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Abstract

Every set of ordinals of cardinality « in a Prikry extension with a measure over s
contains an old set of arbitrary large cardinality below k, and, actually, it can be split
into countably many old sets. What about sets bigger cardinalities? Clearly, any set
of ordinals in a forcing extension of a regular cardinality above the cardinality of the
forcing used, contains an old set of the same cardinality. Still cardinals in the interval
(k,2%] remain. Here we would like to address this type of questions.

1 A situation under 2 = k™.

Let us start with the following observation.

Proposition 1.1 Suppose that 2% = k*. Let U be a normal ultrafilter over k and Py be the
Prikry forcing with U. Then in VTU there is a subset of k¥ without old subsets of the same

size.

Proof. Work in V. Pick a generating sequence (4, | o < k™) for U such that for every

a<pB <kt Ag C* A, ' Tt is possible since 2 = kT and U is normal.

Define an other generating sequence (A’ | a < k™) as follows.

Let C' C k™ be a club such that |[a,, a,41]| = &, for every v < kT, where {a, | v < K1} is

an increasing enumeration of C'.

We set A, = A,.

Pick a surjective map h : K — [k]<“. Let, for every v < k%, g, : (au, ap11) ¢— k. Now if

B € (ay,ayq1), for some v < kT, then set Ay = A), U h(g,(53)).

Clearly, (A, | @ < k™) is a generating sequence for U and for every a < < k*, A C* A[,.
Now let G C Py be generic and {k, | n < w} be the corresponding Prikry sequence. Set

X={a<kr"| A D{ky|n<w}}

1A C* B means that |[A\ B| < k




Lemma 1.2 | X| =«".

Proof. Work in V. Let (t,A) € Py and § < x*. Pick a,, € C'\ § + 1 such that A O* A/ .
Find 3 € (ay, a,41) such that Ay = A! Ut Then

(t,ANAL)IFB e X.

So, we are done, using a density argument.
O of the lemma.
Suppose now that there is X* C X ,|X*| = kT and X* € V. Set

A= ] A,

aceX*

Then, clearly, A € V and A D {k, | n < w}. But then A € U. Hence, there is a < kT,
Al C* A. Now, for every 8 € X, 8 > a, we have

Ay Cr A, CT A
But each such Aj; 2 A. Hence, for every 8 € X, 8 > «a, we have
s ="A.

But this is impossible. Thus just split A in V' into two disjoint sets each of cardinality k.
One of them should be in U, and so must almost contain on of such :378. Contradiction.
O

So there are sets of ordinals of cardinality x* without old subsets of cardinality x*. But

what about subsets of size k7 The next proposition provides an answer.

Proposition 1.3 Fvery set of ordinals of size > k contains an old subset of size k.
Proof. Suppose otherwise. Pick (t, A) € G and a name @ such that

(t,A) IF (la] = ™ and @ does not contain an old subset of size ).

Let a = {a, | v < x*}. For every v < x*, pick (t,, A,) € G, (t,, A,) > (t, A) such that

(s A) | o

Find S C x™,|S| = k" and t* such that for every v € S we have t, = t*. Clearly, in
order to derive a contradiction, it is enough to find A* € U, A* C A such that the condition
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(t*, A*) decides simultaneously a,’s for k—many v’s.

Work in V. Set

Z={v<k"|IBeUBCANA({" B)| a,)}
Then |Z| = kT, since Z 2 S. Let us chose for every v € Z a set B, € U, B, C A such that
", B) | -
Now let us use the following pretty observation of F. Galvin (see [1], but for a reader conve-

nience let state the proof here):

Proposition 1.4 (Galvin) Suppose that 2<* = X, I is a normal ideal on X
and {B, | v < Xt} C 1. Then there is X C A*,|X| = X such that | J,.x B, € I.

Proof. Set
Hee ={B < A" | BaN&=BsNg},

for every a < AT and £ < \.

Lemma 1.5 There is o < A" such that for every & < A we have |Hqe| = A*.

Proof. Suppose otherwise. Then for every av < AT there is £, < A such that |H,¢| < A. But
for every € < A we have 25 < ), so there are at most A—possibilities for Bs N &’s. Hence,

| U Hoeul <X

a<t
But, clearly, a € H,g,, for every a < A*. Contradiction.
(] of the lemma.

Pick « such that for every € < A,|Hae| = AT. Define a sequence (n¢ | £ < A) by induction

as follows.

