THE FAILURE OF DIAMOND ON A REFLECTING
STATIONARY SET

MOTI GITIK AND ASSAF RINOT

ABSTRACT. 1. It is shown that the failure of {g, for aset S C N, 47 that
reflects stationarily often, is consistent with GCH and APy, relatively
to the existence of a supercompact cardinal. By a theorem of Shelah,
GCH and [0} entails ¢g for any S C AT that reflects stationarily often.

2. We establish the consistency of existence of a stationary subset
of [N,4+1]¥ that cannot be thinned out to a stationary set on which the
sup-function is injective. This answers a question of Konig, Larson and
Yoshinobu, in the negative.

3. We prove that the failure of a diamond-like principle introduced
by Dzamonja-Shelah is equivalent to the failure of Shelah’s strong hy-
pothesis.

0. INTRODUCTION

0.1. Background. Recall Jensen’s diamond principle [10]: for an infinite
cardinal A and a stationary set S C AT, {g asserts the existence of a
collection {As | § € S} such that the set {0 € S| AN = As} is stationary
for all A C \T.

It is easy to see that {>,+ implies 2* = A*, and hence it is natural to
ask whether the converse holds. Jensen proved that for A = Ny, the inverse
implication fails (see [10]), however, for A > R, a recent theorem of Shelah
[19] indeed establishes the inverse implication, and moreover, it is proved
that 2) = AT entails {5 for every stationary S which is a subset of E;;( N
{a < AT | ef(a) # cf(N)}.

The result of [19] is optimal: by a theorem of Shelah from [20], GCH is
consistent with the failure of $ B for a regular uncountable cardinal A. By
another theorem of Shelah, from [17, §2], GCH is consistent with the failure

of (g for a singular cardinal A and a stationary set S C Eé\fb\)' However,

the latter happens to be a proper subset of E(;\J)\); more specifically, it is a
non-reflecting stationary subset. This leads to the following question:
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Question. Suppose \ is a singular cardinal and 2* = \*.
Must s hold for every S C Eﬁf&) that reflects stationarily often?!

In [17, §3], Shelah answered the above question in the affirmative, pro-
vided that [0} holds and that A is a strong limit. Later, Zeman [21] applied
ideas from [19] and eliminated the “strong limit” hypothesis. Then, in [15],
the second author introduced the Stationary Approachability Property at
A, abbreviated SAP,, proved that SAP), is strictly weaker than [J}, and
answered the above question positively in the presence of SAP,. It was
unknown whether the hypothesis SAP, can be eliminated, or even whether
it is possible to replace it with the usual Approachability Property, AP,.

In the present paper we answer the discussed question in the negative, and
moreover, do so in the presence of AP,. Let Refl(T") denote the assertion
that every stationary subset of T reflects stationarily often; then the main
result of this paper reads as follows.

Theorem A. [t is relatively consistent with the existence of a supercompact
cardinal that all of the following holds simultaneously:

(1) GCH;

(2) APy,

(3) Refl(Ej+);

(4) &g fails for some stationary S C EXe+1.

Combining the preceding theorem with the results from [15], we now ob-
tain a complete picture of the effect of weak square principles on diamond.?

Corollary (first three items are from [15]). For a singular cardinal, \:
(1) GCH+Refl(EX,) + 05 = O3
(2) GCH+Refl(EY,)) + SAPy % O34
(3) GCH+ Reﬂ(Eé\fE\)) + SAP) = g for every stationary S C AT;
)

(4) GCH + Reﬂ(Eé\fZ\ )+ APy & g for every stationary S C AT,

Once that the effect of weak square principles to diamond is well-understood,
it is natural to study which of the other combinatorial principles from [3, §4]
is strong enough to impose an affirmative answer to Question 1. It turns
out that even the strongest among these principles does not suffice. We
prove:

Theorem B. [t is relatively consistent with the existence of a supercompact
cardinal that there exists a singular cardinal A for which all of following holds
stmultaneously:

'We say that S reflects stationarily often iff there are stationarily many o < At with
cf(a) > w such that SN« is stationary.

2For the definition of Qi+, as well as Kunen’s theorem that {3, = g for every
stationary S C A*, see [12].
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(1) X is a strong limit and 2* = \T;
(2) there exists a very good scale for \;
(3) Og fails for some S C EcAf?A) that reflects stationarily often.

To conclude the introduction, let us say a few words about the structure
of the proof of Theorem A. We start with a supercompact x, and a singular
cardinal A above it, namely A := k™. We add a generic stationary subset
S C Eé\fa)’ and then kill g by iteration, while preserving the stationar-
ity of S and the supercompactness of k. Since k remains supercompact,
Reﬂ(Eg\f?)\)) holds, so this already gives an example of a model of GCH on

which g fails for some stationary S C EQB) that reflects stationarily often.
Nevertheless, by cf(\) < k < A, and a theorem Shelah from [16], AP, fails
in our model. For this, at the final stage of the proof, we move everything
down to N, and use a method of Foreman and Magidor from [7] to insure
APy,.

The main problem that we address here is an iteration over the successor
of a singular. More specifically, the main body of our proof is the argu-
ment that S remains stationary after the iteration for killing all diamond
sequences over it.

0.2. Organization of this paper. In Section 1, we present a A™-directed-
closed, A**-c.c., notion of forcing for introducing a stationary subset of A"
on which diamond fails. Then, in the presence of a supercompact cardinal,
we appeal to this notion of forcing, and construct three models in which
diamond fails on a set that reflects stationarily often. In particular, Theorem
A and Theorem B are proved in this section.

In Section 2, we revisit a theorem by Dzamonja and Shelah from [4]
in which, starting with a supercompact cardinal, they construct a model
satisfying the failure of one of the consequences of diamond. Here, we
establish that this particular consequence of diamond is quite weak. We
do so by reducing its consistency strength to the level of existence of a
measurable cardinal s of Mitchell order x™*. In particular, its strength is
lower than the one of weak square.

In Section 3, we answer a question by Konig, Larson and Yoshinobu from
[11], concerning stationary subsets of [AT]¥. We do so by linking between
the diamond principle and the behavior of the sup-function on generalized
stationary sets.

0.3. Notation. Generally speaking, we follow the notation and presenta-
tion of [12] and [3]. Let us quickly review our less standard conventions.
For cardinals k < ), denote E) := {a < A | cf(a) = k}, and [\]* := {X C
A |X] = k}. E2, and [\]<" are defined analogously. We let Ord denote
the class of ordinals. For sets of ordinals a,b, we write a C b or b J a iff
a is an initial segment of b, that is, iff @ C b and b N sup(a) = a. Given
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a set of ordinals, a, we let cl(a) := {sup(a N a) | @ € Ord} denote its
topological closure. For Z C Ord and distinct functions g, h € 42, we let

Alg.h) = minfa € Z | g(a) # h(a)}.

Our forcing conventions are as follows. We denote by p > ¢ the fact that
p is stronger than ¢q. For a ground model set, x, we denote its canonical
name by &. For arbitrary sets of the generic extension, we designate names
such as @ and a. If (p1,q1), (P2, ¢2) are conditions of a two-step iteration

Px Q, and py > p1 IFp ¢1 = ¢a, then we slightly abuse notation by writing
(p1:G1) = (P2 G2)-

1. NEGATION OF DIAMOND

1.1. Forcing the failure of diamond. In this subsection, we present a
At-directed-closed, A**-c.c., notion of forcing for introducing a stationary
subset S C A" on which diamond fails. For simplicity, we shall be focusing
on the case S C Ejy. The general case is discussed in subsection 1.3.

Definition 1.1. For a cardinal A, we define the forcing notion S(AT).
A condition s is in S(AT) iff s is a bounded subset of AT, and cf(§) = w
for all 6 € s. A condition ¢ is stronger than s, denoted s’ > s, iff s J s.

Thus, S(A") is simply the restricted-to-countable-cofinality version of A*-
Cohen forcing. In particular, we have:

Lemma 1.2. For every infinite cardinal, \:
(1) S(AT) has the (2*)*-c.c.;
(2) every increasing sequence of conditions in S(AT) of length < At has
a least upper bound.

For future needs, it is useful to introduce the following set-name:
S\ == {(5,s) | 6 € s € S(\T)}.
Clearly, if G is S(A*)-generic, then S(A*) is a name for [JG. We now

consider a natural forcing notion for Killing a given Diamond sequence.

