Proof. Fix v < 7. Consider the following diagram

My,
In
ka
o
v N, ka,
oy,
No

v

where No ~ Ult(V,U, o), ka([flu,..) = Jn(f)(@) and the same with «,
replacing . Then j,({(ag | B < £n)) = kalia({ag | 8 < kn))) and
ka(ia((ag | B < mn))([id)v, ) = dn(las | B < fn))(@) = aa = {oy |
pw < 7} But 7 < Ky, so it is fixed by k,, since crit(k,) > k,. Hence
ia((ag | B < kn))([id]u, ) is a sequence of ordinals of length 7. Let o
denote its v-th element. Then, by elementarity, k(o) = a,. We can
hence define ko, o : No, — Ny by setting ko, o([flu.,) = ia(f)(a;,). 1t is
easy to see that k. o is elementary embedding and the following diagram
is commutative
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M,
Jn
io
\% N, ke,
bay T kaua
No

Finally, we can define the desired projection m4q, of Uy, onto U, q, .
Thus let Taq, : kn — Kn be a function such that [T, ]u, .. = ;. Then,
jn(ﬂaay)(a) = ka ([Wa,au]Un,a) = ka(a;) = . S0, a>pg, q,. _|

Hence we obtain the following:

2.2 Lemma. For every set a C X\ of cardinality less than k., there are A
many a’s below \ so that o >g, 3 for every B € a.

For every o, 3 < Asuch that o >pg, 3 we fix the projection mog : Ky, — Ky
defined as in 2.1 witnessing this. Let 7y = id, the identity map: k, — K.
The following two lemmas are standard.

2.3 Lemma. Lety< < a< A Ifa>g, B anda>g, v, then {v < Ky, |
Tag(V) > Tay(V)} € Upa.

Proof. We consider the following commutative diagram

M,

In Ma
— e M ks
ir Ng B

N’Y

where for ¢’,6 € {a, 8,7}

i5:V — Ng >~ Ult(V, Un(s)
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ks ([flu,s) = 3n(£)(9)

and kys([flu, ) = is(f)([ms5]U,s)-
Then ko ([Taplu,.) = ka(kpa([idlu,,)) = ka(lid]u, ;) = jn(id)(8) = B.
The same is true for 7, i.e.

ka([ﬂ'a'y]Um) =7-
But M,, F v < 8 and k, is elementary, so Ny F [Tay]u,.. < [Taslu,.. Hence
{v < bn | map(v) > Tay(V)} € Una -
4

2.4 Lemma. Let {a; | i < 7} C a < X for some T < ky. Assume that
o >, o; for every i < 7. Then there is a set A € Upq so that for every
i,j < T: o >g, aj implies Taaj(V) = Tasa,; (Taa, (V) for every v € A.

Proof. 1t is enough to prove the lemma for 7 = 2 and then to use the .-
completeness of U,,. So, let 5,7 < a and assume that v <g, 8 <g, «.
Consider the following commutative diagram:

where k’s and ¢’s are defined as in 2.3.
‘We need to show that

[Tor]Una = [T8y © TaplU,. -
As in 2.3, ko ([Tany]u,.) = 7. On the other hand, again as 2.3,

ko([may 0 Taplu,.) = dn(may 0 Tap)(@)
= Jn(Tpy) (Gn(Tap) (@) = ju(mpy)(B) = 7 -

Since k, is elementary, we have in N, the desired equality. -
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We are now ready to define our first forcing notion. It will resemble
the one-element Prikry forcing considered in 1.3 and will be built from two
pieces. Fix n < w.

2.5 Definition. Let Q.1 = {f | f is a partial function from A to &, of
cardinality at most x}. We order Q1 by inclusion, which here is denoted
by <;.

Thus @1 is basically the usual Cohen forcing for blowing up the power
of kT to A\. The only minor change is that the functions take values inside
kn rather than 2 or k™.

2.6 Definition. Let Q.o be the set of triples (a, A, f) so that
(1) f€Qn.
(2) a C X with
(2a) |a| < Kn,

(2b) andom(f) =0, and

(2¢) a has a <p,_-maximal element, i.e. an element
« € a such that o >, [ for every S € a .

(3) A€ Un max(a) -

(4) For every o, 3,7 € a, if @ >g, B =g, 7, then Tay(p) = 7g4(Tas(p))
for every p € Traz(a),a “A-

(5) For every a > [ in a and every v € A,

Wmax(a),a(”) > Wmax(a),ﬂ(l/) .
The last two conditions can be met by Lemmas 2.3, 2.4.

2.7 Definition. Let (a, A, f),(b,B,g) € Qno. We say that (a, A, f) is
stronger than (b, B, g) and denote this by (a, A, f) >¢ (b, B, g) iff

1) f2y9,
(2) a 2 b, and
(3) Tmax(a),max(b) “ACB.

We now define a forcing notion @, which is an extender analog of the
one-element Prikry forcing of 1.3.

2.8 Definition. Q),, = Qno U Q1.

2.9 Definition. The direct extension ordering <* on @), is defined to be
<o U <1,
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2.10 Definition. Let p,q € @,,. Then p < q iff either

(1) p<* g, or
(2) p={a,A, f) € Qno,q € Qn1 and the following holds:
(2a) ¢ 2 f,
(2b) dom(q) 2 a,
(2¢) g(max(a)) € A, and
)

(2d) for every § € a, q(8) = Tmax(a),s(q(max(a))).

Clearly, the forcing (Q.,, <) is equivalent to (@1, <1), i.e. Cohen forcing.
However, the following basic facts relate it to the Prikry-type forcing notion.

2.11 Lemma. (Q,, <*) is ky,-closed.

2.12 Lemma. (Q,,, <, <*) satisfies the Prikry condition, i.e. for every p €
@ and every statement o of the forcing language there is a ¢ >* p deciding
.

Proof. Let p = {(a, A, f). Suppose otherwise. By recursion on v € A define
an increasing sequence (p, | v € A) of elements of Q1 with dom(p,)Na =0
as follows. Suppose (p, | p € ANv) is defined and v € A. Define p, as
follows: Let u = Up<upp. Then u € Q1. Consider ¢ = (a, A,u). Let
¢ (V) = u U {(B, Tmax(a),3(¥)) | B € a}. If there is a p >1 ¢~ (v) deciding
o, then let p, be some such p restricted to A\ a. Otherwise, set p, = u.
Note that there will always be a condition deciding o.

Finally, let ¢ = (J,capv. Shrink A to a set B € U, max(a) SO that
P (V) = P U{(B, Tmax(a),3(¥)) | B € a} decides o the same way or does not
decide o at all, for every v € B. By our assumption (a, B,g) | o. However,
pick some h > (a, B, g), h € Qn1 deciding on o. Let h(max(a)) = v. Then,
p, " (v) decides o. But this holds then for every v € B. Hence, already
(a, B, g) decides 0. Contradiction. =

Let us now define the main forcing of this section by putting the blocks
of @,’s together. This forcing is called the extender-based Prikry forcing
over a singular cardinal.

2.13 Definition. The set P consists of sequences p = (p,, | n < w) so that
(1) For every n < w, pn € Qn.

(2) There is an £(p) < w so that for every n < £(p), pn € Qn1, and for
every n > Z(p)v Pn = <an7An7 fn> € Qno and ay, C An41-

2.14 Definition. Let p = (p, | n < w) and ¢ = (g, | n < w) € P. We set
p > q (resp. p >* q) iff for every n < w, pp, >0, ¢n (resp. pp >0, qn)--
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The forcing (P, <) does not satisfy the k*-c.c. . However:
2.15 Lemma. (P, <) satisfies the kT -c.c.

Proof. Let {p(a) | @ < K77} be a set of elements of P, with p(a) = (p(a)y, |
n < w) and p(a)n, = (a(Q)n, A(a)n, f(a)n) for n > l(p(a)). There is an
S C k*T stationary such that for every o, 3 € S the following holds:

(a) £(p(a)) = £(p(B)) = L.

(b) For every n < ¢, {dom(p(a),) | « € S} forms a A-system with p(a),
and p(8), having the same values on its kernel.

(c) For every n > £, {(a(a), Udom(f(a),) | « € S} forms a A-system
with f(a)n, f(B8)n having the same values on the kernel. Also, if
a, 3 € S then a(a), Ndom(f(8),) = 0.

Now let @ < (8 be in S. We construct a condition ¢ = (¢, | n < w)
stronger than both p(«) and p(3).

For every n < £ let ¢, = p(@), Up(B)n. Now suppose that n > ¢. g, will
be of the form (b, By, gn). Set gn = f(a)n U f(8)n. We would like to define
by, as the union of a(a),, and a(f),. But 2.6(2(iii)) requires the existence of a
maximal element in the <pg_ order which need not be the case in the simple
union of a(«), and a(B),. It is easy to fix this. Just pick some p < A
above a(a), U a(B), in the <g_ order. Also let p > sup(dom(f(a),)) +
sup(dom (f(8))n). Lemma 2.2 insures that there are such p’s. Now we set
b = a(a)n Ua(B)n U {p}. Let B], = w4 (A(a)y) N 7T;51 (A(B)r), where
o* = max(a(a),) and f* = max(a(83),). Finally we shrink B/, to a a set
B,, € Uy, satistying 2.6((4), (5)). This is possible by Lemmas 2.3, 2.4.

For p = (p, | n < w) € P set pln = (py, | m < n) and p\ n = (P, |
m > n). Let Pln={pn|p e P} and P\n={p\n|pe P} Then the
following lemmas are obvious:

2.16 Lemma. P ~ Pn x P\ n for every n < w.

2.17 Lemma. (P \ n,<*) is kn-closed. Moreover, if (p® | @ < § < K) is
a <* increasing sequence with kg, > 0, then there is a p >* p* for every
a<d.

We will now turn to the Prikry condition and establish a more general
statement which will allow us to deduce in addition that x™ is preserved
after forcing with (P, <).

Let us introduce first some notation. For p = (p,, | n < w) € P and m
with £(p) < m < w, let pm = (am, Am, fm)- Denote an, by am(p), Anm by
A (p) and fr, by fm(p). Let (v, .- vm) € H;n:z(p) Ag(p). We denote
by

pm<yé(p)a sy Vm>
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the condition obtained from p by adding the sequence (vy(), - .., Vm), i.e. a
condition ¢ = (g, | n < w) such that ¢, = p, for every n, n < £(p) or n > m,
and if E(p) <n<m then dn = fn(p) U {<677rmax(an(p)),8(yn)> | /6 S an(p)}

We prove the following analog of 1.13:

2.18 Lemma. Let p € P and D be a dense open subset of (P, <) above p.

Then there are p* >* p and n* < w such that for every (vo,...,Vn+_1) €
£(p)4n*—1
L ™ Am(p®), P {(0s- - Ve —1) € D,

Let us first deduce the Prikry condition from this lemma.

2.19 Lemma. Let p € P and o be a statement of the forcing language.
Then there is a p* >* p deciding o.

Proof of 2.19 from 2.18. Consider D = {q € P | q > p and ¢| o}. Clearly,
D is dense open above p. Apply 2.18 to this D and choose n* as small as
possible and p* >* p such that for every ¢ > p* with £(q¢) > n*, ¢ € D. If
n* = £(p), then we are done. Suppose otherwise. Assume for simplicity that
{(p) = 0 and n* = 2. Then let p* = (p}, | n < w) and for every n < w let
pl o= (a}, AL, f¥). Let ap = max(ag) and oy = max(a]). Then Af € Upq,
and A7 € Ujq,. Let 19 € Af and vy € A}. Consider p* ™ (vp,v1) the
condition obtained from p* by adding v and vy. Clearly, £(p*™ (vo, 1)) = 2.
Hence it decides 0. Now we shrink A} to A], so that for every v}, v{ € A},
p* ™ (vo,v1) and p*~(vo,vy) decide o the same way. Let A7* = {A],, |
vy € AS}. We shrink now Aj to A§* so that for every v, v € Ag* and for
every v € A1* p* (v}, 1) and p* ™ (v{, 1) decide o in the same way. Let
p** be a condition obtained from p* by replacing in it A§ by A5* and Aj
by A3*. Then p** >* p* and p** || 0. Contradiction.

Proof of 2.18. The main objective is to reduce the problem to the point
where we can use the argument of the corresponding fact in §1.3, as if we
were forcing using (Uy, max(a,) | 7 < w).

We first prove the following crucial claim:

Claim. There is a p’ >* p, p’ = (p), | n < w), such that for every ¢ > p/,
q={qn | n <w), if ¢ € D, then also
(P | < £(p)) ™ {gnlan(p)Ufa () | L(p') <m < L(q))™(pn | n = Uq)) €D,

where p;, = (an(p"), An(p'), fn(p")) for n > £(p).

Proof of Claim. Choose a function h : k < [k]<“, such that for every
n < w, hlkn @ Kn < [ka]<Y. Now define by recursion a <*-increasing
sequence (p® | a < k) of direct extensions of p, where p® = (p% | n < w)
and, for n > £(p), p& = (a®, A, f*). Set p° = p. Suppose that o < x and

<w
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(pP | B < a) has been defined. As a recursive assumption we assume the
following:

(%) For every n < w and for 3,7, k, < 3,7 <K,
if £(p) <m < n+ 1,then o, = a), and A% = A7,.

Let 5* be p®~1 if a is successor ordinal, and a direct extension of (p° |
8 < «) satisfying (*) if a is a limit ordinal. Note that if n < w is the
maximal such that o > &, then 2.17 applies, since the parts of p®’s be-
low Kn41 satisfy (*). Now we consider h(a). Let h(a) = (v1,...,v).
If (vo,...,vk—1) & Hffg&ﬁ;l A (p*), then we set p* = p, where for
m > L(p), % = (am (DY), Am (DY), fm(D*)). Otherwise we consider ¢ =
p* (o, ..., vk—1). If there is no direct extension of ¢ inside D, then let
p* = p%* Otherwise, let s = (s, | n < w) >* ¢ be in D. Define
p® = (p& | n < w) then as follows:

(a) For each n with n > ¢(p) + k or n < {(p), let p% = s,, and

(b) For each n with £(p) <n < L(p)+k —1, an(p®) = an(p*),
An(p®) = An(p), and f,,(p®) = fu(s)[((dom(fn(s)) \ an(p®)) -

The meaning of this last part of the definition is that we extend for n with
L(p) < n < Llp)+k—1ounly fr(p®) and only outside of a,(p*). Clearly
such defined p® satisfies (x).

Finally, (*) allows us to put all the (p® | & < k) together. Thus we define

p' = (p), | n <w) as follows:

(i) For n < {(p), let p;, = Uye\ Phr-

(ii) For n > £(p), let fun(p') = Uyer fu(0®); an(p’) = an(p®™), and
An(p') = An(p™) .

Obviously p’ € P and p’ >* p. This p’ is as desired. Thus, if ¢ > p’ is in

D, then we consider o = h™1({g, (max(a,(p"))) | £(p) <n < £(q))). By the

construction of p® <* p’, p* (g, (max(a,(p'))) | £(p) < n < £(qg)) will be in

D. Then also p’'™{(gn(max(a,(p")) | £(p) <n < €(q)) € D, since D is open.
This concludes the proof of the Claim.

Now let p' >* p be given by the claim. Assume for simplicity that
£(p) = 0. We would like to shrink the sets A, (p) in a certain way. Thus
define p(1) >* p’ such that:

(¥)1 For every m < w and (vg,...,Um—1) € sz_ol A, (p(1)), if for
some v € A, (p(1)), p(1)™(vo, ..., Vm-1,v) € D, then for every
v e A (p(1) p(1) ™ (vo, ..., Vm—1,V') € D.
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Let m < w and 7 = (vg,...,VUm—1) € Hf}l A, (p'), where in case of

m = 0, U is the empty sequence. Consider the set
Xmp={veA,0)|p (vo,...,vm-1,v) € D}.

Define A5 to be Xy, 5, if X € Upy max(an (pr)) a0d A (p') \ Xom,z, oth-
erwise. Let A,,, = ({An 7|V € H?;()l An(p")}. Define now p(1) = (p(1), |
n < w) as follows: for each n < w let p(1),, = (an(p’), An, f(p')). Clearly,
such defined p(1) satisfies (x);.

Then, in a similar fashion we chose p(2) >* p(1) satisfying:

(¥)2 For every m < w and (vg,...,Um—1) € H?:_()l An(p(2)), if for
some (Vi Vm+1) € Am(p(2)) X Am+1(p(2)),

P2 (Vo5 -y Vm—1)" (Vm, Vi) € D,
then for every <l/7lna V;n+1> € Am(p(Q)) X Aerl(p(Q))a
p2)™ (M0, - vn—1)" (Vs Vi 1) € D
Continue and define for every k with 2 < k < w a p(k) >* p(k — 1)
satisfying (), where (%) is defined analogously for k-sequences. Finally,
let p* be a direct extension of (p(k) | 1 < k < w). Let s > p* be in D. Set

n* = {(s). Consider (so(max(ao(p*))),...,Sn —1(max(an-—1(p*)))). Then
the choice of p’, p’ <* p* and openness of D imply that

p* (so(max(ao(p*)), .- -, $n+—1(max(an-—1(p*)))) € D

But p* >* p(n*). So, p* satisfies (x),+. Hence, for (vy,...,vp-_1) €

I—[nfnl@:_()1 Am(p*)ap*r\<V07"'7Vn*—1> eD. -
Combining these lemmas we obtain the following;:

2.20 Proposition. The forcing (P,<) does not add new bounded subsets
to k and preserves all the cardinals above k™.

Actually, it is not hard now to show that x* is preserved as well.
2.21 Lemma. Forcing with (P, <) preserves k.

Proof. Suppose that (k7)Y is not a cardinal in a generic extension V[G].
Recall that cf(k) = Rg and by 2.20 it is preserved. So, cf((k)V) < & in
V[G]. Pick p € G, § < k and a name g so that k) > and

pl-(g:6— (k7)Y and ran(g) is unbounded in (k*)") .
For every 7 < 4 let

D; ={q€P|q>pand for some a < k¥, qlF g(¥) = a} .
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Define by recursion, using 2.17, a <*-increasing sequence (p” | 7 < J) of
<*-extensions of p so that p” satisfies the conclusion 2.18 with D = D,. By
2.17, there is a p? >* p™ for each 7 < 4.

Now let 7 < d. By the choice of p” there is an n(7) < w such that for

every (v, ..., VUn(r)-1) € Hﬁg;;)z;;)(r)—l Am(P°), p°~ (v, .. ., Un(r)—-1) € D7 .

This means that for some a(vo, ..., Vpry—1) < KT
p‘sr"(VO, s VUn(n—1) I 9(F) = a(vo, -+, Vn(r)-1) -
Set
a(r) = sup{a(vo, ..., Vp(r)-1) |

L n(t)—
(Vor- s Unimy—1) € TLA 0 7 ™ Am @)}

Then clearly a(7) < k* and
P’ I g(7) < a(r) .
Now let o* = J,_5 (7). Then again o < £+ and
PP IRV < (g (r) <d) .

But this is impossible since p <* p® forced that the range of g was unbounded
in k™. Contradiction. 4

Finally, let us show that this forcing adds A w-sequences to k. Thus, let
G C P be generic. For every n < w define a function F), : A — k,, as follows:

F,(a) = v if for some p = (ps, | m < w) € G with £(p) > n, pp(a) =v.

Now for every a < A set to = (F(a) | n < w). Let us show that the set
{ta | @ < A} has cardinality A. Notice that we cannot claim that all such
sequences are new or even distinct due to the Cohen parts of conditions,
i.e. the f,’s.

2.22 Lemma. For every 3 < A there is an o with § < a < X such that t,
dominates every t, with v < 3.

Proof. Suppose otherwise. Then thereisa p= (p, | n <w) € G and f < A
such that

plFVa(f <a <A — 3y < B (lo does not dominate Ly))
For every n > £(p) let p,, = (an, An, fn). Pick some

0 € M\ (Uycu@n UUdom(f,) U (8 +1) -
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We extend p to a condition ¢ so that ¢ >* p and for every n > £(q) = ¢(p),
a € by, where ¢, = (b, By, gn). Then ¢ will force that t, dominates every
t, with v < a.. This leads to the contradiction. Thus, let v < a and assume
that ¢ belongs to the generic subset of P. Then either ¢, € V or it is a
new w-sequence. If ¢, € V then it is dominated by ¢, by the usual density
arguments. If ¢, is new, then for some 7 > ¢ in the generic set v € ¢,, for
every n > {(r), where r,, = {c,,Cyp,h,). But also a € ¢, since ¢, 2 b,.
This implies F,,(«) > F,(y) (by 2.6(5)) and we are done. !

We now have the following conclusion.
2.23 Theorem. The following holds in V[G]:
(a) All cardinals and cofinalities are preserved.

(b) No new bounded subsets are added to r; in particular GCH holds below
K.

(¢c) There are A new w-sequences in || Kn. In particular 2% > .

nw

2.24 Remark. The initial large cardinal assumptions used here are not
optimal. We refer to Mitchell’s chapter [41] on the Covering Lemma for
matters of the consistency strength. In the next section another extender-
based Prikry forcing requiring much weaker extenders will be introduced.

It is tempting to extend 2.22 and claim that (to | & < XA and to € V)
is a scale in ], _ #n, ie. for every t € ], . K, there is an o < X such
to € V and t, dominates t. Unfortunately this is not true in general. We
need to replace [],,_,, #n by the product of a sequence (A, | n < w) related
to A (basically the Prikry sequence for U, whenever it is defined). Assaf
Sharon [50] made a full analysis of possible cofinalities structure for a similar
forcing (the one that will be discussed in the next section). Let us now deal
with a special case that cannot be covered by such forcing. Let us assume
that for every n < w, jn(kn) = A, where j, : V — M,, ~ Ult(V, E,,) is the
canonical embedding. In particular each k,, is a superstrong cardinal. Then
the following holds.

2.25 Lemma. Lett €[], tn in V[G]. Then there is an o < X such that
ta €V and for all but finitely many n < w, to(n) > t(n).

Proof. Let t be a name of t. Pick p € G forcing “t € [], ., #n”. Define
for every n < w a set dense open above p:

D, ={q € P|q>pand thereis a v, < , such that ¢ |- t (n) =0} .

Apply 2.18 to each of D,’s and construct a <*-sequence (p(k) | k < w)
of direct extensions of p such that p(k) and Dy, satisfy the conclusion of
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2.18. Let p* be a common direct extension of p(k)’s. Then for every
k,1 < k < w, there is an n(k) < w such that for every (vo,...,Vpw)-1) €

Hf(p)Jrn(k)*l A (p"),

m={(p)

p*r\<VOa B Vn(k)71> I- L(k - 1) = f(VOa . '7Vn(k)71)

for some &(vo, ..., Vpky—1) < Kr—1. Assume for simplicity of notation that
£(p) = 0. Let 1 <k < w. We can assume that {(vo,. .., Vyx)—1), defined
above, depends really only on vy, ..., v,_1, since its values are below kg_1
and ultrafilters over x,,’s are ki-complete for m > k. Also assume that for
every m > 0 A, (p*) Nkm—1 = 0. Now, we replace & by a bigger function n
depending only on v;_;. Thus set

W(kal) = U{f(VO; vy Vk—2, kal) | <V07 SRR Vk72> € H]:nf() AM(p*)}—FVk*l
Clearly, n(vk—1) < Kk—1. So,
P o, vk-1) IE L (R —1) <a(ve-1)

for every k, 1 < k < w and every (vo,...,V5—1) € an;lo A, (p*). For
every n < w let 0, : A,(p*) — Kn be the restriction of n to k,. Let o, =
max(an(p*)). Consider j,(n,)(ay) where j, : V. — M, is the embedding of
the extender E,. Then j,(n,)(can) < jn(kn) = A. Choose some « below A
and above (J,, ., 7n (1) (c) U (dom(f,,(p*))). Now extend p* to a condition
p** such that p** >* p* and for every n < w « € a,(p**). Then,

P IEVnlta(n) > na((ta, (1) > £ (n))
So we are done. B

The extender-based forcing described in this section can also be used with
much stronger extenders than those used here. Thus with minor changes
we can deal with E,,’s such that j,(k,) < A but requiring j,(kn+1) > A
Once jp(kn+1) < A for infinitely many n’s then the arguments like one in
the proof of the Prikry condition seem to break down completely.

