ADDING A LOT OF RANDOM REALS BY ADDING A FEW
MOTI GITIK AND MOHAMMAD GOLSHANI

ABSTRACT. We study pairs (V, V1) of models of ZFC such that adding x-many random

reals over V1 adds A-many random reals over V, for some A > k.

1. INTRODUCTION

In [1] and [2], we studied pairs (V, V1) of models of ZFC such that adding x-many Cohen
reals over V; adds A-many Cohen reals over V, for some A > k. In this paper we prove
similar results for random forcing, by producing pairs (V,V}) of models of ZFC such that
adding k-many random reals over V; adds A-many random reals over V', where by x-random
reals over V', we mean a sequence (r; : ¢ < k) which is R(k)-generic over V' and R(k) is the
usual forcing notion for adding x-many random reals (see Section 2). The proofs are more
involved than those given in [1] and [2] for Cohen reals. This is because random reals, in
contrast to Cohen reals, may depend on w-many coordinates, instead of finitely many as in
the Cohen case. Also the proofs in [1] and [2] were based on the fact that the product of
Cohen forcing with itself is essentially the same as Cohen forcing, while this is not true in

the case of random forcing.

2. RANDOM REAL FORCING

In this section we briefly review random forcing and refer to [3] for more details. Suppose
I is a non-empty set and consider the product measure space 2/ %% with the standard product
measure iy on it. Let B(I) denote the class of Borel subsets of 2/*%. Note that sets of the

form
[s] = {x € 2/*“ . 2 | dom(s) = s},

where s : I x w — 2 is a finite partial function form a basis of open sets of 27%%.
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For Borel sets S, T € B(I) set
S~T < SATisnull,

where S A T denotes the symmetric difference of S and T. The relation ~ is easily seen
to be an equivalence relation on B(I). Then R(I), the forcing for adding |I|-many random

reals, is defined as

Thus elements of R(I) are equivalent classes [S] of Borel sets modulo null sets. The order

relation is defined by
[S]<[T] <= w(S\T)=0.

The following fact is standard.
Lemma 2.1. R(I) is c.c.c.

Using the above lemma, we can easily show that R(I) is in fact a complete Boolean
algebra. Let I’ be an R(/)-name for a function from I x w to 2 such that for eachi € I,n € w
and k <2, || F(i,n) =k |[r(n= pi", where

Pt =[x € 2P (i n) = k.
This defines R(/)-names r; € 2*,i € I, such that
2I><w].

| Vn <w, ri(n) = F(i,n) [[ray= 1ra) = [

Lemma 2.2. Assume G is R(I)-generic over V and for each i € I set r; = 1;[G]. Then

each r; € 2% is a new real and for i # j in I,r; # r;. Further, V|G = V[(r; :i € I)].

The reals r; are called random reals. By x-random reals over V, we mean a sequence
(r; 1 < k) which is R(x)-generic over V.
Given b = [T] € R(I) and |I|-random reals (r; : ¢ € I) over V, we say (r; : i € I) extends

b, if

Vie ILVn <w,3x € T(ur(T N[z | {{#,m):m<n}])>0and Vm <n, z(i,m) =r;(m) ).
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This simply says that if ¢ and n are given, then we can extend b to some
b=[T Nz [ {(m):m <n}]

such that b decides r; [ n. In fact, b IF“Ym < n, r;(m) = z(i,m)”. Note that if (r; : i < k)

is a sequence of |I]-random reals generated by G, then
G={[T)eR(): (r;: i €I) extends [T]}
The next lemma follows from Lemma 2.1.

Lemma 2.3. The sequence (r; : i < k) is R(k)-generic over V iff for each countable set

I Ck,I €V, the sequence (r; : i € I) is R(I)-generic over V.

3. THE FIRST GENERAL FACT ABOUT ADDING MANY RANDOM REALS

In this section we prove the following theorem, which is an analogue of Theorem 2.1 from

[1], and use it to get some consequences.

Theorem 3.1. Let Vi be an extension of V. Suppose that in Vi :

(a) Kk < X are infinite cardinals,
(b) X is regular,

(c) there exists an increasing sequence (ky : n < w) cofinal in k. In particular cf (k) = w,
(d) there exists an increasing ( mod finite ) sequence (fo : @ < A) of functions in the

product H (Fns1 \ Fn),

n<w

(e) there exists a club C C X which avoids points of countable V —cofinality.