Definition 1.3. For a set S C Ord and a sequence of sets ff, we define the
forcing notion KID(S, /T)
A condition p is in KD(S, A) iff p = (z,¢), where ¢ is a closed set of
ordinals, 2 C max(c) < sup(S), and for all § € cnSNdom(A), zNd # A(5).
A condition (z,¢) is stronger than (2/,¢), denoted (z,c¢) > (2/,c), iff
rJdx andec (.

-,

Notice that indeed if A = (45 | 8 € S) is a {g sequence in V, then A will
cease to be so in VEP(S:A),
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For a strong limit singular cardinal A with 2* = A* and a subset S C A\,
let KAD(S) denote the forcing notion for Killing All Diamond sequences
over S. That is, KAD(S) is a (< A)-support iteration

((Pa | @ < A7), (Ra | @ < X)),

such that Py is a trivial forcing, and for all @ < A**, P, forces that R, is
. —
a name for the forcing KID(S, A, ), whereas A, is a P,-name for a sequence

chosen by a book-keeping function in such a way that all potential diamond
sequences are handled at some stage. The existence of such a function
follows from cardinal arithmetic hypothesis and the A™*-c.c. of KD(S, A).

Definition 1.4. Let Q(AT) := S(AT) x KAD(S(A1)).
We also define Q' (A"). A condition (s, k) is in Q'(A") iff all of the fol-
lowing holds.

(1) (s, k) € Q(AT);
(2) s decides the support of k to be, say, supp(k);

(3) for all @ € supp(k), k() is an S(A1) x P,-canonical name for a pair
(6, c8);
(4) for all a € supp(k) and 6 € sNck, (s, k) | S(AT) % Py, decides A,(6);

(5) sup(x®) = max(ck) > sup(s) for all a € supp(k).

Lemma 1.5. every increasing sequence of conditions in Q' (A1) of length
< A" has a least upper bound.

Proof. Suppose ((sg, kg) | B < 0) is an increasing sequence of conditions in
Q' (A1), with # < A™. Define (s, k) by letting:
® 5= Ug<a Sg;
o supp(k) := Uy supp(kg);
e for all a € supp(k):
xk U{xaﬁ | B < 60N o e supp(ks)},
ck = cl((H{ea” | B < 8 Aa € supp(ks)}).

Note that, by definition, sup(s) is not necessarily a member of s.
To establish that (s,k) € Q'(AT), let us show that (s, k) € Q(AT). So,
suppose « € supp(k), and 6 € s N c*. Pick B < 0 such that § € sg and

a € supp(kg). By property (5), we have max(ca ) > sup(sﬁ) > 0, and hence
§ € . By property (4), (sg, ks) | S(AY) % Py decides A,(5), and hence

Tl N6 £ Ay(d ( ). Finally, by property (5), we have sup(a:]; )= max(ca ) >9,
and hence 74’ N No=akNd,s0xkNé £ AL ). O
Lemma 1.6. Q'(\") is AT -directed closed.

Proof. Virtually the same proof as the preceding. O
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Lemma 1.7. Assume X is a strong limit singular cardinal, and 2 = \7.
Then:

(1) [QAT)| = AT
(2) Q(AT) has the ATt -c.c.;
(3) Q'(\T) is dense in Q(\T).

Proof. (1) is obvious, and (2) follows from a standard A-system argument.

(3) To simplify the notation, for all 8 < A, let Q) := Q'(AT) | S(AT) *
Ps. Note that the proof of Lemma 1.5 shows that every increasing sequence
of conditions in Qf of length < AT has a least upper bound. We now prove
by induction on # < A** that Qj is dense in Qg := S(AT) * Ps.

Induction base: For 3 = 0, we have Q3 = S(A™) * Py = Qp.

Induction step: Suppose the claim holds for «, and (s, k) is a given ele-
ment of Qg, for 8 = a4+ 1. We would like to find a condition in Q’ﬁ which
is stronger than (s, k).

Since S(AT) is AT-closed, and Py is a (< A)-support iteration, we may
assume that s already decides the support of k. To avoid trivialities, we
may also assume that a € supp(k).

Since @Q/, is a A*-closed, dense subset of Q,, and k(«) is a Q,-name for a
pair of bounded subsets of A", let us pick a condition (sg, ko) > (s, k) and
a pair (zo, co) such that (so, ko) [ Qq € Q.,, ko(a) is the Q,-canonical name
for (zo, o), and:

(s0,ko0) | Qa IF k() = ko(0).

Evidently, (so, ko) > (s,k). Next, suppose n < w and (s,, k), (¢n, kn)
are defined. For all § < A", let D} denote the collection of all conditions
(s', k") € Qg such that all of the following holds:

o (', K') > (sn, kn);

o K(a) = kn(a);

o (s K) I Qo €Qf;

o (s k') | Q decides A,(9).
Since @/, is a AT-closed, dense subset of Q,, we get that D} is dense in Qg
above (sn, k), so let us pick a condition (s, k;,) € (5., Ds-

Pick a limit v,,1 € E;\é: such that ~,.; > sup(xz, Uc, U cf;l) for all
i € supp(k;). Let (s41,knt1) be the condition in Qg satisfying:

o (Sn+1, kpr1) [ Qo = (s, U{ynt1 +w} k)
e k,.1(a) is the Q,-canonical name for the following pair:

(Tnt1, Cng1) = (x, U{a | max(c,) < a < Ypi1}s 6 U{mt1})-

Note that supp (k1) = supp(k’.), that s, N = s;ﬂcfll and 25" =
xf“ for all ¢ € supp(kn+1) N «a, and that z,.1 Nd = z, N6 for all § €
Sni1 N Cusr = 8% Ny Since, for all i € supp(k.) N and all § € s, N ™,
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—

(s' k') I Q; decides A;(6), and since (s, k) decides A,(8) for all § € ¢y,
we conclude that (s, 1, k,11) is indeed well-defined.
Now, suppose ({(sn, kn), (Tn,cn)) | n < w) has already been defined. Let

(s*, k*) be the condition satisfying:

b S* = Un<w Sn;
o supp(k”) := U, supp(k);
e k*() is the canonical name for the pair (U, ., Zn, cl(U, <, ¢n));
o for all i € supp(k*) N «, k*(i) is the canonical name for the pair
(%" 2%"), where:
o= U{al" [ n <w i€ supp(ka)l,
= c(U{c™ | n < wAi € supp(kn)}).

Assume indirectly that (s*, k*) is not a legitimate condition. Since (s*, k*) |
Q, is just the least upper bound of ((s/,k.) | Q, | n < w), then it must
be the case that the “problem” is with the ay,-coordinate, that is, there
exists some 0 € s*Ncl(U,,,, ¢n) for which (U, ., zn) N = A, (8). Fix such
d. Put v := sup(s*). Then v = sup,,.,(Vnt1 + w) = sup,., max(cpi1),
and hence cl(U,., ¢n) = (Upew ) U {7}. As v & sup(s*), let us pick

some n < w such that § € ¢, N's,. Then, by the choice of (s, kI ), we

know that s/, decides A,(8), and that /() is the canonical name for the
pair (z,,c,). In particular, z, N # AL((S). As 0 € ¢,, the definition of
Zp41 yields that z, N0 C x4 with sup(z,11) = Y11 > . Consequently,
(Uncw@n) N0 # A, (6). A contradiction.

Thus, (s*, k*) € Q. Recalling that (s*, k*) [ Q, € Q.,, and the definition
of ((n, Cn, 8n) | 1 < w), we now conclude that (s*,k*) € Qj.

Limit step: Suppose [ is a limit ordinal, and (s, k) € Qg.

Clearly, we may assume that s decides the support of k. To avoid trivial-
ities, we may also assume that sup(supp(k)) = . In particular, cf(3) < A.

Let (B, | @ < cf(5)) be an increasing sequence of ordinals converging
to B. Evidently, this sequence may be chosen in such a way that cf(j3,) <
cf(B) < A for all a < cf(p).

Denote (Be(g) := 3. Recursively define an increasing sequence of condi-
tions in Q, ((Sq, ka) | @ < cf()), in such a way that:

® (s0, ko) = (s,k);

e s, decides the support of k, for all o < cf(f3);

® (50,ka) [ Qs, € Q) forall a < cf(B);

o ko | ATT\Ba) =k | (ATT\ B,) for all a < cf(5).

