ADDING A LOT OF COHEN REALS BY ADDING A FEW II

MOTI GITIK AND MOHAMMAD GOLSHANI

ABSTRACT. We study pairs (V, V1), V C Vi, of models of ZFC such that adding k—many

Cohen reals over V] adds A—many Cohen reals over V for some A > k.

1. INTRODUCTION

We continue our study from [3]. We study pairs (V, V1), V C V1, of models of ZFC with
the same ordinals, such that adding k—many Cohen reals over V; adds A—many Cohen reals
over V for some A > k. We are mainly interested when V and V; have the same cardinals
and reals. We prove that for such models, adding k—many Cohen reals over V; can not
produce more Cohen reals over V for x below the first fixed point of the X—function, but
the situation at the first fixed point of the N—function is different. We also reduce the large

cardinal assumptions from [1, 3] to the optimal ones.

2. ADDING MANY COHEN REALS BY ADDING A FEW: A GENERAL RESULT

In this section we prove the following general result.

Theorem 2.1. Suppose kK < A\ are infinite cardinals, and let Vi be an extension of V.
Suppose that in Vi :
(a) k < A are still infinite cardinals,
(b) there exists an increasing sequence (ky :n < w) cofinal in k. In particular cf (k) = w,
(¢) there is an increasing (mod finite) sequence (fq : o < A} of functions in the product
[lhco(Bnsr \ Bn),
(d) there is a splitting (S, : 0 < k) of \ into sets of size A such that for every countable
set I €V and every o < k we have |I N S,| < No.

Then adding k—many Cohen reals over Vq produces A—many Cohen reals over V.

Remark 2.2. Condition (c) holds automotically for X = k; given any collection F of k-

many elements of [[,, ., (Kny1\ kn), there exists f such that for each g € F, f(n) > g(n) for
1
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all large n. Thus we can define by induction on oo < KT, an increasing (mod finite) sequence

(fara<kT) in ], co(Kng1 \ Kn)-

Proof. Force to add k—many Cohen reals over V;. Split them into (r; , : 4,0 < ) and (r. :
o < k). Also in V, split k into k—blocks By, o < k, each of size k, and let (f, : a < \) € V}
be an increasing (mod finite) sequence in H (Knt1 \ £n). Let a < A\. We define a real s,

n<w

as follows. Pick o < & such that a € S,. Let k, = min{k <w :r.(k)} =1 and set

Vn < w, 54(n) =74, (n+ka),o(0)-

The following lemma completes the proof.
Lemma 2.3. (s, : a < \) is a sequence of A—many Cohen reals over V.

Notation 2.4. (a) For a forcing notion P and p,q € P, we let p < q to mean p is stronger
than q.

(b) For each set I, let C(I) be the Cohen forcing notion for adding I—many Cohen reals.
Thus C(I) = {p : p is a finite partial function from I X w into 2 }, ordered by reverse

mclusion.

Proof. First note that ((r; : 1,0 < k), (r!

o

10 < K)) is C(k x k) x C(k)—generic over V;. By
the c.c.c of C()\) it suffices to show that for any countable set I C A\, I € V| the sequence
(8 : v € I) is C(I)—generic over V. Thus it suffices to prove the following
For every (p,q) € C(k x k) x C(x) and every open dense subset D € V
*) of C(I), there is (p,q) < (p,q) such that (p,q)[-"(sq : @ € I) extends
some element of D™
Let p and D be as above and for simplicity suppose that p = g = (. Let b € D, and let
Qq, ..., @y be an enumeration of the components of b, i.e. those a such that (a,n) € domb
for some n. Also let oy, ...,0,, < k be such that a; € S,,,i =1,...,m. By (d) each I NS, is
finite, thus by (¢) we can find n* < w such that for all n > n*,1 < i < m and of < o} in

INS,, we have fox(n) < faz(n). Let
qd={(0i,n,0) : 1 <i<m,n <n*}.

