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Abstract

Starting with two measurable cardinals, we construct a model with a o—complete
uniform ultrafilter over a cardinal which is not a strong limit.

1 Introduction

By a classical result of A. Tarski and S. Ulam a measurable cardinal must be a strong limit.
In other words, if a cardinal A carries a uniform A—complete ultrafilter, then for every p < A,
2 < \. If we replace A—completeness by just c—completeness, then this need not be true
anymore. For example if there is a supercompact cardinal x which is indestructible under
r—directed closed forcing, then for every given regular A > k there is a forcing extension in
which A is not strong limit but still carries a uniform x—complete ultrafilter.

The purpose of this paper is to show that actually two measurable cardinals are enough
in order to construct a model with a uniform o—complete ultrafilter over a cardinal which
is not a strong limit. Note that if there is a uniform o—complete ultrafilter over A with the
critical point < A, then there is an inner model with at least two measurable cardinals.

Let us explain the basic idea behind the construction.

Suppose that A is a measurable cardinal and U is a normal ultrafilter over A. Let u < A be a
regular cardinal and § > A. Force § Cohen functions (r; | i < d),7; : ¢ — 2. Then, in order
to extend the elementary embedding jy : V — My ~ *V/U to one from V[{r; | i < §)] one
will need more Cohen functions. Namely, the sequence (r; | ¢ < ) must be stretched to a
sequence (r; | ¢ < ju(d)) such that for every a < 4, ro =17 ). This requires more Cohen
functions over V[(r; | i < J)]. For example r} should be Cohen generic over V[(r; | i < 0)].

Clearly, we do not have such r in V[{r; | i < d)].
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Let us assume now that instead of a single measurable A, we have two measurable cardinals
k < A. Fix normal ultrafilters U, over x and Uy over \. Let M be the ultrapower by U, and
J be the corresponding elementary embedding. Then, in M, consider j(U,). It is a normal
ultrafilter over A\ generated by Uy,. Take the ultrapower of M by j(U,). Let #: M — N be
the corresponding elementary embedding.

Suppose now that there are (in an extension V* of V') § Cohen over M functions (r; | i < ¢),
for some § > A. As above we will try to extend 7 to an embedding ' : M[(r; | i < )] —
N[(ri | i < m(5))]. Again, more Cohen functions are needed in order to preform the tusk.
However, now they need be generic only over the model M[(r; | i < ¢)] and not over V*. So,
there is a chance to find "the missing” Cohen’s inside V*.

We will show that indeed this can be done.

The paper is organized as follows. In Section 2 we describe the main idea of the paper
by dealing with a measurable x and building a single Cohen function from s to 2 over the
ultrapower. In Section 3, this is generalized to many Cohen functions. The main result is
shown there. We use the result of P. Liicke and S. Miiller [1] on fresh subsets in the last

section in order to replace k* by arbitrary regular cardinal.

2 A basic construction

Assume GCH. Let x be a measurable cardinal. Force k™ —many Cohen functions (r; | i < k™)

to kT, i.e. we force with
Cohen(k*, k") ={p|p: k" x K — 2 is a partial function of cardinality at most x}.

Let G be a generic subset. Then r;(a)) = p(i, ), where p € G and (i, ) € dom(p).

Let U be a normal ultrafilter over x in V' or the same in V[{r; | i < xT)], since no new
subsets are added to x be this forcing.
Consider jy : V — My ~ "V /U. Denote jy by j and My by M.

Then j extends canonically to

J VI i< kD] = M(rl i< (k7)) ="*V[(r; | i < &7)]/U.

Note that j”G generates the corresponding generic over M and so (1} | i < j(k™)).
Our aim here will be to show that there is (in VI[G] ) r : j(kT) — 2’s which are Cohen
generic over M[(r} | i < j(kT))].



Let us use j”x% in order to define such r.
Define () as follows:
if 8= j(a), then let 7(8) = ry(B);
if 3¢ j"k", then let v be the least such that § < j(v). Set r(8) = r},(5).

Note that each initial segment r [ 5, 8 < j(k™) of r is in M, since its definition requires
only x members from the set {r’ | v < £} and M[(r; | i < j(xk7))] is closed under
rk—sequences of its elements.

Let us argue that such r is a Cohen generic over M[(r] | i < j(kT))].

Suppose otherwise. Then there is a dense open D C Cohen(k™) in V[G] such that r |
B ¢ j'(D), for every 8 < j(kT), where Cohen(k™) is the Cohen forcing for adding a single
function, i.e.,

Cohen(k™) = {p | dom(p) € k¥ | p: dom(p) — 2}.

Note that due to < st —closure of the forcing Cohen(k™), every dense open set in the
ultrapower contains an image of one from V[G].

Let D and 1 be Cohen(k™t, k™)—names of D and r respectively. We assume for simplicity
that the empty condition forces this.