The successor stage simply utilizes the induction hypothesis, so let us
show how to handle the limit stage of the recursion. Suppose o < cf() is
a limit ordinal, and ((s,, k,) | 7 < ) is defined.
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Fix v < a. Since ((s,, k;) [ Qg, | ¥ <71 < ) is an increasing sequence
of conditions in Qf of length < A", we may define ¢, = (s7,k7) as its
least upper bound. Note that (¢, | v < ) is in J[ _,Qj , and that
¢, | Qp, = ¢y, [ Qp, whenever ;1 < 75 <7 < a. We now define (sq, ka),
and then argue that it is indeed a legitimate condition. Thus, let (s, kq)
be the condition satisfying:

o 5, :=s";
e s, decides the support of k, to be Uv<a supp(k?) U supp(k);
e for all i € supp(ka) N Ba:

ko (i) = k7(i), where v := min{y’ | i € supp(k”)};
e for all i € supp(k,) \ fa:
k(i) = k(7).
Evidently, for all v < a, we have (sq,ka) [ Qg, = ¢, [ Q. Since
cf(B,) < A, the forcing Pg, is the inverse limit of (P, | 7 < f3,), and hence

(Sarka) | Qp, € Qp,. By arguments which, by now, are standard, we
moreover have (sq, ka) [ Qg, € Qj. .

Finally, as (sq, ka) [ Qa, > (5,k) [ Qg,, ko [ AT\ Ba) =k [ (AN Ba)
and:

(5,k) 1 Qg -k 1 (AT Ba) € KAD(S(AT)) | (AT \ Ba),
we get that

(Sarka) T Qg IF ko [ (ATFN Ba) € KAD(S(AT)) [ (AT Ba),

and hence (s, k) is a legitimate condition of Q(AT). Thus, the recursion
may indeed be carried out, and we end up with a condition (sct(g), ket(s)) €
Q) which is stronger than (s, k), as requested.

The next theorem is the core of our proof. We encourage the reader to
notice the role of the fact that S concentrates on the critical cofinality, i.e.,
that S C E} )"

Theorem 1.8. Suppose A > cf(\) = w is a strong limit, and 2* = \T.
If G« H is Q(A\T)-generic, then letting S :=|J G, we have:

VIG][H] | S is stationary.

Proof. Fix a name £ and condition (s*, k*) € Q/(\*) forcing that E is a
club subset of A*. Clearly, we may assume that 0 € supp(k*) and that
|supp(k*)| = A. Fix a large enough regular cardinal x and an elementary
submodel M < (H(x), <,) satisfying:

o |M| =\

3Recall that by [19], 2* = AT entails (g for every S which does not concentrate on
the critical cofinality.
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e MNAt €E); .
o (QAT),Q/(A1), (s*,k*), E) € M.

Notice that since X is a strong limit, we have 42 C M for all Z € M with
|Z] < X\. Foraset Z € AT let 1z : A — Z be the <,-least surjection.
Fix {\, | » < w} € M which is a cofinal subset of \. Evidently, for every
Z e DA N M and n < w, we have ¥z “\, € M.

Definition 1.8.1 (Deciding the club). For & < A" and a condition (s, k) >
(s*,k*), let (s,k)* denote the <,-least extension of (s, k) such that:

o (5, k)" € Q(A);

e (s, k)™ decides a value for min(E' \ «);

o if (s,k)* = (¢, K'), then sup(s’) > a.

Notice that if (s, k) € M and aw € M N AT, then (s,k)* € M, as well.
To slightly simplify the next definition, for a € Ord and m < w, we
designate the open interval Int(a,m) ={f |a+m < f < a+w;}.

Definition 1.8.2 (Branching extensions). For a condition (s, k) € Q/(A1),
aset Z € [\TT]=, a function g : Z — 2, and an ordinal v < AT, we shall
define (s, k)J.
If v < sup{max(c}) | i € supp(k)NZ}, we just let (s, k)¢ := . Otherwise,
(s,k)9 = (s', k') is the <,-least extension of (s, k) such that:
o (s, k) € Q(AT);
o s’ =s;
e supp(k’) = supp(k) U Z;
e for all i € supp(k'):
(f, cf), i¢Z
() = q (Int(y, 9(0), {v +wi}), i € Z\ supp(k)
(#f Ulnt(y, g(3)),cf U{y +wi}), i€ ZNsupp(k).

To see that the definition is good, just notice that for all i € supp(k’), if
s'Nck #£ 0, then i € supp(k), and 2¥' N = 2F N6 for all § € s'Nef = sNeb.
Evidently, if {g,v, (s,k)} € M, then (s, k)J € M.

Definition 1.8.3 (Mixing two conditions). Given gy = (so, ko), ¢1 = (s1, k1)
in Q' (A1), and 5 < A" such that (so, ko) [ S(AT)*Ps < (s1,k1) [ S(AT)=Pg,
let mix(q1, 3, qo) be the <,-least condition (s', k") such that:

° <S/,k5/> c Ql(}\+)’

e s =syq;

o supp(k’) = supp(ko) U (supp(k1) N B);
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e for all i € supp(k'):

(@}, &), i<p
K KN ko ko > ko > /
(x5 ,¢) = (2, ¢°), i > [ Amax(c;®) > sup(s’)

(zf° U Int(sup(s'),0), cf* U {sup(s’) + w1 }), otherwise

It is not hard to see that the definition is good, and that mix(qi, 5, qo) €
M whenever {q,3,q} € M. Notice that mix(qy, 5, qo) makes sense, also
in the case § = 0.

Claim 1.8.4. Suppose g1,g0 € 22 for a given set Z € [AN*T]=*, and that
g € Q'(AT).

If B < Algr, 1) and o,y < XY, then mix(¢2, B8, ¢%°) = ¢§', and mix((¢")", 3, ¢%)
is a well-defined extension of ¢%°.

Proof. This follows immediately from the above definitions, and we encour-
age the reader to digest these definitions by verifying this claim. U

Put 7 := M N AT and pick {7, | n <w} C M N AT with sup,,_, 7, = 7.
Denote Z_; := (). We now recursively define a sequence ((vn, Y, Zn, Fn) |
n < w) in such a way that for all n < w:

(1) ym < AT

(2) {Y, | n <w} C AT and {Z, | n < w} C [ATH]<* are increasing
chains that converges to the same set;

(3) for every g € #»2, we define a condition g, € Q'(AT) in such a way
that m < n implies q,7, < gq,, and we let F,, := {q, | g € %"2};

(4) for every g € 272, there exists some r € Q'(\T) such that

o 2 1BV 2 3 (Y,

(5) for every go,g1 € Z"2 and B < A\TF if go | = g1 | B, then
dgo | SINT) xPg = qg, [ S(AT) x Pg;

(6) if (s,k) € F,, then (s, k) decides a value for min(F \ 7,), and
sup(s) > 7,.

We commence with letting vy := sup{max(c¥") | i € supp(k*)}, Yo =
supp(k*), and Zy := by, “Ag. Next, we would like to define g, for all g € #2.
Let {g; | 7 < 2™} be the <,-least injective enumeration of #°2. We shall
define an upper triangular matrix of conditions, {g;; | j <1 < 2*}, in such
a way that for all j < j' <1<’ < 2% we would have:

(a) 753 < q;; < g < gy, where 1 := (s* k*);

(b) p™ < g;; for some condition p € Q'(AY);

(¢) g I S(AT) *Pg = g | S(AT) * Pg whenever g; | 8= g; | 5.
Once we have that, for each g € %02, we pick the unique j such that g; = g,
and let g, be the least upper bound of the increasing sequence (g, | j <
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| < 2*). Then item (a) takes care of requirement (4), item (b) establishes
requirement (6), and item (c) yields requirement (5).

Thus, the j;; row of the matrix is responsible for the condition g4,. The
actual definition of the matrix, however, is obtained along the columns.
Namely, we define {g;; | 7 <1 < 2*} by induction on [ < 2%,

Induction base: Let goo := (r)™.

Successor step: Suppose [ < 2% and {g;; | 7 < I} has already been defined.
We would like to define {q;i | j < U}, for I := 1+ 1.

Put a := sup{A(g;,gr) + 1| 7 < lU'}. For all 8 < a, let jz be the least
such that jg <" and g;, [ B =gv | 5.