Ne € Hogr \ {ner | £ < &}

B =] B,.

E<A

Set

Then B € I, since
B\ B, C [ J(By \é+1),
E<A
and g, (By, \ § +1) € I due to normality of I.
O



So, there will be X C Z of cardinality x and B € U such that

B C ﬂB,,.

veX

Then (t*, B) >* (t*, B,), for every v € X, and so, (t*, B) decides k—many of a,’s.
[

2 A situation without 2¥ = k™.

Let us show that the assumption 2¥ = k% cannot be dropped from 1.1.

Start with the following general result.

Proposition 2.1 Suppose that U is a normal ultrafilter over k which has a generating family
(A, | v < x) such that Ag C* A, for every a < 3 < x. Let E be a set of ordinals in V'V,
Then

1. if |E| = R, then for every n < |E|, there is an old subset of E of cardinality n.

2. there is subset of k of cardinality xk without an old subset of cardinality k;

3. if w < |E| < K, then for every n < |E|, there is an old subset of E of cardinality n;

4. there is a subset of k of cardinality w without infinite old subsets;

5. if |[E| > cof(x), then for every n < |E|, there is an old subset of E of cardinality n;

6. there is a subset of x of cardinality cof(x) without old subsets of the same cardinality;

7. for every cardinal i < x with (cof(u))V = K, there is a subset of u without old subsets

of the same cardinality;

8. if k < |E| < x, then for every n < |E|, such that |E| = cof(x) or (cof(|E|))Y = &
imply n < |E|, there is an old subset of E of cardinality n. *

Proof. The first four items are trivial. Item 5 is trivial as well, since Py will have a dense
subset of cardinality cof(x).

Item 6 follows from the argument of 1.1 only replacing k™ by cof ().

Let us deal with Item 7.

2Remember that by Konig’s theorem, cof(x) > k.
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Suppose that k < |E| < x. Let n < |E|,n # cof(x) and n < |E|, if (cof(|E|))Y = . If
1N = K, then the argument of 1.3 provides an old subset of E of cardinality x. Assume that
cof(n) > k.

Proceed as in 1.3. Let {a¢ | £ < n} be a set of n elements of E. Find Z C n,|Z] = 7,
t*, B, € U, for each v € Z such that

{t*, By | &y

For every v € Z there is (3, such that Az, C* B,. Then there will be 8* < x and Z* C
Z,|Z*| = n, such that for every v € Z* we have

Ag. C* Ay, C* B,.

Then for every v € Z* there is 7, < k such that

Aﬂ* \T,/ g B,/.

Pick Z' C Z*,|Z'| = n and 7" < & such that for every v € Z', 1, = 7. It is possible since

cof(n) > k. Now we will have
(", B\ 7') <° (", Ag- \ '),

for every v € Z'. Hence, the condition (t*, Ag- \ 7’) decides simultaneously a,’s for n—many
v’s. So we are done.

0

The existence of such generating families with 2% > ™ follows from [4]:

Theorem 2.2 Let k be an almost huge cardinal with a measurable target \.> Then for every
cardinal x,k < x < A, cof(x) > K there is a cofinalities preserving extension with a normal
ultrafilter over k which has a generating family (A, | v < x) such that Ag C* A,, for every
a<f<x.

In particular, we can conclude the following:

Corollary 2.3 [t is consistent that in the Prikry forcing extension every set of ordinals of

cardinality k* contains an old subset of the same cardinality.

Working a bit harder it is possible to show the following:

3Le. thereis j : V — M such that A\ = j(k) is a measurable cardinal and *>M C M.



Proposition 2.4 [t is consistent that in the Prikry forcing extension every set of ordinals

of cardinality k™ is a countable union of old sets.

Proof. We start with the model with 2 = x™* and a normal ultrafilter U over s with a
generating family (A, | v < k™) such that Ag C* A,, for every o < f < k7.

Let G C Py be generic and X = {a, | ¥ < K7} be a set of ordinals of cardinality x* in
VI[G].

For every v < %, pick (t,, B,) € G which decides q,.

Let (K, | n < w) be the Prikry sequence. For every n < w, set

X, ={a | AB € U({(Ko, ---s kin), BY € G A (Ko, .-y kn), B) || @)}

Y

It is enough to show that each X, can be split into w—old sets.
Fix n < w. Set t = (Ko, ..., kn). S0, for every o, € X,,, we have (t, B,) € G which decides

Q-

Find £ < k™1 large enough such that
o A: C* B, for every a, € X,,
o there is m,n < m < w, ((Ko, ..., Km), Ae \ £m + 1) € G.