For every a < k™, pick some d,, € j'(D) such that d, > r | j(o) + 1.
Then, clearly, d, € M, since G’ does not add new bounded subsets of j(x"). Fix a function
fo 1 © — D which represents d,,.
We would like to change one value of some of f,’s.
Thus, suppose that cof(a) = 7,k > 7 > Ny and assume that there is a club C, C « such

that for every v,p € C,, if v < p, then

In this case we set f,(7) to be an element of D stronger than (Jyc (fo(7) [ 7+ 1).

For every a < k™, pick p, € G which decides f,(7) and forces that it is in D, for every
T < K.

Define

h(a) = max(sup(U dom( f,(v)),dom(p,) + 1)).

v<K
So, h: kT — k™.
Then there is a club C' C x™ such that for every a € C' and every 3 < a,

a > max(h(B), sup({max(7, p) | (7, p) € dom(ps)})).



Let (ag | € < k) be the first s + 1—th elements of C'.
Note that this sequence is constructed using only (r, | ¥ < a), due to its continuity. This
leaves r,, free.
Define a function f : k — D by setting f(v) = fa, (V).
Consider f' = j(f)(k). Clearly, by elementarity, it is in j'(D).
Claim. For everyv < k, f' [ jlaw) +1=4d,, [ j(a,) + 1.
Proof. For every v < p < K, dq, | j(a,)+1 =71 [j(a,)+1landdq, [ j(ow)+1 =7 j(a,)+1,

and hence by elementarity, the set
B, ={1<k| fo,(7) T +1=fo, (7)) +1} €U.

Set £ = A< ,<B,,. Then, by normality, £ is in U as well.
Let 7 € E be say an inaccessible. Consider «,. Then Z = {a, | v < 7} is a club in a.
Let v < p < 7. Then 7 € B,,, and so, fo,(7) [ a, +1= fo, (7) [ o, + 1.
Due to the change made in f,_(7), then

for(T) Tor = fau (7) T + 1.

v<T

By the definition of f, then for every 7 € F,

f(T) T ar = fo, (T) [ a7 = UfaV(T) lay, + 1.

v<T

Now, in the ultrapower,

F e [ < m)(8) = 5(N)) Tilar | < m)(K) = | da, T(aw) + 1.

v<k

O of the claim.
Note that | J,_, j(a;) = j({ar | 7 < K))(k), due to the continuity of the sequence. Denote
U, <. d(ar) by o™
Then, j(f)(k) [ a* =7 | a*. Also, j(f)(k) € /(D). Clearly, a* < j(c).
Recall that by the definition of h, we have that j'(h)(j(a)) < jlap41) < aF
and j'(h)(a”) < j(ov).
We have f(7) = fo.(7) and h(a,) > sup(dom(f,, (7))), for every 7 < k.
Hence, j'(h)(a") > sup(dom(j(f)(~)).
Let us now explore the fact that we are free to choose r,, .

Construct it inductively such that for every 7 < &, ro, [ [, ar11) > f(7) \ @r.
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Then, in M, r5, I [a*, j(ax)) = j(f)(r)\a". By the definition of r, then r | j(cw) € j'(D),
as forced by r,, [ a, over V[(rg | f < au)].

Contradiction.

3 Adding many Cohen functions

Suppose that for some regular A > kT, instead of K™—many Cohen functions (r; | i < k™)

we add A—many, i.e. we force with Cohen(k™, \) instead of Cohen(k*, k™).

Lemma 3.1 For every a C X and § < j(kT) such that a € M and M = |a| < j(k),
(rl@) | flaca)e M.

Proof. Note first that j”5 € M, since M is closed under xk—sequences of ordinals.
Define (in V') the set

a*={r €'\ Ja € a(r =min(j"\\ «)}.

We claim that |a*| < k, and hence, a* is in M. The rest follows by the definition of r(a)’s.
Let us proceed by induction and argue that for every n < sup(a*),|a* N 7| < k.

Suppose otherwise. Then pick the least n < sup(a*), such that |a* Nn| > k. Clearly, such n
should be a limit ordinal of cofinality x*.

Now, by the definition of a*, a N7 should be unbounded in 7. M |= |a] < j(k), hence
M = cof() < j(x).

Let b be the pre-image of a* Nn, i.e.,

b={v<A|jv) €a Nn}.

Then sup(j”b) = sup(j(b)), since we can write b as an increasing sequence (u; | ¢ < k¥) of

ordinals less than A, each element ¢ of a* N7 is then of the form j(u;), for some i < k*. So,
3(0) = j({pi |1 < w7} ={p | ¢ < ()}

We have sup(j”x") = j(k™), hence sup(;”b) = sup(a* Nn) = 1.
However M = cof(sup(j(b)) = j(cof(sup(b))) = j(xT). Contradiction.
O

Lemma 3.2 Let n < X\ be a cardinal of cofinality > k. Suppose that a C j(n) is such that
a€ M and M [ |a| < j(k). Set a* = {7 € j"n | Ja € a(r = min(j"n \ «)}. Then |a*| < k.
In particular, a* € M.



Proof. Let us proceed by induction and argue that for every p < sup(a*), |a* N u| < k.
Suppose otherwise. Then pick the least u < sup(a*), such that |a* N u| > k. Clearly, such u
should be a limit ordinal of cofinality x*.