Another probably more exciting direction is to use shorter extenders in-
stead of long ones. Thus it turned out that for A\’s below x7“* an extender of
length k'™ over k,, for n < w suffices. The basic idea is to replace in p € P
the subset a,(p) of A by an order preserving function from A to x}™. Such
defined forcing fails to satisfy kT T-c.c. and actually will collapse A to xT.
But using increasing with n similarity of ultrafilters involved in the exten-
ders, it turns out that there is a subforcing satisfying the kT -c.c. and still
producing A new sequences in [],_, . This approach was implemented
in [17] for calculating the consistency strength of various instances of the
failure of the Singular Cardinal Hypothesis and, as well, for constructing
more complicated cardinal arithmetic configurations.
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3. Extender-Based Prikry Forcing
with a Single Extender

In this section we present a simplified version of the original extender-based
Prikry forcing of [19], Sec 1. Our aim is simultaneously to change the
cofinality of a regular cardinal to Ry and blow up its power. Recall that the
Prikry forcing of 1.1 and 1.2 does the first part, i.e. change cofinality. As
in the previous section, we would like to use an extender instead of a single
ultrafilter in order to blow up the power.

Let x, A be regular cardinals with A > x*+. Assume that x is Viis-
strong for a § so that k7 = \. Let E be an extender over s witnessing
this and j : V — M ~ Ult(V, E) with M DO V45 be the corresponding
elementary embedding. Suppose also that there is a function f) : Kk — K
such that j(fx)(k) = A. Notice that such a function always exists for small
Nslike A\ = kT, A = k1116 )\ = g5+ ete., just take mappings o — o™,
a — a6 o — oot In general, assuming j(k) > ), it is not hard to
force such fy. The idea is to force for every inaccessible a < k a generic
function from « to a and then to extend the embedding specifying to s the
value A under the generic function from j(k) to j(k) in M.

If k is a strong cardinal then for every A > k there is a (k, \)-extender
E and a function f : k — & so that je(f)(k) = A\, where jg : V — M ~
Ult(V, E). The Solovay argument [56], originally used for a supercompact
k, works without change for a strong cardinal x: Let x be a strong cardinal
and suppose that for some A > k for every (k, A)-extender E and every
function f : kK — x we have jg(f)(x) # A. Let A be the least such ordinal.
Pick a (k,22" )-extender E*. Let j : V — M ~ Ult(V, E*). Then, in M, A
will be the least such that for every (k, A)-extender E and every function
[k —n, je(f)(k) # A, since M D V,,». Now define a function g : k — &
as follows: g(a)) = the least 8 > « such that for every (o, 8)-extender E and
every function f : « — «, je(f)(«) # B, if there is such a § and let g(a) =0
otherwise. Then, clearly, j(g)(k) = A. But then E*[X and g provide the
contradiction.

Suppose for simplicity that V satisfies GCH. Then we will have "+VK+5 C
M. For every a < A define a k-complete ultrafilter U, over k by setting
X € U, iff a € j(X). Notice that U, will be normal and each U, with
a < k will be trivial; we shall ignore such U, and refer to U, as the least
one. As in Section 2, we define a partial ordering <g on A:

a<g B iff & < and for some f €k, j(f)(8) =« .

Again, clearly, a« <g @ implies that U, <grx Up as witnessed by any
f € "k with j(f)(8) = a. In the previous section only the x directedness
(more precisely, &, directedness for every n < w) of the ordering was used.
Here we will need more — x*t-directedness. Thus, as in Section 2, fix an
enumeration (a, | o < k) of [k]<" so that for every regular cardinal u < &,
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(aq | @ < p) enumerates [p]<* and every element of [u]<* appears u many

times in the enumeration. Let j({an | @ < K)) = {(aa | @ < j(k)). Then,

(e | @ < A) will enumerate [A\]<* D [A]<*"". For each a@ < \ we consider
the following basic commutative diagram:

M
/
Vv , ‘ ko
\
N

where iq : V — N, ~ Ult(V,U,) and ko ([flv,) = 7 (f)(@).
3.1 Lemma. crit(k,) = (k11)Ne.

Proof. Tt is enough to show that ke (k) = &, since ko ((kT)Ve) = kT and
ko((ktT)Ne) = kTF by elementarity. But “N, C N,. Hence (kT)Ne = x+.
By 2% = kT, (kT T)Ne < kTF. So (k™+)Ne is the first ordinal moved by k.

In order to show that x is fixed let us use the function f\ : Kk — &k
representing A in M. Thus by commutativity, ko (io(fx)) = j(fr). Clearly,
ia(f)) tia(Kk) — ia(k) and io(f2) [k = fx. Hence

No EVr < i (ia(£)(7) < K) .
Using ke we obtain that
M EVT <ka(k) (j(fA)(T) < ka(r)) -
But ko (k) < ka([idly,) = a < A. Hence,
M EYT < k() (i(f)(7) <) .

But ko (x) > & and j(fx)(k) = A. So, kq(x) must be equal to x and we are
done. 4

The following is a consequence of the previous lemma.
3.2 Lemma. For every a with k < a < A\, a >g K.

Proof. By 3.1, ko(k) = k. So, ka([9]u,) = & for g : kK — K representing  in
N,. Then g projects U, on U, and j(g)(a) = ko ([g]u..) = &- o

We can now improve 2.1 to k**-directedness.

3.3 Lemma. Let (o, | v < k™) be a sequence of ordinals below \. Suppose
that a € A\ (U, <+ 0 + 1) codes {a, | v < KT}, dice. aq = {a, | v < KT}
Then o >g oy, for every v < k.
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Proof. Let v < k™. Consider the following commutative diagram:

M
J
ka
la
v N, ka,
oy,

Then j({ag | B < k) = ka(ia({ag | B < K))). Let a* = [id]y,. Then
ko(a®) = a. So, aq = kq(al.), where al. = ia((ag | B < K))(a*). But
ao = {ay |V <kT}and, by 3.1, ko (k) = k7. So, al. = {af, |V < KT},
where kq (o) = a,r. Now we can define an elementary embedding kg, q :
Ngo, — Ng. Set

Fayol[flua, ) = ia(f)(ay) -

Finally every function representing o}, in N, will be a projection of U, onto
U,, and witness o, <pg a. —

For 8 <gp a < A we fix a projection mag : & — k defined as in 3.3. Let
Tao = td. The following two lemmas were actually proved in the previous
section (2.3 and 2.4).

3.4 Lemma. Let y < < a< A Ifa>g f and a >g v, then {v < k|
Tag(V) > Tay(V)} € Us.

3.5 Lemma. Let a, 3,7 < A be so that « >g 8 >g . Then there is an
A € U, so that for every v € A

Tary (V) = Ty (Tap (V) -
Consider the following set:

X = {v < k| 3Iv* <v(v*is inaccessible,
v v —v*, and fu(v*) > v)} .

Clearly X € U, for every a < \ (ignoring o’s below ). Also the function
g: X — k defined by g(v) = the maximal inaccessible v* < v closed under
fr and with f\(v*) > v, projects each U, onto Uy. Let us change each 7y
to g on X and for v € k\ X let 7o, (v) = 0. Also change Tag’s a little for
o, > k. Thus for v € K\ X let map(v) = 0. If v € X and mag(v) is below
Tax (V) then change mo3(v) to v or any ordinal between 74, (v) and v. Note
that these changes are on a small set since '\ X ¢ U,, for any a < \. Hence
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the changed m,g’s are still projections. The following summarizes the main
properties of the U,’s and mag’s:

(1) (\,<g) is a kT T-directed partial ordering.

(2) (Uy | @ < Ay is a Rudin-Keisler commutative sequence of x-complete
ultrafilters over k with projections (map5 | 8 < a < A, a >g ().

(3) For every a < A Taq is the identity on a fixed set X which belongs to
every Ug for § < A

(4) (Commutativity) For every a, 3,7 < A such that o >g 8 >g ~, there
isaY € U, so that for every v € Y

Tay (V) = Tgy(Tap (V).
(5) For every a < 3, v < A, if v > g a, 8 then
< k| Talv) < ms()} € U

(6) Uy is a normal ultrafilter.
(7) Kk <pawhen k <a <A\

(8) (Full commutativity at k) For every o, 8 < A and v < &, if « > 8
then 7oy (V) = mgi(map(V)).

(9) (Independence of the choice of projection to k) For every «, 8,k < a,
B< A and v <k

Tar(V) = Tai (V).

(10) Each U, is a P-point ultrafilter, i.e. for every f € "k, if f is not
constant mod Uy, then there is a Y € U, such that for every v < &

Y nf~Hv} < s.

The last property just follows using the set X defined above and the nor-
mality of Uy.

A system of ultrafilters and projections satisfying (0)-(9) was called in [19]
a nice system. Its existence is a bit weaker than the strongness assumption
used here. In what follows we will use only such a system in order to define
extender based Prikry forcing over k.

Let us denote ma,(v) by v°, where k < o < A and v < k. By a o-
increasing sequence of ordinals we mean a sequence (v1,...,V,) of ordinals
below « so that

y?<ug<---<1/2.

For every a < A by X € U, we shall always mean that X C X, in particular
it will imply that for v1,1v5 € X if 19 < 10 then [{a € X | a® =10}| < 14.
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The following weak version of normality holds, since U, is a P-point: if
X; €U, fori <k then also X = Af_ X; ={v|Vi<® (veX;)}eU,.

1<K
Let v < k and (11, ...,v,) be a finite sequence of ordinals below k. Then
v is called permitted for (v, ... ,vy) if V0 > max{1) | 1 <i <n}.

We shall ignore U,’s with a@ < k and denote U, by Up.
Let us now define a forcing notion for adding A w-sequences to k.

3.6 Definition. The set of forcing conditions P consists of all the elements
p of the form {(y,p") | 7 € ¢\ {max(g)} U {(max(g), p™*9), T)}, where

(1) g C X of cardinality < s which has a maximal element in <g-ordering
and 0 € g. Further let us denote g by supp(p), max(g) by mc(p), T
by T?, and p™*(9) by p™¢ (mec for the maximal coordinate).

(2) for v € g p" is a finite °-increasing sequence of ordinals < k.

(3) T is a tree with a trunk p™¢ consisting of °-increasing sequences. All
the splittings in 7" are required to be on sets in Up,(p), i-e. for every
n €T, if n >p p™° then the set

Sucr(n) ={v <k |n (V) €T} € Upe(p) -
Also require that for 9y >7 19 > p™¢

Sucr(nr) C Sucr(ng) -

(4) For every v € g, Tme(p),~(max(p™€)) is not permitted for p7.

mc)

(5) For every v € Sucr(p

|{y € g | v is permitted for p?}| < 19 .
(6) Tme(p),0 Projects p™< onto p° (so p™¢ and p° are of the same length).

Let us give some intuitive motivation for the definition of forcing condi-
tions. We want to add a Prikry sequence for every U,(a < A). The finite
sequences p? (v € supp(p)) are initial segments of such sequences. The sup-
port of p has two distinguished coordinates. The first is the O-coordinate
of p and the second is its maximal coordinate. The O-coordinate or more
precisely the Prikry sequence for the normal ultrafilter will be used further
in order to push the present construction to 8. Also condition (6) will be
used for this purpose. The maximal coordinate of p is responsible for ex-
tending the Prikry sequences for v’s in the support of p. The tree T? is a set
of possible candidates for extending p™¢ and by using the projections map
Tme(p),y TOT 7 € supp(p), TP becomes also the set of candidates for extend-
ing the p’s. Instead of working with a tree, it is possible to replace it by a
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single set. The proof of the Prikry condition will be then a bit more com-
plicated. Condition (4) means that the information carried by max(p™°) is
impossible to project down. The reasons for such a condition are technical.
Condition (5) is desired to allow the use of the diagonal intersections.

In contrast to the main forcing of the previous section, we deal with
k coordinates simultaneously (i.e. the support of the condition may have
cardinality k). This causes difficulties since we cannot hope to have full
commutativity between x many ultrafilters.

3.7 Definition. Let p,q € P. We say that p extends ¢ and denote this by
p > qiff

(1) supp(p) 2 supp(q).

(2) For every v € supp(q), p” is an end-extension of ¢7.
(3) pmel@ e 79,
)

(4) For every v € supp(q),

PN = Tone() . (0™ \ @) [(length (p™) \ (i + 1))

where i € dom(p™¢(@) is the largest such that p°(9) (i) is not permit-
ted for ¢7.

(5) Time(p),me(q) Projects Thme into Time.

(6) For every v € supp(q) and v € Sucr» (p™°), if v is permitted for p7,
then

Tme(p)y (V) = Tme(q),y (Tme(p),me(q) V) -

In clause (5) above the following notation is used: let T' be a tree and
n € T, then T}, consists of all finite sequences p such that n™p isin 7.

Intuitively, we are allowing almost everything to be added on the new
coordinates and restrict ourselves to choosing extensions from the sets of
measure one on the old coordinates. Actually here we are really extending
only the maximal old coordinate and then we are using the projection map.
This idea goes back to [13] and further to Mitchell [44].

3.8 Definition. Let p,q € P. We say that p is a direct (or Prikry) extension
of ¢ and denote this by p >* ¢ iff

(1) p>gq, and

(2) for every v € supp(q), p” = ¢”.
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Our strategy is to show that (P, <, <*) satisfies the Prikry condition, that
(P, <*) is k-closed, and that (P, <) satisfies the k™ T-c.c.

The Prikry condition together with « closedness of (P, <*) insure that no
new bounded subsets of x are added. The x*'-c.c. takes care of cardinals
> k*+. Since s will change its cofinality to Rg, an argument similar to 2.21
will be used to show that xT is preserved. Clause 3.7(4) of the system of
ultrafilters and projections insures that at least A-many w-sequences will be
added to k.

3.9 Lemma. The relation < is a partial order.

Proof. Let us check the transitivity of <. Suppose that r < gand ¢ < p. Let
us show that r < p. Conditions (1) and (2) of Definition 3.7 are obviously
satisfied. Let us check (3), i.e. let us show that p"°(") € T". Sincep > q > r,
me(r) € supp(q), ¢™") € T and

PN G = Ty ety (D )

Also p™e(@) € T4, By (5) of 3.7 (for ¢ and 7) Tme(q),me(r) Projects Tgme into
a subtree of Tqrmc(,r). Hence p™<(") € T and, so condition (3) is satisfied.

Let us check condition (4). Suppose that v € supp(r). We need to show
that p7 \ r? = Wmc(r)ﬁ“(pmc(’") \ 7™¢("), In order to simplify the notation,
we are assuming here that every element of p™<(") \ #¢(") is permitted for
r¥. Since ¢ > r, ¢ \ 1V = ﬂmc(rm“(qmc(r) \ r™e(M). So, we need to show
only that p7 \ ¢7 = Wmc(r)ﬁ“(pmc(r) \ ¢™<(M). Since p > ¢, p™@) € T9 and
P\ Q" = Toe(q)y “(pmela) \ gme(a)) Using condition (6) of 3.7 for ¢ > r and
the elements of p™c(@) \qmc(’l), we obtain the following

P\ ¢ = Tme(a)y “(pmcm) \ qu(q))
me(q) \ qmc(q)))

= Tne(r)y “(Tme(q)me(r) “(P
— 7_f_mc(r)”yu(pmc(r) \ qmc(r)) ]

The last equality holds by condition (4) of 3.7 used for p and g.

Let us check condition (5), i.e. Mpc(p),me(r) Projects Thne into T;’W(T).
Since p > ¢, Tyme is projected by Tpe(p),me(q) it0 Tyme. Since g > r,
Tme(q),me(r) Projects Time into Tqrmc(,r). Now, using condition (6) for p and
q with v = mec(r), we obtain condition (5) for p and r.

Finally, let us check condition (6). Let v € supp(r), v € Sucrs(p™°)
and suppose that v is permitted for p”. Using condition (5) for p and ¢,
we obtain that mp,c(p) me(q)(¥) € Sucra(¢™¢). Recall that it was required
in Clause 3.6(3) that each splitting has a splitting below it in the tree.
Denote Tpc(p),me(q)(¥) by 6. By condition (6) for ¢ and 7, mp,e(g),4(0) =
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Tme(r)y (Tme(q),me(r) (0)). Using (6) for p and ¢, we obtain

Tne(p)y (V) = Tme(g). 7 (Tme(p) me(q) (V)
= Tme(q).(9)
= 7Tmc(r),'y(7-‘-777,c(q),'mc(7’) (5)) :

Once more using (6) for p and g,

Tme(q),me(r) (Tme(p)me(a) (V) = Tme(p),me(r) (V) -
This completes the checking of (6) and also the proof of the lemma. —

The main point of the proof appears in the next lemma.

3.10 Lemma. Let ¢ € P and o« < A. Then there is a p >* q so that
a € supp(p).

Proof. If o <g mc(q), then it is obvious. Thus, if a € supp(q), then we
can take p = ¢. Otherwise add to ¢ a pair («,t) where ¢ is any °-increasing
sequence so that max(¢g™¢) is not permitted for ¢.

Now suppose that o €5 me(qg). Pick some 3 < A so that 3 >g a and
8 >gr mc(q). Without loss of generality we can assume that 0 = a. We
shall define p to be of the form

¢ U{(e,t,T)}

where ¢’ is constructed from ¢ by removing T'9 from the triple
{me(q), q™¢, T9), t is an °-increasing sequence which projects onto ¢° by 7a0
and the tree T" will be defined below.

First consider the tree Ty which is the inverse image of T(fmc by 7o, me(q)s
with ¢ added as the trunk. Then py = ¢’ U {{«,¢,T0)} is a condition in P
which is “almost” an extension and even a direct extension of g. The only
concern is that condition (6) of Definition 3.7 may not be satisfied by pg
and ¢. In order to repair this, let us shrink the tree T a little.

Denote Sucr, (t) by A. For v € A set

B, = {vy € supp(q) | v # me(q) and v is permitted for ¢”} .

Then |B,| < 1, since Ta,me(q) (V) € Sucra(q™°), W =ma0(v) =

Tme(q),0(Tame(q)(¥)), and ¢ being in P satisfies condition (5) of Definition
3.6. Clearly, for v,§ € A, if 1% = 6% then B, = Bs, and if 1° > §°
then B, D Bs. Also, if v € A and 1? is a limit point of {6° | § € A},
then B, = J{Bs | § € A and §° < 1°}. So the sequence (B, | v € A)
is increasing and continuous (according to the v%’s). Obviously, | J{B, |
v € A} = supp(q) \ {mc(q)}. Let (& | ¢ < k) be an enumeration of
supp(q) \ {mc(q)} such that for every v € A

B, C{&|i< ).
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Now pick for every i € A a set C; C A, with C; € U, so that for every
v € Ci Tag; (V) = Tme(q),e: (Ta,me(q) (V). Let C = ATA;_ C; = {v e A
Vi <1%(v € C;)}. Then C € U,.

Now define T  to be the tree obtained from Tj by intersecting every level of
Ty with C. Let us show that condition (6) of Definition 3.7 is now satisfied.
Suppose v € supp(q). If v = mc(q), then everything is trivial. Assume that
v € supp(q) \ {mec(q)}. Then for some ig < k 7 = §;,. Suppose that some
v € C is permitted for ¢7. Then &, = v € B,. Since B, C {& | i < 1},
io < v°. Then v € C;,. Hence

Tagiy (V) = Tme(g). & (Ta,me(q) (V) -
So condition (6) is satisfied by p. Hence, p >* gq. -
3.11 Lemma. (a) (P,>) satisfies the kT -c.c.

(b) (P,>*) is Kk-closed.

Proof of (a). Let {po | & < k*t1} C P. Without loss of generality, we can
assume their supports form a A-system and are contained in k™. Also, we
can assume that there are s and (¢, T) so that for every a < k™1, pola = s
and (p¢,TP~) = (t,T). Let us then show that p, and pg are compatible
for every o, 3 < k™.

Let o, 8 < k11 be fixed. We would like simply to take the union p, Upg
and to show that this is a condition stronger than both p, and pg. The
first problem is that p, U pg may not be in P, since supp(ps U pg) =
supp(pq) Usupp(pg) may not have a maximal element. In order to fix this,
let us add say to p, some new coordinate § so that § >g mec(pa), me(pg).
Let p?, be the extension of p, defined in the previous lemma by adding §
as a new coordinate to p,. Then p}, Upg € P. But we do need a condition
stronger than both p, and pg. The condition p}, Upg is a good candidate
for it. The only concerns here are (5) and (6) of Definition 3.6. Actually,

. . . : p:‘ : —1 « s
(5) can be easily satisfied by intersecting T yme With s oy (Tp;;,r,). In
order to satisfy (6), we need to shrink TP~ more. The argument of the

previous lemma can be used for this.

Proof of (b). Let 6 < k and let (p; | i < 0) be an <*-increasing sequence
of elements of P. Pick o < A above {mc(p;) | i < 6}. Let p be the union
of p;’s with TP removed. Set T = ﬂi<5 ﬂ';’mc(m)“T’”. Also remove all
7’s with 70 < § from this tree. Let ¢ be a °-increasing sequence so that
Tao“t = pJ. Consider p U {{«,t,T)}. Clearly, it belongs to P. Now, as in
Lemma 3.9, shrink 7" to a tree T so that pU{(a,t,T%)}* > p;, where i < 4.
Let T* = (,.4 T" and consider 7 = pU {(a,¢,T*)}. Then r >* p; for every
i <. -
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3.12 Lemma. (P, <,<*) satisfies the Prikry condition, i.e. for every state-
ment o of the forcing language, for every q € P there exists p >* q deciding
.

Proof. Let o be a statement and ¢ € P. In order to simplify the notation
we assume that ¢ = (). The object in this proof is to reduce the problem
to that of Prikry forcing on some U,, so the arguments of §1.1 can be
applied. In order to find a suitable ordinal a, which will be p™¢, pick an
elementary submodel N of V), for u sufficiently large to contain all the
relevant information of cardinality ¥ and closed under s-sequences of its
elements. Pick o < A above (in <g-ordering) all the elements of N N .
Let T be a tree so that {{«,0,T)} € P. More precisely, we should write
{{0,0)}U{{a, 0, T)}. But let us omit the least coordinate when the meaning
is clear. If there is a p € N so that pU {{a,0,7")} € P and decides o, for
some T" C T, then we are done. Suppose otherwise. Denote Sucr(()) by A.
We shall define by recursion sequences (p, | v € A) and (T" | v € A).

Let v = min(A). Consider {(a, (v),T(,y)}. If there isno p € N and 7" C
T,y such that p U {(a, (v),T')} is in P and decides o, then set p, = () and
TV = Ty, Otherwise, pick some p and 7" C Ty, so that pU {(a, (v),T")}
is in P and decides o. Set p, =p and T = T".

Suppose now that pe and T¢ are defined for every ¢ < v in A. We shall
define p, and T". But let us first define p), and p!,. Define p!/ to be the
union of all pg’s with £ € ANwv. Let p], = {{v,p))) | v € supp(p]))}, where
for v € supp(p)), piY = pl)7 unless v is permitted for p!/7 and then p}} =

"I (Tay(v)). If there is no p € N and 7" so that ¢ = pU {(«, (v),T")} €
P, q >* p,U{{a,(v),Ty)} and q| o, then set p, = p), and TV = T,,.
Suppose otherwise. Let p, T’ be witnessing this. Then set T = T" and
p=p,UP\p,)

This completes the recursive definition. Set p = J, ¢ 4 pv. For i < x let

A if there is no § € A such that §° = i,
" ) N{Sucys ((8)) | 6 € A and 69 = i}, otherwise.