Then g € C(k) and (0, q)||-"kq, > n* " for all 1 <4 < m. Let
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D= A{{fo,(n+ ka,),0:,0,b(a;,n)) : 1 < i <m,(a;,n) € domb}.
Then p € C(k x k) is well-defined and for (o, n) € domb,1 < i < m we have

(pa ‘j)Hfl—,‘iOf; (n) = Lfa,(n+ka,),0i (0) = ﬁ(fai (n + kaz)a () 0) = b(aia n)—l

i

and hence
P, DI-"(5a:a€I)extends b
(*) follows and we are done. 0
The theorem follows. 0

3. GETTING RESULTS FROM OPTIMAL HYPOTHESES

Theorem 3.1. Suppose GCH holds and k is a cardinal of countable cofinality and there
are k—many measurable cardinals below k. Then there is a cardinal preserving not adding a
real extension Vi of V in which there is a splitting (S, : 0 < k) of kKt into sets of size kT

such that for every countable set I € V' and every o < k,|I N S,| < No.

Proof. Let X be a set of measurable cardinals below x of size x which is discrete, i.e.,
contains none of its limit points, and for each £ € X fix a normal measure Ug on &. For
each £ € X let P be the Prikry forcing associated with the measure Ug and let Px be the
Magidor iteration of P¢’s, £ € X (cf. [2, 5]). Since X is discrete, each condition in Px can be
seen as p = ((s¢, Ae) : £ € X) where for £ € X, (s¢, A¢) € Pe and supp(p) = {§ € X : s¢ # 0}
is finite. We may further suppose that for each £ € X the Prikry sequence for ¢ is contained
in (sup(X N¢),E&). Let G be Px—generic over V. Note that G is uniquely determined by a
sequence (z¢ : £ € X), where each z¢ is an w—sequence cofinal in £, V' and V[G] have the
same cardinals, and that GCH holds in V[G].

Work in V[G]. We now force (S, : 0 < k) as follows. The set of conditions P consists of
pairs p = (7, (s, : 0 < k)) € V[G] such that:

(1) 7 < kT,

(2) (so : 0 < k) is a splitting of 7,

(3) for every countable set I € V and every o < &, [I N s,| < Ng.
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Remark 3.2. (a) Given a condition p € P as above, p decides an initial segment of Sy,
namely S, N7, to be s,. Condition (3) guarantees that each component in this initial segment
has finite intersection with countable sets from the ground model.

(b) Let to = UgeX x¢. By genericity arguments, it is easily seen that to is a subset of
Kk of size k such that for all countable sets I € V,|I Nty| < Vo. For each i < Kk set
t; =to+i={a+i:a€ty}. Then clearly for every countable set I € V,|INt;| < Ny. Define
$iy1 < K by recursion as so = to and s; = t;\J

i<itj fori>0. Thenp = (k,(s; : 0 <K)) €P,

and hence P is non-trivial.

We call 7 the height of p and denote it by ht(p). For p = (7, (ss : 0 < k)) and ¢ = (v, (¢, :
o < k)) in P we define p < ¢ iff
(1) 7> v,

(2) for every 0 < K, 8, NV =1,, i.e. each s, end extends t,.

Lemma 3.3. (a) P satisfies the k™ — c.c,

(b) P is < k—distributive.

Proof. (a) is trivial, as |P| < 2% = x*. For (b), fix § < k,0 regular, and let p € P and

g € V[G]F be such that
pll-"g :d — on.