Clearly, a N p should be unbounded in pu.

Now, M = |a| < j(k), hence M = cof(u) < j(k).

Let b be the pre-image of a* Nn, i.e.,

b={v<n|jw) ea Nu}

Then sup(j”b) = sup(j(b)), since we can write b as an increasing sequence (§; | i < k1) of

ordinals less than 7, each element ¢ of a* N7 is then of the form j(&;), for some i < k™. So,
J0) =j({& i <w"} ={& i< ()}

We have sup(j”k") = j(k), hence sup(j”b) = sup(a* N u) = p.

However M = cof (sup(j(b)) = j(cof(sup(b))) = j(xT). Contradiction.

O

Let us show a similar statement for cardinals of cofinality «.

Lemma 3.3 Letn < \ be a cardinal > . Suppose that a C (j(n)™*HM is such that a € M
and M = |a| < j(k). Let (f; | i < ™) be a scale in [T, , n™*"

Set a* = {1 € (j(n)™ ™M | Ja € aTFi < ™1 = j(f;)(K) > a A T is the least like this }.
Then |a*| < k. In particular, a* € M.

Remark 3.4 The first n like this is x™* =, *".

Proof. Note that every a < (ji(n)™ )M is of the form j(f)(k), for some f € [] vl

Since, if f : Kk — On is a function which represents «, then, by elementarity,

v<kK n

lv<k]|flv)en™tteU.

Let i, be the least i such that f; > f and a* = j(f; )(k). Then o* in a*, as witness by «
and .
Let f=(f; | i <n™). Consider f' = (f/|i < j(n™*)). Then

a* C{fip(k) i <n™)

Suppose otherwise. Then pick the least u < sup(a*), such that |a* N pu| > k. Clearly, such u

should be a limit ordinal of cofinality x*.



Clearly, a N v should be unbounded in .
Now, M = |a| < j(k), hence M = cof(u) < j(k).
Let
b= i, |a€a" Nu}.
Then sup(j"b) = sup(j(b)).We have sup(j”x*) = j(k*), hence sup({fj; (k) | i € b) =
sup(a” M p) = p.
However M = cof (sup(j(b)) = j(cof(sup(b))) = j(xT). Contradiction.
0

Lemma 3.5 Let n < X be a cardinal of cofinality k. Let (n, | v < k) be a club in n
such that cof(n,) = v, for every v < k. Let (f; | i < n™) be a scale in [[,_.n;. Let
(m, [ v < (k) =3((n | v < K)).

Suppose that a C (n. )M is such that a € M and M k= |a| < j(k).

Set a* = {r € (.M | Ja € aFi < nT(7 = j(f:)(k) > a A T is the least like this }. Then
la*| < k. In particular, a* € M.

Proof. Note that every o < (1., 7)™ is of the form j(f)(x), for some f € [],_. n}. Since, if

f : K = On is a function which represents «, then, by elementarity,
{v<kl|flv)yent}el.

Let i, be the least i such that f; > f and o* = j(f;,)(k). Then o* in a*, as witness by «
and 7.
Let f = (f; | i <nT). Consider f/ = (f/|i < j(n™)). Then

a” C{fjo(k) [i<n'}

Suppose otherwise. Then pick the least u < sup(a*), such that |a* N pu| > k. Clearly, such u
should be a limit ordinal of cofinality <™.
Clearly, a N p should be unbounded in pu.
Now, M = |a] < j(k), hence M |= cof(u) < j(k).
Let
b={iy | a€a"Nu}.

Then sup(j"b) = sup(j(b)).We have sup(j”x%) = j(k¥), hence sup({fj; (k) | i € b) =

sup(a” N p) = .
However M = cof(sup(j(b)) = j(cof(sup(b))) = j(xT). Contradiction.
0J



Lemma 3.6 Let n < A be a cardinal of cofinality k. Let n, = sup(j"n). Let p,n. < p < j(n)
be a reqular cardinal in M. Let h, be a one-to-one function which represents p, such that
for every v < K, h(v) is a reqular cardinal.

Let (fi | i <n*) be a scale in [[,_, h(v).

Suppose that a C p is such that a € M and M = |a|] < j(k).

Seta* ={r € p|Ia€adi<n™(1=j(fi)(k) > a AT is the least like this }. Then |a*| < k.
In particular, a* € M.

Proof. Note that every o < p = j(h)(k) is of the form j(f)(x), for some f € ], _, h(v).

Since, if f : k — On is a function which represents «, then, by elementarity,
{v<k]|flv)eh(v)}el.

Let i, be the least i such that f; > f and o* = j(f;,)(k). Then a* in a*, as witness by «
and .
Let f = (f; | i <nT). Consider f/ = (f/|i < j(n)). Then

a* C {fip(R) i <n"}.