Note that C; € U, since A € U, and this means by our agreement that for
vi,v € A, if 1) <1 then [{y € A| 7% =10} <18, Set A* = ANAY_, C.
Then for every v € A* for every § € A if 6° < ¥ then v € Sucys ((5)). Let
S be the tree obtained from 7' by first replacing T,y by T" for every v € A*
and then intersecting all levels of it with A*. —

Claim 3.12.1. pU {(c, 0, S)} belongs to P.

Proof. The only nontrivial point here is to show that pU{{«, 0, S)} satisfies
condition (5) of the definition of P. So let v € Sucg(()). By the definition
of S, Sucs(()) = A*. Consider the set

B, = {v € supp(p) | v is permitted for p7} .
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For every 6 € A let B, s = {v € supp(ps) | v is permitted for p”}. Then
B, = Usca Bu,s- But, actually the definition of the sequence (ps | 6 € A)
implies that B, = [J{B,s | § € A and 6° < v°}. The number of §’s in
A with 6% < 10 is < 19, since for §,v € A 6° < vV implies § < 10, and it
means in particular, that for every £ < 1%, [{§ € A| 6% = ¢} < 0. So it is
enough to show that for every § € A, §° < ¥ implies |B, s |< v°. Fix some
d € A such that 6° < 9. Since v € A* and 6° < ¥ v € Sucys((6)). But
ps U {{a, (6),T°)} € P. So, by the definition of P,|B, s| < . =

Then, clearly pU {(a,0,S)} >* (o, 0,T)}.
For 6 € Sucg(()) = A* let us denote by (p U {(«, D, S)})s the sequence
{<77 (pv)wa7(5)> | Y€ Supp(p)} U {<Oé, <6>7 S(&)>}7 where

- )P " Ty (0), if 6 is permitted for p7,
P )maqy(8) = P, otherwise.

Note that (p U {(a,,5)})s is a condition and 74~ (9) is added only for ~’s
which appear in the support of some pe with £° < 6% and hence, with £ < 4.
Also (pU {{a,0,8)})s* > ps U {{e, (8), T°)}.

Claim 3.12.2. For every § € Sucs({)) if for some ¢, R € N,
(pU{{a,0,5)})s <* qU {{c, (8), R)} and qU {{c, (§), R)} IF o(resp. —c),
then (p U {{a,0,S)})s IF o (resp. —o).

Proof. Note that such a ¢ U {(«, (§), R)} is a direct extension of
ps U {{a, (8),T?)}. By the choice of ps and T?, ps U {(a, (§), T%)} decides
o. But (pU {{a,0,9)})s* > ps U {{a, (5), T%)}. -

Let us now shrink the first level of S in order to insure that for every §;
and 0o in the new first level

(pU{{a,0,8)})s, IF o (resp. —o) iff (pU{{a,0,5)})s, IF o (resp. —o)
Let us denote the shrunken tree again by S.

Claim 3.12.3. For every § € Sucg({)), (p U {{a, ) })s M o.

Proof. Suppose otherwise. Then every § in Sucg({)) will force the same
truth value of o. Suppose, for example, that o is forced. Then pU{{(«, 0, S)}
will force o. Since every ¢ > p U {(«,,S)} is compatible with one of (p U
{{ca,0,5)})s for 6 € Sucs({)). This contradicts the initial assumption. -

Now, climbing up level by level in the fashion described above for the
first level, construct a direct extension p* U {{a, 0, S*)} of pU {{c, 0, S)} so
that:
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(a) For every n € S*, if for some ¢, R € N,
(" U{a, 0,5}y <* qU{{a, (), R)} and
qU{{a, (), R)} IF o (resp. —o), then
(p* U{(a,0,5*)})y Ik o (resp. —o)

(b) If n1,m2 € S* are of the same length, then

(p* U {{,0,5%)} )y, Ik o (resp. —o) iff
(p* U{(a,0,5%)})n. IF o (resp. —o)

As in Claim 3.12.3, it is impossible to have any n € S* so that (p* U
{(a,0,5%)}), decides 0. Combining this with (a) we obtain the following.

Claim 3.12.4. For every q,R,t € N, if qU {{a,t, R)} > p* U {{«, 0, S*)}
then ¢ U {{a,t, R)} does not decide o.

Proof. Just note that ¢ U {(a, t, R)} >* (p* U {(«,0,5)}): and use (a). -

Pick some 8 € N N A which is <g above every element of supp(p*). This
is possible since supp(p*) € N. Shrink S* to a tree S**, as in Lemma 3.10
in order to insure the following:

For every v € Sucg+«(()) and v € supp(p*),
if v is permitted for (p*)7, then 7oy (V) = Ty (Tap(V)).

Let S*** be the projection of S** to § via w4 g. Denote p* U {(3,0, 5***)}
by p**. Then p** € N and p** U {({«a, 0, S**)} >* p* U {(a, 0, S*)}. Since
N is an elementary submodel there is some ¢ € N with ¢ > p** deciding
o. Let, for example, g IF 0. Pick some t € §** so that m,g“t = g”. Such t
exists, since by Definition 3.7 ¢ belongs to S*** which is the image of S**
under m,3. Note also that mec(q) <g « by the choice of N. Let R be a
from S}* by intersecting S;* with w;;nc(q) (T'?) and shrinking, if necessary,
as in Lemma 3.10 in order to insure the equality of projections 7., and
Tme(q),y © Ta,me(q) for permitted 4’s in supp(q). Then qU {(a, ¢, R)} will be
a condition stronger than q. Hence, it forces o. But this contradicts Claim
3.12.4, since q U {{a,t, R)} > p* U {{(«, 0, S*)}. This contradiction finishes
the proof of Lemma 3.12. -

Let G be a generic subset of P. By Lemma 3.10, for every o < A there
is a p € G with a € supp(p). Let us denote | J{p® | p € G} by G“.

3.13 Lemma.

(a) For every a < A\, G* is a Prikry sequence for U,, i.e. an w-sequence
such that for every X € U, it is almost contained in X .

(b) G is an w-sequence unbounded in k.
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(c) If a # B then G # GP, moreover o < (3 implies that G® dominates
G~.
Proof. (a) follows from the definition of P. (b) is a trivial consequence of
(a). For (c) note that there is a v < A such that v >g «, 3. By Lemma 3.4
then {v < & | mya(v) < myg(v)} € U,. This together with the definition of
P implies that G* is dominated by G”. —|

3.14 Lemma. st remains a cardinal in V[G].

Proof. Suppose otherwise. Then it changes its cofinality to some p < k.
Let g : p — (k7)Y be unbounded in (x*)V. Pick p € G forcing this.
Suppose for simplicity that @) I- g p— %T unbounded. Pick an elementary
submodel N as in Lemma 3.12. Let o < A be above every element of
N\ A. Pick a tree T so that {(«,0,T)} € P. As in Lemma 3.12, define
by induction an <* increasing sequence of direct extensions of {{(«,®,T)}
{q; U{{a,D, 8%} | i < u) so that

(a) ¢; € N.

(b) If for some ¢, R,t € N and j < k%, U {{a,t, R)} > i U {(,0,5%)}
and U {(a,t,R)} IF g(i) = j, then

(@i U {{e,0,5)}): IF g (i) = j

Using Lemma 3.11, find S so that U, , ¢:U{(c,0,8)} >* ¢;U{(a, 0, 5")}
for every ¢ < p. Denote Ui<M g; by p. As in Lemma 3.12, choose 8 € N \ A
above supp(p) and project S into 5 using m,3. Denote the projection by S*.
Let p* = pU{(83,0,S*)}. Then p* € N and p*U{(«, 0, S)} >* pU{(a, 0, S)}.
Since N is an elementary submodel, for every i < p there will be ¢ € N,
q > p* forcing a value for g (i). Then, using (b), as in Lemma 3.12 for some
te S (pu{(B,0,5)}): will force the same value for g (i). But |S| = . So,
all such values are bounded in k% by some ordinal § which is impossible,
since N D k* and N F (¢l (g : i — &% unbounded)). Contradiction. -

Now combining the lemmas together, we obtain the following.
3.15 Theorem. The following holds in V[G]:

(a) & has cofinality Ro and k™0 > \.

(b) All the cardinals are preserved.

(¢) No new bounded subsets are added to k.

If k is a strong cardinal and A > &k, then by the Solovay argument,
described in the beginning of the section, there is a function f : Kk — k and
a A-strong embedding j : V' — M so that j(f)(k) = A\. Now, having f and
j we can use the extender-based Prikry forcing over k, as it was defined
above. So, the following holds.
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3.16 Theorem. Let V' be a model of GCH and let k be a strong cardinal.
Then for every A\ there exists a cardinal preserving set generic extension

VIG] of V so that
(a) No new bounded subsets are added to k.
(b) K changes its cofinality to Ng.
(c) 2% > A
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4. Down to N,

The forcings of Sections 2 and 3 produce models with x of cofinality Ng,
GCH below &, and 2" arbitrarily large. But such k are quite large. Thus, in
Section 2, it is a limit of measurables. In Section 3, it is a former measurable
and no cardinals below it were collapsed. We should now like to collapse
cardinals below x and to move it to R,,. Note that it is impossible to keep
2% arbitrarily large once « is N, since by the celebrated results of S. Shelah
[53] 28 < min(Rpxg)+, Ru,) provided that R, is a strong limit. Our goal
will be only to produce a finite gap between x = X, and 2. It is possible to
generalize this to countable gaps and we refer for this matter to [19], Sec. 3.
The possibility of getting uncountable gaps between X,, and 2%« is a major
open problem of cardinal arithmetic.

Let 2 < m < w. We construct a model satisfying “2%» = R,,,; for every
n < w and 2% =R, ,,” based on the forcing of the previous section.

The basic ideas for moving down to a small cardinal like N, are due to M.
Magidor [35, 36]. H. Woodin, see [9] or [15] was able to replace the use of
supercompacts and huge cardinals by Magidor in [15] by strong cardinals.
We present here a simplified version of [20, Sec. 2]. The main simplifica-
tion is an elimination of M-generic sets used there. Another simplification,
suggested by Assaf Sharon, allows the removal of bounds b(p,~) of [20],
Sec.2.

Fix a (k,k + m)-extender FE over k. Let j : V — M ~ UWt(V, E),
crit(j) = kK, M 2 Vitm, be the canonical embedding. Assume GCH. Let
(Ua | o < A), (map | @, 8 < A, B <g ) be as in the previous section with
A=xkT" and f): k — k defined by fy(v) =vT™.

We now define the set of forcing conditions.

4.1 Definition. The set of forcing conditions P consists of all elements p
of the form

{00, (T, s )y (foy ooy fr), F)}U
{(v,p") | 7 € g\ {max(g),0}} U {{max(g), p™>) T)} ,

where

(1) {0, {r1, ., 1)) }U{{y.07) | 7 € g\ {max(g), 0}} U{{max(g), p™**(¥),
T)} is as in Definition 3.6. Let us use the notations introduced there.

So, we denote g by supp(p), max(g) by me(p), T by TP and pmax(9)
by p™¢. Also, let us denote further (1,...,7,) by p°, (fo,..., fa) by
[P, fori <n f; by ff, n by n? and F by FP.

(2) fo € Col(l(,u,ﬁ)7 fi € COI(T;_m+1,Ti+1) for 0 < i < n, and f, €
Col(r,fm*1 k).

n
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(3) F'is a function on the projection of Tpme by Tye(p),0 S0 that

F({vo,...,vi-1)) € Col(r 1™ k)

Let us denote by TP the projection of T' by .. For every n € Tﬁo’o let
F,, be defined by F,,(v) = F(n™(v)).

Intuitively, the forcing P is intended to turn & to N, and simultaneously
blowing up its power to kT™*1. The part of P, which is responsible for
blowing up the power of k is the forcing used in Section 3. The function
fo,- -+, fn—1 provides partial information about collapsing already known
elements of the Prikry sequence for Uy. F' is a set of possible candidates for
collapsing between further, still unknown elements of this sequence. Note,
that for ¢ < n we are starting the collapse with T;rmﬂ, i.e. we intend to pre-
serve all 7;,7;", ... ,T;rerl. The reason for this appears in the proof of the
ktF-c.c. and of the Prikry condition. It looks technical but what is hidden
behind is that collapsing indiscernibles (i.e. members of Prikry’s sequences
for Uy’s (v < X)) causes collapsing generators, i.e. cardinals between x and
A. Shelah’s bounds on the power of R, [53] suggest that there is no freedom
in using collapses below x without effecting the structure of cardinals above
K as well.

4.2 Definition. Let p,q € P. We say that p extends ¢ and denote this by
p=qiff

(1) {<0,p°d>} U{(7,p") | v € supp(p) \ {me(p),0}} U {(me(p), p™, T)}
extends

{(0,¢°)} U{(v, ") | ¥ € supp(g) \ {me(q), 0}} U {(me(q),q™, T}
in the sense of Definition 3.7.

(2) For every i < length(q®) = n4, fP > fi.
(3) For every n € TZ’:O’O, FP(n) D F1(n).
(4) For every i with n? <i < n?,

PO FY @\ ¢")li+1).

(5) min(p®\ ¢°) > sup(ran(fpa)).

4.3 Definition. Let p,q € P. We say that p is a direct extension of g and
denote this by p >* ¢ iff

(1) p>gq, and

(2) for every v € supp(q), p” = ¢”.
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The following lemmas are analogous to the corresponding lemmas of the
previous section and they have analogous proofs.

4.4 Lemma. The relation < is a partial order.

4.5 Lemma. Let ¢ € P and o < k™. Then there is a p >* ¢ so that
« € supp(p).

4.6 Lemma. (P, <) satisfies the ™1 -c.c.

For the proof of the last lemma, note only that the number of possibilities
for the collapsing part (fo,,..., fn), F of a condition (in the form of 4.1)
is k7. It is important that F depends only on the normal ultrafilter of
the extender. This way F' can be viewed as an element of Col(k,i,(k))
of N,, ~ Ult(V,U,), which (in V) has cardinality x*. Once allowing F to
depend on the extender itself, say on the maximal coordinate of a condition,
we will have the correspondence to Col(k,j(k)) of M ~ Ult(V, E). This
set is of cardinality > % (in V) and using it, it is easy to produce x*+
incompatible conditions.

If p€ P and 7 € p¥, then the set P/p of all extensions of p in P can be
split in the obvious fashion into two parts: one everything above 7 and the
second everything below 7. Denote them by (P/p)=™ and (P/p)<". Then
P/p can be viewed as (P/p)=" x (P/p)<". The part (P/p)<" consists of
finitely many Levy collapses and the part (P/p)=" is similar to P but has
a slight advantage, namely the Levy collapses used in it are 7™ 1_closed.
Using this observation, one can show the following analog of Lemma 3.11(b):

4.7 Lemma. If p € P and 7 € p°, then ((P/p)=7,<*) is 7+ _closed.
Let us now turn to the Prikry condition.
4.8 Lemma. (P, <, <*) satisfies the Prikry condition.

Proof. Let o be a statement of the forcing language and ¢ € P. We shall
find p >* ¢ deciding o. In order to simplify notation, assume that ¢ = (.

Pick an elementary submodel N, a < k™ and T as in Lemma 3.12.
Consider condition {{«, ?,T)}. More precisely, we should write {(0,0, 0, ) U
{{a,0,T)}. But when the meaning is clear we shall omit {(0,0,0,0)}. If
for some p € N {(0,0, f, F)}UpU {{a,0,T")} € P and decides o, for some
T' CT,f and F, then we are done. Suppose otherwise.

As in the proof of 3.12 we first show that it is possible to deal with condi-
tions having fixed support. Once the support is fixed the proof will be more
or less like that of 1.20, with small complications due to the involvement of
collapses.

Claim 4.8.1. There are p, F' and S in N so that
(a) {(0,0,0, F)} UpU{(a,0,5)} =* {{e,0,T)} .
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(b) If for some q € N,¢° q*, F',T' and f,

{(0,¢°, F,F)} UqU {(a, ¢, T")}
0,0,0

is a an extension of {(0, F)}UpU{{a,0,T*)} and forces o (or

-0 ) then also

{<0a qO’ (f_"“ength(qo))/\F(qO)a F>} U (p)q“ U {<aa qav Sqo‘>}

forces the same, where (p)qa is the set {(,p? "t} | v € supp(p)} with
t7 the mazimal final segment of ma~ “q® permitted for p7.

Proof. Let A denote SucT(<)). Assume that A C « and for vy, € A,
v1 < v implies /) < 1. Also assume that only the elements of A appear in
T,ie. T C [A]<“. Let {(¢?, fi,q®) | i < K} be an enumeration of all triples
(q°, f, q“) such that

(i) ¢ eT.
(i) ¢° = ma0“q®.

(iii) If ¢° = (70, ...,7n_1) then dom(f) = n and f(0) € Col(w, ), f(1) €
Col(ry ™ 1), ., fln—1) € Col(r;* 7,_1). (Note that we do
not enumerate the “last” function from Col( k)

For every v € A, |[{p € A | p® =19} < (1°)*™. So, the number of such
triples satisfying ¢°(i) < v for every i < length(q°) is at most (v9)™™. We
can assume that {{¢2, fi, %) | i < ()™} = {{¢°, F.q%) | {¢", F,q°) satisty
the conditions (i), (ii), (iii) above and ¢°(i) < v/ for every i < length(q°)}.

Define by recursion sequences (p; | i < x), (T® | i < k), {(f' | i < k) and
(Fili<k). Set po=0, T =T, fO=0 and F° = 0.

Suppose that p;, TV and F7 are defined for every j < i. Define p;, T, f*
and F*.

Set first p/ = Uj<7,‘pj' Let pi = {{(v,p"") | v € supp(p))}, where for
7 € supp(p!), p;’ = p; " unless there is a v € ¢& permitted for p;” and then
p;’ = p;7" the maximal final segment of 7~ “g" permitted for p7.

We now wish to define a function F’ on the set ¢) ™ (Tg)? =45 {gf ~(n) |
(m) € (Tye)}. Let (n) € (Tyeq)® (it may be just the empty sequence).
Consider the set

C={j<ilgl™(n) extends ¢j and ¢/ (n) € ¢)~(17)°} .
For every j € C we have

g} (length(q}) — 1) < ¢~ (n)(length(g] ™ (n)) — 1) .
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Then, by the properties of the enumeration {(g), f,,4f) | v < x} we have
§ < (@27 (n)(length(g? ™ (n)) — 1))™™. So

O C (a7 (n)(length(q? ™ (1)) — 1))

Now define ‘
F'(@?™ () = Ujec F (6} ™) -
Then

F'(¢}™ () € Col(¢;™ (n) (length(q; ~ (n)) — 1)™" ", k) |

since |C| < ¢?7(n)(length(¢? ™ (n)) — 1)*™. Define

rt =, i F'(¢0), F')} Upi U {{a, ¢, Tye)} -

If 7* ¢ P or it belongs to P and there is no p € N,T", g and F so that
{{0, ¢?, fimg, F)}UpU {{a, q®,T")} € P extends r' and decides o, then set
pi =p}, T" = Tye, f* = F'(¢0) and F* = F’. Otherwise, pick some p,T", g
and F witnessing this. Then define T¢ =T', F' = F, fi = g, Fi(¢?) = f*.
Set p; = p{ Up*, where p* = p\ p;.

This completes the recursive definition. Set p = (J, ., pi. Now define a
subtree S of T by putting together all the T"’s for i < k. The definition is
level by level. Thus, if S is defined up to level n and ¢ sits in .S on this level,
then set

Sucg(t) = {v € A| ° > max(t), and for every i < 1°,
v € Sucyi({)) and v € Sucyi(t) when t € T'} .

So Sucg(t) € U,.
Let us now put together all the F’s. Define a function F on a tree (S)°.
Thus let n € S°. Consider the set C = {j < x| ¢) S n € q)™(T7)°}. Let
¢ = length(n) —1. Then for each j € C q?(length(q?) —1) <n(f). So, by the
choice of the enumeration {(¢%, f, , gp) | v < k} we have j < n(£)*™. Hence
C Cn(0)t™. Define F(n) = U e F7(n). Then F(n) € Col(n(£)*™ ! k).

Subclaim 4.8.2. {{0,0,0, F)}UpU {{«,0,S)} € P.
Proof. The only problem is to show that for every v € Sucg(()),

|{v € supp(p) | v is permitted for p?}| < v° .

Thus let v € Sucg(()) and i < k. If (¢, fi,q®) satisfies max(q?) < 19,
then i < max(q))™™ < 1. Hence for every i > v°, v is not permitted
for ¢?. So after the stage ° we did not add any new coordinate v with
v permitted for (p;)?. This means that {y € supp(p) | v is permitted for
P} = Uicroly € supp(p;) | v is permitted for p”} and we are done. -
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Denote {(0,0,0, F)}UpU {{a, D, S)} by p*. We now show that p* is as
desired. Clearly, p* >* {{a, ), T)}. Suppose that for some ¢ € N, ¢°,¢%, G
R and f

{(0,¢°, £.G)} UqU {{ov,q", R)} > p*
and
{{0,¢°% f.G)}UqU {{a,¢*,R)} IF o (or —0)

Let ¢° = (r1,...,7,) and f = (fo,..-, fn). Obviously, n > 0 since
otherwise we will have a direct extension of p* (and hence of {{«,0,T)})
deciding o contrary to the initial assumption. Find i < 7,7™ such that

(@, (for-- s fn=1),q4%) = (), i, q%). Consider the condition
rt={(q), i F(¢0), F))} Up, U{{a, ¢ Tpe)}
defined at stage i of the construction. We have
{0.¢". f.&)}uqu{(a,q® R)} =" 1",

since R C Sga C Tyo, F'(n) C F(n) for n’s from the common domain, so
that in particular F'(¢?) C F(q?) C f,.. But then

{40, 2 Fi™ £ F)} U (pi)ge U (o a2 Tie)} Ik o (or —0)

by the choice of f?, F*,T* and p; at the stage i of the construction. Hence
also

{<0a qO’ <f07 SERE) fnfla F(q0)>a F>} U (p)q“ U {<aa qa7 Sqo‘>}
forces the same. This completes the proof Claim 4.8.1. -

Fix p* = {(0,0,0, F)} Up U {{(«, 0, S)} satisfying the conclusion of 4.8.1.

As in Lemma 3.12, it is possible to show that the assumption “q € N” is
not really restrictive. Briefly, if there is some ¢ outside of N which is used
to decide o, then there exists one also inside N. So the following claim will
provide the desired contradiction.

Claim 4.8.3. There is a
P = {{0,0.0, FIT*)} Up U {{a,0.7%)} >* p°

such that the following holds:
(x) There are no q € N,q°, q%, fF and T' such that

P < {{0.¢° £, F)} UqU {{a,q*, T")} || o .
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Proof. We shall construct by recursion a <*-increasing sequence (p({) |
¢ < w) of direct extensions of p* satisfying for every ¢ < w the following
condition:

(¥)¢ There are no q € N, ¢°, ¢%, f.F" and T’ such that length(q®) < ¢ and

p(0) < {(0,¢° f,FY} UqU {{a,¢*, T} | o .

Clearly, then p(w) will be as desired.
Set p(0) = p*. Define p(1) to be a condition of the form {(0, 0,0, F|T;)}U
pU{{a, 0, T1)} with T} defined below. Consider the three sets

X; = {v € Sucs(()) | If§ € Col(w,°) |
({<0a <V0>af(slﬂ (<VO>)aF>} Up(v) U {<aa <V>7S(u>>} I J}) s

where i < 2, %0 = ¢ and o = -0, and
X2 = SU.CS(<>) \ (X() U Xl) .

There is an ¢ < 3 such that X; € U,. Let T} be the tree obtained from S by
intersecting all its levels with X;. Let r = {(0,0,0, FIT{)} UpU{{«, 0, T})}.
If there is no g € N, f,v, F' and T such that

r < {0, ("), L)} UqU {{a, (), TV} || o .

then set T3 = 77 and p(1) = r. We claim that this is the only possible case.

Otherwise, pick q, f = (fo, f1), v, F' and T’ witnessing this and, say, forcing
o. By the previous claim, then

{<0a <V0>a fOAF(VO% F>} Up(u} U {<OZ7 <V>a (Tll)(l/)>} IFo.