Fix 3 < a. By Definition 1.8.2, we have r2’ | S(AT) x Ps = ril |
S(A*) % Pg, and by property (a), we have riff < @ju- It follows that rf) |
S(AT) *Pg < gj, | S(AT) % Pg, and hence mix(g;,, 3,75 ) is a well-defined
extension of r. .

By property (c), we get that § < v < o implies g;,; [ S(AT) *Pg = ¢ |
S(AT) * Ps and miX(CIjﬁh 3, 7“:%') le(th, B, 7“70) < miX(ijl, s ng)

For all 3 < a, let pg := mix(g;,, 5, r3¥). Then, we have just established
that (ps | B < a) is an increasing sequence of conditions, with py > r,
and pg [ S(AT) *Pg = p, [ S(AT) «Pg for all < v < a.

By cf(a) < I < A, let p, be the least upper bound of the sequence,
(ps | B < ). Then, for all j < I":

(*) Pa r S(}ﬁ') * ]P)AJ(rgj’gl/) pA(gJ gl, S( ) * PA(% 91’) —
Gintagapt | SAT) *Pagg g0 = qit I S(AT) % Pagg, 4,9
Put gy := (po)™. Then (b) is clearly satisfied. By gy > pa > po > 13,
we also have (a). By (%), we now get that for all j < "

q | S()\+) * IEDA(gj,gl/) > Pa | S()\+) * IEDA(gj,gy) =qu | S()‘+) * ]P)A(gj,gz/)’

thus, to establish property (c), we just assign ¢;y = mix(qr, A(g5, 91), q51)
for all j <.

Limit step: Suppose I’ < 2* is some ordinal and {g;; | 7 <1 < I'} has
already been defined. For all j < I, let ¢; be the least upper bound of the
increasing sequence, (g;y | j < 1" < ). To compare with the successor step,
we now work against {¢; | 7 < l'}, instead of {g;; | j < '}, where [ was the
immediate predecessor of I'.

Put o :=sup{A(gj,gr) +1]|j <!}, and for all § < a, let jz be the least
such that jz <" and g;, [ 8= gv | . Then (a) and (c) implies:

(a”) re < Gisjs < 5, forall B < a;
() g, | SAF) # Py = gz, [ S(A) %Py for all B < v < a.
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For all 8 < a, let pg = mix(qgjﬁ,ﬁ,r%'), and let p, be the least upper
bound of the increasing sequence (pg | 5 < «). Then for all j < 1"

(*/ Pa | S<)\+) * ]P)A(gjvgz/) = PA(gj.91) [ S()‘+) * ]P)A(gjvgz/) =
Diacg;.0) [ S(AT) = PA(gj»ng) =qj | S(AT) = PA(gjvgz/)

Thus, put gy := (pa)™, and for all j < U, let ¢;p := mix(qrr, A(gj, 1), q;)-
This completes the construction of Fy = {g, | g € #°2}.
Next, suppose {((Vm, Yms Zm, Fm) | m < n) has already been defined for
some n < w. Let:

® Vi1 = sup{max(ct) | (s, k) € F, for some s,i € supp(k)};

o Y, 1 :=J{supp(k) | (s,k) € F, for some s};

o Zyr = Uty Mo | £ <+ 1;

° n+1 = {QQ | g € Zn+12}‘
Clearly, our main task is defining ¢, for all g € #+12. Let {g; | j < 2*+'}
be the <,-least bijective enumeration of #»+12. We shall now define an
upper triangular matrix {g;; | 7 < [ < 2*+'} in such a way that for all
j < <1< < 2™+ we would have:

f Zn Zn
(a) (qq 1z )ENEm NI < g < g < g

(b) p™+ < g, for some condition p € Q'(AT);

(C) le/ r S()\+) k P@ = Qj’l’ r S()\+) k Pﬁ Whenever gj r 6 = gj’ r ﬂ
As in the base case, once the matrix is defined, for each g € #+12, we pick
the unique j such that g; = g, and let g, be the least upper bound of the

increasing sequence (g;; | j <1 < 2*+1).

Induction base: Let qgoo := ((qy, an)%fli(lz"“\Z”))T”H.

Successor step: Suppose | < 2*+1 and {¢; | j < [} has already been
defined. We would like to define {g;p | 7 < U}, for I := 1+ 1.

Put a = sup{A(gj,gr) + 1| j < '}, and for all B < a, let jz be the
least such that jg < I’ and g;, [ 8 = gr | 8. Fix 8 < a. By (5), we have

Qop17n | S(AT) x Py = g5, 12n [ S(AT) * Pg, and hence:

, ' n 95 r(Zn+1\Zn)
(QQZ/ rzn)%ﬁz +1\Zn) r S<)‘+) * ]Pﬁ = (qgjﬁ on)viﬁﬂ f S()‘Jr) * Pﬁ'
N (Znt1\Zn
In addition, by property (a), we have (qgj5 rzﬂ)ﬁﬁﬂ( H\n) < gjz1- Denote

ri = (G 12,) 207 1t follows that r | S(A) # Py < g5, | S(AT) %Py,
and hence mix(q;,;, 8, 7r) is a well-defined extension of 7.

By property (c), we get that 3 < v < « implies g;,; [ S(AT) * Pz = ¢, |
S(A*) * Pg and mix(gjy1, 3, rv) = mix(gj,1, B, 7) < mix(gj,1, 7, 7).

For all 8 < a, let pg := mix(gjy, 3,7r). Then, we have just estab-
lished that (ps | B < «) is an increasing sequence of conditions, with

po > (qgu [Zn),’;ﬂ(lz"“\z"), and ps | S(AT) x Pg = p, | S(A\T) x Py for all
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B < v < a. By cf(a) < A let p, be the least upper bound of the se-
quence, (pg | < «). Then, for all j < I', we have (x) as above, so let
qrr = (pa)™"*, and assign g = mix(qyr, A(gy, gr), g;i) for all j < I’
Limit step: Suppose I' < 2*+1 is some ordinal and {g;; | j < < I'} has
already been defined. For all j < I, let ¢; be the least upper bound of the
increasing sequence, (g;r | 7 <1 < 1). Put a := sup{A(g;,gr) +1|j <},
and for all 8 < a, let jg be the least such that js <1 and g;, [ 8 =gr [ (.

Then, the following holds:
3 9gj r(Zn \Zn)
(a) (ngﬁ (2o ) " < Qg < gy Tor all § < o

(¢)) qjy [ S(AT) xPg = q;, [ S(AT) *Pg for all < < a.
Fix 8 < a. By (5), we have g, z, [ S(AT) xPg = Qgy1 20 | S(AT) x Py,
and hence:

, " ' 9j r(Zn+1\Zn)
(dgyy, Jo 172 P S(NT) % By = (dgy 120 )70 [ S(AT) * P
Denote 1 := (qq, an)?yﬂ(lz"“\Z"). By item (a’) and the above equation, we

get that rp [ S(AT)xPs < gj, [ S(AT)*Pg, and hence mix(q;,, 3, 7r) is a well-
defined extension of ry. By (¢’), if we write pg := mix(g;,, 3,7r), then (ps |

f < «) is an increasing sequence of conditions, with py > (%m . )g,ﬂ(lz"“\zn),

and ps | SOAT) #Ps =p, [SAT) «Psforall B<y <a.

Let p, be the least upper bound of the sequence, (ps | < «). Then,
for all j < I’, we have (¥') as above, so let gy = (p,)™+' and gy =
mix(qrr, A(g;, 9r),q;) for all j <1’

This completes the construction of F,.; = {q, | g € #~+12}.

Claim 1.8.5. {v,, Z,, Y., Fn} C M for alln < w.
Proof. Easy. O

Let Z := U, ., Zn, and for every function g : Z — 2, let g, denote the
least upper bound of the increasing sequence (ggz, | n < w). We now state
and prove several claims that should gradually clarify the role of the above
construction.

Claim 1.8.6. For every g € #2, if q, = (s, k), then supp(k) = Z.

Proof. Fix n < w and (s,,k,) € F,. By property (4) and Definition
1.8.2, we have Z, \ Z,_1 C supp(k,). By definition of Y,,1, we also have
supp(k,) C Y,1. It follows that if g € #2 and g, = (s, k), then

Z =\ J(Zu\ Zur) Csupp(k) € | Vi = 2. O

n<w n<w

Claim 1.8.7. For every go, g1 € 22 and 8 < X\*F, if go | B = g1 | 3, then
dgo [ S(AT) *Pg = gqg, [ S(AT) # Ps.
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Proof. For each i < 2, g, is the least upper bound of (g, z, | n < w). Now
appeal to property (5) of the construction. O

By the previous claim, the next definition is good.