Suppose otherwise. Then pick the least u < sup(a*), such that |a* N pu| > k. Clearly, such u
should be a limit ordinal of cofinality x*.
Clearly, a N p should be unbounded in pu.
Now, M = |a| < j(k), hence M = cof(u) < j(k).
Let
b={iy | a€a"Nu}.
Then sup(j"b) = sup(j(b)).We have sup(j”x*) = j(k"), hence sup({fj; (k) | i € b) =
sup(a” M p) = p.
However M = cof (sup(j(b)) = j(cof(sup(b))) = j(xT). Contradiction.
0

Lemma 3.7 Let ( < X\ be a cardinal in M. Then either

1. for some cardinal £, j(§) = ¢,

or

2. there is a cardinal €& such that

(a) cof(£) = &,



(b) sup(j”§) < ¢ < j(§).

Proof. Suppose that ( is not in the image of j. Pick then £ to be the least ordinal such that
sup(77€) < ¢ < j(§). Then cof(§) = k, since U is a normal ultrafilter over k. If £ is not a
cardinal, then |£| < £. By elementarity, in M, j(|¢]) = |7(£)]. But

J(I€]) < sup(5"€) < ¢ <j(§)

and ( is a cardinal in M. Contradiction.
U

Let us build in V[{r; | i < A\)] A—many Cohen functions mutually generic
over M[(r} | i < \)].

Proceed as follows. Split A into disjoint intervals of length k. Let Iy = [0, x") and by induc-
tion define I, = Uz, sup(s), Us.q sup(lp) + £7), for every a < A. Denote |, sup(/p)
by 7na.

In M,let (Il | a < j(A) =X) =j({{a | @« < A)).So, each I, is of the form [n],, 7., +7(kT)).
Define r(0) using I} as in the previous section. Continue similar - use I to define r(1), I}
to define r(2), and so on up to j(x). The argument of the previous section provides mutual
genericity, i.e. a genericity for Cohen(j(k™),j(k)). Now, let a € [j(k),j(k™)). Pick the least
f < kT such that sup(j”8) < a < j(8). The cardinality, in M, of the interval [sup(j”53), 7(5))
is < j(k). Let us use I g, ..., I} 5, ;) in order to build every r(v),sup(j"8) < v < j(B).
This way, using j(x")—many blocks we obtain generic functions for Cohen(j(k"),j(k1)).
The process continues similar up to j(x)*®. In order to define (r(v) | j(k)™ < v < j(k™))
we use Lemma 3.6.

Continue all the way to A using Lemmas 3.6 and 3.7.

The next lemma shows that restrictions of 7= (r(a) | @ < A) are in M.

Lemma 3.8 For every a C A and < j(kT) such that a € M and M |= |a| < j(k),
(r(a) [ Blae€a) e M.

Proof. The proof follows from the previous lemmas.
O

We need to show that 7 = (r(a) | a < \) are generic for the forcing Cohen(j(k7),\)
over M[(rl | i< \)].
Proceed as in the previous section. Suppose otherwise. Then there is a dense open D C
Cohen(k™,\) in V[G] such that 7| (a,8) = (r(a) | 5| a € a) &€ j'(D), for every a C X and

9



p < j(kT) such that a € M and M |= |a| < j(k). Just due to < k*—closure of the forcing
Cohen(k™, \), every dense open set in the ultrapower contains an image of one from V[G].
Now, by k™t —c.c. of the forcing Cohen(k™, \), thereis J C A, |J| < kT such that D depends
only on Cohen’s with indexes in J. Enlarging J if necessary, we can assume that J = j'(J*),
for some J* C X of cardinality k*. Then for every a € J there will be o* € J* such that
j@?) > a.

The rest basically repeats the argument of the previous section.

Now, using the above construction, we can deduce the following:

Theorem 3.9 Suppose that k < p are measurable cardinals. Assume GCH. Then after

forcing with Cohen(k™, ut) there will be a k—complete uniform ultrafilter over \.

Remark 3.10 Note if x was a supercompact, then it is standard to construct a generic
extension in which A is not a strong limit and still there is a uniform xk—complete ultrafilter

over . However, GCH will break down below s at many places.

Proof. We preserve the notation used above with A = pu*. Let U, be a normal ultrafilter
over . Clearly, it generates a normal ultrafilter over p in M and we will denote the generate
ultrafilter by U, as well.
So, we have

V = M — 90 M = M}

Now, force over V' with Cohen(kt, X). Let (r; | i < A) be the corresponding Cohen functions.
Then j extends to
J VI i< AN)] = M[(ri | i < N\)].

We have (r(a) | a < A) € V[(r; | i < A\)] which are Cohen(x™, \)—generic
over M[(r} | i < \)].
Extend jy, to an embedding

U MGy i< M) = M | i < o, (V)

Set T;’UM W = 7'(7), for every i < A. At places ¢ which are not images under jy,
use (r(a) | a < A).

Let us argue that such defined sequence (r | i < jy, (X)) is
a Cohen(j(k%), ju, (\))—generic over M.

By the chain condition of the forcing, it is enough to deal with j(k*)—many coordinates in

10



M only. Recall that M is an internal ultrapower of M. So this set is in M. Finally, over M,
all Cohen’s involved are mutually generic. So, we are done.