By the choice of T7, then Xy € U,. Hence, for every v € Sucr, ({)) there
is an f§ € Col(w,1?) such that

{<Ov <V0>af(3/AF(<VO>)aF> Up(u) U {<Oé, <V>’ (Tl/)<l/>>} IFo .

Note that the function taking v° to f¥ is actually a regressive function
on (Xp)°. Find Y € U, and f* € Col(w, k) such that for every v € Y,
1§ = f*. Let T1 be a tree obtained from 77 by shrinking all its levels to Y.
Set Fy = F|T;. Finally, let

p(]-) = {<07®7f*7F1>} UpU {<a7®7T1>} :

By the construction, p* <* p(1) IF o, which contradicts the assumption that
it is impossible to decide ¢ by direct extensions of p*.

Let us define p(2) = (0,0,0, F|T2) U p U {{a,0,T5)} now. Fix v €
Sucri({)). Let {(fi,vi) | 1 < i < (¥°)™} be the enumeration of all
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pairs (f, p) such that p € Sucr, (()),p° = v° and f € Col(w,"). We
would first like to define Ty, for every p € Sucr, (()) with p® = v, In
order to do this define by recursion on i < (1°)™™ sets S; as follows: for
i = 0let So = (T1)(,). Suppose that S is defined for every j < i. Set

S =(Nj<i i) N (T1),)- Consider a condition

r= {<O’ <V0>a qu(<VO>)7FfS>} U (p)(llﬁ U {<Oé, <V7>7S>} :

Clearly, r > p(1). By the choice of p(1), neither r or its direct extensions
decide o. Then, the construction of p(1) from p(0) applied to r (instead of
p(0)) will produce

= {{0, (), fi, F((V°)), FIS)} U (p)o, U {{ev, (i), Si)} =" r

satisfying the following: There are no q € N, p, g1, g2, F’, S’ such that

ri < {<07 <VO,,00>, <fia91;92>;F/>} U (p)(w,p) U {<O¢, <Viap>7Sl>} || g .

Now let (T2)(0y = (j<(yy)+m Sj- Define T to be the tree obtained from
Ty by replacing (11)(,y by (T2)(0y for each v € Sucr, ({)). Set p(2) =
{{(0,0,0, F1T2)} Up U {{c, 0, T2)}. Tt is easy to see that p(2) satisfies (x)a.

We continue in the same fashion and define p(n) = {(0,0,0, F|T,)} U
pU {{a,0,T,)} satistying (x),, for every n, 2 < n < w. Finally let T, =
Mpew Tn- Set p(w) = {(0,0,0, FIT,,) UpU{(,0, T, }. Then p(w) will satisfy
(%) for every n < w and hence (*). =

This completes the proof of 4.8. n

Using 4.8 as a replacement for 3.12, the arguments of 3.14 show the
following:

4.9 Lemma. « remains a cardinal in V.

Lemma 3.13 transfers directly to the present forcing notion. Thus for G a
generic subset of P, @ < k™ define as in Section 3, G* to be | J{p® | p € G}.
Let G = (Ko, K1,y Kny - -)-

4.10 Lemma. (a) For every a < kt™ G is a Prikry sequence for U,.
(b) G is an w-sequence unbounded in k.
(c) If a # B3 are then G # GP.
Let a < k7™ and G* = (v, v1,...,Vn,...). An easy density argument
provides n(«) < w such that either

(i) for all but finitely many n’s, = Kp, OF

0
Vn+n(a)
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(i) for all but finitely many n’s, v0 = Kn4n(a)-

Transform G® into a sequence G'* = (), v,...,v),...) defined as fol-
lows:
Vntn(a)s if (a) hOldS7
Y}, = S Vn—n(a), if (b) holds and n > n(a), and
Ko, if (b) holds and n < n(c) .

Then, for every n < w, (V,)° = k.

Assaf Sharon [50] has shown that (G'* | « < k™) is a scale in
[1,<. 4™, ie. every member of [],_, x}™ is dominated by one of G'*’s
and a < 3 implies that G’? dominates G'®.

The next lemma is obvious.

4.11 Lemma. If Xg < 7 < k and T remains a cardinal in V[G], then for
some n and for some m' <m T = k™ L,

Implementing Col(v, vT)’s also, Sharon [50] was able to collapse each £
as well. Thus in his model /{,J{m'“ for 1 < m’ < m are the only uncountable
cardinals below k. Notice that (k;} | n < w) and (k™" | n < w) are Prikry
sequences for U,+ and U,+m+1 and so correspond to kT and k™! of the
ultrapower M by (k, k+m)-extender E. So, in V, cf((rT™TH)M) = g+, Also
(Kn+1 | » < w) may be viewed as a sequence corresponding to j(x) which
again has cofinality k™. Hence, the collapses involved collapse between
members of the same cofinality.

Now combining all the lemmas, we obtain the following.

4.12 Theorem. In a generic extension V|[G], 2% = N, 41 for every n < w

and 2% = Ny p.
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5. Forcing Uncountable Cofinalities

In the previous sections we dealt with a singular x of cofinality Xy or changed
the cofinality of a regular x to Xy. Here we would like to deal with forc-
ings changing cofinality to an uncountable value. The first such forcing
was introduced by M. Magidor [37]. It changed the cofinality of a regular
k to any prescribed regular value § below k. The Magidor forcing adds a
closed unbounded in k sequence of order type ¢ instead of an w-sequence
added by the Prikry forcing in 1.1. The initial assumption used for this was
stronger than just measurability. A measurable cardinal s of the Mitchell
order 0, i.e. o(k) = 0, was used. Later W. Mitchell [45] showed that this
assumption is optimal. L. Radin [48] defined a forcing of the same flavor
which not only could change the cofinality of x to § < k by shooting a closed
unbounded §-sequence, but also adding a closed unbounded k-sequence pre-
serving regularity and even measurability of . It is not a big deal to add
a closed unbounded subset to a regular x preserving its regularity and also
measurability. But what is special about the Radin club is that it consists
of cardinals which were regular in the ground model and this way combines
together a variety of ways of changing cofinalities. This feature allows re-
sults of global character in the cardinal arithmetic. Thus, shortly after the
discovery of the Radin forcing, M. Foreman and H. Woodin [12] constructed
a model satisfying 27 > 77 for every 7 and Woodin produced a model with
27 = 77 for every 7. Later J. Cummings [9] constructed a model with
27 = 71 for every regular 7 and 27 = 7+ for every singular cardinal 7.
Recently, C. Merimovich [40], [39] obtained additional results of this type
introducing extender based Radin forcing.

5.1. Radin Forcing

Here we will give the basics of Radin forcing. A comprehensive account
on the matter containing various beautiful results of Woodin using Radin
forcing should appear in the book by J. Cummings and H. Woodin [10].
Originally Radin [48] and then Mitchell [42] defined this forcing axiomati-
cally. We will follow a more concrete approach due to Woodin.

Let j : V — M be an elementary embedding of V into transitive inner
model M, with critical point . Define a normal ultrafilter U(0) over &:

XeU((n) iff kejX).

If U(0) € M, then we define a k-complete ultrafilter U(1), only not over s
but over V:
XeU@l) iff (k, U(0))€j(X).

Such defined U(1) concentrates on pairs (v, F') so that v is a measurable
cardinal below k and F' is a normal ultrafilter over v.
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If U(1) € M, then we can continue and define a x-complete ultrafilter
U(2) over V:

XeU@) iff (kU(0),U1)ej(X).

Continue by recursion and define a sequence

—

U= (k,U(0),U(1),...,U(a),...| a<length(D)) ,
where each U(a) will be a k-complete ultrafilter over Vj:
X eU(a) iff Ua=(sU(0),U(Q),....U@):|§<a)ejX),

and length(ﬁ) will be the least o with Ua ¢ M. For example, if M D
P(P(k)), then length(U) will be at least (2%)T, as we will see below. Let
us call U and Ua O<a< length(ﬁ)) j-sequences of ultrafilters.

Fix some o with 0 < o < length(U). Let V = Ula*. We want to
define Radin forcing with the ultrafilter sequence V. Denote it by Ry. As
usual, it will have two orders < and <*.

Let us deal first with o = 1 and a* = 2. Thus, for o* = 1, V = (k, U(0)).
Let (Ry, <,<*) be the usual Prikry forcing with U(0) of 1.1, only instead
of writing (¢, A) (where ¢ is an increasing finite sequence and A € U(0)) we
shall write (¢, (k, U(0)), 4).

Now let a* = 2. Then V = (k,U(0),U(1)). We would like to incorporate
both U(0) and U(1) in the process generating the generic cofinal sequence.
Thus instead of A € U(0) in the previous case we allow two sets Ay € U(0)
and A; € U(1), or equivalently, a set in U(0) N U(1). Notice, that we can
separate U(0) and U(1) since U(0) concentrates on ordinals and U(1) on
pairs (v, F') with I" a normal ultrafilter over v. An initial condition in R
will have a form

p={{r,U(0),U(1)), A)

with A € U(0) N U(1) and require also that each a € A is either an ordinal
or a pair consisting of a measurable cardinal and a normal ultrafilter over
it. In order to extend p pick a € A and B C A, with B € U(0) N U(1) such
that the rank of each member of B is above rank(a) 4+ 1. If a is an ordinal
then just add it. We will obtain a one-step extension of p

(a, {{r,U(0),U(1)), B)) -

If a = (v, F), then consider ANv. a can be added to p only if this set is in
F'. Notice that the set X4 = {(V/, F') | Anv' € F'} € U(1) since ANk € Uy
and so in M, (k,Up) € j(X4). If ANv € F, then let B, € F be a subset of
ANv. The following will be one-step extension of p:

({{v, F), By), {{r, U(0), U(1)), B))
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Consider a one-step extension (d, ((x,U(0),U(1)), B)). If d is an ordinal
then repeat the recipe of one-step extension described above. Suppose that
d = {(v,F),B,). We now have two alternatives. The first, just as at step
one, is to add an ordinal or a pair but between v and k. The second is
to add an element of B,. Thus (v, F') will be responsible for producing a
Prikry sequence for F. This way, generically a sequence of the type w? will
be produced.

We now turn to the general case and give a formal definition of Ry the
Radin forcing with the sequence of ultrafilters V. First let us introduce some
notation. Thus, for a sequence F = (F(0),...,F(r),... | T < length(F)) let
NF =N{F(r) | 7 < length(F)}. For an ordinal d = v or pair d = (v, F) or
a triple d = (v, ﬁ, B) let us denote v by k(d). For a triple d = (v, F", B) by
d € A we shall mean that the two first coordinates of d, i.e. (v, F) belong
to A.

The main idea behind this forcing is to use members of finite sequences
(that it produces) to give rise to separate blocks that are themselves Radin
forcings. In order to realize this idea let us first shrink a bit possibilities of
choosing these finite sequences. Let F be a sequence of ultrafilters over v.
We would like to use only F’s which are j-sequences of ultrafilters for some
j:V — M. Also, we like to have a set B € NF such that each member d
of it is a j-sequence for some j with critical point x(d).

To achieve this let us define by recursion classes of sequences:

A = {F| F is a j-sequence of ultrafilters for some j : V — M}
A — {F € A™ | Ya 0 < a < length(F) (A™ N V.5 € F(a))}
Z = nn<wA(n) .

The main feature of A is that if F € A then, for 0 < o < length(F), F(a)
concentrates on AN Vﬁ(ﬁ), since then A™ N Vﬁ(ﬁ) € F(a) for every n and

hence by countable completeness of F(a), also AN V& € Fla).
Note that each measurable cardinal is in A. But in the presence of

stronger large cardinals, A turns to be much wider. We will need the fol-
lowing statement proved by Cummings and Woodin [10]:

5.1 Lemma. Suppose that E be a (k,\)-extender and j : V. — M =~
Ult(V, E) the corresponding elementary embedding, so that M O V1o and
"M C M. Let U be the j-sequence of ultrafilters of the mazimal length.
Then

(a) length(U) > (27)*.

(b) For every a < (2%)%, Ula € A.
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Proof. Note that “V,,o C M for every a < (2%)T. Hence 17[04 € M for
every such a.

Let us first show that for every a < (25)*, Ula € A, Equivalently, for
every (3, 0 < B < (2%)*, we need to show that A NV, € U(B). By the
definition U, this means that in M, U] € §(A%). So we need to find in M
an embedding constructing UlB. Let E' be the extender EN[B]<¥. Then
E' ¢ M, since 5V,<,+2 C M. Consider the following commutative diagram:

J 1
\%4 M N ~ Ult(M , E')

k
M’ ~ Ult(V, E)

Now, it is not hard to see that ¢ = j'|M, since "M C M and E’ is an
extender over k. In particular, i(k) = j'(k). Since Voo N M ="V, 4o NV,
we have Vi (oy12 NN = Vj/ ()42 N M’. In addition, 8 C ran(k), so crit(k) >
max(3, ). Let U* be the i-sequence of ultrafilters constructed in M.
We show by induction that U*(vy) = U(y) for every v < (3. First note
that k(U) = U for every ultrafilter U over x. Thus crit(k) > x implies
that U = k“U. Also, clearly, k“U C k(U). Finally, using V.41 N M’ =
Viet1 N M = V.11 and maximality of U as a filter we have U = k(U).

Suppose now that v < 3 and we have already shown U* [v = [7[7. Let
X CV,. Then X € U*(5) iff U* |y € i(X) iff Uy € i(X) iff U]y € j/(X) iff
k(U1v) € j(X) (by elementarity of k and since Uy € M') iff U]y € j(X)
iff X € U(y) (since k(y) =~ and k(U (J)) = U(9) for every § < 7).

This concludes the proof of Ula € AW for a < (25)F. Let us show that
Ul € A™ for every n, 2 < n < w and a < (2%)F. First, for n = 2 we have

Ulae AP iff VB <a AV NV, U3
V3 <a Ul ej(AM)
iff V3 < avy < B (A NV, e U() .

It is enough to show that j(A(®) NV, = A© NV, since we already proved
that A© NV, € U(y) for every v < (25)*. Let F € V,. be an i-sequence
of ultrafilters for an embedding of either V' or M with critical point v =
KJ(F) < k. The length of F' is below , and  is an inaccessible, so it is
easy to find an extender inside V}; such that the elementary embedding i’ of
it agrees with ¢ long enough and constructs F. Hence i’ will witness both
F e j(A®) and F € A®. The same argument works for any n > 2. Thus
we will have

Ul € A iff Vy(y +n < a— j" 1 ANV, e U(v)),
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where j"~! is an application of j n — 1 many times, or equivalently the

embedding jon,—1 : V — M, _1 of V into the n — 1 times iterated ultrapower
M, _1 of V by E. Again, as above j”fl(A(O)) NV, =A0Nv.. 5

Note that using stronger j’s it is possible to show that longer ultrafilter
sequences are in A.

We are now ready to define Radin forcing. Let V = (U(a) | a <
length(V)) be a j-sequence of ultrafilters in A for some j : V — M with
crit(j) = k.

—

5.2 Definition. Let Ry; be the set of finite sequences (dy, ..., dn, (k, V), A)
such that

(1) Ae NV and A C 4.
(2) ANVig,y+1 = 0.
(3) For every m with 1 < m < n, either
(3a) d,, is an ordinal, or
(3b) dp, = (v, FV,AV) for some F, € A A, CAand A, € ﬂ]*:';,
(4) For every 1 <i < j<n,
(4a) k(d;) < k(dj), and
(4b) if d; is of the form (v, F,,, Ay) then A, N V(4,41 = 0.

Each d,, of the form (v, F‘;,, A,) will give rise to Radin forcing Rﬁu with F,
playing the same role as V in Ry.

We define two orders < and <* on RV? where, as usual, < will be used

to force and <* will provide the closure.

5.3 Definition. Let p = (dy,...,d,, (k, V), A, q=(e1,...,em, (K, V), B)
€ Ry. We say that p is stronger than q and denote this by p > ¢ iff

(1) ACB.

(2) n>m.

(3) There are 1 < iy < ig < -+ < iy, < n such that for 1 < k < m, either
(3a) ey =d;,, or
(3b) er = (v, F‘;,,Bl,) and then d;, = (v, F,, C,) with C, C B, .

(4) Let 41,...,%4m, be as in (3). Then the following holds for every j,1 <
< n:
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(4a) if j_'> im, then d; € B or d; is of the form (v, F,,C,) with
(v, Fy) € Band C, C BNv.

(4b) if j_'< im, then for the least k with j < i, ex is of the form
(v, F,,, By) so that
(i) if d; is an ordinal then d; € B,, and
(i) if d; = (p, T, S) then (p,T) € B, and S C B,

5.4 Definition. Let p = (d1,...,d,, (m,V>,A>, g=1{(e1,-..,em, <H,‘7>,B>
€ Ry . We say that p is a direct extension of ¢ and denote this by p >* ¢ iff

(1) p>gq, and
(2) n=m.

Intuitively, (R, <,<*) is like the Prikry forcing only once some point

of the form (v, F‘;,) was produced, it starts to act completely autonomously
and eventually adds its own sequence.

As in the case of the Prikry forcing, any two conditions in R; having the
same finite sequences are compatible. So we obtain the following analogue
of 1.5:

5.5 Lemma. (R, <) satisfies the k¥ -c.c.

Suppose that p = (d,...,d,, (k, V),A) € Ry. Let, for some m with
1<m<n,d, = <1/m,‘7m,Am>. Set p=™ = (dy,...,d,,) and

>m

p :<dm+1a~~~adnv<"{a‘7>aA> :
Then p=™ € Ry and p”™ € Ry;. Let for WeAandqe Ry,
Ry /g={rc Ry |r=>q}.
5.6 Lemma. R /p ~ Rvm/pgm X Ry /p~™.
5.7 Lemma. (Ry/p~™, <*) is Vp,-closed.

This together with the Prikry condition (the next lemma) will suffice to
prove the preservation of cardinals. Thus let p = (di,...,dn, (k, V), A) €
R and § be a cardinal. If £ > &, then we use 5.5. Let § < k. Then we pick
the last m, 1 < m < n with d,, of the form (v, Vm, A,,) such that v, <&,
if it exists. Work with Ry /p~™ in this case. Otherwise we continue to deal
with Ry;. Suppose for simplicity that such m does not exist, i.e. £ < v, for
every m, 1 <m < n with d,, = (v, Vm,Am>.

Let

p=min({x, k(dp) | 1 <m <n and dy, is of form (Vm, Vi, Am)}\ €) .
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Assume for simplicity that p = k. If 1ength(‘7) = 1, then Ry is just the
Prikry forcing and it preserves cardinals. Suppose that length(‘?) > 1. Let
0 < k. Extend p to p* by shrinking A to A\ Vs;1. Then (Ry/p*, <*) will
be é-closed. Using the Prikry condition, one can see that (R /p*, <) does
not add new subsets to §. But § was any cardinal below k. So £ is not
collapsed even if £ = k and we are done.

Let us now turn to the Prikry condition. The main new point here is
that we are allowed to extend a given condition by picking elements from
different ultrafilters of the sequence V. So maybe different choices will
decide some statement o differently. The heart of the matter will be to
show that this really does not happen. Actually, we can pass from one
choice of an ultrafilter to another, remaining with compatible conditions.

5.8 Lemma. (R, <,<*) satisfies the Prikry condition.

Proof. Let p € Ry; and o be a statement of the forcing language. We need
to find p* >* p that decides o. Suppose there is no such p*. Assume for
simplicity that p = ({k, V), A).

For every d = (dy, ..., d,) € [Vi]" consider

<d17 ) dn>/—\p =df <d15 s adnv <Ha ‘7>a A \ Vn(dn)+1> .
Suppose that it is a condition in Ry. Let

A(d) = {d € A| either d is an ordinal and then d~d " p € Ry
or d is of the form (v, F,) and then d (v, F,,, ANV,) " p € Ry}

Clearly, A(d) € N V. We split A into three sets: First, set

—

Ao(d) = {d € A(d) | either (i) or (i)}
where

(i) d is an ordinal and there is a By such that
d~d"~p <*(dd, (k,V),Bg) IF o, or

(i) d is of the form (v, F,) and there are By and by such that

- - —

AW, E,, AnV,)"p <* (d (v, F,,by), (k,V),By) IF o .

- —

Then, let A;(d) be the same as Ag(d) but with o replaced by —o. Finally,
set



62 I. Prikry-type Forcings

— —=

For every a < length(V') choose i, < 2 such that A;_ (d) € U(«a). Set
Ao, d) = A;, (d). If d”p & Ry then let A(a,d) = A. Set

Alq) ={d e A|Vd = (dy,...,dn) € [V.]"
(if max{r(dy)| 1<k <n} < r(d), then d € A(a,d))} .

This is the kind of diagonal intersection which is appropriate for our set-
ting. We claim that A(a) € U(a). Thus, for every d € [Vi]® we have
A(a,d) € U(a). So,in M, (k,V]a) € j(A(a, d)) for every d € [V,,]". Clearly
k((r,Ula)) = k. Hence, by the definition of A(«a), (k,V la) € j(A(a)).
Define now A* = Ua<length(‘7) A(a). Obviously A* € ﬂa<length(x7') U(a).
Consider p* = ({k, V), A*). By our initial assumption there is no direct ex-
tension of p* deciding o. Pick ({d1,...,dn11), (K, ‘7>, B) to be an extension
of p* deciding o with n as small as possible. Suppose, for example, that it
forces o. Pick o < length(V) such that dn41 € A(a). Let d = (dy,...,dy).
Thend " p € Ry;. By the definition of A(«a), dn11 € A(a, d). By the choice of

— — —

A(a, d), then A(a, d) = Ag(d). This means that for every d € A(a)\Vi(a,)+1
there are d and B such that

d~d~p < (dd, (5, V),B)) ko .

Obviously we can replace p by p* here. In what follows we show that for
some C' B
P < {{diy. . sdn), (K5, V), C) ko

This will contradict the minimality of n and, in turn, our initial assumption.

We shrink first the sets in U(f) for every 8 < « (if there are any).
Suppose that o > 0. The case a = 0 is similar and slightly easier. For
every d € A(a) \ Vi(a,)+1 of the form (v, F.,) pick some by and By so that
d~d~p* <* (d, (1, E,),bg), (5, V), Bg) I+ 0. We take a diagonal intersec-
tion of the By’s. Thus, let

B* ={e€ A" |Vd € V() (if By is defined then e € By)}
For every (8 < length(V), B* € U(f), since clearly for every d € V,, with By
defined (x, V'[) € j(Ba) due to Bq € (\V, so (x,V[B) € j(B*),

Note that by the choice of A and 5.1.(3(b)) ba € (¢, W, where each
W e ﬁu is a v-complete ultrafilter over V,,. Consider A<® = j({(bg | d €
A(a)))(V]a) (recall that A(e) € U(c) implies that V]a € j(A(«))). Then,
by elementarity, A<® € U(3) for every 8 < «. Also, note that the set
Alla) = {d € A(a) | AS* N Vi) = ba} € U(a), since j(AS*) NV, 5, =
ANV, = A< = j((bg | d € A(@)))(V ) and hence V] € j(A'(a)).

Set AS® = (A< U A’(a)) N A*. Then AS® € U(B) for every 8 < a.
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Now let us shrink the sets in U(B) for all § > « (if there are any).
Actually, we need to care for only 3’s with AS® ¢ U(3). Consider the set

A” = {(1, F) € A* | 3¢ < length(F)(A'(2) NV, € F(€))} .
Then A>® € U(B) for every § with a < 8 < length(V/). Set
A = (AS*U A”*)N B*

Clearly, A** € ﬂV Consider a condition p** = ((k, V}, A*) and q =
(dq,...,dn)"p*. By the choice of n, neither ¢ nor its direct extensions
can decide o. Pick some r > ¢ forcing —o. Let r = (e1,...,em, (K, V), C).
There is a k < m such that x(d,) = x(eg), by Definition 5.2(3). Consider
three cases.