Then adding k—many random reals over Vi produces A—many random reals over V.

Proof. There are two cases to consider: (1) : A = kT and (2) : A > x*. We give a proof for
the first case, as the second case can be proved similarly, using ideas from [1, Theorem 2.1]
(combined with the proof of the first case given below). We assume that min(C) = 0.
Thus assume that A = kT, and force to add k—many random reals over V;. We denote
them by (r,, 11,7 < k). Also let (fo : @ < KT) € V] be an increasing (mod finite) sequence

in H (Knt1 \ £n). We define a sequence (s, : a < £7) of reals as follows:

n<w
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Assume o < k1. Let o* and a** be two successor points of C' so that a* < a < a**.
Let (v, : 7 < k) be some fixed enumeration of the interval [o*, a**) with ag = a*. Then for

some ? < K, & = a,. Let k(1) = min{k <w:7,,(k) = 1}. Set

Vn < w, 8a(n) = T, (k(1)+n), fo (k) +n) (0)-

The following lemma completes the proof.
Lemma 3.2. (s, : a < r7) is a sequence of kT —many random reals over V.

Proof. First note that (r, , : 2,7 < k) is R(k X k)-generic over V5. By Lemma 2.3, it suffices
to show that for any countable set I C k™, I € V, the sequence (s, : a € I) is R(I)—generic
over V. Thus it suffices to prove the following:
for every p € R(k X k) and every open dense subset D € V
(%) of R(I), there is p < p such that p|—“(s : o € I) extends
some element of D”.

Let p and D be as above. For simplicity suppose that p = Ig(.x,x) = [2(rxm)xw] By (e)
there are only finitely many a* € C such that IN[a*, &**) # 0§, where o™ = min(C'\ (a*+1)).
For simplicity suppose that there are two o] < af in C' with this property. Let n* < w be
such that for all n > n*, for(n) < faz(n).

Let b = [T,] € D, where T, C 2% For j € {1,2}, let {a, : | < k; < w} be an
enumeration of I N [a},a}*). For j € {1,2} and | < k; let a;; = a,;, where 1j; < & is the

* 3k

") considered above.

index of aj; in the enumeration of the interval [a}, a

For every ji,j2 € {1,2}, 11 < kj,,lo < kj, and ni,ne < w set

C(j17j2al17l2an1an2) :H Saj0, (nl) 7é 30,19 (n2> || .

Claim 3.3. The set A = {(j1,42,l1,1l2,n1,n2) : b < ¢(j1,52,11,1l2,n1,n2)} is finite. Also

(jlaj?althvnl?nQ) S A Zmphes (j27j17127117n27n1) S A.

Proof. Recall that b = [T}]. By shrinking T}, if necessary, we can assume that T} is closed.
Then 27%“ \ T}y is open, so there are finite partial functions t; : I x w — 2 such that

21X\ Ty = U< [t] and for k # 1, [tx]N[t)] = 0. For each k set Q = {¢ : dom(t) = dom(s)
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and ¢ # t;}. Then each €y, is finite and 2/%¢\ [tx] = U,cq, [t]- So

7= e\ ) = (U 1)

k<w k<w tEQg

Also, as pr(Ty) > 0, we have

pr 2N\ Ty) = Z 27l < 1.
k<w

Note that p7(T3) = 1 — Y, _, 27 "I > 0. Fix an increasing sequence (n : k < w) of natural
numbers such that
1— 29\ Ty)

(f) Dkcw?2 ™ < TF @\ T

Assume on the contrary that the set A is infinite. For each k € w, choose
Xy = {(jf7u’j§7u7llf’uall2€7u’n11€’u7n12€)u) tu< 77k} cA
k, k,
such that for each U7(O[j;c,u7lllc,u,n1 w, (ajg,u7l§,u,n2 “) ¢ dom(ty). Set

k, k, kou ckuogku gk, k, k,
Y. = dom(tk) @] {(Ozj{c,qulc,u, n, u)7 (ajf’“,lg’u’ Ny u) : (jl u7j2 u7l1 u7 12 u7n1 u’nz u) S Xk}.