Define an extension U* of U in V[(r; | i < A)] using j* o j"
X € U™ iff A € j*(5(X)).

Clearly, it is as desired.
O

Corollary 3.11 The existence of a o—complete uniform ultrafilter over a cardinal which is

not strong limit is equiconsistent with existence of two measurable cardinals.

Corollary 3.12 Assume GCH. Let k < u be measurable cardinals. Then in a generic

extension the following hold:
1. there is an uniform k—complete ultrafilter over p,
2. 2" =nt, for every n < kK,
3. 25" > .

The above situation seems to be new, at least we do not know how to do this by standard

methods form a supercompact cardinal.

4 Beyond the successor of a measurable

Our aim here will be to replace adding Cohen functions to the successor of a measurable by
adding them to arbitrary regular cardinal.

Let x be a measurable cardinal and A > k' be a regular cardinal. Assume GCH.

We start by adding a single Cohen function to the ultrapower.
Force with Cohen(A, \). Let (r; | i < A) be the corresponding generic functions. As in the

previous section, consider
J VI i< AN)] = M[(ri | i < N\)].

Note that j(A) = .

We would like to construct » € V[(r; | i < A)] which is Cohen(\)—generic over M[(r} | i <
A)]. The problem with the previous approach is that the initial segments of j”\ are not in
M, for example j"x* & M.
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We will need a fresh subset of A over M. By P. Liicke and S. Miiller [1], there such subsets
provided that (J(A\) holds. They actually used the principal (J"¢()\, ) and we will relay on
a generic version of it.

Let us state the definition.

Definition 4.1 (Lambie-Hanson) A O™ (\, k)—sequence is a matriz

(Che |y < Ai(y) €< k)
satisfying the following statements:
1. If y € LimN A, then i(vy) < k.
2. If y € LimN A and i(y) < & < K, then Cye is a closed unbounded subset of 7.
3. Ify € LimN A and i(y) <& <& <k, then Cye C Clg.
4. If B,y € LimNX and i(y) < € < k with B € Lim(Cye), then & > i(5) and Cge = CyeNp.
5. If B,y € LimN X and 8 <y, then there is £,i(y) < & < k such that B € Lim(Cse).

6. There is no closed unbounded subset C' of A with the property that, for all v € Lim(C),
there is § < k such that C.e = C'N7y.

The following was proved by P. Liicke and S. Miiller [1]:

Theorem 4.2 Let (Ce | v < \,i(y) < & < k) be a sequence which witnesses O™\ k). Let

FUChe |7 < Ai(y) SE< k) =(Coe | v < Ai(y) <€ < j(K))
be its image in the ultrapower M. Then C' = UaeLimmC}(a)K is fresh subset of A over M
and for every o € LimN A, C' N j(a) = C]’.(a)n.

We will force ("d(), k) by approximations of size < ).
Namely, let P(O"4(\, k) be the set of all sequences (C.e | v < a+ 1,i(y) < & < k)
which satisfy the conditions (1)-(5) of Definition 4.1, for some az < A. The forcing order on
P(Omd(), k)) is end-extension.

The next lemmas are easy.

Lemma 4.3 The forcing P(O™(\, k)) is < A—strategically closed.
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Lemma 4.4 Let H C P(O™(\ k)) be generic and let (Cre | v < Ni(y) < & < k) be the
matrix generated by H.
Then (Cye | v < A,i(y) < € < k) satisfies (6) of Definition 4.1.

Proof. Just otherwise let a club C' C A be a tread. Work in V' and, using the strategic
closure, decide everything up to some a < A of countable cofinality. Then, define Cp¢’s
which disagree with C'N a.
O

Force Cohen functions (ro | a < A) over VPE™O®)  Let (! | @ < A) be the corre-
sponding Cohen’s in M and let C" C X be a fresh set constructed as in 4.2 from such generic
[Jind(\, ) matrix.
Use (1!, | @ € C") to define a new Cohen function 7.
Let 5 < A. Set r(8) =rg(B), if B € C".
If B ¢ C', then let v € C' be the least above 3. Set r(3) = 1 (8).

Let us argue that such r is a Cohen generic over M[(r} | i < \)].
Suppose otherwise. Then there is a dense open D C Cohen(A) in V[G] such that r [ 8 &
J'(D), for every 8 < A.

Let D and 1 be Cohen(A)—names of D and r respectively. We assume for simplicity
that the empty condition forces this.