Case 1. kK =m. B B
Then choose some d € A(a)NC' such that CNv € NF, whered = (v, F,).
By the choice of A(«) and B* there is a by such that

(diy .y dny (1, F),ba), (5, V), A\ Viaya) IF o
Clearly we can shrink A**\ V,(4)41 to C. Then,
(€15 em, (1, E,),baN C), (1, V), A N O\ Vig(ay)

will be a common extension of  and (dy, ..., d,, (v, F,),ba)(k, V), A N
C'\ Vi(a)), which is clearly impossible since they disagree about o.

Case 2. k <m and for k < j <m, e; € A~
Pick d € A'(a) N C, d = (v, F,) such that C N A<* NV, € NF,. Then,
by the choice of A’(a), by = A<*NV,. So,

<d17 SR dn) <<V7 ﬁl/>a A<a N Vl/>7 <K’7 ‘7>a A \ Vn(d)+1>> IFo.
But

ety yem) (1, B),CN ANV, (5, V), A N C\ Viggay 1)
Z <d17-- -;dn; <<V7 ﬁu>aA<a ﬂy>7</§’ ‘7>7A** mCY\‘/M(CI)+1> 5

since ej; € A<* for every k < j < m, k(d,) = k(ex) and r > ¢. Also, clearly,
({e1, - yem)s (1, L), C O ASY N, (5, V), A N O\ Viayar)) > 7

But this is impossible, since r |- —o.

Case 3. k < m and there is a j with k < j < m such that e; ¢ A<*.
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Let j* be the minimal j with ¥ < j < m and e¢; ¢ A<®. Then ¢;+ €
Al(a) U A= If ej« € A'(), then

<€1, sy €% 1, <<Va FV>aE N A<a>7 <"{a ‘7>aA** \ Vn(ej*)+1>
> <d1a e ~7dn7 <<Va F;V>aA<a N VV> <"{a ‘7>aA** \ VV+1> I-o 3

by minimality of j*, where e;- = ((v, F‘;,),E}. But, (e1,...,ej-—1, (v, F‘;,),
ENnA<*) (k, ‘7), A"\ Vie(e,«)+1) and r are compatible, which is impossible
since r IF —o.

So, assume that (v, F,,) € A>*\ AS(®) where ej+ = ((v, F,), E). We have
E € NF,. By the choice of A>®, for some £ < length(F,) A'(2)NV,, € F,(¢).
Hence A'(a) N E € F,(€). Pick some (1,G,) € (A'(a) N E)\ Vie(egn _1)+1
such that EN7 € ﬂéT. This can be done since ﬁu is a j'-sequence for
some j' and F € NE,. Now we can extend r by adding to it (7, éT> This
will reduce the situation to the one considered above, i.e. e+ € A’(a). This
completes the proof of the lemma. —

Now let G be a generic subset of R;;. Combining the previous lemmas
together, we obtain the following:

5.9 Theorem. V[G] is a cardinal preserving extension of V.
Consider the following crucial set:
Co={k(d)<k|Iped
(d is one of the elements of the finite sequence of p)} .
5.10 Lemma. Cg is a closed unbounded subset of k.

Proof. Cg is unbounded since for every condition p = (dq, ..., dy, (k, ‘7), A)
and every ordinal 7 < k we can find some v € AN (k\ 7) and extend p by
adding v to its finite sequence (dy,...,dy).

Let us show that Cg is closed. Thus, let for some 7 < k some

p={d1,...,dn, (k,V),A) -7 & Cg .

Clearly, 7 # k(d;) for any ¢, 1 < i < n. If 7 > k(d,,), then we shrink A
to A\ (7 +1). By the definition of the forcing ordering <,

(1, ... dn, (K, V), A\ (7 + 1)) IF sup(Co N #) = ik(dy) -
Suppose now that 7 < k(d,). Let i* < n be the least such that 7 <

K(dix41). If dix41 is an ordinal, then again by the definition of the forcing
ordering <, p forces that C;G will not have elements in the open interval
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(k(di*),di=41), where dy = 0. So, let dix 1 = (v, E,, B,). Then B,\(7+1) €
() F, and the extension of p

(dy,....di=, (1, Fy, B\ (T 4+ 1)), disga, .. . dn, (5, V), A)

Combining all the cases together we conclude that there is always an
extension of p forcing that 7 is not a limit of elements of Cg. -

The next question will be crucial for the issue of changing cofinalities:
What is the order type of Cg?

For every 7 with 0 < 7 < &, U(7) concentrates on the set X, = {(v, F,)) |
F,isa sequence of v-complete ultrafilters over V,, of lengthT < v}. Clearly,
{X; ] 0 < 7 < Kk} are disjoint. We can add to them also X¢ = ~ and
X, ={, F;,} | F, isa sequence of v-complete ultrafilters over v of lengthr}.
Using this partition and an easy induction it is not hard to see the following.

5.11 Lemma. Let §, 0 < § < &, length‘?) =4, and G C Ry be generic.
Then, in V|G, a final segment of Cg has order type w®, where w® is the
ordinal power. Moreover, (k, v, U{X: | 0 <7 < 8}) forces the order type
of Cq to be w’. In particular, otp(Cg) = 6 if § is an uncountable cardinal.

Combining this with 5.9 we obtain the following:

—

5.12 Theorem. Let length(V) = § < s be a cardinal, and let G C Ry
be generic. Then V[G] is a cardinal preserving extension of V in which k
changes its cofinality to cf(5)V .

Notice that if § > 0 then Ry changes cofinalities also below x. Hence
new bounded subsets are added to k. Mitchell [45] showed that once one
changes the cofinality of k to some uncountable § < k preserving cardinals,
then new bounded subsets of x must appear, provided the ground model
was the core model. On the other hand, it is possible to prepare a ground
model and then force in order to change cofinality of £ to an uncountable &
without adding new bounded subsets. This was first done by Mitchell [44],
combining iterated ultrapowers and forcing. A pure forcing construction
was given in [13].

If we force with Ry having length(‘?) = K, then k changes its cofinality
to w again.

5.13 Lemma. Suppose that length(V) =k and G C Ry generic. Then, in
VIG], cf(k) = Ro.
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Proof. Let (X, | 7 < k) be the partition defined before 5.11. Then,
U, <. Xr € NV, since for every 7 < k X, € U(7) and V = (U(0),...,
U(r),...| 7 <k). Let X ={J__, X-. Consider

T<K
Y ={(v,F,) € X | U{X, | 7 <length(F,)} NV, e NE,} Uk .

Clearly, Y € mV‘ Now pick some p = (di,...,d,, (k, V),A) € G with
ACY. Let

C={(v,F)eV,|3E eNF,((v,F,, E) appears in a condition in G)} .

Then, C\ (k(d,)+1) C A. A simple density argument shows that for every
T < K, C' will contain unboundedly many members of X,. Let

C'={v<k|IF(v,F)eC)}.

Clearly, C’ is just the set of all limit points of Cg. Also, for every v € C’
there is a unique F, with (v, F;,> € C. We define an increasing sequence
(U | n < w) of elements of C' as follows: vy = min(C"’), V41 = min{v €
C'|3E, W, F) € X, }\ (v +1)).

Set v, = Un<w Vn. We claim that v, = k. Otherwise there is a 7 < &
such that (v,,F) € C N X, for some (unique) F, since C’ is closed and
CCACYCX= UT<KXT. Then there is a ¢ > p in G with <<l/w,ﬁ>,B>
appearing in ¢ for some B € NF. We require also B C HX | 7 <
7} NV,,. This is possible since ¢ > p, A C Y, v, > x(d,), and hence
U{X, | 7 < 7} nV,, € NF. Now, by the definition of X,, we have
T < v,. So, there is an n < w with v, > max(7, min(B)). But v, € C’,
hence (vy, F,, ) should be in B, for some (unique) F,, . The same holds
for each v, with n < m < w. In particular, <1/n+1,]*:"l,n+1> € Uyprer X
But it was picked to be in X, which is disjoint to each X, for 7 < v,.
Contradiction. 4

Similar arguments show that for every § < x™, if length(V) = ¢ then the
forcing R changes the cofinality of x. If § is a successor ordinal, then to
Ro; if § is limit and cf(d) # x then to cfd and, finally, if cf(d) = x then to
No.

Let us now show that if V is long enough then R can preserve measur-
ability of k. Later it will be shown that length(V) = s suffices to keep
k regular and so inaccessible. The ability of keeping x regular turned out
to be very important in applications to the cardinal arithmetic. Thus a
basic common theme used there is to arrange some particular pattern of
the power function over C¢, sometimes adding Cohen subsets or collapsing
cardinals in between and then to cut the universe at x. This type of con-
structions were used by Foreman-Woodin [12], Cummings [9] and recently
by Merimovich [39].
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5.14 Definition. An ordinal v < length(V) is called a repeat point for V
if for every & with v < & < length(V) and for every A € U(4), there is a
6" < ~y such that A € U(¢"). Equivalently, JV =V .

Note that if 2% = x* and our sequence has length ™1, then there will be
k++ repeat points between x* and x+T. This implies that also V = Ul
will have a repeat point for unboundedly many a’s below x1+.

5.15 Theorem. If v is a repeat point for V and G C Ry is generic, then
k remains measurable in V]G].

Proof. Recall that V = (U(a) | a < length(V)) is a j-sequence for some
elementary embedding j : V' — M with crit(j) = k. By the definition of
a repeat point, the forcing Ry and RVM are basically the same (we need
only to replace (k, ‘7> in each condition of Ry by (x, ‘7[7} in order to pass
to Ry rv)' So we can view G as a generic subset of Ry, Define now an
ultrafilter I over x in V[G]. Let X be a name of a subset of x. Set X[G] € F'
iff for some (dy,...,dn, (K, ‘7), A) € G the following holds in M: For some

BeNji(V),
(s da (5, V7). A), G(R). G (V) B) Il R € 5(X)

—

First note that F' is well defined. Thus, let some (d1,...,d,, {(k,V),A) € G
forces “X =Y”. Then, in M

(d, ... dn, (5(K), 5 (V), 5 (AN I §(X) = §(Y) .

But A € V. In particular, A € U(y). Hence, (k,V|7) € j(A). Also,
J(A)NV, = A. So, ({k,V]7), A) is addible to (di, ..., dn, (j(x), j(
But if for some B € (j(V),

<
:—/
.
—~

h
=
=

—

(d, ..y d, (5, V19D, A), G(8),5(V)), B) | k€ §(X)

—

(di,... dn, ({5, V17), A), (i(5),§(V)), BN j(A))
e REFX) A JX)=4().

(V)

Let us establish normality for F. Suppose (dq,...,
and (di,....dn, (5, V), A) IF {v < k| f(v) <v}EF
some B € (V)

dp, (1, V), A)) € G
). Then, in M, for

—

(s dus (R, VI, A), G (6), 5 (V) B) g, o 3(f)(R) < &

FIAA Y
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Working in M, construct B’ € ﬂj(V) such that If for some v < k, we have

a condition (x1,... J)g,<< 1), CY, (j(k ) i), E) forcing “j(f)(/%) =
77, then (x1,..., 2, ((k, V] > C), (j(k), j(V)), B') forces the same.
Back in V, the set

D = {{z1,..., 30, ({5, V]7),C)) | for some v < &,
(@1, (5, V1), O, G(R), 5(V)) BY) g, 3(f)(R) = 7}

3(V)

will be dense in RVM above (di,...,d,, (K, ‘7>, A). Thus, if some p € RVM

with p > (dy,...,dn, (x, ‘7>, A) has no extension in D, then we consider the
statement

¢ = “There is a ¢ € Ry; stronger than p, a v < r, and
an r in Q(Rj(V)\KH) such that (q,r) ||—Rj(‘7)j(£)(/%) =},

where Q(Rj(‘;)\n +1) denotes the canonical name of a generic subset of

Ry k1 Let, in M, s >~ ((j(K),5(V)), B') deciding ¢. Then s must
force ¢. Find some s; >* s deciding the values of v and ¢ in . This leads
to the contradiction.

So, pick some (€1, ... em, (k, V), A") > (dy,...,dn, (r,V),A) in GND.
There is a § < k such that

((er s em) ((m, V1), AY), (), 5 (V). B I G (f)(R) =6
Then {v < k| f(v) = d} € F, by the definition of F. =

Similar arguments show that it is possible to preserve the degree of strong-
ness and even of supercompactness of j. Notice also that F' defined above
extends U(0), but the elementary embedding of F' does not extend that of
U(0). Instead, it extends a certain iterated ultrapower embedding using
ultrafilters of Ult(V,U(0)) between s and iy gy (k).

We now want to show that s remains regular in Vv when we have
cf(length(V)) > x*. But first we need to extend a bit the Prikry condition
lemma (5.8) in the spirit of 2.18. This will allow us to deal with dense sets.
The situation here is more involved due to the possibility of extending a
given condition by adding to it elements from different ultrafilters U(a)’s.
We start with the following definition.

5.16 Definition. Let F be a sequence of ultrafilters over some v < k. A
tree T C [V,]=" with n < w levels is called F'-fat iff

(1) For every (v1,...,vk) €T, k(v1) < k(va) < -+ < K(Vg)-

(2) For every (v1,...,v) € T with k < n, there is an a < length(F) so
that Sucr((v1,...,vk)) € F(a) .
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Let T be as in 5.16 and n a maximal branch in 7. A sequence A=
(A(1),...,A(n)) € [V,,]" will be called a sequence of n-measure one if, for
every i, 1 < i < n with 5(i) of form (r;, G,,) we have A(i) € G, Let
p={di,...,dn, (5, V), A € Ry and d; = ((vi, F), Ay) or d;j = v; < & for
each i, 1 < i < n. Here also denote ((k, V), A) by ((ni1, Frag1), Ans).
Let 1 <3 < -+ < 4m < n+1 be some elements of the set {i | 1 < i <
n+1,d; = ((vi, F}), A}

Let for each k with 1 < k < m and some n; < w, T C [Vl,,ik]”’c be a
F’wk -fat tree, n; a maximal branch in T}, and fl’k S [Vl,,ik]fn’“ a sequence of
ne-measure one. Let ¢ = (t1,..., s, ter1) be obtained from p by adding to it
between d;, —1 and d;, , for each k, 1 < k < m, the following ng-sequence (s; |
1 <j < nyg), where s; = n,(j), if nx(5) is an ordinal, or s; = (75, érj,gk(j)>,
if n,(4) = (7, Gr,). Denote by p™ (1, /ﬁ}“ < ANy /Tm> the condition in
R obtained from ¢ by the obvious shrinking of sets of measure one needed
in order to satisfy 5.2, i.e. for every ¢ with 1 < < /41, if t; = (d;, H;, B;),
then we replace B; by B; \ Vi, _,)+41-

5.17 Lemma. Let D be a dense open subset of Ry and p = (di,...,dn,
(K, V), A) € Ry;. Then there are p* = (d,...,d;, (k, V), A*) >* p; 1 <
W< - <im<n+1l;and for 1 <k<m, T, C [Vyik]"’*" F‘;,,ik —fat trees so
that the following holds:

For every sequence (i, | 1 < k < m) such that ny, is a maximal branch in

Ty, there exists a sequence (Ay | 1 < k <m) such that

(1) Ay € [Vi,]™ is a sequence of ng-measure one, and

(2) p*~ (1, A1) 7 (i, Am) € D.

5.18 Remark. Roughly, the meaning of this is that in order to get into D
we need to specify certain U(a)’s (or F(a)’s, if below k) and sets A,’s in
these ultrafilters. Then any choice of elements in A,’s will put us into D.

Proof. The proof is very similar to that of 5.8. Suppose for simplicity that
p = ({k, V), A). We need to find a direct extension p* = ((k, V), A*) of p
and a V—fat tree T of some finite height m such that the following holds:
for every maximal branch n = (f1,..., fm) through T there are sets A=
(a1,...,am) of n-measure one (i.e. for every i with 1 < ¢ < m, if f; =
(1;,Gy,) then a; € G-,) such that p*~(n, A) € D, where

P A) = (F e o (5 V) AT\ Vi)
and for every ¢ with 1 < ¢ < m, either

() f; is an ordinal and then f/ = f;, or



70 I. Prikry-type Forcings

(ﬁ) f? = <7-7; ‘r,> and then le = <TivéTi;ai>-

If p already has a direct extension in D, then we take such an extension
and set T = {()}. Suppose that this is not the case. Define A(d) as in 5.8.
Here we split it only into two sets Ao(d) = {d € A(d)| either (i) or (i)} and
A1 (d) = A(d) \ Ag(d), where:

(i) dis an ordinal and then there is By such that
d~d"p<*(dd,(xV),By)eD.

(i) d is of form (v, F,) and then there are B and by such that

—

d~ (v, E,, ANV,) " p <*(d~ (v, F,,bp), (K, V), By € D.

As in 5.8, define A(e,d)’s and A(c) € U(a ) for o < length( /). Set Al =
U{A(a) | @ < length(V)} and p' = ((k,V), A'). Then p' satisfies the
following:

()1 If pt < q = (eo,...,em, (K, V),B) € D, then there is an
o < length(V) such that for every e/, € A(a) \ Vi(em_1)+15
(€0, ... em_1,€, (r, V), A!) has a direct extension
of form (eg, ..., em—1,€r, (K, ‘7>,A”> inD .

Just pick a with e,,, € A() (more precisely, only (v, ) if e,, = (v, F,,, B,)).
Then e, € A(a, (e, ..., em—1)) and so by the choice of A(a, (e, ..., em—1))
for every e, € A(a, (eo, ..., em—1)) a direct extension of (e, ...,em—1,€,,,
(k, V), AY) will be in D. But if e € A() \ Vie,, 1)41 then

e € A(a, {eg,...,em—1)), by the definition of the diagonal intersection.

If for some d € A', d"p' has a direct extension in D, then we are done.
Thus choose o < length(V) with d € A(). By the choice of A(«), then
for every d’ € A(a) some direct extension of d'~p! will be in D. Let
us fix for every d € A(«a) a direct extension (J, (K, V),Bd> of d™p! in D,
where d is either d, if d is an ordinal or (v, F,,bg) if d = (v, F,). Set

= {e € A' | V¢’ € V.(e € Be)}. Clearly, A* € ﬂ‘? and for every
de A", A"\ V)41 € Ba. So, for every d € A(a) N A%, (d, (~, V), Bg) <*
(cz (K, ‘7>, A*\V,(a)41). Hence, also (c?, (K, ‘7>, A\ Vi (a)41) isin D. Then we
can take p* = ({1, V), A*) and T to be a one level tree which level consists
of A(a) N A*.

Suppose now that there is no d € A with d~p' having a direct extension
in D. We continue to two steps extensions. Replacing A by Al we define

A(d) as above. Let AO( 1) = {d € A(d) | there are a(d) < length(V) and

-

C(d) C A(d) \ k(d), C(d) € U(a(d)) such that for every ¢ € C(d) there is



5. Forcing Uncountable Cofinalities 71

in D a direct extension of the condition d~d ¢ p* (i.e. the one obtained
by adding d, d and ¢ to p*)} and A;(d) = AL\ Ag(d). Define A(a,d)’s,
A(a)’s, A% and p? as was done above. Now, if for some dy,ds € A? some
direct extension of d; ~dy " p? is in D, then by (x); for some 3 < length(V),
for every dy € AY(3) \ Viay)+1, di7dy"p? will have a direct extension
in D. But then for o < length(V) with d; € A(a) we will have that
dy € Ao(( ), ie. for every dj € A(a) for some ' < length(V) for every
dy € AL(B') \ Vi(a)+1, 17 dy"p" will have a direct extension in D. In
this case we can define p* and two levels tree T. The definition is similar
to those given above. Otherwise we consider (x)2 the two steps analogue
of (x);. Continue in a similar fashion. Thus at stage n we will have sets
A™a) € U(a), A" = U{A™() | @ < length(V)} and p" = ((, V), A™).
Also the following n-dimension version of (x); will hold:

(%) I p" <q={eo,... ,em—1,d1,...,dn,(k, V), B) € D, then there
is an n-levels V-fat tree 7, q such that for every maximal branch
n = (f1,..., fn) of T, there are sets A = (a1,...,an) of n-
measure one and B, € V such that

-, —

(€0, .- yem—1)"(n,A)" {(k,V),By,) € D.

Again, if for some dy,...,d, € A", a direct extension g of {dq,...,d,) " p"
is in D, then we can easily finish. Just use T, given by (%), as T and let
A*={ec A" |Vn € V(e € By)}.

Suppose the process does not stop at any n < w. Set

—

"= ((k, V>vnn<wAn> .

Then p* >* p. By our assumption, no direct extension of p (and so of p*)
is in D. Pick some ¢, ¢ = (dy,...,dn, (K, V),B) > p* and ¢ € D. Then
q >* (di,...,dn)"p™. So, by the choice of p", we were supposed to stop at
stage n. Contradiction. —

We are now ready to show the following;:

5.19 Theorem. If cf(length(V)) > x* then k remains regular (and hence
inaccessible) in VEv.

5.20 Remark. In view of 5.15 the converse of 5.19 is false.

Proof. Suppose that § < k and f is a Rj;-name so that the weakest condition
forces ~
f:6—F.

~
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Let t = (u1,...,us, (5, V), E)) € Ry. We find p > t forcing “ranf is
bounded in k”. Let £ < §. Consider the set ~

Dg = {p S R‘; |
for some d € Vj, \ V,,,+1 appearing in p, (pI- f(§) < &(d))}.

Clearly, D¢ is a dense subset of Ry;. For every d= (d1,...,dn) € V, with
J’“<</€, ‘7>, Vi\Vi(d,)+1) € Ry apply 5.17 to JA<<K, ‘7>, Vi\Vi(d,)+1) and to
D¢. We are interested only in the last 77, and only if 4, = n+1 there. Such
a T, is a V—fat tree of the height n,, < w. Denote Ty, further as T'(¢, J)

—

By 5.16, for every n € T, \ Lev,, (T),) there is an a(n) < length(V') such

=

that SUCZI_}W, (n) € U(a(n)). Define a(d) = U{a(n) | n € Tm \ Levy,, (Tim)}-

Then a(d) < length(V), since cf(length(V)) = xk*. Pick a(€) < length(V)

—

to be larger than each a(d) with d as above. Finally let o < length(V') be
above each «(£). Consider the following set:

B={(,F) eV, |VE<&vd e V(T d) NV, is F,-fat)} .

By the choice of a, B € U(«). For every { < 4, let A7 € NV be the set
given by 5.17 applied to D¢ and ¢. Let A* = ﬂ€<5 A;. Every condition of
Ry can be extended to one containing elements of 5\ V,, 41. Hence the
following will conclude the proof:

Claim 5.1.19. Let p > (u1, ..., pis, (K, V), A* \ Viet1) and some (v, E) e
B\ V,. 41 appears in p. Then

pIFVE<S (f(6) <7).
Proof. Suppose otherwise. Let
P2 (s s (8, V), A"\ Vi)
some (v, F,) € B\ VMSJr_l’ appears in p and for some E<éplF i(f) >0
Let p={(dy,...,de, ({v,F,),a,),dpsa,...,dn, (K, V), A). Consider
p = (di,...,dg, (k, ‘7>7A* \ V/{(dz)+1> .