ok gk ko kyuys
A7 " ng ), for

This is possible, as A is infinite. We also assume all (jf ’“, j§
k < w,u < n are different. For each t € Q) let

I YV .l ! kauy g kyau
Ap={t' 1Yy —2:¢ Dt and for some u < 1,1t (ajf,uyl;f,u,nl )=t (ajg,uyl;;,u,nZ )}

Set T = nk<w(Uter(Ut’eAk’t[t/]))‘ Clearly, [ = 201 —1, [Ay,| = 22 — 2™ =
2 (21 — 1) and for each ¢’ € Ay, [t'| = [¢] + 2nk = [tr] + 2k, and so

(U CU D= 3003 u([e)) = (211 - 1y (2 - g ntezn,

tEQy t/EAL ¢ tEQy t'EAL

But we have
(Ml —1)2mk (2m — 1)2=(Utel+2m) = (1 — 277w (1 — 2~ It

and so

pi(J CU D) =@ —27m) (1 —27 ).

teQy €Nk
It follows that

P2\ T) < ey (1= (1 27)(1 — 27104
= Zk<w(27‘tk| 4+ 2 Mk 27‘tk|*77k)

= hcw 9—ltel 4 D hew2 D 9= Itr|—nr
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< Zk<w 27‘%' + Zk<w 27 + (Zk<w 27‘tk|)(2k<w 277%)
Spr29\Ty) + 2 pe 27 20N\ T) (e 27™)
<1 (by (1))-

Hence
pi(T) =1—pr(2°\T) > 0.
Set b = [T], Then b € R(I) and b < b. Also note that:
Vo € T,Vk < w, Ju < 2k, x(ajf,u7l;f,u,nlf’“) = x(ajg,u7l§,u,n§’u).

Let S’ consists of those y € 2(5%%)%X% guch that for some k < w, some u < 2¥ and some

zeT

k, k, k, k,
(1) y(fajk:,u kyu (nl u)? fa].k,ulk,u (nl u)’ nq u) = x(ajf’“l’f’“’nl u)

71 ll 1 1

k, kauy k, k,
(2) y(fajg,ulg,u (ny™), focjg,ulzzc,u (ny™),ny™) = x(a]‘g‘“l’;‘“’ ny™").

k, k,
(3) x(ajf,ulzf,u,nl ") = x(aj;c,ulg,u,nz “).

Clearly, ptyxx(S") > 0. For each y € S’ let k, denote the least k as above. Similarly, let u,

denote the least u as above. For some k < w and @ < 2, the set $” = {y € §' : k, = k and

u, = u} has positive measure. Let

q __ ", _ _ _ _ _ _ 7 _ _ _

S = {y e S y(ij,alllc,n,’Ljf,allle,a,O) = y(zj;“’ﬁl;ﬂ’ljf’alg‘a’o) = 1}.
Then fi,xx(S) :%/LKX,Q(S”) > 0 and if p = [S], then p € R(k x k) and

D IF“k(e.

~J

ﬂ) =0".

=

g

=

,ﬂ) - ,]f}(ljgc,ﬂl

N

For each y € S, if x (with k£ and ) is a witness as above, then

= 13 k717/ — P -
pH_ ;Zajf’ﬂl,;c,ﬁ (nl ) - IJf“‘j;}- ﬁlfﬂ(nllc,u)’fa fﬁlll?cﬁ( ]fu)(O)
k,a k,u k,a
= y(f(!_;;,ﬁ & a(nl/u)mfoé_;; .54 (nl u)’nl U)
Ry o Jp
= z(ara pasny™) (by (1))
J1 by
= a(0ga o nb®) (by (3))
J2 lg
k,a K, k,
= y(fa,;; a, k.0 (77‘2 u)?fa_g a,k,a (’I’L2 )777’2 ) (by (2))
EPA Jg’ g
= L @B gk (0)
EPa _ EPRN Y
k,ty s
= r‘\s.aa.fc,ﬁ k,a (TL2 u)
EPA
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Sob £l sa Fio (nh™) £ 50 pa (ngﬂ) ||, and since b < b, we have
1 2 "2

k,a k,a
b S0 pa e (M) 7 S g pa(ma™) -
170k ig’ ol

It follows that (jf’a7j§’ﬁ,lf’a, lg’ﬁm’f’ﬁ,né’ﬂ) ¢ A, which is a contradiction. The second
part of the claim is evident and the claim follows. O

Call (j,1) appears in A if (5,1) = (j1,11) for some (41, j2,11,l2,n1,n2) € A. Also set

A={(4,1): (4,1) appears in A}.