For every a < A, pick some d,, € j'(D) such that d, > 7 [ j(o) + 1.
Then, clearly, d, € M, since G' does not add new bounded subsets of A\. Fix a function
fa : & — D which represents d,.
We would like to change one value of some of f,’s.
Thus, suppose that cof(a) = 7,k > 7 > Ny and assume that there is a club C, C « such

that for every v,p € C,, if v < p, then

In this case we set fo(7) to be an element of D stronger than (Jyc. (fo(7) [ 74 1).
For every a < A, pick p, € G which decides f,(7) and forces that it is in D, for every

T < K.
Define
h(a) = max(sup(U dom(f,(v)),dom(p,) + 1)).
So, h i A — A

Work in V. Pick an increasing continuous sequence (N¢ | ¢ < k) such that, for every
¢ <k,
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1. Ne = H,, for some x large enough,
2. (Ny | n=¢) € Neya,

3. |Ne| < A,

4. N¢eN A s an ordinal.

Set e = NN A
Now, using N¢’s, we construct an increasing continuous sequence of conditions. Describe
a typical successor stage. So, we deal with ¢ < k, (Cye | € < k) is defined in Ngyp. Set
i(acyr = 0,a; € Lim(Cop, ), for every o' < x, min(Cy, ¢ \ac+1) > h(a¢) and, in addition,
e | (ag, h(ag)) > f(C) \ ac, where 7 denotes min(Cy ¢ \ a¢ +1).
Note that then by (4) of Definition 4.1, Cp .y = C,

a(+177/ M OCC.

Using density arguments and < A—strategic closure of the forcing, we can pick from the
generic object (which adds (™4 (), k) and Cohens) a sequence as defined above.

Let (a¢ | ¢ < k) be such a sequence.
Lemma 4.5 In the ultrapower, we will have min(Cj, | \ o +1) > j'(h)(a").

Proof. Let 7 < k. Then min(C,, - \ ar + 1) > h(e,). Also, a, € Lim(C,,,,0). Then,
by induction, for every £ < p < &, a¢ € Lim(Cy,0). So, for every n < k, ag € Lim(Cl,,).
Hence, C,,, Nag = C’agn.
So, for every regular p,7 < p < K, min(Cy,- \ @ + 1) > h(a;).
In particular, min(C,_, \ a; + 1) > h(a,).
Now the conclusion follows.
0

Now we proceed as in the first section, only using (r, | ¢ € Lim(x)).
Then, in M', 7, [ (a*,j'(h)(a*)) > j(f)(x)\a*. By the definition of r, then r [ 1., € j'(D),
as forced by (ry. [ (a¢, h(a¢)) | ¢ € Lim(k)) over V.

Contradiction.

5 Adding many Cohen functions to A

As in the previous section, we can use the above to get more Cohen functions over M. Thus,
suppose that for some regular > A, instead of A—many Cohen functions (r; | i < ) we

add p—many, i.e. if we force with Cohen(A, ) instead of Cohen(A, ). Then, using similar

14



ideas, it is possible to build in V[(r; | ¢ < u)] p—many Cohen functions mutually generic
over M[(rl | i < w)].

The proof is similar to those of 3.9. However there are some additional points that will
be address below.

We describe two different ways for doing this.

5.1 First construction

Iterate the forcing P(CJ™4 (7, k)), for every regular 7, A < 7 < u, with Easton support. Then
we force with Cohen(\, ). Finally, split x4 into disjoint intervals of length A and proceed as
in Section 2.

Let us address cofinality « cases. The difference form Section 2 is that there the closure
of the ultrapower under k—sequences was used. Here, if A > xT, it is not closed under
< A—sequences.

Deal with a situation of Lemma 3.6. Let us build a scale (f; | i < n™) be a scale in

[T, h(v) using O™ (n*, k). Namely, for each o < n*,k < cof(a) < and 7 < &, let

fur)= U fs(m).

BeC

nt,ar

Then, in the ultrapower,

W= i),
PEC ity itarn

where C’, f" stand for the images of the corresponding sequences under the ultrapower em-

bedding j.

Now we can use the fact that C, ;) ;,,.’s cohere and each initial segment of | J !

a<nt Mjimnt).j(a)k

belongs to the ultrapower.

We obtain the following analog of 3.9:

Theorem 5.1 Suppose that k < p are measurable cardinals, \,x < X\ < u, is a reqular
cardinal . Assume GCH. Then in a generic extension with iteration of P(0™(t, k)), for
every reqular T,\ < 7 < p, followed by Cohen(\, u*) there will be a u*t—Cohen functions

over the ultrapower.

The disadvantage of the present approach is that if ;1 was a measurable in V', then it will
not be such after the iteration the indexed squares. Let us use an other preparation forcing

in order to overcome this obstacle.
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5.2 Second construction

Here we describe the construction that allows to preserve a measurability. Concentrate
mostly on new points.

First we force with (04 (\, k)). Let (Char | @ € Lim(A\), 7 < k) be a generic. Denote
V[(Crar | a € Lim(A), 7 < )] by V*. Set Ay = Uperimn) Chjiarn:
Now, let us deal with A™. Define the forcing @+ in V*. It is supposed to add a club Zy+ to
AT and Oy++ —sequence for points in Zy+ of cofinalities < .

So, let Q\+ consists of approximations of such Z,+ and such square sequences.