Definition 1.8.8. Given 3 <A™, h: ZNB — 2, and i € Z N 3, pick a
function g : Z — 2 that extends h, and define (zf,c?) := (2%, cF), where k
is such that ¢, = (s, k).

Claim 1.8.9. For all 3 < \*", h:ZNB — 2, andi € ZN 3, we have:
h

sup(2) = max(cl) = 7.

Proof. Pick g : Z — 2 extending h. Fix n < w, and denote (s, k,) = g4z,
By property (6), we have sup(s) > 7,. By (sn, kn) € Q' (AT) N M, we have

7 =A"NM > sup(zf) = sup(c) > sup(s) > 7,.
The conclusion now follows. U

Claim 1.8.10. There exists s C T such that for all g € 72, if (s, k) = qq,
then s = s.

Proof. The existence of § follows from Claim 1.8.7, but let us argue that s C
7. Pick an arbitrary function g € 2. Fix n < w. Denote (s, k) = q412,-
Then s, € M and hence s, C 7. As 5 is equal to |, <w Sny We conclude that
sCr. O

Claim 1.8.11. For every g € 72, q, Ik 7 € E.

Proof. For all n < w, by property (6) and F,, C M, there exists «,, with
T < oy < AT N M = 7 such that ¢4z, IF a, € E. Since sup{r, | n <
w} =7, we get that sup{e,, | n <w} = 7, and hence ¢, forces that 7 is an
accumulation point of the club E. Il

Thus, our main task is to argue the existence of some g € #2 such that g,
is compatible with (5 U {7},0). Evidently, such a condition will force that
S meets E. A key fact for insuring the existence of such function, is the
next claim.

Claim 1.8.12. Suppose A C 7.
For every i € Z, there exists some m < 2 such that x¥ # A whenever
(s,k) = qg and {(i,m)} C g € 72,

Proof. Suppose i € Z. Let n < w be the unique ordinal such that i €
Zn \ Zp—1. Since Int(v,,0) # Int(vy,,1) and v, + wy < 7= M N AT, let us

pick some m < 2 such that A N Int(y,,0) # Int(y,, m). Now, if (s, k) = ¢,
for some g € #2 with g(i) = m, then by property (4), g, > rf)“ "= >

for some condition r, and by Definition 1.8.2, this means that i € supp(k),
and:

¥ N Int(y,,0) = Int(v,, (7)) = Int(y,, m) # AN Int(y,,0).
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In particular =¥ # A. g

Let D denote the set of all (s, k) such that all items of Definition 1.4, ex-
cept to (5), are satisfied, where instead, we require that for all o € supp(k):

(5a) either sup(z¥) = max(c®) > sup(s), or

(5b) a € supp(k*) and (2, cF) = (2%, cF).
Then D D @Q'(A\1) is a dense set, and by a proof similar to the one of Lemma
1.5, every increasing sequence of length < A* of elements of D has a least
upper bound (within D).

Definition 1.8.13. Given o € Z and a function h : ZN(a+ 1) — 2, we
define the condition ¢, = (s', k') as follows. Fix g : Z — 2 extending h.
If g, = (s, k), then:
o s’ =s;
o (5 k') € D;
e supp(k’) = (supp(k) N (a + 1)) Usupp(k”);
e for all i € supp(k'):

= (i, s

) ; * * . *
L (xk" "), otherwise

Then g, is well-defined, by Claim 1.8.7.
For each o < A*T, let D, denote the dense-open subset of S(A\T) P,

that decides ZZ(T), and let D :={pe D|p|SA\")*xP, € D,} denote
its cylindric extension.

Put 0 := otp(Z) and let {e, | & < 0} be the increasing enumeration of
Z. We now define by induction an increasing sequence of conditions, (p, =
(Sarka) | @ < 0) and a chain of functions {hy : ZN(eq +1) = 2 | a < 6}
in such a way that for all a < 6:

() qh, < pa € D

(b) SU{T} C s4;

(c) supp(ka) C supp(k*) U (eq + 1);

(d) (ah=, by = (2", ") for all i € supp(ka) \ (€0 + 1).

Induction base: Since 0 € supp(k*) C Z, we have ¢y = 0. Pick (so,0) €
Dy with U {7} C s¢.* In particular, (so,?) decides JTO(T) to be, say, AJ.
By Claim 1.8.12, pick a function hg : {9} — 2 such that A] # x?g, and let
Po = (So, ko) be the condition in D such that supp(ko) = supp(k*) and for
all i € supp(ko):

4Recall that Dy C S(AT) % Py, and that Py is the trivial forcing ({0}, {(0,0)}).
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Let us show that pg is well-defined. Suppose not. Fix i € supp(kg) and § €
50N such that Z:(é) = 2" N§. Clearly, if i > ¢, then § € soN k™ implies
that § € s*, contradicting the fact that (s*, k*) is a legitimate condition. So
1 =¢9 = 0. Since § € cgo, we get from Claim 1.8.9, that either 6 = 7 or
0 € 5. It is impossible that § = 7, because the choice of hy insured that
250 N 5 £ Ag(6). So, § € 5.

Pick a function ¢ : Z — 2 extending hy, and let (s", k™) = qqz, for
alln < w. Then 5 ={J,_,s" 25> = U, 26 and ¢° = U, k" U{7}.
Pick n < w such that § € s,. By (s", k") € Q'(\T), we have sup(z}") =
max(zk") > sup(s") > 4, and then 1?0)(5) = zhoNd = 2" N6 while 6 €
s"Nck", contradicting the basic fact that (s, k") is a legitimate condition.

Thus, po is well-defined and satisfies requirements (a)—(d).

Successor step: Suppose that for some a0 < 6, p, has already been defined.

Pick p' = (s', k') > po in D, . Then p’ [ S(A\T) * P, decides A.,,,(7) to
be, say, AT By Claim 1.8.12, pick a function hyyq: Z N (eqy1 +1) — 2

Eat1"

extending h, such that AT  # xf*1 Finally, let pay1 = (Sai1, kar1) be

Ea+1 Ea+1

the condition in D such that:
® Sat1 = S/;

o supp(ka+1) = (supp(k’) Neas1) U {eat1} Usupp(k”);
e for all i € supp(k,), we have:

(x§l7 cfl)a i < Ca+1
o ey o= { (e oy ey
(", "), clse

Assume indirectly that p,.q is not well-defined. Fix i € supp(kqy1) and
d € Sqy1 N cf““ such that 2(5) = xf““ No. If i # e441, then we get a
contradiction to the fact that (s*,k*) and (', k) are legitimate conditions.
If i = €441, then Claim 1.8.9 and the choice of the function h,41 insures
that 6 € soy1 N7 = 5. But then, by § € § and the exact same argument of

—_—
the successor step, we have A, (8) # xf+ No.
Clearly, p,+1 satisfies requirements (a)—(d).
Limit step: Suppose (pg | f < «) has already been defined for some
limit ordinal o < 6, and let {hg : ZN(eg+1) — 2| f < a} be the
witnessing functions to property (a). Since o < § < A, let p be the least

upper bound of (ps | B < ), and let h := {J;s_, hs. Clearly, p > g,. Fix
p' = (s, k') > pin D_2. Then p’ [ S(AT) % P, decides A—g;(T) to be, say,
AL . Pick ho : ZN (g4 + 1) — 2 extending h such that AT # zl=, and let
Pa = (Sa, ko) be the condition in D such that:

L4 Sa:‘sl;

e supp(k,) = (supp(k’) Ney) U {eq} Usupp(k*);
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e for all i € supp(k,), we have:

(¥, ), i<e,
(xfavci‘ca>:: (x?aacila% 1= Eq -

(k" k™), else

Then p, is well-defined and satisfies all requirements.

This completes the construction. Put g := (J,yha, and let p be an
upper bound for the increasing sequence, (p, | @ < ). Then p > ¢, and
p> (5U{r},0), and hence pIF 7€ ENS. O

1.2. Applications. Utilizing the poset from the previous subsection, and
the existence of a supercompact cardinal, we now consider three models in
which diamond fails on a set that reflects stationarily often.