We would like to apply 5.18. By the definition of B, T'(¢, (d1,...,ds))NV, is
F,-fat. Since a,, € NF,, we can find a maximal branch (fi, ..., f,,) through
T, (d1,...,d)) inside a,. By 5.17, there is ¢ > p’, ¢ € D¢ of form

<elv e 64 }'Vla R fﬂhA* \ Vﬁ(fm)+1>

where k(e;) = k(dy) and for every j, 1 < j <m, fj is f;, if f; is an ordinal, or

fi = (f;,b;) for some b;, otherwise. ¢ € D¢ implies that g I f(§) < &(fm)-
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Obviously, x(fm) < v, since fp, € a, CV,. On the other hand, ¢ and p are
compatible, since p > (u1, ..., ts, (K, V), A*\ Vi, 41),

p= <d1a e ;dfa <<V7 ﬁu>7au>7df+27 .. '7dna </€7 ‘7>7A>

and, hence (v, F;,>,dg+2, ...,d, come from A*. So they are addible to q.
Hence

<61a' .- aeiv.]?lw “7.]7m 5 <<V3F:V>aG’V\Vﬁ(fm,)+1>adf+2a' .- adnv <’{a ‘7>aA>

is a common extension of ¢ and p. But this is impossible since p I+ f (§) > ©

and ¢ IF f(§) < . Contradiction. i

5.2. Magidor Forcing and Coherent Sequences
of Measures

Magidor [37] invented a forcing for changing the cofinality of a cardinal x
to an uncountable value § < k. As an initial assumption, his forcing uses a
coherent sequence of measures of length §. Coherent sequences of measures
were introduced by Mitchell [43]. In [42] Mitchell showed that it is possible
to do the Radin forcing with coherent sequences of measures replacing an
elementary embedding j : V' — M. The main advantage of this approach
is reducing initial assumptions to weaker ones that in turn also provide
equiconsistency results. This allows the simultaneous treatment of both the
Magidor and the Radin forcings.

5.21 Definition. A coherent sequence of measures (ultrafilters) U is a func-
tion with domain of form

{(a,8) | @< ¥ and B < 0% ()}

for an ordinal 6[7, the length of ﬁ, and a function oV (), called the order of
U at «. For each pair («, 8) € dom(U),

(1) U(e, B) is a normal ultrafilter over «, and

(2) if j§ : V — Ng =~ Ult(V, (a, B)) is the canonical embedding, then

i§ (@) +1=TUl(a,f) ,

where

—

Ula=UH{(/,3) | o' <aand § < 00(0/)}
and

Ol 8) = UI{(e, 5) |
(¢/ <aand B <o (') or (&/ =a and B < B)} .
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Suppose that U is a coherent sequence of measures with 0=kt 1
and oﬁ(n) =0 > 0. Now we will use U as a replacement for V of the
previous section. Thus, over x, U(k) = (U(k,a) | a < 8) is used. Let
AeNU(k) = Na<s U(k,@). Elements of A are ordinals only, no more
pairs of form (v, F,) with v an ordinal and F, a sequence of ultrafilters
over V,,. But actually, if v € A and oﬁ(u) > 0, then we have a sequence

— —

of measures U(v) = (U(v,a) | a < oV (v)) over v. And it can be used
exactly as F, of the previous section. Note that here U(v) is determined
uniquely from v and U. Also, because of coherence, namely 5.21(2), there
is no need to define the set A as it was done in the previous section before
the definition of Ry (5.1).

Let us denote for an ordinal d = v or pair d = (v, B), v by £(d). Using
the above observations we define P; a coherent sequences analogue of Ry;.

5.22 Definition. Let P; be the set of finite sequences (dy,. .., dn, (k, A))
such that:

(1) AeNU(x).
(2) min(A) > x(dy,).

(3) For every m with 1 < m < n, either

(3a) d,, is an ordinal and then oY (d,,) = 0, or

(3b) dm, = (v, A,) for some v with 06(1/) > 0 and
A, € ﬂa<og(y) U, a) .

(4) For every 1 <1i < j <m,

(4a) k(d;) < k(d;), and
(4b) If d; is of form (v, A,) then min(A,) > k(d;).

The definition of orders <,<* on Py repeats those of Ry (5.2), only
ultrafilter sequences F,’s and V are removed from the conditions there.

5.23 Definition. Let p = (d1,...,dn, (K, A)),q = (e1,...,em, (K, B)) €
Py. We say that p is stronger than q and denote this by p > ¢ iff

(1) ACB.
(2) n>m.

(3) There are 1 < i1 < is < -+ < i, < n such that for every k with
1 < k < m, either

(3a) ey =d;,, or
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(3b) ex = (v, B,) and then d;, = (v,C,) with C, C B,, .

(4) Letiy,..., i, beasin (3). Then the following holds for every jwithl <

j<mnandj¢{ir,... i}

(4a) If j > iy, then d; € B or d; is of form (v,C,) with v € B and
C,CBNv.

(4b) If j < iy, then for the least k with j < iy, ey is of form (v, B,)
so that
(i) if d; is an ordinal then d; € B,, and
(ii) if dj = (p, S) then p€ B, and S C B, .

5.24 Definition. Let p = (d1,...,dn, (K, A)),q = (e1,...,em,{(k,B)) €
Py . We say that p is a direct extension of ¢ and denote this by p >* g iff

(1) p>gq, and
(2) n=m.

Now all the results of the previous section are valid in the present context
with P replacing R;. Also their proofs require only trivial changes.

If 6 < K, then (U(k,a) | @ < §) can be split. Thus for every a < §
U(k, ) concentrates on the set Yo = {v < & | oY (v) = a}. Py, above the
condition ((k,J,cs Ya)) is then the Magidor forcing for changing cofinality
of k to cf(9).

5.3. Extender-based Radin Forcing

In this section we give a brief description of the extender-based Radin forcing
developed by C. Merimovich [40]. Previously, the extender-based Magidor
forcing was introduced by M. Segal [49]. The basic idea will be to combine
the forcing of Section 3 with those of Section 5.1.

Assume GCH and let j : V. — M D V.44 be an elementary embedding
with crit(j) = k. First, as in Section 3, but with A = ™+, for every
a < k7T, we consider U, an ultrafilter over x defined by:

XelU, iff acjX).
Define a partial order <; on A:
a <; B iff o <3 and for some f € ", j(f)(B) =a.

Let (map | B < a <kt a>; () be the sequence of projections defined in
Section 3. The whole system (i.e. the extender)

((Ua |a <k™) (map | B< o <w™F a2 8))
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isin M, as ”’HV,H_;; C Vit+s € M. Denote this system by F(0) and U, by
E,(0) for every o < k*+. Now, as in 5.1, we use the fact that E(0) € M
in order to define F(1). Thus for every a < Tt we define over V,; the
following ultrafilter:

A€ B pop() i (0. B(0) € j(A) .

It is possible to use only « as an index instead of («, F(0)), but it turns
out that the latter notation is more convenient. Note that E(, g (1)
concentrates on elements of form (£, e(0)), where e(0) is an extender over
€0 (recall, that in the notation of Section 3, ¢° denotes the projection of
¢ to the normal ultrafilter by m,,) of length (¢°)** including projections
between its measures. Also note that o, defined by o, (£, €(0)) = £ projects
E(a,E(O)}(l) onto E,(0) = U,.

We define projections 7, g(0)),(3,5(0)) for s+ > a > 3 with a >; 3 as
follows:

(045,50 (6, €(0))) = (s (€), €(0))

Then, in M,
3 (e, B(0)),(8,E0))) (e, E(0))) = (B, E(0)) .
This defines an extender
E(1) = ((E(a,p0) (1) | @ < 7T,
(a0, (3.00) | £ >a =8 a>;p)) .

Continue by recursion. Suppose that 7 < k1% and a sequence of extenders
(E(r") | 7 < 7) is already defined. Again, as “++VK+4 C Vira € M,
(E(") | 7 < T) € M. So, for every @ < kT we can define an ultrafilter
over V, as follows

A€ B p(0),...B(r),..|7 <7 (T) iff
(a, E(0),...,E(T"),... |7 < 1) € j(A).

Define projections:

W(a,E(O),...,E(T),...|T’<T>,(ﬂ,E(O),...,E(T’),...|T’<‘r)(<§ad>) = <7T0t,3(5)3d> ;

for every a, 8, with k™ > a > 8 and @ >; (. Further, let us suppress these
long indexes and use only « and (3, i.e. the above projection will be denote
by Taf and E(a,E(O),...,E(T’),...|-r’<7—>(T) by Ea(T). Define

E(r) = {(Ba(r) [a <£™F) (Tap [ 57T >a > 5, a2;f) .

Fix some 7% < kt4. Let E = (E(1) | 7 < 7).
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In [24], [25], Merimovich used such E to define the extender-based Radin
forcing. The general definition is quite complicated and we will not repro-
duce it here. Instead let us concentrate on the case length(E) = 2. This
explains the idea of the Merimovich construction. So let E = (E(0), E(1)).

For each a < k*F let @ = (o, E(0), E(1)). Set E = {{a, E(0), E(1)) | a <
kY.

5.25 Definition. A basic condition in Py over x is one of form

p={@p") |7 e€stu{{@p),T}
so that

(1) sCE,|s| <k and E € s.

This s is the support of the condition and here, instead of just ordinals
used as supports in the extender-based Prikry forcing of Section 3, its
elements are of form 7 = (v, £(0), E(1)).

(2) p7 €V, is a finite sequence of elements of form an ordinal v or a pair
(v,e,(0)) with e,(0) and extender of length (v°)*F over 10 (recall
that, as in Section 3, v° denotes the projection of v by 7, ,, i.e. to
the normal measure). We require that the v%’s of elements of p7 are
increasing. Denote the v of the last element of p7 by x(p7), if p7 is
nonempty and let k(p7) = 0 otherwise.

(3) @ is above every ¥ € s in the <; order (i.e. v <; ).
(4) 5™ < 5 ().

(5) T € Ba(0) N Ea(1) \ Vagrmysn.

(6) For every v € T,

{7 €51 (6(p)° < (:@)"} < (5(7))° .

(7) For every 7 € T, 3,7 € 5, if (s(p®))°, (k(p?))° < (k(P))? and § # 7

then
7. 3V) # Ta5(V) -

As in Section 3, we write TP, mc(p),supp(p) for T, @ and s U {@} respec-
tively.
5.26 Definition. For basic conditions p, g of Pz over s, define p >* ¢ iff

(1) supp(p) 2 supp(q).

(2) For every 7 € supp(q), p” = ¢".
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(3) TP C ! “Ta,

me(p),me(q)

(4) For every % € supp(q) and 7 € TP, if (k(p7))° < (k(¥))° then
Tme(p)7(7) = Tme(q) 5 (Tmep),me(a) (V) -

Now let pg be a basic condition over x and 7 € TP°. We define pg™7, a
one-element extension of pg by 7.

5.27 Definition. py™ (7) will be of form p} ~p{, where
(1) supp(pp) = supp(po)-

(2) For every 7 € supp(p;)

Tme(po) 7(7)s if (k(pg))° < (1(7))° and

7 is of form (v, e, (0)),

Po’ = 420 Tmetoo) 57(7)if (5(pg))° < (#(7))° and
7 is an ordinal,

4> otherwise.

(3) Tp6 = T'Po \ ‘/(K(p))l)_;’_l.

If 7 is an ordinal then p} is empty, otherwise the following holds:

(4) me(py) =v.

(5) supp(py) = B
{Tme(po)7 (@) | 7 € supp(po) and (x(pg))° < (x(7))°} U {7}.

1T me(po),5(P) ol
(6) py o) =Dpg-

(7) Tpll =TPoN V(K(p))o.

5.27 is the crucial step of the definition of Pj. If 7 was an ordinal then
p (V) = p is generated as in Section 3. But if 7 is of form (v, e,(0))
then after adding 7, po splits into two blocks p{, and p}. pj is still a basic
condition over k generated in the fashion of Section 3. But p} is a new
block. We just separate and move to the new block every pg to which 7 can

be added. The actual addition, 7,,c(p,)5(7), is kept both in the support of

p} and on the new p?. T?0 is moved down to v and p} is a basic condition
over Y. We can extend it further using measures of the extender e, (0).
It acts from now autonomously and as a condition in the extender-based

Prikry forcing of Section 3. Note that we still keep some connection with
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the upper block pj. Thus Tp,c(p,),5(7)’s appear in both supp(p}) and pj, as
pg. See the figure below which gives an example of such po, pf, P

32
Py T3y
Po g 30 o, TnVi@)
-0 — — — b1
V' Tazar (V) Tasas(V) v
_ P o
v’ Tagon (V) Koo Tayas (V) v T \ VR(P)+1 p(/)
R (65} (65 Q3 Qg = MC
32
P Ha1 H3p
Po Pio oo Hszg Mg T o
R (65} (65 Q3 Qg4 = MC

Once we have a two block condition p; ~py we can extend it further in
the same way by adding either 7 € T}, or U € T}, . In the first case this will
generate a new block between p; and py and the second below p;. We are
allowed to repeat this any finite number of times. Thus a general condition
in Pz will be of form p = p, " pn—17 -+ " po where po is a basic condition
over K, p; over some vy < K, ... and, p, over some V,_1 < Vp_2.

An example of a condition in Pj:

T12

T11
To Tio T2 T3 T4 Ts R P2
Ho My flg [y Hgo iy =MC

71
flo F1 Fro Fis Fg Ps S m
Vg Uy Vs Vs V4 Us=mc
Zs!

Ty U1 Us Uro T4 T
R Q1 Qg Q3 Q4 =1mnmc

Each block may grow separately. Thus in the example the maximal
coordinate of p; changed from 7,4, corresponding to @y, to a new value Us.
New coordinates 73, U3 were added in p; and Tiy, i3, fiy in pa.

The following is a straightforward generalization of 5.27.

5.28 Definition. Let p,q € P. We say that p is a one-point extension of
q and denote this by p > ¢ iff p and ¢ are of form

P=DPnt1 P Do

4=a" " q
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and there is a k with 0 < k£ < n such that
(1) p; and g; are basic conditions over some v; with p; >* ¢; for i < k.

(2) pi+1 and g; are basic conditions over some v; with p; 11 >* ¢; for each
k<i<n.

(3) There is an 7 € T'% such that pp+1 " pr >* q (D).
We now define n-extension for every n < w.

5.29 Definition. Let p,q € Pz. We say that p is an n-point extension of
q and denote this by p >, ¢ iff either n = 0 and p >* ¢, or else n > 0 and
there are p”,...,p" such that

p=p">1-->1p"=q.
Finally, we can define the order < on PE'

5.30 Definition. Let p,q € Pz. Define p > q iff there is n < w such that
D Znq.

Let G be a generic subset of (Pz, <). For every a with k < a < kTt we
want to collect together all the ordinals corresponding to « into a set which
we call G¢. Define

G = {m(pE“) | 3p € G (p is a basic condition
over k with Ey € supp(p) and pﬁa £0)}.

It is not hard to see using the definition of the order on Py that G* will
be unbounded in & sequence of order type w?. Also a # £ will imply
G* # GA. In addition, the sequence G* (the one corresponding to the
normal ultrafilter) will be closed.

Now let length(E) be any ordinal < x+4. Merimovich [40] showed that
his forcing Pz shares all the properties of the Radin forcing of 5.1, only
kT-c.c. should be replaced by x*+-c.c.. This causes a new problem to show
that kT is preserved in cases of regular x. In order to preserve measurability
of k the following variation of repeat point is used:

T < length(E) is called a repeat point of E if for every & < length(E) and
a < kT, A€ E,(§) implies that for some £ <1 A € E,(¢).

That is, 7 acts simultaneously as a repeat point of the sequence of ultrafilters
(Eq(€') | € < length(E)) for each o < k. Clearly, there will be lots of
repeat points below x4, The x™T sets G defined above for a generic
G C Py will witness 27 = x™1; G* will be a club in &.

In further work [39], Merimovich added collapses to the extender-based
Radin forcing. This allowed him to reprove results of Foreman-Woodin [12],
and Woodin and obtain new interesting patterns of global behaviour of the
power function.
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6. Iterations of Prikry-type Forcing Notions

In this section we present two basic techniques for iterating Prikry-type
forcing notions. The first one is called the Magidor or full support iteration
and the second, Easton support iteration.

A set with two partial orders (P, <,<*) is called a Prikry-type forcing
notion iff

(a) <2 <*.

(b) (The Prikry condition) For every p € P and statement o of the forcing
language of (P, <) there is a p* >* p deciding o.

Notice that any forcing (P, <) can be turned into a Prikry-type by defin-
ing <*=<. In this case the iterations below coincide with the usual itera-
tions with full or Easton support.

6.1. Magidor Iteration

The presentation below follows [16] and is a bit different from Magidor’s
original version [34].

Let p be an ordinal. We define an iteration (P, Qa | @ < p). For every
a < p define by recursion P, to be the set of all p of form (py | v < a) so
that for every v < «

(a) ply=(pg|B<7) € Py, and
(b) plvy ||7,7 “py is a condition in the forcing <Q\:y, <y,<5) of the Prikry
type”.
Define two orderings <p_ and §}Za on P,.
6.1 Definition. Let p = (py [ v < a), ¢ = (¢y | ¥ < a) € P,. Then
p=p, qiff
(1) For every v < a, ply |k7,w “Py >+ ¢y in the forcing QJ”.

(2) There exists a finite b C « such that for every v € o'\ b,
ply ||73W “Dy 2% ¢y in the forcing Q,”.

If the set b in (2) is empty, then we call p a direct extension of ¢ and denote
this by p >3 ¢

Thus here we use full support iteration, but in order to pass from a con-
dition g € P, to a stronger one, we are allowed to take nondirect extensions
only at finitely many places. A typical example and the one originally used
by Magidor in [34], is iteration of Prikry forcings at each measurable below
«. Here in order to extend a condition we may shrink sets of measure one
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at each measurable § < « but only for finitely many (’s is it allowed to add
new elements of the Prikry sequence. We further discuss this important
example in detail. Let us now show that (P,, <, <*) is itself of the Prikry

type.

6.2 Lemma. Letp = (py | v < a) € Py and o be a statement of the forcing
language of (Py,<). Then there is a direct extension of p deciding o.

Proof. We deal first with the successor case. Let a = o’ + 1. Assume
that P, has the Prikry property, Py = Par * Qo/, and ”7%' (Qor, Sars <g)
has the Prikry property). Let G C Po be generic for (P,, <) with
pla’ = (py | v < ') € Go. Find p}, >}, par in Qo which decides o[Go].
Back in V, let pé/ be a name of such p, so that

pla/ ., P decides o .

Use the Prikry property of (P,,<,<*) and find ¢ >* pla’ such that
q I, (P Ity @), for some i < 2, where % = o and g = =o. Then,
with r = q“p/;,, we have 7 [f5 0.

Suppose now that « is a limit ordinal. Assume that there is no direct
extension of p deciding 0. We define by recursion on 5 < «

p(B) =y |7y <B) (py|B<y<a)="p

so that p(8)[3 = (P5 | v < B) IFp, o where 05 = (3¢ € Po\B(g >* p\
and ¢ || o)).

Suppose that (p(y) | v < §) are defined and <*-increasing. Define p(f3):
Case 1. =0 +1.

Force with Pz = P, [, i.e. with (P, <). Let Gz C Ps be generic
with p(8')]3" € Gpr. At stage 3" we use (Qp, <pr, <j;). It satisfies the
Prikry condition. So there is a P =j ppr deciding op.

Claim 6.2.1. pj, ”_Q[,/ —0g.

*%

Proof. Suppose otherwise. Then there is a p37 >* pj, with

D5 o, G2 € Pa \ B(g =" p\ B and g |lp_\40))

for some i < 2, where % = ¢ and o0 = —o. Without loss of generality
assume i = 0. Then there are r = (75 | v < ) € Gg and ¢ such that

p(B)18" < rand
rp, (g <p Py ”Qﬁ’ (¢ ="p\Band ¢ lp \50)) -

Hence, r ||—Pﬁ, (05~ g > p\ A and p~q .\ g0)- In particular,
p(BHB <r ”7719’ o which contradicts the choice of p(3’). =
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Now, since Gz was arbitrary, we can take a name pj of pj such that
PG IF (P Iy, —os)- Set p(B) = p(B)16 7Py {2y [ B <7 < a).

Case 2. ( is a limit ordinal.
Then we need to show that

p(B) =@y |v<B) "y B<y<a)

is as desired, i.e. p(8)[8 IF —o3. Suppose otherwise; then there is an r =
(Ty | v < B) € Pg such that r > p(B)[3 and r |- o5. Extend it, if necessary,
so that for some ¢ and 7 < 2

rl-(g >"p\Band g Hg;a\ﬁio)

where % = o and o = —0. Let us assume that i = 0. By the definition
of order on Ps (6.1(2)), there is a 5* < 3 such that for every v with §* <
v < B, rly Ik 1y > pi. Consider a Pg--name qN' =y | B <v<B)" 4.
Then, r|5* IF (qN' >*p\ * and qN/ ”7%\5*0)' But r[g* >p(6*)[6* IF —og-.
Contradiction.

This completes the construction. Consider p(a) = (P | v < «a). Pick
some r > p(a) deciding . Now we obtain a contradiction as in Case 2.
This completes the proof of the lemma. -

Let us now use this type of iteration to prove the following result of
Magidor [34]:

6.3 Theorem. Let k be a strongly compact cardinal. Then there is a car-
dinal preserving extension in which k is the least strongly compact and also
the least measurable.

Proof. We use the Magidor iteration (PQ,Q\@ | @ < k,8 < k) defined by
recursion on « as follows:

(a) If [ (@ is not measurable), then take (Qa, <a, <) to be the trivial
forcing
(b) If |5, (a is a measurable cardinal), then let (Q

~

forcing over o with some normal ultrafilter.

a, Sa, <g) be the Prikry

(c) If 7(a) and ~(b), then we pick a maximal antichain (p’ | i < 7) of
elements of P, so that each p’ decides measurability of a. Above each
p" forcing (a is not measurable) we take (Qa, <a, <) to be the trivial
forcing. Above every p’ forcing measurability of a let <Q\Ja, Sa Sm;)
be the Prikry forcing over o with some normal ultrafilter.
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This means that (Qa,<a,<;) is a Py-name such that P, forces: “if a
is a measurable then <Q y San, f; is the Prikry forcing, and otherwise
(Qa, <a,<5) is trivial.

Let us now force with (P, <). Let G, C Py, be generic. Then, in V[G,],
all measurable cardinals below k are destroyed. Note that for @ < & the
iteration past stage a + 1 does not add measurables below «, since it is
itself a Prikry-type iteration with <*-order more than 2“-closed. So, no
new subsets are added to a. We need only show that x remains strongly
compact. This will follow from the next more general statement. -

Note that the above proof is a simplification of Magidor’s proof, which
showed that the measures to be killed are exactly the unique normal exten-
sions of measures of order 0 in V.

6.4 Lemma. Suppose that (P, Q\p | @ < K, < k) is the Magidor iteration
of Prikry-type forcing notions such that P, C *V, for unboundedly many
a’s. Then k is strongly compact in VP~ provided it was such in V and for
every a < K, |k ((a) (Qa, <o) is |al-closed, and (b) for all p,q,r € Qq,
if p,q >* 1 there is a t € Qo such that t >* p,q).

6.5 Remark. The requirement (a) holds for most of the Prikry-type forcing
notions. But we may refer the reader to [16] and [46] doing without closure
but still preserving measurability. The requirement (b) is much more re-
strictive. For example extender-based Prikry forcings of Section 2,3 do not
satisfy it. Also the Easton support iteration that will be defined later fails
to satisfy (b). It will be shown in 6.8 in non trivial cases (a)+(b) imply
existence of a measurable cardinal > |a.

Proof. Let G, C P, be generic, i.e. generic for (P, <). Let A\ > k. We
want to establish the A-strong compactness of k. In V pick a k-complete
fine ultrafilter U over P, () (recall that U is called fine, if for every a < A
the set {P € Po(\) |a € P}isin U). Let j: V — M ~ Ult(V,U). Back
in V[Gg], let us define U* D U over P, (A) as follows:

X € U™ iff for some p € G, in M there is a ¢ € Pj(,) \ £ with
q >* j(p) \ k so that p~q ||7,( )[Zd]UEJ( ) for some name X of X.

Note that P, = j(P«)[k, since, in M, j(Ps)lx C "V, and j“V, = V,;. So
Gy is an M-generic subset of P,. Also j(p)[k = p for every p € P,. We
need to first check that U* is well defined. By (b) any two ¢’s as above
are compatible. Note also that if p, p’ € P, are <-compatible, then, in M,
Jj(p)\ k and j(p') \ k are <*-compatible. To see this, let r € Py, r > p,p’.
Then there is a 6 < & such that for 0 < a < k, [0 ”7’177:@ >% ]2\@,]2'@, where
7“:(7:3|’y</£>,p:<;%|fy</<a>,andp’:<;l}\fy|fy</<a>. So, in M, the
same is true for j(r), j(p) and j(p’). Hence, r forces <*-compatibility of
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J(p)\ k and j(p') \ k witnessed by j(r) \ k. In particular, this shows using
(b) that ¢ >* j(p) \ k is <*-compatible with every j(p') \ k with p, p’ € G.