Then |A| < 2|A| is finite. Let m*, with n* < m* < w, be such that for all n > m* all of the

values
faf(n)v f’lh«h (TL), faj2712 (TL), fa;(n)v

where (j1,01), (jo,l2) € A.
Claim 3.4. There exists p1 < p such that for all (j,1) € A
p1lF “k(2) = min{k <w: 14, (k) =1} =m" "
Proof. Let S,, C 2(rXrK)Xw he defined by
Sy, ={y € (kX r)xw V(4,0 € A [(Yn<m™, y(1ji,15,n) = 0) and y(2j1,25, m™) = 1]}.

Then fi,xx(Sp,) = 271AM +1) 5 0, 50 p; = [S,,] € R(k x k). Further, for all (j,1) € A and

n<m*, prlE“r . (n) =07 also pyIF “r,, ., (m*) =17, thus for (j,1) € A,

p1lF k(1) = min{k < w: 14, (k) =1} =m" 7",

251
as required O

Before we continue, let us make an assumption on 7. For each n < w let ®,, = {(a,,,m) :
(7,1) € A,m < n} C I xw. Then for a countable subset T’ of [ xw, {x | ®, : x € T'} = 2~
for all n < w. As [Tp] = [T, UT"], so let’s assume without lose of generality that 7" C T;.

Set

J={fa;(m*+m):(j,) € Aand m <w} C k.
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Note that by our choice of m*, for all m and all (j1,01), (j2,l2) € A, fa,, (M +m) #
fo, (M* +m). Set
S={yes, :Vn<wIzecT,V(jl) € A,¥Ym<n
(y(fay (m™+m), fo, (m* +m),m) = x(a,,,m) )}

By the above remarks, S is well-defined. We also have S = Sn, where

n<w
S ={y € Sp, : Fx € Ty,,V(j,1) € A,YVm < n(y(fa, (M +m), fa, (m"+m),m) = x(a,,,,m))}.
Let

Wa = {(fa,:(m* +m), fo;, (m" +m),m) : (4,1) € A,m < n}

and
Ap ={t: Wy, —2: 32 € Ty,Y(j,0) € A,YVm < n, (y(fa;, (m*+m), fo, (Mm*+m),m) = x(a,,,m))}.

By our assumption T/ C Tj,|A,| = 2"»| and hence, trxs(Uea, [t]) = 2 iea, 2l =

2IWnlo=IWnl = 1. We have, S,, = S,, N Usen, [t]; s0

Prxr(Sn) = MHXK(SPI) + men(UteAn [t]) - /J’HXK(SPI U UteAn [t]) = IU/KXH(SPI)'

It follows that fiexx(Sp; \ S) = trexr(Unecw(Spr \ Sn) <D cw rxn(Sp, \ Sn) = 0, and

SO tixr(S) = prxr(Spy) > 0. Let p=[S]. Then p € R(k x k) and p < p.
Claim 3.5. plF“sa, : (J,1) € A) extends b”.
Proof. Suppose (j,1) € A and n < w. Let y € S. Thus we can find = € T}, such that

Vm <n (Y(fa; (m" +m), fa; (m™ +m),m) = x(a,;,,m) ).

But then
plF “salm) = sa,(m)
= L fayy (m*+m). fa, (m=+m) (0)
= yY(fa, (m* +m), fa,,(m* +m),0)
= z(a1,m)
=z(a,m)”.