Theorem 1.9. It is relatively consistent with the existence of a supercom-
pact cardinal that all of the following holds simultaneously:
(1) GCH;
(2) APNW;'
(3) Refl(Ej);
(4) Og fails for some stationary S C EXe+1.

Proof. We take as our ground model, the model from [7, §5]. That is, GCH
holds, x is a supercompact cardinal, there exists (C,, | @ < k™) which is
a very weak square sequence, and there exists (D, | o € E5°"") which is
a partial square sequence. We shall not define these concepts here, instead,
we just mention two important facts. The first is that the properties of
these sequences are indestructible under cofinality-preserving forcing; the
second is that in the generic extension by the Lévy collapse, Col(wy, < k),
these two sequences are combined to witness APy, .

Let P denote the iteration of length x4+ 1 with backward Easton support,
where for every inaccessible a < k, we force with Q(at**1) from Definition
1.4, and for accessible a < k, we use trivial forcing.

Let G be P-generic over V. Then by Lemmas 1.6, 1.7, and a well-known
argument of Silver (see [1, §11]), s remains supercompact in V[G]. Also,
the very weak square sequence and the partial square sequence remains as
such.

By Theorem 1.8, there exists in V[G], a stationary subset S C E[jWH
such that g fails. Finally, let H be Col(w;, < k)-generic over V[G]. Work
in V[G][H]. Then 8y = k, 8, = &7, N, = T and GCH+ APy,
holds. Since Col(wy, < k) satisfies the k-c.c., S remains stationary, and g
still fails (for if {As | § € S} is a name for a <{pg-sequence in V[G][H], then
{As = {AC | 3pe Collw,< k)(plF A= A4As5)} | 6 € S} would be a
$g-sequence in V[G]. See [12].)
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Finally, since x is k™ *-supercompact in V[G], an argument of Shelah

yields that Refl( EX«+1) holds (see [1, §10]). O

The next theorem shows that it possible to have the failure of {g for a
set S which reflects in an even stronger sense.

Theorem 1.10. It is relatively consistent with the existence of a supercom-
pact cardinal that there exists a singular cardinal A for which all of following
holds simultaneously:

(1) X is a strong limit of countable cofinality and 2* = \*;
(2) there exists a stationary S C E?fz\) such that:

(a) {a € EX] | SNa contains a club in o} is stationary;

(b) &g fails.

Proof. Start with a model of MM. Put A := 1. Since A is a singular strong
limit, we get from [5] that 2* = A", and hence Q(A1) is well-defined, so let
us work in the generic extension, Ve

Since Q(A™) is Ro-directed closed, we get from Larson’s theorem [13] that
MM is preserved, and by the additional “good properties” of Q(A1), the
cardinals structure is preserved, as well. Then A = 1, 2* = \*, and there
exists a stationary S C Ei‘fz\), such that g fails. Finally, clause (a) is

an immediate consequence of the fact that MM implies Friedman’s problem
(see [5]). O

Analysis of the models from Theorems 1.9 and 1.10 yields that these
models satisfies a certain strong form of reflection, namely, Refl*([AT]¥),
and hence there exists no very good scale (or even a better scale) for A in
these models. We now consider a third model, establishing that a very good
scale has no effect on the validity of diamond for reflecting stationary sets.

Theorem 1.11. [t is relatively consistent with the existence of a supercom-
pact cardinal that there exists a singular cardinal k for which all of following
holds simultaneously:

(1) & is a strong limit of countable cofinality and 25 = k*;
(2) there exists a very good scale for k;
(3) $g fails for some S C E(’f;(H) that reflects stationarily often.

Proof. Start with a model of GCH, in which there exists a supercompact
cardinal, k. Let X\ := ™.

Step 1. Let IP; denote the iteration of length x4+ 1 with backward Easton
support, where for every inaccessible a < k, we force with Q(a™ 1), and
for accessible a < k, we use trivial forcing. Let Vi denote the generic
extension by P;. Then, in V7, GCH holds,  is supercompact, and there
exists a stationary S C E;\f?)\) on which g fails.
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Step 2. Work in V;. Fix a normal ultrafilter ¢ over P,(A"), and the corre-
sponding embedding j : V; — M ~ Ult(V},U). Let Py denote the iteration
of length x + 1 with backward Easton support, where for every inaccessible
a < k, we force with Add(a, a1, adding a™™'-Cohen functions from
a to a, and for accessible o < K, we use trivial forcing.

Let G be Py-generic over Vi, and work in V5 := V4[G]. Then, by standard
arguments (see [1, §11]), we may find a set G* such that the embedding j
lifts to an embedding j* : Vi[G] — M[G*]. Let (F, : K — Kk | a < AT)
denote the generic functions introduced by the xy,-stage of Py. Clearly, we
may choose G* in such a way that Fj.(o)(k) = a for all @ < A*. Thus,
28 = 2% = \*. As P, has the x*-c.c., S remains stationary, and g still
fails (by the chain condition of Py, if {g holds in V5, then {g holds in V.
However, {3 entails g, and the latter fails in V;.) Let T := {a € E2 |
cf (@) > w, S Na is stationary}. Since S is a stationary subset of E2;
Kk is AT-supercompact (as witnessed by j*), the set T is stationary.

Note that the cardinals structure in V5 is the same as in V.

Step 3. Work in V,. Let U* := {X C P, (k™) | 7*“AT € 7*(X)}. Then
U* is a normal ultrafilter extending U. For every n < w, let U, denote
the projection of U* to P, (k*"). Next, let (Q, <, <*) denote the variation
of supercompact Prikry forcing from [8, Definition 2.9]. That is, instead
of working with a single measure, we work with the sequence of measures
(U, | n < w). By [8, §2], we have:

(a) (Q, <) satisfies the A™-c.c.;

(b) (Q, <) does not add new bounded subsets to &;

(c) in the generic extension by (Q, <), (x*")V changes its cofinality to
w for every n < w.

Let V3 denote the generic extension by (Q, <). Work in V5. Then & is a
strong limit cardinal of countable cofinality, and 2° = (AT)"2 = k™. Since
(Q, <) has the A*-c.c., the sets S and T remains stationary subset of k¥,
and g still fails.

Claim 1.11.1. S reflects stationarily often.

Proof. Recall that we work in V3. Put T* := {a < kT | cf(a) > w, SN
« is stationary}. Since T is stationary, to show that S reflects stationarily
often, it suffices to establish that 7" C T™. For this, it suffices to prove
that if o € EQ; N EQ; and C'is a club subset of o, then there exists a club
C’" C C lying in V5. But this is obvious: fix, in V3, a continuous function
7 : cf?(a) — o whose image is cofinal in a. Put C’ := C'NIm(x). Then C’
is a club subset of C, and 7~![C"] is a club subset of cf**(a). By property
(c) and a € EX. N E% we have cf?(a) = c¢f"3(a), so property (b) entails

that 77![C"] is in V5, and hence C’ is in V3, as requested. O

and

Claim 1.11.2. There exists a very good scale for k.
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Proof. Let (P, | n < w) denote the supercompact Prikry sequence intro-
duced by (Q, <) over V5. For each n < w, consider the inaccessible cardinal
kn = P, Nk. For each a < kT = (AT)"2, define a function ¢, € [],__ #, ™
as follows:

to(n) := (Fin), (x )‘< fin , (n<w).
0, otherwise
Then, by Proposition 2.21 of [8], (¢, | o < k™) is a very good scale. O

i

1.3. Uncountable cofinality. It is worth mentioning that via straight-
forward modifications to the proofs of subsection 1.1, it is possible to handle
singular cardinals of uncountable cofinality, as well. More specifically, we
have:

Theorem 1.12. Suppose \ is a strong limit singular cardinal, and 2) = \T
Then there exists a notion of forcing Q' (A\"), satisfying:
(1) Q'(A\*) is At -directed closed;
(2) Q(A") has the ATt -c.c.;
(3) [Q(AT)| = AT+,
(4) in VIO &g fails for some stationary S C Eé\fJ(rA).

In particular, it is possible to obtain the failure of diamond on a stationary
subset of A", in the presence of a supercompact cardinal in the interval

(cf(\), A).

Remark. Tt follows from the proof in [15, §4], that the above Q'(AT) is not
isomorphic to Cohen’s notion of forcing, Add(AT, A*TT).

2. NEGATION OF GUESSING

In [4], DZamonja and Shelah considered a particular consequence of dia-
mond and established the consistency of its negation. To state their result,
we need the following two definitions.