Now applying above, if p € G forces “X € U* and X = Y7, then for
some q € Pj) \ K, ¢ >* j(p) \ k we have

J@)I"q kp,, [idly € j(X) .
But by elementarity, j(p) IF j(X) = j(Y). Also, j(p)[x™q >" j(p). Hence
](p) kg Il_Pj(K,) [ZVd]U € j(z) :

Clearly, U* D U, and so it is fine. Let (X, | v < § < k) be a partition of
Pr(X). We need to show that then for some v < §, X, € U*. Pick some
p € G and names (X, | v < §) such that p - (X, | v < J) is a partition of
Pr(N).

Then in M, j(p) IF ((j(Xy) | v < 9) is a partition of Pj(.(j())). Now we
use x-completeness of (P, \ k, <*) in order to find v* < ¢ and q € Pj(.,) \ K
with ¢ >* j(p) \ & such that for some r € G,

1 b, lid] € 5(Xy) -
Hence X,- € U* and we are done. -

Note that once the ultrafilter U (in the proof above) is normal and the
forcing (Pj.) \ &, <*) is AT-closed, then the ultrafilter U* extending U will
be normal as well. Just use a regressive function instead of a partition in
the proof of 6.4.

In particular, if we change the cofinality of each measurable cardinal
below a measurable cardinal k using the Magidor iteration of Prikry forcings,
then the normal measure U over k in V extends to a normal measure in
the extension, provided (Pj(,) \ &, <*) is kT-closed. In order to insure this
degree of closure, we may take U which concentrates on non-measurables,
ie.

{a < k| @ is not a measurable } € U.

It is still necessary to check that the iteration P, does not turn x into a
measurable in M (the ultrapower by U). This will follow from the following
general statement. The proof of it is based on [34].

6.6 Lemma. Suppose that (P, QN@ | o < K, 0 < k) is the Magidor iteration
of Prikry-type forcing notions such that

(a) Po C 4V, for unboundedly many o’s.

(b) For every a < K, ||-7;a(<Qa, <o) is |a|-closed, and: for allp,q,r € Qva,
t

if p,q >*r there is a € Qo such that t >*p,q).

A~
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(c) The forcing in the interval [, (2%)T] 4s trivial for stationary many
a’s.

If k is measurable in VP~ then it was measurable in V.

6.7 Remark. We do not know if there is a nontrivial Prikry-type forcing
(Q, <, <*) satisfying the clause 2 for a non-measurable cardinal o, assuming
that (Q,<*) is not a™- closed. So, the clause 3 may hold automatically.

Proof. Let G be a generic subset of P, and W a k-complete ultrafilter over
k in V[G]. Then, clearly,  is at least a Mahlo cardinal in V. So, the
following set is stationary in V:

S:{Oé<f€|7)agava7|v(¥|:a7

the forcing is trivial in the interval [a, (2%)7]}.

Suppose for simplicity that Op, = (0g, | v < k) € G and it forces that
W is a k-complete ultrafilter over x in V[G]; otherwise, just work above
a condition forcing this. Note that in our setting Op, need not be weaker
than every other condition in P,: We may have at = (Iy | v < k) € Py
such that for infinitely many +’s y is a non-direct extension of Q\’} in Q\y;
such a ¢ would be incompatible with Op, .

Let o € S. Define an ultrafilter U, over x in V[G|a] as follows:

X €U, iff for some p € Gla there isa g € P, \ «
with ¢ >* Op, \ @ so that p™q | X € W for some name X of X.

Trivially, U, is well-defined. o € S implies that U, is at least a (2%)7-
complete ultrafilter over x in V[Gla] (just use the <*-completeness of the
forcing Py \ « to deal with partitions of x into < (2%) many pieces).

We use now the argument of Levy-Solovay [33] to find a condition ¢(«) €
P, with t(a)) > 0p, so that for every set X € V with X C k, either

t(a) |p, X € Ua or t(a) |fp, X ¢ Ua.

Thus, suppose that there is no such ¢(«). Work in V. For each ¢ € P,
with ¢ > Op,, we pick a set A; C k such that ¢ does not decide whether
Ay € Uq. Define a function from & into a set of cardinality at most 2% as
follows:

F(v)={(q,i) | ¢ € Pa,i <2, and: i =01if v € Ay,i = 1 otherwise ).

Now, in V[G|a], Uy, is (2%)T-complete ultrafilter, hence there is X € VNU,
such that F'(v) = F(u), for any v,u € X. Pick some ¢ € G|« forcing this.
Finally, back in V, there is an ¢ < 2 such that for each v € X the pair (g, )
appears in F(v). Then, ¢ = 0 implies X C A, and ¢ = 1 implies X C x\ A,.
But ¢ |, X € Uq. Hence, either g |t Ay € Ua or g |f x5\ Ay € Uq, which
contradicts the choice of A,.
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Set now (in V)
Ula) = {X C x| ta) p, X € U}

Clearly, U(a) is a (2%)*-complete ultrafilter over &.

We shall find a stationary subset S’ of S such that for every a < 8 €
S, U(a) =U(B). Then, a € S’ will imply that U(a) is a k-complete ultra-
filter over x.

Thus, consider the sequence of conditions (t(a) | a € S). For each a € S
we have t(a) > 0p_. Hence, by the definition of the order <, there is a
finite set b(a) C « such that for each v € '\ b(a),

()1 |tp, t(@)y >* 0y in the forcing Q.

Now, we shrink S to a stationary set S; such that for each o, € S,
b(a) = b(B). Denote b(a) for « € S; by b. Let 6 = max(b) + 1. The
cardinality of the forcing Ps is less than «, for each a € Sy, since a = |V,,|
and Ps € V,,. Hence, there are a stationary S’ C Sy and ¢ € Ps such that for
each o € §" we have t(«)[d = t. It follows that t(«) and ¢(03) are compatible
in the order <*, for any «, 8 € S’. We claim that U(«) = U(f), for each
a,Bes.

Recall the definition of U(«a). Thus,

X e U(a) iff t(a) |p, X € Uaq

iff 3¢ € Py \  with ¢ >* 0p, \ a such that t(a) "¢ | X € W.
Suppose for a moment that there is X € U(a) \ U(B). Find ¢, € P \ @
with go >* Op, \ @ such that t(a)"qa [fp, X € W and g3 € Py \ o, g3 >~
0p, \a such that t(8) " gg [fp_x\ X € W. But t(a) " qq and t() " gp are <*-

compatible, which is impossible since they force contradictory information.
_|

The next simple observation shows that the conditions (a) and (b) of 6.4
already imply some strength.

6.8 Lemma. Let (@, <,<*) be a non-trivial Prikry-type forcing notion and
K be an uncountable cardinal such that

(1) (@, <*) is k-closed.
(2) For allp,q,r € Q, if p,q >*r there is a t € Q such that t >* p,q.
Then there is a measurable cardinal > k.

Proof. Let A be a cardinal which contains a new subset. Fix a name g of
such a subset of A. We assume that O¢ already forces this.
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Set
A={p<X|3t="0gtlgp€ a}t

Then 5
0@ ”_Q,@_, # A

just since A is old but a is new. Define now U to be the set of all X C A
such that

t>"0g tlglpe X for the least p such that p € a AA).

Then, clearly, U is a k-complete ultrafilter over A. Let us show that it is a
non-principal one. Suppose otherwise. Then, for some p < A we will have
{p} € U. Hence there is a t >* 0g such that ¢ [ p € a AA. Extend t to
some s >* t such that

slgp€ g or 8||—Q,6€/1.

The former possibility implies that p € A, by the definition of A, which is
impossible. If the later possibility occurs, then, again by the definition of
A, we will have an 7 >* 0¢g such that r ||—Qﬁ € a. But r is compatible with
s, so we arrive to a contradiction. Hence, U is non-principal and we are
done. o

6.9 Example. Let us show how the Magidor iteration may destroy station-
arity. Fix a regular cardinal x, and set Z = {&@ < £ | a is a measurable}.
Assume that Z is stationary. Change the cofinality of each measurable car-
dinal below x to w using the Magidor iteration <PO"Q~5 | @ < k,0 < K)
of Prikry forcings. By 6.6, only the members of Z change their cofinality.
Let G be a generic subset of P, with Op, € G. Let C, denote the Prikry
sequence for o deduced from G, where a € Z . Define a function f: Z — k
by setting f(«) = min(Cy).

6.10 Claim. There is a finite b C k such that the elements of the sequence
(Co | v € Z\b) are pairwise disjoint. In particular, f is one-to-one on Z\b
and, so Z is not stationary in V[G].

Proof. Work in V. Let t € P,, with t > Op,. Suppose for simplicity that
t >* Op,; otherwise, we work only with the coordinates where the extension
is direct. Let t = (ly | v < x) and for each v € Z we have ty = ({),, 4y),
where A’y is a Py-name of a set in the normal ultrafilter % over vy which
extends a normal ultrafilter U, as in 6.4. Note that by 6.6, the forcing at
each v € K\ Z is trivial.

Fix v € Z. Let G, be a generic subset of P, with r = t[y € G,. Turn to
V[G,]. Let us show that the set

B,={veA,|YoeZnvy(v¢&Cs)}
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must be in UJ. Consider j(r) \ & in M, where j : V. — M is the canonical
embedding into the ultrapower of V' by U.,. Let ¢ >* j(r) \ £ be obtained
from j(r) \ & by replacing each set of measure one 45 (for d € j(Z)\ (k+1))
of j(r)\ k by 45\ (k +1). Then

g I, ] € i(By) -

Hence, B, € UJ.
Finally, back in V', we define t* >* t by replacing each z‘b by gy. Then
t* will force that C,’s are pairwise disjoint. -

Suppose now that x above was a measurable and there was a measure U
on k concentrating on measurables. Then Z € U. But in V[G], Z is not
stationary any more. Hence U does not extend to a normal ultrafilter.
6.2. Leaning’s Forcing

J. Leaning [32] suggested a new and interesting way to put together Prikry
forcings over different cardinals avoiding iteration. Below, we will briefly
describe his forcing.

Fix a set Z of measurable cardinals, and set k = sup(Z). For each § € Z
pick a normal ultrafilter Us over 8. Set U = (Us | § € Z).

6.11 Definition. Let the filter of long measure one sets be

LU)={XCk|XNdeUsforaldeZ}

—

6.12 Definition. Let D(U) be the set of all the pairs (s, X) such that
(1) s e [k]<“.
(2) X e &(U).

6.13 Definition. Let (s, X), (t,Y) € D(U). Then (s, X) > (t,Y) iff
(1) sCt.
(2) X CY.
(3) s\tCY.

If s =t then (s, X) >* (t,Y).

In [32] Leaning showed that (D(U), <, <*) satisfies the Prikry condition,
and so it is a Prikry-type forcing notion. He found a very interesting ap-
plication of this forcing. Thus, starting from an assumption weaker than
o(k) = 2, Leaning constructed a forcing extension in which the first mea-
surable cardinal £ may have any number A < k normal measures.
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Note that if Z does not include its limit points (for example, if there is no
measurable which is a limit of measurables), then this forcing is equivalent
to the Magidor iteration of Prikry forcings for elements of Z. Crucially for
each d € Z, the forcing Ps below ¢ has cardinality less than §. Hence, it is
not hard to replace a name of a set of measure one by an actual set in Us;
see [33] or just apply the corresponding argument from 6.6. Also, for each
0 € Z the set As = 6 \sup(ZNd) is in Us and these sets are disjoint. Hence,
we can link between finite sequences s and measurable cardinals in Z.

Leaning’s forcing is equivalent for a while to a kind of the Magidor “it-
eration” of Prikry forcings, where instead of names of sets of measure one
actual sets of measure one (i.e. those from Us’s) are used. But once the set
Z includes § such that

for all X € Us, thereis a 4 < x such that X Nu e U,,

—

the forcing (D(U), <, <*) is different. Namely, at this stage the Magidor
“iteration” of Prikry forcings without names fails to satisfy the Prikry con-
dition. Thus, for example, there is no direct extension of the condition
({(),v) | v € Z) which can decide the following statement: “The first ele-
ment of the Prikry sequence for § belongs to the Prikry sequence of some
uw<a.”

6.3. Easton-support Iteration

In many applications of iterated forcings it is important to have the k-c.c.
at stage k of an iteration. The Magidor iteration or full support iteration
fails to have this property, as well as usually does a full support iteration
in different contexts. The common approach is to replace a full support by
an Easton one. In the present section we show how to realize this dealing
with iterations of Prikry-type forcing notions. The method was introduced
in [13] and simplified in [16]. Shelah [51] found generalizations and applied
them to small cardinals.

Let us give one example that illuminates the difference between full and
Easton-support iteration.

6.14 Example. Suppose that x is inaccessible and the limit of a set A of
measurable cardinals. Assume for simplicity that A does not contain any
of its limit points. Either iteration can be used to add a Prikry sequence
C, for each v € A. In case of the full support iteration this sequence is
uniform (below a certain condition) in the sense that if (X, | v € A) is
any sequence in V' such that X, is in a normal ultrafilter U, over v, then
U, ca(Cy\ Xy) is finite. Just the definition of the Magidor iteration and an
easy density argument imply this. Thus let p = (py | v € A) be a condition
in this iteration. A does not contain its limit points, so we can assume
that each py is in V. Then p, is just a condition in the Prikry forcing
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with U,. Hence py, = (t,,A,), where t, € [y|<* and A, € U,. Suppose
now that we force only with extensions of the condition {(0,7) | v € A}.
Then all but finitely many t,’s are empty. Let ¢,,,...,t,, be the only
nonempty t,’s. Extend p to a condition ¢ = {(t,, Xy N A,) | v € A}. Then
qlF (U’yEA C,J \ X)) S UL b

In the case of Easton-support iteration this will not be true: for example
the set {min(C,) | v € A} will be essentially an Easton-support Cohen
subset of x, and in fact V[(Cy | v € A)] will not have uniform sequence of
Prikry sequences as in the full support iteration.

Let us now turn to the definition of the Easton iteration of Prikry-type
forcing notions.

Let p be an ordinal. We define an iteration (Py, Qa | o < p) with Easton
support. For every a < p define by recursion P, to be the set of all elements
p of form (py | v € g), where

(1) gCa.

(2) g has an Easton support, i.e. for every inaccessible 8 < «,
B > |g N G|, provided that for every v < 3, |P5| < 3.

(3) For every v € dom(g),

ply=(g|BEgNy) €Py

and plvy ||7,7 “py is a condition in the forcing <Q~'V’ <y, <5)
of Prikry type”.

~ AU

Let p = (py | v € g) and q¢ = (¢y € f) be elements of P,. Then p > ¢ iff
(1) g2/

(2) For every v € f, plvy ||-7>w “Dy >~ G

~ ~

in the forcing QJ”-

(3) There exists a finite subset b of f so that for every v € f\ b,
pIv lip, “Py =3 ¢y in the forcing Q.

If the set b in (3) is empty, then we call p a direct extension of ¢, and denote
this by p >* q.

Notice that in contrast to 6.1, we are allowed to take nondirect extensions
in both < and <* orderings for infinitely many coordinates v < « provided
that they are outside of the support (i.e. outside of f for extensions of
q= (4 | v € f)). Inside the support, as in 6.1, only for finitely many v’s
can a nondirect extension be taken.

Let p = (Py | ¥ € g) € Pa and 8 < . Consider p[f = (py | v € gN B).
Let Gz C Pg be generic with p[3 € Gg. Then p\ 8= (py |y € g\ B) €
P\ B =Pa/Gp. Lett = (ty |~ € f) € Po/Gp be an extension of p \ j.
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The support f of ¢t need not be in V. But we can always find f* € V,
f C f* Ca)\p satisfying (2) of the definition of the conditions. Thus let
t, [ be a Pg-names of t, f so that

pIBIF L =(ty|vE f)>p\B.

Work in V. Define f* C « covering f and satisfying (2) of the definition of
the conditions. The construction of f* is recursive. Let f*N 3 = 0. Suppose
that § < v <« and f*N{ is already defined for each § < . If v is a limit
ordinal then let f* Ny = s, f*Nd. If vy =2+ 1, then we include 7" in
f* only in the case if some extension of p|3 forces (in Pg) “§' € f”. This
completes the definition of f*. It is easy to check that for every v < o,

pIB lp, (F* 2 £ and [f* N7 < |f NF+[Psl) -

Now, if v with 3 < v < « is inaccessible and for every § < v, |Ps| < v,
then |f* Ny| < 7, since, back in V[Gg] we have |f Nv| < v and [Ps| < 7.
So v remains inaccessible and |[f* N~y < |f N~| + |Pg| < 7. Clearly, in V,
|f* N~y| <~ holds then as well.

Using the observation above, we can establish the Prikry condition for
(Py, <, <*) repeating the argument of 6.2.

6.15 Lemma. Suppose that (P, Qﬁ | o <k, 0 < k) is an Easton iteration
of Prikry-type forcing notions such that for unboundedly many a’s Py C
oV,. Then k is measurable in V=, provided:

(a) K is measurable in V.
(b) V E 25 = i+
(¢c) For every cardinal oo < Kk we have
(1) I, ((Qa, <a) is |a|-closed).
(it) for every B with a < § < a*, |5 ((Qa, <g) is at-closed).

(d) For a closed unbounded set of a’s below k,
I, either

(i) <Q\9;§,\;> is |a| T -closed, or
(ii) for all p,q € @y, if p,q=30q. thereis at € Qa
such that t2%p,q

where OQQ is the weakest element of Q\Ja.

6.16 Remark. (1) The requirement P, C *V,, for unboundedly many « <
k easily implies here that P, C V,, for every inaccessible a in a closed
unbounded subset of k, due to the Easton support of conditions.
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(2) If at each a < K <,=<% then also <=<* for P, and the lemma is
actually the Kunen-Paris [30] result on preservation of measurability. Also
our argument is very close to the Kunen-Paris one.

(3) If k was a supercompact then as in [4] it is possible to show that &
remains strongly compact. Clearly, the supercompactness may be lost by
iterating the Prikry forcing at each measurable below x.

(4) Even if the alternative (ii) of the conclusion holds for each o < &,
(P, <*) fails to satisfy it, i.e. in P, there are lots of incompatible direct
extensions of a fixed condition.

Proof. Let U be a k-complete ultrafilter over k. Consider its elementary
embedding
j:V—->M~Ult(V,U) .

Then "M C M.

Let G C P, be generic. The set of a < k such that P, C V, is a member
of U. Hence P, C Vi, P = Pj(,)[x and for every p € P, we have j(p) = p.
Using 2% = %, we chose an enumeration (Aq | o < ™) of all canonical
names of subsets of k. In M, at k either (Q,, <k) is kT -closed, or for every
D,q € Qx, if p,q >, 0g,, then thereisat € @, with ¢t > p,q. Suppose first
that (Q,<}) is kT-closed. Define by recursion a <*-increasing sequence
(ro | @ < &) of conditions in P, \ & such that for every o < k™ there is
a p € G satisfying

P || B € j(Aa)

Let U* = {Aq | a < kT, for some p € Gy, p~rq IF & € j(Aq)}. Tt is routine
to check that U* is well-defined and is a normal ultrafilter over k extending
U.

We now turn to the second possibility, i.e. any two <%-extensions of OQK
in @, are <}-compatible. Define by recursion an <*-increasing sequence
(ra | @ < k™) of conditions in Pj, \ (£ 4 1) such that for every o < s
there are p € Gx and ¢ such that p ||7% L%:O,Qm and

P | k€ i(4g) .

(0%
~

Let

U* ={A, | a < k™, and for some p € G,; and t,
P lfp, 1250, and p~ L "o - & € j(A)} .
Using the compatibility in (Q,, <*) of any two extensions of O¢,, it is rou-
tine to check that U™ is well defined and is a x-complete ultrafilter extending

U. Note that U* need not be normal anymore. -

Using a similar idea a bit more general result can be shown.
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6.17 Lemma. Suppose that (Pq, Qvﬁ | @« < K, B < k) is an Easton iteration
of Prikry-type forcing notions such that for unboundedly many a’s Py C
V. Let Uy be a k-complete ultrafilter over k and Uy a normal ultrafilter
over k such that Uy < Uy in the Mitchell order (i.e. Uy = Uy or Uy €
Ult(V,Uy)). Then Uy extends to a k-complete ultrafilter in VP~ provided:

(a) VE2F =gk,
(b) For every cardinal o < Kk we have

(1) I, ((Qa, <) is |a|-closed)

(i) For every B with o < B < a*, | ((Qa, <5) is at-closed)

(¢) The set of a < K satisfying the condition below is in Uy:
I, either

(1) (Qa,<g) is |a|T-closed, or
(ii) for all p,q € Q5 if p,q=30q, there is at € Qo with t=7p,q.

Proof. If Uy = Uy, then this was proved in 6.15. Suppose then that Uy €
Ult(V,U1). Let My = Ult(V,U;) and j1 : V — M; be the corresponding
elementary embedding. Consider M = Ult(M;y,Up) and jio : My — M
the corresponding elementary embedding. Set j = ji9 0 j1. Clearly, j :
V — M is an elementary embedding, Uy = {X C x | ¥ € j(X)} and
Ur ={X Ck|ji(lidly,) € 5(X)}. We use j, M as in the proof of 6.15 to
define a <*-increasing sequence (7o | @ < £*) but now deciding statements
“jr0([id]v, ) € j(Aa)” and not “% € j(Aa)” as it was in 6.15. The x-complete
ultrafilter defined using this sequence as in 6.15 will then be as desired.

The above lemma turned out to be useful for iterations of extender-based
Prikry and Radin forcings for which the <} -compatibility condition (i.e. the
alternative (ii) of the conclusion of the lemma) fails.

The next lemma is a basic tool our Easton-support iteration and has the
same proof as that for the usual Easton-support iteration. See Baumgartner
[5], Jech [25] or Shelah [54] for the proof.

6.18 Lemma. Suppose that (P, Qﬁ | o <k, 0 < k) is an Easton iteration
of Prikry-type forcing notions such that for unboundedly many a’s P, C
V. If k is a Mahlo cardinal, then P, satisfies the k-c.c.

Let us show now an analog of 6.6 that Easton iterations of Prikry type
forcing notions do not create new measurable cardinals. The proof is based
on an argument of Kimchi and Magidor [28]; see also Apter [3].

6.19 Lemma. Suppose that (Pq, Qvﬁ | @« < K, B < k) is an Easton iteration
of Prikry-type forcing notions such that for unboundedly many a’s Py C
V. Let G be a generic subset of P,.. If k is a measurable cardinal in V]G],
then it was measurable already in V.
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Proof. Let W be a normal ultrafilter over « in V[G]. Fix p € G such that
p | (W is a normal ultrafilter over x). Work in V. Clearly, & is a Mahlo
cardinal. It is enough to find ¢ > p such that for every X C k, ¢ decides
the statement “X € w”.

Suppose that there is no such q. We build a binary k-tree T' of height .
Star with (p, ).

Successor levels

Let the pair (r, A) be on the level o of T. We assume that r > p, A C &
and 7 [fp_ (A € W). Pick some partition Ag, A; of A and incompatible
extensions 7o, 1 of r such that 7q |k (Ag € W) and 1 |fp_ (A, € W). Place
both (rg, Ag) and (ri, A1) in T at the level a + 1 to be the successors of
(r, A).

Limit levels

Let a < k be a limit ordinal. For each branch in T of the height a, we
take the intersection of all second coordinates of elements along the branch.
We thus obtain a partition of x into at most 2% many sets. But « is Mahlo,
hence 2% < k. Also,

p |fp_ (W is a normal ultrafilter over k).
Hence, there are an element A of this partition and r» > p such that
r ||7%A ew.