The result follows. O
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We now consider those (j,1)’s, j € {1,2},1 < k;, which do not appear in A. Fix such
a pair (j,1). Also let n < w. Then there is (j1,l1) € A and such that for each m < n,
b c(f, i, ll,mm), e, b¥es,  (m) # Say,., (m)”. So there exists bji, = [Tjin] < b

such that Vm < n, bjin IF“54,,(m) = 54, ,, (M)

Note that (T, \ Tp) = 0. Since there are only countably many such tuples (j,1,n),

Hr (Un<u,(j,l)eA Tin \Tp) = 0.

This implies [Tp] = [T, UU,,<,, (j.1yea Tjin], so without loss of generality, each Ty, C Tp,

where n < w and (j,1) € A. Now Claim 3.5 implies the following:
Claim 3.6. plF“s.:a € ) extends b”.

(%) follows, which completes the proof of Lemma 3.2. O
Theorem 3.1 follows. 0

The next theorem follows immediately from Theorem 3.1 and the arguments from [1].

Theorem 3.7. (a) Suppose that V' satisfies GCH, k =, ., kn and |, ., 0(kn) = &
(where o(ky,) is the Mitchell order of k,). Then there exists a cardinal preserving
generic extension Vi of V satisfying GCH and having the same reals as V' does, so
that adding k—many random reals over Vi produces k™ —many random reals over V.

(b) Suppose V is a model of GCH. Then there is a generic extension V1 of V satisfying
GCH so that the only cardinal of V' which is collapsed in Vy is Ny and such that
adding X,—many random reals to V1 produces R, 11—many of them over V.

(c) Suppose V satisfies GCH. Then there is a generic extension Vi of V satisfying
GCH and having the same reals as V does, so that the only cardinals of V' which
are collapsed in Vi are Ny and N3 and such that adding N,—many random reals to
Vi produces X, +1—many of them over V.

(d) Suppose that k is a strong cardinal, X > k is reqular and GCH holds. Then there
exists a cardinal preserving generic extension Vi of V' having the same reals as V

does, so that adding k—many random reals over Vi produces A—many of them over

V.
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(e) Suppose that there is a strong cardinal and GCH holds. Let « < wy. Then there
is a model Vi D'V having the same reals as V and satisfying GCH below RV such

that adding RY* —many random reals to Vi produces NX:_l—many of them over V.

We can also use ideas of the proof of Theorem 3.1, to get the following theorem, which is

an analogue of [1, Theorem 3.1] for random reals.

Theorem 3.8. Suppose that V satisfies GCH. Then there is a cofinality preserving generic
extension V, of V' satisfying GCH so that adding a random real over Vi produces ¥;—many

random reals over V.

4. THE SECOND GENERAL FACT ABOUT ADDING MANY RANDOM REALS

In this section, we prove our second general result which is an analogue of Theorem 2.1

form [2]. Then we use the result to obtain similar results as in [2] for random reals.

Theorem 4.1. Suppose k < A are infinite (regular or singular) cardinals, and let V1 be an
extension of V. Suppose that in V7 :
(a) Kk < X are still infinite cardinals.
(b) there exists an increasing sequence (K, : n < w) of reqgular cardinals, cofinal in k. In
particular c¢f (k) = w.
(¢c) there is an increasing (mod finite) sequence (fo : a < A\) of functions in the product
[Th<w(Fngr \ fin)-
(d) there is a splitting (S, : 0 < K) of A into sets of size A such that for every countable

set I € V and every o < k we have |I N Sy| < No.

Then adding k—many random reals over Vi produces A—many random reals over V.

Proof. Force to add k—many random reals over Vi. Let us write them as (r; , : 9,0 < k).
Also in V| split & into k—blocks By, 0 < k, each of size k, and let (f, : & < A) € V] be an
increasing (mod finite) sequence in [, . (knt1 \ k). Let @ < X. We define a real s, as

follows. Pick o < & such that o € S,. Let ko, = min{k < w :r,,(k)} =1 and set

Vn < w, sq(n) = Tfa(n+ka)7a(0).

The following lemma completes the proof.
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Lemma 4.2. (s, : «a < \) is a sequence of A—many random reals over V.