Definition 2.1. For a function f : At — c¢f()), let £y denote the minimal
cardinality of a family P C [A*]¥™ with the property that whenever Z C
AT is such that Ag_.ey 12 N F~HBY = AT, then there exist some a € P
with sup(flan Z]) = cf(A).

It is obvious that the function f: AT — {0} satisfies ky = 0. Also notice
that any partition of AT into c¢f(\) many sets of cardinality A\ induces a
non-trivial function, that is, a function f € " cf(\) with s, > 0.

Definition 2.2. For a singular cardinal \, we say that A\"-guessing holds
iff k; < AT for all f € cf(N).
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We refer the reader to [4] for background and motivation for this defini-
tion, but let us just mention the obvious fact that {,+ implies AT-guessing.

In [4, §2], the consistency of the negation of A\™-guessing has been estab-
lished:

Theorem 2.3 (Dzamonja-Shelah). It is relatively consistent with the ex-

istence of a supercompact cardinal that there exist a strong limit singular
cardinal X and a function f: AT — cf(\) such that Ky = 2* > AT,

Here, we reduce the large cardinal hypothesis significantly by establishing
that any model with a strong limit singular cardinal X with 2* > \* will do.
Moreover, in such a model, any non-trivial function is a counterexample.

Theorem 2.4. If X is a strong limit singular cardinal, then
{kr| et} ={0,2*}.

Proof. Since A is a strong limit, the next lemma tells us that any non-trivial
function, f, satisfies Ky = AE) = 22, O

Lemma 2.5. Suppose \ is an infinite cardinal, and 25 4 \<ef) < X+,
Then Ky = XX for every non-trivial function f € ** cf(N).

Proof. Suppose f : AT — cf()) is a function with x; > 0. Fix 5 < cf(}),
and let Ag := {0 < AT | f(6) = S}. Since ky > 0, we have |Ag| = AT >
A<t “50 let us fix a surjection 1 : Ag — <M X such that (¢5)"'{n} has
cardinality A* for all n € <tV Clearly, if P C [A*]4W is a family of
size < AT, then there exists a set Z C AT such that |Z N Ag| = AT for all
B < At, while ZNa =0 for all @ € P. This shows that r; > A*.

For all § < A*, put bs := (f(8),¢4s)(0)). For every function g € T\,
denote by g* : cf(\) — <M\ the function satisfying ¢*(3) := g | 3 for all
B < cf(A). Also denote Z, := {0 < At | bs € ¢g*}.

Claim 2.5.1. /\ﬁ<Cf(A) 1Z, N f7HBY = AT for every g € TV,

Proof. For every 3 < cf(\), letting n := g*(8), we get that Z, N f~{3} =
{0€ As[bs € g} = (v5)"{n} O

Let {g; | i < A*™} be an injective enumeration of T{™X. By A" < i, <
XFN) | we avoid trivialities and assume that A¥®) > \*. Thus, it suffices to
establish the following.

Claim 2.5.2. For all a € M|V 1, == {i < XV | sup(f“an Z,,) =
cf(N)} has cardinality < \*.

Proof. Assume indirectly that a € [\]*™ is such that |I,| > A*. By |I,| >
(2¢F )+ and the Erdés-Rado theorem, let us pick a set I’ C I, with |I'| >
cf(A) and an ordinal v < cf(\) such that ¢;,(v) # gi,(7y) for all distinct
ig, i1 € I'. Shrinking further, pick I"” C I" with |[I”| > cf()\) and an ordinal
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B > v such that 5 € (fla N Z,,]) for all i € I"”. Finally, for all i € I”,
pick ¢; € an Z,, such that f(;) = §. Since |a| = cf(A) < |I”|, there exist
10,11 € 1" with 10 7é 11 and 51'0 = 51'1' For n < 2, by 5% < Zgin7 we have
(8,v5(0i,)) € g;., and hence:
Gio 8= 9;0(6) = wﬂ((sio) = wﬁ(dll) = g;(ﬁ) = G I3,
which contradicts the existence of v < 3 with g;,(7) # ¢i, (7). O
U

By combining the arguments of the above proof with the ones from [14], it
is possible to obtain a lower bound on ¢ even without assuming 2cI() <\t
Namely, if A is a singular cardinal and A< < A* | then x; > pp()\) for
every non-trivial function f € *" c¢f()\). In particular, if A > c¢f(\) = w, then
ks > pp(A) for every non-trivial f. It follows:

Corollary 2.6. The following are equivalent:

(1) Shelah’s strong hypothesis;
(2) AT -guessing holds for all singular cardinal \.

3. THE sup-FUNCTION ON STATIONARY SUBSETS OF [AT]¢
In this section, we shall supply a negative answer to a following question.

Question (Konig-Larson-Yoshinobu, [11]). Let A > wy be a successor car-
dinal. Ts it possible to prove in ZFC that every stationary B C [A]™ can be
thinned out to a stationary A C B on which the sup-function is 1-17

We refer the reader to [11] for motivation and background concerning
this question. Recall that a set A C P(\) is said to be stationary (in the
generalized sense) iff for every function f : [A]<¥ — A, there exists some
A € A such that f“[A]<¥ C A. Now, it is obvious that if cf([A\]“,C) > A,
then B := [A]“ is a counterexample to the above question. In particular,
any model on which the singular cardinals hypothesis fails, gives a negative
answer. Thus, in this section, we shall focus on answering the above question
in the context of GCH.

Definition 3.1. Given aset X C P(A), denote S(X) := {sup(X) | X € X'}.

Definition 3.2. For an infinite cardinal A\ and a stationary set S C ES,
consider the following three principles.
(a) (1)g asserts that there exists a stationary X C [A\*]<* such that:
e the sup-function on X is 1-to-1;
e S(X)CS.
(b) (M\)g asserts that there exists a stationary X C [A\*]<* such that:
e the sup-function on X is (< A)-to-1;
e S(X)CS.
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(c) dg asserts that there exists a sequence (As | € S) such that:
e for all § € S, As C [0]<* and |A;] < A;
e if Z is a cofinal subset of AT, then the following set is stationary:

{6 €S|JAec As(sup(ANZ)=9)}.

The principle &g has been considered in [15], and was found to be the
GCH-free version of {g. From this, we easily get the following.

Lemma 3.3. Suppose A is an infinite cardinal, and S C Eg is stationary.
Then (1) = (2) = (3) = (4), and if 2* = \*, then moreover, (4) = (1),
where:

(1

S
Proof. (1) = (2) By ¢, pick a collection { fs : [0]“ — ¢ | § € S} such that
for every f: [AT]<¥ — AT there exists some § € S with f | [§]<“ = f;. For
each § € S, pick a cofinal Y5 C ¢ of minimal order-type, and find X5 O Yj
with | Xs| = |Y5| such that fs“[Xs]<¥ C X;. It is now easy to see that
X :={X; |0 € S} is as requested.

(2) = (3) is obvious.

(3) = (4) Let X exemplify (A)g. For each 6 € S, let A5 := {X € X |
sup(X) = d}. To see that (A; | § € S) witness g, we fix a cofinal subset
Z C A" and a club C C A", and argue that there exists 6 € C' NS and
A € As such that sup(Z N A) = §. Define a function f : [AT]<¥ — AT as
follows:
flo) = {min(Z \ sup(c)), |o|is odd

min(C \ sup(0)), |o|is even

Since X is stationary, we may pick some X € X such that f“[X]|<¥ C X.
Put ¢ := sup(X). Then X € A;, f“[X]" is a cofinal subset of Z N 4§, and
J4[X]* is a cofinal subset of C'N4J. In particular, sup(XNZ) = sup(XNC) =
0, s0 0 € C' and we are done.

Finally, if 22 = AT, then a theorem from [15] stating that {5 < 2* =
AT + g, yields (4) = (1). O

Remark. The preceding lemma improves an unpublished result by Matsub-
ara and Sakai, who established the implication (3) = (1) under stronger
cardinal arithmetic assumptions.

Since, under mild cardinal arithmetic hypothesis, the above principles
coincide, it is interesting to study whether these principles can be separated.
The reader who is only interested in the promised solution to the above-
mentioned question, may now skip to Theorem 3.6 below.
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Proposition 3.4. If the singular cardinals hypothesis fails, then for some
singular cardinal X, & . holds, while (\) px+  fails.
E#cf(k) #cf(A)

Proof. By [15], Jo];ﬁ holds for every infinite cardinal A, so let us focus on
#et ()
the second component. Suppose that the singular cardinal hypothesis fails.