Formally:
p € Qy+ iff

1. dom(p) is a closed subset of A* of cardinality < A* which consists of limit ordinals and

has a maximal element,

2. for every a € dom(p) of cofinality < A which is a limit point of dom(p), p(«) is a club
of a of an order type < A,

3. if @ € dom(p) of cofinality < X and § is a limit point of p(«), then cof(f8) < A\, €
dom(p) and p(3) = p(a) N p.

@+ is ordered by the end-extension order.

The following lemmas are standard:
Lemma 5.2 The forcing Q + is < A—closed.

Lemma 5.3 The forcing Q + is A + 1—strategically closed.

Let Zy+ be generic club added by @+, i.e.,

Zy+ = | J{dom(p) | p € G(Qx+)}.

Denote by (CA** | @ € Zy+,cof(a) < A) the square sequence added by Qy+, ie.,
CPH = p(a), for some p € G(Qx+).

Let n € Zy+,cof(n) = A.
Denote by 7, the order isomorphism between Lim(\) and Lirr1(C’,7D M.
Set Cxt n.my(a)r = Ty Crar, for every o € Lim(A), 7 < k.

Note, that due to coherency, Cx+ ; r, (o), depends on m,(a) rather than on .

16



Now turn to the ultrapower. Let Z}, denotes the image of Zy+,
(C”S”Jr | v € Z! ., cof(a) < \) the image of (C’S”Jr | @ € Zy+,cof(a) < \) and
(C\t s (oyr | 1€ Z3i s c0f(n) = A, v € Lim(A), 7 < j(k))
the image of (Cx+ jx,(),r | 1 € Za+,cof () = A, a € Lim(A), 7 < k).

Set

A)\+ = (Z;\Jr N COf(Z )\)) U U{C;‘+’7777rn(j(a)):n ’ n c Z;\+, COf(T]) = )\, S le()\)}

If n has a pre-image, then U{C;\+,n,7rn(j(a)),n | @ € Lim(\)} will be fresh.
Let us argue that this remains true also in case when 7 has no pre-image.
So, fix such n and let f, : K — AT be a function which represents 7 in the ultrapower M.
We can assume that for every & < &, cof(f,(£)) = A. Let f < a < A be limit ordinals. Then
there is i* < k such that § € Cyai+, and so, for every i,i* <i < k, Cyg;i = Crai N .
Then, for every £ < k, we will have C’,\+Trfn(§>(5)i = Cmf"(@(a)iﬁﬂfn(g)(ﬂ), whenever i* < i < k.
Hence, in the ultrapower,
C>\+7r,7(j(5))i = O)\m,(j(a))z' N Wn(](ﬁ)), whenever i* < i < j(k).
In particular, Cy+r, j(8)x = Crr,(ita)x N Ty(7(3)).

We use A+ in order to define Cohen functions over the ultrapower.

Now given a C A*,a € M and M = |a| < A. Pick a function f, : K — Px(A") which
represents a. We look at the configuration of f,(v) inside Z,+ and then, if needed inside
(C’S”Jr | @ € Zy+,cof(a) < N), for every v < k. Then the function v +— the configuration of
fa(v) will represent the configuration of a in the ultrapower, which what is needed in order
to argue that restrictions of Cohen functions to the coordinates in a are in the ultrapower.

Continue to cardinals > AT in a similar fashion.
Deal with A™*. Work in V*[G(Qx+].

Definition 5.4 p € Q)++ iff

1. dom(p) is a closed subset of N™t of cardinality < A\t which consists of limit ordinals

and has a maximal element,

2. for every a € dom(p) of cofinality < \ which is a limit point of dom(p), p(«) is a club
of a of an order type < \,

3. if a € dom(p) of cofinality < X\ and  is a limit point of p(«), then cof(B) < A\, €
dom(p) and p(5) = p(a) N .
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@ ++ 1s ordered by the end-extension order.

The following lemma is obvious:

Lemma 5.5 The forcing Q\+ is < A—closed.

The next two lemmas are proved similar to 5.3.

Lemma 5.6 The forcing Qy++ is \T—distributive.

Proof.

Let f be a Qy\++—name of a function from A\* to ordinals. We need to show that f is in
VG (Qx+]-
Fix in V an increasing continuous sequence (Ng | £ < AT) of elementary submodels of H,,

for some y large enough such that
L [Nel = AT,
2. NeN AT is an ordinal,
3. (Ve | ¢ <€) € Neyu,
4. Q)‘H’,\fJ etc. are in Nj.

Denote Ne N AT by d.

Define now an increasing sequence of conditions (p; | i € Zy+).

Let ig be the first element of Zy+. Set pi, = {d;,}. Then inside N; 1[G (Qx+] find ¢ > p},
which decides f(0). Extend its domain by adding {d;,+1}. Set p;, to be such condition.
Proceed furthe? in a similar fashion at each successor stage.

If 7 is a limit point of Zy+ and (py | 7' € Zy+ M) is defined, then set ¢’ = J,_, pr. Extend
its domain by adding {d;}. Set q(d;) = {0 | V' € Zy+ Ni}.