For all such A, we place a pair of form (r, A) into T" at level « as the successor
of each element of the branch generating A.

This completes the construction of 7.

Turn now to V[G]. & is measurable and so weakly compact. Hence T
must have a s-branch. Let ((ro, As) | @ < k) be such a branch. For each
a < kset By = Ay \ Aa41. By the construction of T, then there is s, such
that (sq, Ba) is an immediate successor of (rq, Ay). In addition, s, > 74
and the conditions ry11, S, are incompatible. Also, for each 8 > «, we
have Ag C Ayq1. So, AgN B, = 0. But

T3 ||7,ﬁAvg € W and s, |{7,KBQ ew,

hence r3 and s, are incompatible. This implies that sz and s, are incom-
patible as well, since sg > rg.

Hence, (s, | @ < k) forms an antichain of size k in V[G]. But this is
impossible, since we can run the usual A-system argument for the Easton
support iteration (P,)" inside V[G] and this will give the x-c.c. Contradic-
tion. —
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Let us conclude with two applications. The first one will be a construction
of a kT-saturated ideal over an inaccessible x concentrating on cardinals of
cofinality Ng. Such an ideal was first constructed by Woodin starting from
a supercompact and using a beautiful construction involving passing to a
model without AC and then restoring the choice by forcing. Mitchell in [44]
gave another construction from the optimal assumptions. The construction
below follows the lines of [13]. Let Uy <« Uy be normal ultrafilters over &
(i.e. Uy € Ult(V,U1)). Suppose GCH for simplicity. Fix a sequence of
normal ultrafilters (U(8) | B < k) representing Up in the ultrapower by U;.
Pick some A C k, A € Uy \ Uy such that for every € A ANG & U(B).
We define (P, <, <*) by taking the Easton iteration of Prikry forcings with
U(fB) (or more precisely with the extension of U(3) defined in 6.7) for every
BeA Letj:V — M; ~Ult(V,U;) and let G, C P, be generic. Fix
an enumeration (Aq | o < T) of all canonical names of subsets of x. As
in 6.15, we define a <*-increasing sequence (7o | @ < &%) of elements of
Pj) \ £+ 1 such that for every a < kT there are p € G, and t € Q,

P | € G(Ag) |

Define

Fy ={BCk| there arep € G, and a < kT
such that p~0q, "7q IF & € j(B)} .

It is not hard to see that F} is a well defined normal filter over k extending
Us.

Let us establish the normality. Suppose that (Bg | 8 < k) is a sequence
of elements of . We need to show that B = A{Bg | f < k} € F;. By the
definition of F}, for each i < k there are pg € G, and ag < £* such that

ps~0Q. "o, IF & € j(Bg) .
Let a > U5<K ag. We would like to show that for some p € G,

p 0Q. 7T I K€ j(B).
Suppose otherwise. Then for some p € G, t € Qs and 1 > Ta,

Pt IF REG(B).
Then, by the definition of the diagonal intersection, there would be (3 < &,
p' € G, t' € Qx, and 1’ such that
ptTr <p Tt IF ke §(Bg

But this is impossible, since p3™0q, " Tay IF £ € J(
which is stronger than both p and pg, and so g7t 1
Contradiction.

).
Ng), there is a ¢ € Gy
> pﬂAOQKAOQmATQp-
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The forcing with Fi-positive sets is equivalent to the forcing with
(Qk, <k). The last forcing is just Prikry forcing with an extension of Uy.
Hence it satisfies the k*-c.c. Clearly, F; concentrates on cardinals of cofi-
nality N, since each member of A is such a cardinal in V[G]. [13] contains
generalizations of the above construction for cofinalities different from N
and to the nonstationary ideal. Thus it was shown there that NS, [S can
be kT-saturated for a stationary set S C & so that for every regular cardinal
0 <k SN{B < kK|cf(B) =4} is stationary.

If we define a function f : A — x by f(a) = min(C, ), where Cy, is the
Prikry sequence for a, then for every v < & the set {a < & | f(a) = 7}
will be Fj—positive. This is in contrast to a similar construction 6.6 with
the Magidor iteration considered at the beginning of §6.2. There, f is one
to one. Below, we will see that this f may be a projection function from a
non-normal extension of U; to a normal extension of Uy.

Let us now turn to the second application. Consider Uy < U; as above.
Perform the same iteration. Let j; : V — M; ~ Ult(V,U;). In M1[G,], at
stage k we are supposed to use the Prikry forcing with a normal ultrafilter
U extending Uy. Clearly, U is such also in V[G,]. Obviously, any two
direct extensions of the weakest condition in Prikry forcing are compatible.
Hence, by 6.6 or 6.8, there is a k-complete ultrafilter U; extending U;. We
pick Uy as it was defined in 6.17 using the embedding j;.

6.20 Lemma. U{ >rk Uj.

Proof. Define the projection map f: A — & as follows: f(a) = the first
element of the Prikry sequence of «, where A € U \ Up is as in the first
application. In order to show that this f projects U; onto Uy, it is enough
to prove that for every B € Uy and C' € Uy

fFUBYNC#0.

So let C' € Uy and B € Uj. By the definition of Uy there are p € G,
t=(0,D) € Qs and a < kT so that p~t"re Ik & € ji1(C). Then also,

p~(0,D N BY"rg I & € ji(C) and in addition (9, D N B) |, (the first
element of the Prikry sequence of « is in B). Hence,

p (0,DNB)"rg ki€ ji(C)Nji(L ™) (B) =i (CN f7H(B)) -

So, C'N f~YB) € Uy. In particular, C N f~1(B) # 0.

Notice now that U] cannot be isomorphic to U or in other words, f
cannot be 1 —1 on a set in Uy. Thus, by the x-c.c. every closed unbounded
subset of k in V[G] contains a closed unbounded subset of x which is in
V. U; was normal in V', hence U containing U; contains as well all closed
unbounded subsets of k. Clearly, f is regressive. So, if it is one to one on a
set B € U then E is nonstationary which is impossible. Hence U{ >grx U§
and we are done. —
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The construction above turns the Mitchell order into the Rudin Keisler
order for two ultrafilters. Longer sequences were dealt in [13], and the
consistency correlation between these orderings was studied in [14]. In [15],
the construction above was extended further in order to turn a Mitchell
increasing sequence of length k™ into a Rudin-Keisler increasing sequence
of the same length. Such a sequence (with minor changes) can be used in
the extender-based Prikry forcing of Section 3 for changing the cofinality of
k to Vg blowing simultaneously its power to xT+. This way, the consistency
strength of the negation of the Singular Cardinal Hypothesis is reduced to
the optimal value o(x) = k*7, i.e. a measurable of the Mitchell order xk*+.

6.4. An Application to Distributive Forcing Notions

We would like to apply the iteration techniques of §6.1 and §6.2 to distribu-
tive forcing notions.

Let (@, <) be (k, co0)-distributive, i.e. it does not add new sequences of
ordinals of length less than k or, equivalently, the intersection of any less
than x dense open subsets of @ is dense open. If x is 2/%l-supercompact
(or 21Ql_strongly compact) then it is possible to turn @ into a Prikry-type
forcing (Q, <, <*) with (@, <*) k-closed.

Recall that a map m : P; — P2 between forcing notions is called a
projection if

(a) g <r implies 7(q) < 7(r).
(b) 7(0p,) = Op,.
(c¢) If p > 7(q), then there is a r > ¢ with «(r) > p.

If Gy C P; is generic then w“G, generates a generic subset of Py. We
say that in this case Ps is a subforcing of P;.

6.21 Lemma. Assume that (Q, <) is a (k,00)-distributive forcing notion
where r is 2!9-supercompact. Let (P, <, <*) be the supercompact Prikry
forcing with a normal ultrafilter over P (29, Then (Q, <) is a subforcing
of (P,<).

Proof. Let A = 2I9l. Fix (D, | a < \) a list of all dense open subsets of
Q. Let G be a generic subset of P and (P, | n < w) its Prikry sequence.
Then, by 1.50, A =, ., Pn. Each P, € V and has cardinality less than .
Hence, by distributivity, D(n) = ({{Da|a € P,} € V is dense open subset
of Q. Also, D(n+1) C D(n), since P,4+1 2 P,. Now, we pick an increasing
sequence (g, | n < w) with ¢, € D(n). It will generate a generic subset of

Q. -
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Let 7 : P — @ be a projection map, which exists by the previous lemma.
Define now a forcing ordering (quasiorder) <¢g over P:

p<qriff n(p) < (1)
Then (P, <g) is a forcing equivalent to (Q, <).
6.22 Lemma. (P, <g, <*) is a Prikry-type forcing notion.

Proof. Clearly, <g O < D <*. So we need to check that for every p € P
and a statement o of the forcing (P, <g) there is p* >* p deciding ¢ in
<73, SQ> Set

Ay={qeP|qg>qgpand qlrp <, o}, and

Note that any qo € Ap and ¢ € A; are incompatible in (P, <), since
< C <q. Also, each r € P has <g-extension in Ay or in A;. Thus, it must
have <-extension in one of these sets. Let, for example, r <g s € Ay. So,
7(r) < w(s) and by (3) of the definition of projection there is an r’ > r
such that w(r') > 7(s). Hence, ' >¢g s € Ag and so ' € Ay. The above
means that Ag U A; is dense (P, <). The Prikry condition for (P, <, <*)
implies then that there is a p* >* p forcing in (P, <) “GNA; # " for some
i € 2, where G is the canonical name for a (P, <)-generic set. Without loss
of generality suppose ¢ = 0. Then, p* IF(p <,y . Otherwise, there will
be ¢ € A1, g >¢ p*. But, then, using the property (3) of the projection,
there will be ¢ > p* such that ¢ >¢ ¢. Hence ¢ € A; which means
4 Fp< GNA # (). This contradicts to the choice of p*. -

Let us conclude with an example of iterating distributive forcing notions.
We refer to [16, 13, 46] and [29] for more sophisticated applications.

A subset F of a regular k > W is called fat if for every § < k and every
closed unbounded subset C' of k there is a closed subset s C ENC of order
type 0. It is not hard to obtain a fat subset with fat complement. For
example, just force a Cohen subset to k. It will be as desired. Suppose now
that E C k is fat. Consider the usual forcing for adding a club to E:

P[E] = {d | d is a closed bounded subset of E} ordered by the end exten-
sion, i.e. dy > dy iff d; Nmax(ds) + 1 = dy. By Abraham and Shelah [2], or
just directly, the forcing (P[E], <) is (k, oo)—distributive.

Suppose now that for every n < w, ky is a & -supercompact cardinal,
2fn = it and E, is a fat subset of k,. We would like to produce a cardinal
preserving extension in which every F,, will contain a club.

By 6.22, for every n < w there is a Prikry-type forcing (Qn, <, <X) such
that (Qn, <) is equivalent to (P[E,],<) and (@, <) is k,—closed. Let
(Pn;@n | n < w), (P, <, <*) be the Magidor iteration (the Easton iteration
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is just the same in case of w stages) of (Qn, <., <:)’s. It certainly will add
clubs to each F,. We need to show only that cardinals are preserved. Let
m < w. We use an obvious splitting P,, = P<m * P>y, of P, into the part of
the iteration up to m and those above m. Then, (Ps,, <*) will be k41—
closed. So the Prikry condition will imply that it does not add new bounded
subsets to Km+1. P<m s a finite iteration P[Ey] * P[E1] * --- * P[E,,]. For
every k < m, |P<k| = ki. So each Ej41 remains fat in VP<k. Hence, P<m
preserves all the cardinals.
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7. Some Open Problems

We conclude this chapter with several open problems on cardinal arithmetic.
Some of them are well known; others are less so, but seem to us important
for the further understanding of the power function.

The first and probably the most well known:

Problem 1

Suppose that X, is strong limit or even 2% = R, for every n < w. Is it
possible to have 2% > R, ?

By Shelah [53], an upper bound is min(Ry,,Roxey+). It is shown in
[21] that “2%< > R, ” implies an inner model with overlapping extenders.
Recently this was improved in [22] to PD.

The next problem is probably a bit less well known, but according to
Shelah it is the crucial for cardinal arithmetic.

Problem 2
Let a be a set of regular cardinals with |a| < min(a). Can |pcf(a)| > |a|?

Recall that pcf(a) = {cf(]]a/D) | D an ultrafilter over a}. By the basics
of the pcf-theory, |pef(a) |< 21 (see [53], [6] or [1]). Tt is unknown even
if for countable a’s “|pcf(a)| > |a|” implies an inner model with a strong
cardinal. But in [18], it was shown that if for a set a of regular cardinals
above 212" %2 we have |pef(a)| > |a| 4+ Ry, then there is an inner model
with a strong cardinal.

Recall that pp(x) = sup{cf(]]a/D) | a C & is a set of at most cf(k) of
regular cardinals, unbounded in xk and D an ultrafilter over a including all
cobounded subsets of a}. The next problem was proposed by Shelah in [52]
and deals with the following strengthening of “|pcf(a)| = |a|” called the
Shelah Weak Hypothesis :

For every cardinal A the number of singular cardinals k < A with pp(x) >
A is at most countable.

Also, for uncountable cofinality an even stronger statement is claimed:

For every cardinal A the number of singular cardinals x < A of uncount-
able cofinality with pp(k) > A is finite.

Problem 3

Is the negation of the Shelah Weak Hypothesis consistent?
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In [23] was shown that much more complicated forcing notions than those
of Sections 2,3 seem to be needed in order to deal with the negation of the
Weak Hypothesis.

The general formulation of the Singular Cardinals Problem (SCP) is as
follows: Find a complete set of rules describing the behavior of the power
(or even more general — pseudo-power (pp)) function on singular cardinals.
In terms of core models (see the inner model chapters of this handbook) we
can reformulate SCP in a more concrete form: Given a core model K with
certain large cardinals, which functions in K can be realized as the power
set function in a set generic extension of K, i.e. if F: A — A € K for some
ordinal ), is there a generic extension of K satisfying 2%« = R F(a) for all
a < A7

If we restrict ourselves to finite gaps between singular cardinals and its
power then, at present, the most general results on possible behavior of the
power function are due C. Merimovich [39]. They extend previous results by
Foreman-Woodin [12], Woodin, Cummings [9] and M. Segal [49]. However
lots of possibilities are still open. Let us state a few of the simplest:

Problem 4

Is it possible to have 28«1 = R, 12 and two stationary sets S, So C w; with
S1 U Sy = wi such that

a €S, implies 2% = Nyto and
a € S5 implies oNa = Nyts ?

Problem 5

Is it possible to have two stationary sets S1,.S2 C wo with S1U S = ws and
So N{a < wsy | cf(a) = wi} stationary such that

a € 57 implies N — Ny+1  and
a €Sy implies 2% = Nyto ?

The usual approach via Magidor or Radin forcing produce a club with
the same behavior and here we would like to have different ones on relatively
big sets. The first of these two problems may be an easier one, since we need
only GCH on S; and, so starting with the GCH in the ground model nothing
special should be done on S;. Note also that in view of the Silver Theorem
(see [25], Sec. 1.8) we must have 28«1 = N, ;1 in models of Problem 5 and
281 < N, 12 in those of Problem 4. Methods of [21] can be used to show
that at least a strong cardinal is needed for constructing a model of Problem
4. By [22], the strength of at least PD is needed for constructing a model
of Problem 5.



Bibliography

[1]

[10]

[11]

Uri Abraham and Menachem Magidor. Cardinal arithmetic. In this
Handbook.

Uri Abraham and Saharon Shelah. Forcing closed unbounded sets. The
Journal of Symbolic Logic, 48(3):643-657, 1983.

Arthur W. Apter. Patterns of compact cardinals. Annals of Pure and
Applied Logic, 89:101-115, 1997.

Arthur W. Apter and Moti Gitik. The least measurable can be
strongly compact and indestructible. The Journal of Symbolic Logic,
63(4):1404-1412, 1998.

James E. Baumgartner. Iterated forcing. In Surveys in Set Theory,
volume 87 of London Mathematical Society Lecture Note Series, pages
1-59. Cambridge Univversity Press, Cambridge, 1983.

Maxim R. Burke and Menachem Magidor. Shelah’s pcf theory and its
applications. Annals of Pure and Applied Logic, 50(3):207-254, 1990.

Paul Cohen. The independence of the continuum hypothesis. Proceed-
ing of the National Academy of Sciences U.S.A., 50:1143-1148, 1963.

James Cummings. Iterated forcing and elementary embeddings. In this
Handbook.

James Cummings. A model in which GCH holds at successors but
fails at limits. Transactions of the American Mathematical Society,
329(1):1-39, 1992.

James Cummings and Hugh Woodin. A book on Radin forcing. In
preparation.

William B. Easton. Powers of regular cardinals. Annals of Mathemat-
ical Logic, 1:139-178, 1970.

103



104

[12]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]

23]

[24]

[25]

I. Prikry-type Forcings

Matthew Foreman and W. Hugh Woodin. The generalized continuum
hypothesis can fail everywhere. Annals of Mathematics (2), 133(1):1-
35, 1991.

Moti Gitik. Changing cofinalities and the nonstationary ideal. Israel
Journal of Mathematics, 56(3):280-314, 1986.

Moti Gitik. On the Mitchell and Rudin-Keisler orderings of ultrafilters.
Annals of Pure and Applied Logic, 39(2):175-197, 1988.

Moti Gitik. The negation of the singular cardinal hypothesis from
o(k) = k*F. Annals of Pure and Applied Logic, 43(3):209-234, 1989.

Moti Gitik. On closed unbounded sets consisting of former regulars.
The Journal of Symbolic Logic, 64(1):1-12, 1999.

Moti Gitik. Blowing up power of a singular cardinal—wider gaps. An-
nals of Pure and Applied Logic, 116(1-3):1-38, 2002.

Moti Gitik. On gaps under GCH type assumptions. Annals of Pure
and Applied Logic, 119(1-3):1-18, 2003.

Moti Gitik and Menachem Magidor. The singular cardinal hypothe-
sis revisited. In Set Theory of the Continuum (Berkeley, CA, 1989),
volume 26 of Mathematical Sciences Research Institute Publications,
pages 243-279. Springer, New York, 1992.

Moti Gitik and Menachem Magidor. Extender based forcings. The
Journal of Symbolic Logic, 59(2):445-460, 1994.

Moti Gitik and William J. Mitchell. Indiscernible sequences for exten-
ders, and the singular cardinal hypothesis. Annals of Pure and Applied
Logic, 82(3):273-316, 1996.

Moti Gitik, Ralf Schindler, and Saharon Shelah. Pcf theory and
Woodin cardinals. 27:172-2056, 2006.

Moti Gitik and Saharon Shelah. On some configurations related to the
Shelah weak hypothesis. Archive for Mathematical Logic, 40(8):639—
650, 2001.

Thomas J. Jech. Singular cardinals and the pcf theory. The Bulletin
of Symbolic Logic, 1(4):408-424, 1995.

Thomas J. Jech. Set Theory. Springer Monographs in Mathematics.
Springer-Verlag, Berlin, 2003. The third millennium edition, revised
and expanded.



Bibliography 105

[26]

[27]

[28]

[29]

[30]

[31]

Akihiro Kanamori. The Higher Infinite. Springer Monographs in Math-
ematics. Springer-Verlag, Berlin, second edition, 2003.

Akihiro Kanamori and Menachem Magidor. The evolution of large
cardinal axioms in set theory. In Higher Set Theory (Proc. Conf., Math.
Forschungsinst., Oberwolfach, 1977), volume 669 of Lecture Notes in
Mathematics, pages 99-275. Springer, Berlin, 1978.

Yechiel Kimchi and Menachem Magidor. The independence between
the concepts of compactness and supercompactness. Manuscript.

John Kruger. Destroying stationary sets. Israel Journal of Mathemat-
ics, 147:285-328, 2005.

K. Kunen and J. B. Paris. Boolean extensions and measurable cardi-
nals. Annals of Mathematical Logic, 2(4):359-377, 1970/1971.

Kenneth Kunen. Set theory, volume 102 of Studies in Logic and the
Foundations of Mathematics. North-Holland Publishing Co., Amster-
dam, 1983. Reprint of the 1980 original.

Jeffrey Scott Leaning. Disassosiated indiscernibles. To appear in The
Journal of Symbolic Logic.

Azriel Levy and Robert M. Solovay. Measurable cardinals and the
continuum hypothesis. Israel Journal of Mathematics, 5:234-248, 1967.

Menachem Magidor. How large is the first strongly compact cardinal?
or A study on identity crises. Annals of Mathematical Logic, 10(1):33—
57, 1976.

Menachem Magidor. On the singular cardinals problem. I. Israel Jour-
nal of Mathematics, 28(1-2):1-31, 1977.

Menachem Magidor. On the singular cardinals problem. II. Annals of
Mathematics (2), 106(3):517-547, 1977.

Menachem Magidor. Changing cofinality of cardinals. Fundamenta
Mathematicae, 99(1):61-71, 1978.

Adrian R. D. Mathias. On sequences generic in the sense of Prikry.
Australian Mathematical Society, 15:409-414, 1973.

Carmi Merimovich. A power function with a fixed finite gap. submitted
to The Journal of Symbolic Logic.

Carmi Merimovich. Extender-based Radin forcing. Transactions of the
American Mathematical Society, 355(5):1729-1772 (electronic), 2003.



106

[41]

[42]

I. Prikry-type Forcings

William J. Mitchell. The covering lemma. In this Handbook.

William J. Mitchell. How weak is a closed unbounded ultrafilter? In
Logic Collogquium ’80 (Prague, 1980), volume 108 of Studies in Logic
and the Foundations of Mathematics, pages 209-230. North-Holland,
Amsterdam, 1982.

William J. Mitchell. The core model for sequences of measures.
1. Mathematical Proceedings of the Cambridge Philosophical Society,
95(2):229-260, 1984.

William J. Mitchell. Indiscernibles, skies, and ideals. In Axziomatic Set
Theory (Boulder, Colo., 1983), volume 31 of Contemporary Mathemat-
ics, pages 161-182. Amer. Math. Soc., Providence, RI, 1984.

William J. Mitchell. Applications of the covering lemma for se-
quences of measures. Tranactions of the American Mathematical Soci-
ety, 299(1):41-58, 1987.

William J. Mitchell. A measurable cardinal with a closed unbounded
set of inaccessibles from o(k) = k. Transactions of the American Math-
ematical Society, 353(12):4863-4897 (electronic), 2001.

Karel L. Prikry. Changing measurable into accessible cardinals. Dis-
sertationes Mathematicae (Rozprawy Matematyczne), 68:55, 1970.

Lon Berk Radin. Adding closed cofinal sequences to large cardinals.
Annals of Mathematical Logic, 22(3):243-261, 1982.

Miri Segal. Master thesis. The Hebrew University, 1993.

Assaf Sharon. Generators of pcf (master thesis). Tel Aviv University,
2000.

Saharon Shelah. Some notes on iterated forcing with 2% > Ry. Notre
Dame Journal of Formal Logic, 29(1):1-17, 1988.

Saharon Shelah. Cardinal arithmetic for skeptics. Bulletin of the Amer-
ican Mathematical Society (N.S.), 26(2):197-210, 1992.

Saharon Shelah. Cardinal Arithmetic, volume 29 of Oxford Logic
Guides. The Clarendon Press Oxford University Press, New York,
1994. Oxford Science Publications.

Saharon Shelah. Proper and Improper Forcing. Perspectives in Math-
ematical Logic. Springer-Verlag, Berlin, second edition, 1998.



Bibliography 107

[55] Robert M. Solovay. Strongly compact cardinals and the GCH. In Pro-
ceedings of the Tarski Symposium, volume XXV of Proceedings of Sym-
posia in Pure Mathematics, pages 365-372. Amer. Math. Soc., Provi-
dence, R.I., 1974.

[56] Robert M. Solovay, William N. Reinhardt, and Akihiro Kanamori.
Strong axioms of infinity and elementary embeddings. Annals of Math-
ematical Logic, 13(1):73-116, 1978.