Proof. First note that (r; , : 4,0 < k) is R(k X k)-generic over V;. By Lemma 2.3, it suffices
to show that for any countable set I C A, I € V, the sequence (s, : a € I) is R(I)-generic
over V. Thus it suffices to prove the following
For every p € R(k x k) and every open dense subset D € V
(%) of R(I), there is p < p such that pI-"(s. : a € I) extends
some element of D™.
Let p and D be as above and for simplicity suppose that p = 1g(.xx) = [277"*“]. Let
b= [T,] € D, where T, C 2I*“_ As I is countable, we can find {0, : j < @ < w} C X such

that

I=1nlJ s =Juns,,),

o< Jj<w

and each I NS, is non-empty. By (d), each I NS, is finite, say
INSy, ={aj0,---,05k,-1}
For every ji,j2 < @, l1 < kj,,la < kj, and ny,no < w set
(g1, d2:laslaynasme) = sa; 0, (n1) # Say, ., (n2) |-
The following can be proved as in Claim 3.3.

Claim 4.3. The set A = {(j1,42,l1,1l2,n1,n2) : b < ¢(j1,72,11,12,n1,n2)} is finite. Also

(41, J2, 11,12, n1,n2) € A dmplies (j2, j1,12,11,n2,n1) € A.

Let A = {j < @ : there exists (j1, jo,l1,l2,n1,12) € A with j = j1}. Then A is finite. For
each j € A, by (c), we can find n < w such that for all n > n} and of < a3 in INS,; we

have fo:(n) < faz(n).
Let

§'=[{w e 27w V) € A(Vn < nj,z(04,05,n) =0 and z(0j,05,n}) = 1)}]

Then figxx(S) = 27 M@+ 5 0 and so p/ = [$’] € R(k x k). Also, for each j € A and

I <kj, p'IF"ka, =nj". Let

S={y €8 :Vn<wdreT,Vjec AVl <k¥Vm <n (y(fa,(n]+m),0;,0) = x(ay,m))}.
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By our choice of n there are no collisions and the above definition is well-defined. Also, by

the same arguments as before, fi,;xx(S) = prxx(S") > 0.
Let p = [S]. Then p € R(k x k) is well-defined and for all @ = «aj; € I, where j € A and
I < kj, and all y € S we can find x € T} such that for m <n
Pl “salm) = ga,(m)

= Lfay, (n3+m),o; (0)
= Y(fa; (n] +m),0;,0)
= a(aji,m)
= z(a,m)”.

This implies
PIF"(Sa, J €Nl <k;) extends b

Now, as in the proof of Claim 3.6, we have the following:
Claim 4.4. plF"(s,: € I) extends b

(x) follows and we are done. O
The theorem follows. O

The following theorem follows from Theorem 4.1 and the arguments from [2].

Theorem 4.5. (a) Suppose that GCH holds in V, k is a cardinal of countable cofinal-
ity and there are k—many measurable cardinals below k. Then there is a cardinal
preserving not adding a real extension Vi of V' such that adding k—many random
reals over Vy produces k™ —many random reals over V.

(b) Suppose that V1 DV are such that:
(1) Vi and V have the same cardinals and reals,
(2) K < A are infinite cardinals of V1,
(3) there is no splitting (Se : 0 < k) of X\ in V1 as in Theorem 3.1(d).
Then adding k—many random reals over Vi cannot produce A—many random reals
over V.

(¢) The following are equiconsistent:
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(1) There exists a pair (V1,V2),Vi C Vu of models of set theory with the same
cardinals and reals and a cardinal k of cofinality w (in V) such that adding
k—many random reals over Vo adds more than k—many random reals over V.

(2) There exists a cardinal § which is a limit of §—many measurable cardinals.

(d) Suppose that Vi DV are such that Vi and V have the same cardinals and reals
and Ns is less than the first fixed point of the R—function. Then adding Xs—many
random reals over Vi cannot produce Nsy1—many random reals over V.

(e) Suppose GCH holds and there exists a cardinal £ which is of cofinality w and is
a limit of k—many measurable cardinals. Then there is pair (V1,Va) of models of
ZFC, Vi C Vy such that:

(1) Vi and Va have the same cardinals and reals.

(2) k is the first fized point of the R—function in Vi (and hence in V3).

(3) Adding k—many random reals over Vo adds k™ —many random reals over V.
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