Now, for every k < w, set

Xok ={aw | Ae \ ki, € B, }.
Note that
B, 2 (Ae \ k) U{Fnt1, s Kmax(km) s
for every a, € X,.
Then
(t,B,) <" (t, (A \ £1) U {Knt1, s Fmax(km) })
and

<t7 (A£ \ ’%k) U {K/nJrlv seny K‘max(k,m)}> € G7

for every a,, € X, .

It follows now that

Xop ={p| v <67 ({t, (A \ 5r) U{Bns1s s Bmax(em) 1) IF a, =p)}.



Clearly, the set on the right is in V', and, hence X,;, € V' as well, for every k < w. But also

clear that
X, = X

k<w
So we are done.
O

Let us point out that 2¢ = k** does not imply the conclusion of 2.3.

Proposition 2.5 It is consistent with 2¢ = skt that in the Prikry forcing extension there

is a set of ordinals of cardinality k™t without old subsets of the same cardinality.

Proof. Use the construction of [2]. We start with V = L[E] model with o(x) = ™. Let
U, denotes the normal measure on s which concentrates on nonmeasurable cardinals and
which extends to normal measure U in the final model V* of 2¢ = x**. The extension is
of the form V[G.,, G,], where V[G.,] is an extension of V' by a forcing of size k and G, is
the forcing over x which consists of adding s+ —Cohen subsets and may be some additional
things which does not add new subsets to .

Let U be a normal ultrafilter over s in V* = V|G, G,].

Force with Py and let (k,, | n < w) be the Prikry sequence. Then (k, | n < w) be a Prikry
sequence also over V for Uj.

Pick in V' a generating family (A, | « < k™) for Uj.

Proceed exactly as in 1.1 and define (A} | 8 < k™) and

X ={B<r"|A; 2D {kn|n<w}}

Asin 1.1, then | X| = xT.
We claim that X does not contain old (i.e. those in V*) subsets of cardinality x*. Suppose

otherwise. Let X* witnesses this. Consider

A= 45
B

ex*

Now, this A need not be in V| since X* was picked in V* and, so may not be in V. However
AD{kn | n <w},

and so A € U. Consider
jU . V* — MU ~ (V*)H/U



Then jy | V is an iterated ultrapower of V' by its measures, but since U extends Uy, it follows
that Uy was applied first in this iteration process. In particular, it is not on the sequence of
core model Ky of My and so not in My. But A € My and so be can define Uy in My as
follows:

{ZePkr)NKy | A Z}.

Contradiction.
O

3 A remark on Extender based Prikry forcing.

Let E be an extender over k of the length at least k™. Denote by Pg the Extender based
forcing as defined in [3].*
Let G C Pg be a generic subset.

Proposition 3.1 In V[G] there is a subset of k™ without old subsets of cardinality k.

Proof. Let us denote by b, : w — & the Prikry sequence of GG for the a—th measure F,, of

E. Then, for each a, there is the least n, < w such that for every n,n, <n < w,

Tar(ba(n)) = be(n),

where 7., denotes the canonical projection of F, onto the normal measure E of the extender.
There are A* C k*,|A*| = k™ and n* < w such that for every o € A*, n, = n*.

We claim that A* does not contain old subsets of cardinality .

Suppose otherwise. Let B be such a subset.

Pick some p = (p? | v € supp(p))” (p™,T) € G forcing this and deciding B.

We can assume that each o € B belongs to supp(p), since otherwise we are completely free

about b, and can easily to make

Waﬁ(ba (n>) # by (n)v

for some n > n*. Without loss of generality we can assume that for every a € B, n* <
m* := |p®| and m* = [p™| (and then = p"). Pick now some v € Sucy(p™®). Let 10, as usual

be Tmex (V). By the definition of the forcing, the set

{a € supp(p) | v is permitted for p*}

4A very similar argument works for the Merimovich variations [5].
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has cardinality <  (actually at most v°). Now, since |B| = &, there is @ € B such that v
is not permitted for a. This means that in the extension p” of p by v, p® does not extend.
But then,

P I T (b)) = bl

Contradiction.
O
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