By a theorem of Shelah [18], in this case, there exists a singular cardinal
A such that cf(\) = w, and cov(A, A, cf(A)*,2) > A*. This means, that for
every X C [\<* of size A\*, there exists some x € [\]“, such that 2 € X for

all X € X. Now assume indirectly that X’ witnesses (A) .,+ . In particular,
Fef()

X C [M]<A and |X| = AT. Pick a function z : w — X with Im(z) € X for
all X € X. Define f : [AT]<¥ — AT by f(0) := z(|o]) for all o € [AT]<¥.
Since X is stationary, there exists some X € X such that f“[X]<* C X. In
particular, Im(z) C X, contradicting the choice of x. O

Proposition 3.5. (1)s # s for any uncountable cardinal A and any sta-
tionary S C EX".

Proof. Suppose A is an uncountable cardinal, S C E[)Jr and (1)s holds,
as witnessed by a stationary set X. Use Cohen forcing to blow up the
continuum above A*, then g fails. Finally, since Cohen forcing is proper,
X remains stationary, so it still witnesses (1)g. O

Answering the above-mentioned question in the negative, we now prove:

Theorem 3.6. [t is relatively consistent with ZFC that the GCH holds and
there exists a stationary subset B C [R, 1] that cannot be thinned out to a
stationary A C B on which the sup-function is injective.

Proof. Start with a model of GCH in which g fails for some stationary
S C EX+1 (by appealing to the forcing from [17, §2], or by forcing with
Q(N,11) from section 1.)

Claim 3.6.1. B:= {X € [N,1]¥ | sup(X) € S} is stationary.

Proof. Suppose f: [N,1]<¥ — N, ;1 is a given function. Since {J € N, 1 |
fU0]=¥ C 0} is a club, and S is stationary, we may fix some ¢ € S such that
FUo]=¥ C 6. Pick Y € [§]* with sup(Y) = 0. Then there exists X D Y such
that | X| = |Y] and f“[X]|<* C X. Such an X is in B, so we are done. [J

Now, suppose A C B is stationary on which the sup-function is injective.
Then (1)g(4) holds, and as S(.A) C S, also (1)g holds, contradicting Lemma
3.3 and the fact that g fails. O

Let us emphasize that the above theorem does not require large cardinals.
Assuming large cardinals, one can obtain a stronger counterexample:
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Theorem 3.7. It is relatively consistent with the existence of a super-
compact cardinal that the GCH holds and there exists a stationary subset
B C [N,41]¥ which is large in the following two senses:
(1) if X € [Ry41]¥ and sup(X) € S(B), then X € B;
(2) for every stationary A C B, there exists some X € [N 1]t with
wi € X and cf(otp(X)) = wy such that AN[X]¥ is stationary.

still, the sup-function is not injective on any stationary subset of B.

Proof. Consider the model from Theorem 1.9; GCH holds, and there exists
a stationary subset S C EX<+ such that {g fails. Put B := {X € [N ;1]* |
sup(X) € S}. Then (1) is obvious, and by Lemma 3.3, the sup-function is
not injective on any stationary subset of B.

Finally, clause (2) follows from the general fact from [5] that if s is a
supercompact cardinal, then VCo@1<®) = Refl* ([t +1]w). O

Note that SAPy, (and hence [} ) necessarily fails in a model consisting
of such B, hence, the high consistency strength.

Discussion. To get a finer understanding of Theorem 3.6, we now dis-
cuss a more direct argument which allows to point our finger at the role of
the injectivity of the sup-function.

We start with a model of GCH, and let A := R,,. We consider the forcing
notion X(A"), as an alternative to S(A1) from section 1. A condition X is in
X(A) iff X C [AT]¥ and S(&X) is a bounded subset of A™. A condition X" is
stronger than A" iff X' O X and S(X’) J S(X). To study the injectivity of
the sup-function, we also consider X! (A1), where X € X}(A\1) iff X € X(\T)
and for all 7 € S(&X), there exists a unique X € X with sup(X) = 7.

Let S(AT) := {(sup(X),X) | X € X € X(A1)} be the canonical name
for the generic subset of E" introduced by X(A*) and by X'(At). Now,

instead of forcing with QA1) = S(AT) * KAD(S(A1)), we shall force with

P(AT) := X(A\T) * KAD(S(A')). To compare, we also define P*(\T) :=
XA « KAD(S(A1)).

The same arguments as in section 1 shows that P(A") and P*(AT) satis-
fies the A "-c.c., and that it has a dense subset in which every increasing
sequence of conditions of length < A™ has a least upper bound.

We now sketch the changes to be made to the proof of Theorem 1.8, to
show that if G H if P(A\T)-generic, letting X := |J G, then V[G][H] | X is
stationary. Instead of fixing a name for a club £ C A", we fix a name for a
function e : [AT]<¥ — AT. Instead of deciding the value for min(E \ «), we
decide e | [o|<¥, utilizing the fact that P(A1) does not add bounded subsets
of AT. Then the analogue of Claim 1.8.11 is that for all g € 72, ¢, forces
that 7 is a closure point of e, and moreover, g, decides e [ [7]<“ to be, say,

ed 1] — 1.
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While in the previous section, we didn’t care about E N 7, and only
focused on the fact that 7 is a (closure) point of E, here we really need to
know e | [7]<“. Notice, however, that if gy # ¢, then it is possible that
ed £ 91, This is a subtle point, and we shall get back to it at the end of
our discussion.

From here, we continue smoothly until we reach to the construction of the
sequence of conditions (p, = (X,, ka) | @ < 0) and the chain of functions
{hoa : ZN(ea+1) = 2] a < 0}. At the induction base, instead of choosing
(s0,0) € Do with U {7} C sg, we first pick an arbitrary cofinal subset
X € [r]* and then choose (Xy,#) € Dy which is stronger than (X U{X}, 0).
Once the construction is completed, we let g := |J,_y ha, and let (X', k')
be an upper bound for the increasing sequence, (p, | a < 6).

Then (X' k') > ¢4, and g, decides e [ [7]<¥ to be €7 : [7]|<“ — 7. Pick
a cofinal X’ C [r]* which is closed under e. Then (X" U {X'}, k) is a
legitimate condition (because sup(X') =7 € S(&,) C S(X’)), and it forces
that there exists some X € X with e?“[X]<“ C X, as requested.

So, in V[G][H], X is stationary subset of [X, 1], GCH holds, and {g(x)
fails.

Now, what would have gone wrong had we force with P!(AT), instead
of P(A*)? We know that for all g € 42, there exists some k, such that
q, = (X, k,), and that S(X) C 7. Clearly, there is no way of insuring that
for some g, there already exists an X € X which is closed under €9, but this
is a density argument, so we may consider extensions of g,.

Now, for all g, since 7 is a closure point of €9, there indeed exists a cofinal
subset X, € [7]“, which is closed under €9, and it is tempting to just take
(X U{X,},k,). So, here is the problem — how do we know that the latter
is a legitimate condition? As 7 € cf“" for all 1 € Z, we need, in particular,
to establish that xfg NT # Xl(T) for all i € Z. In the above construction,
we done so by throwing a countable cofinal subset of 7 to &}, thus, insuring
that 7 € S(Xp) C S(X’). This time, we are allowed to throw only a single
cofinal subset of 7 to A}, so we need to throw cofinal subset of 7 which is
closed under e? for all g € 42, at once. But, this turns out to be impossible.

4. OPEN PROBLEMS

Let A denote a singular cardinal. Probably the most interesting open
question in this area is the following question of Shelah:
Question 1. Does 2* = At imply ..+ ? Does GCH imply & .+ ?
ch(x) ch(A)
By [21] and the fact that E(;\J)\) reflects stationarily often, a negative

answer to the above question witnesses the failure of [J3, so large cardinals
are necessary.
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Question 2. Suppose S C Eg\f?)\) reflects stationarily often, must NS+ [ S
be non-saturated?

By [15], a negative answer to the above question witnesses the failure
of O} (actually, of SAP,). Note that by [9], NSy+ | Eg\;(r)\) is indeed non-
saturated. Also note that if one does not require reflection, then by results of

Woodin and Foreman (see [6, §8]), NSy

.41 | S can consistently be saturated

for some stationary (non-reflecting) S C EN+1.
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