Then extend ¢ to ¢” inside N, such that ¢” decides f(i*), where 7 is the i* element of Z,+.
Add {6;11} to its domain. Let p; be such condition. -

Now set p/ = Uiezﬁ pi. to its domain. Define p by setting dom(p) = dom(p’) U {0, },
p [ dom(p') =p’ and p(dy) = {d; | i € Zy+}.

]
Now we would like to iterate this type forcing notions for all regular cardinals

mA<n< .
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Define (over V*) an Easton support iteration (P,, Qg | a < p+ 1,8 < p) as follows.
Let ()p be trivial unless A < 8 < 1 is a regular Cardinalf.wlf B, A < B < puis aregular cardinal,
then define (Y similar to Qy+, @++ above.

Let Z, be generic club added by Q,, v < 5.

Definition 5.7 p € Q3 iff
1. dom(p) is a closed subset of 5 of cardinality < 3 with a mazimal element,

2. for every limit point « of dom(p) of cofinality < X\, p(«) is a club of o of an order type
<A,

3. if a € dom(p) of cofinality < X\ and  is a limit point of p(«), then cof(B) < A\, €
dom(p) and p(B) = p(a) N 3.

() is ordered by the end-extension order.

Require also the following:

ifp={(ps | B < )€ P,, then for every € supp(p), p | f decides max(pg).
The following lemma is an analog of 5.6:

Lemma 5.8 Let a < p be a regular cardinal. Then the forcing P, 1/G(Py) a—distributive.

Proof. The proof basically repeats those of 5.6 with obvious adaptations, but there is one
new point due to the iteration process.

Let f be a P,1/G(P,)—name of a function from a to ordinals and suppose that the
weakest condition forces this. We need to show that fis in VH[G(P,)]. Denote by Z, the
generic club in a added by G(P,).

Fix in V an increasing continuous sequence (N | € < ) such that, for every £ < a, the

following hold:

1. ]\75 = (N¢y | v € (a, 1] N Reg) is an increasing sequence of elementary submodels of

H,, for some x large enough, such that, for every 7,
(a) [Neyl <,

(b) Ngy Ny is an ordinal,

(¢) (Ney [V <) € Ney,

2. <]\7C | ( <€) € Neyas
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3. for every v and every limit £, Ng, = UC<£ Ney,

4. P,, f etc. are in Ny,.

Denote Negy Ny by gy

Define now an increasing sequence of conditions (p; = (piy | v € (o, u] N Reg) | i € Z,,).

Let ig be the first element of Z,. Find inside N; o+|G(Q,)] a condition ¢ which decides
f£(0). Add, for each v € (a, ] N Reg, d;, to the y—th coordinate of q. Note that we are in
Ni0+1a+ [G(Qa)], by Item 2 above, however some of the coordinates are outside of this model.
Let p;, be such condition.

Proceed further in a similar fashion at each successor stage.
If 7 is a limit point of Z) and (p; | V' € Z) Ni) is defined, then we first define ¢ = (¢, | v €
(o, u] N Reg) by setting ¢, = U, -, piy U {0iy}-
Note that such ¢ € Nji1,+[G(Qa)], by Item 2 above. Now, as at a successor stage, extend
q inside N 14+[G(Q4)] to ¢ which decides f(i*), where i is the i* element of Z,. Add, for
each v € («, u] N Reg, 0;, to the y—th coordinate of ¢'. Note that we are in N, 1,+[G(Qa)],
by Item 2 above, however some of the coordinates are outside of this model. Let p; be such
condition.

Finally we define p = (p, | v € (o, ] N Reg) by setting p, to be ;c, piy With {60}
added.
]

The next which lemma deals with singular o’s is similar.

Lemma 5.9 Let o < p be a singular cardinal.
Then the forcing P, 11/G(Py) is < a—distributive.

Lemma 5.10 Suppose that i was a measurable cardinal in V.

Then it remains such after forcing with P, .

Proof. We build a master condition sequence in p*—many steps similar to the argument of
Lemma 5.8.

Let U, be a normal ultrafilter over p in V' and let j, : V' — M, be the corresponding
elementary embedding. We extend it to j;; : V[G(FP.41)] — M,[G"].
Let G* N P,11 = G(P,41). Define a master condition sequence starting with A, over the
coordinate 7, (/).
Then, we pick sequence of models

(]\75 | € < pt) such that, for every & < u™, the following hold:
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1. Ne = (Neoy | v € (1, ,(p)] N Reg™*) € M, is an increasing sequence of elementary

submodels of Hﬁ/[ " for some y large enough, such that, for every =,
(a) |Ney[™ <,
(b) Ngy Ny is an ordinal,
(¢) (New [ 7' <) € Ney,
2. (Ng‘ | ¢ < &) € Netran
3. for every v and every limit &, Ng, = UC<£ Ney,

4. Pj,(u+1) ete. are in Nog.

Now we proceed as in 5.8, but only instead of deciding values of f, meet dense open
subsets of P, (,+1) which belong to M,,. This way G* is build, and so, j, extends.
O

Now, after forcing with P, we proceed as in the previous subsection.
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