We find ¢ < p which decides g . Fix in V a splitting of x into d —many sets of size , (Z; : i < 4)
(note that this is possible, as § < k are cardinals in V). Let 6 be a large enough regular
cardinal. Pick an increasing continuous sequence (M; : i < §) of elementary submodels of

(H(0),€) of size < k such that:
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For each non-limit i < 6, M;,1 NV is in V by clause (7), and so by clause (5),cfY (M; 1 N
kT) =&, where & € X, so we can pick a cofinal in M, 1 NxT sequence (0}, : a < &;), where
nt, > M; Nk, for all a < &;.
Denote by f; the first element of the Prikry sequence of &. We define a descending
sequence p; = (7, (s;» : 0 < Kk)) of conditions by induction as follows:
i=0. Set pg = p,
i=j+1. Assume p; is constructed such that p; € M; if j is not a limit ordinal, and
p;j € Mj1q if j is a limit ordinal and p; decides g [ j. Fix a bijection Y fis Zy — (ht(p)), 77%)
in M;41 and set
P = <77§;7 (8j,0 ULfi(0)} 10 € Zj) (sj0 1 0 €K\ Zj))
Clearly p’;,, € Mjy1. Let pj1 € M1 be an extension of p;-_H which decides g/(j),
limit(i). Let p; = (supj<iht(p;), <Uj<i Sjo 10 < K)).
Let us show that the above sequence is well-defined. Thus we need to show that for each
1 < 4,p; € P. We prove this by induction on ¢. The successor case is trivial. Thus fix a limit
ordinal 4 < . If p; ¢ P, we can find a countable set I € V and o < k such that I N's;, is
infinite. Define the sequence («(j) : j < %) as follows:
o if 1N (M1 \ M;)#0, then a(j) € [sup(X NE;),&;] is the least such that ni(j) >
sup(I 0 (Mj 41\ Mj)),
e a(j) = sup(X N¢&;) otherwise. Note that in this case a(j) < &} (because the Prikry

sequence for £ was chosen in the interval (sup(X N¢&),£)).

Clearly (a(j) : j < i) e V.
Lemma 3.4. The set K = {j <1 : 5; < af(j)} is finite.

Proof. Suppose not. Let p € Px,p = ((s¢, A¢) : £ € X)), be such that

pll="K is infinite .
Then p IF "{¢; : j € K} \ supp(p) is infinite 7, so by the maximum principle we can pick
j € X \ supp(p) such that p|-"¢; € K. Extend p to ¢ = ({t¢, Be) : § € X) by setting

It is easily seen by induction on j < ¢ that ht(p;) < ng, , using the facts that ng/ > M; N w7, if § is not
J J

a limit ordinal, and that ht(p;) = supr<;ht(pg), if j is a limit ordinal.
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o t¢ = s¢ and By = Ag for € # ¢,
o te, = (min(Ag \(a(j) + 1)), and Be, = A¢,\(max(te,) +1).

Then ¢ < p and q||—'_£;- > a(j)” which is a contradiction. O

Take ig < i large enough so that no point > ip is in K. Then for all j > iy we have

{; > a(j), hence 772,‘ > sup(I N (Mj41)) 2
Claim 3.5. We have

In Sio CIn (Sio,a U {fll (U)})

where i1 is the unique ordinal less than 6 so that o € Z;,.

Proof. Assume toward contradiction that the inclusion fails, and let ¢ € INs; , be such that

t ¢ 1IN (Siy0 U{fi,(0)}). As i is a limit ordinal, INs;, = I NY o Let j < i be the

i< 53,

least such that t € s;41,,. Then as t € I N M;;; and j > ig we have t < 772/,’ so that by our
J

definition of p’, ;,¢ must be of the form f;(o), where o € Z;. But then j = 7; and hence

t = fi, (o). This is a contradiction, and the result follows. O

Thus we must have I N s;, , is infinite, and this is in contradiction with our inductive
assumption.

It then follows that ¢ = ps € P and it decides g. O

Let H be P—generic over V[G] and set Vi = V[G][H]. It follows from Lemma 3.3 that
all cardinals < x and > x* are preserved. Also note that x* is preserved, as otherwise it
would have cofinality less that x, which is impossible by < k—distributivity of P. Hence V;

is a cardinal preserving and not adding reals forcing extension of V[G] and hence of V. For

o< K set Sy = U<T’<SG:U<K>>€H Ser-
Lemma 3.6. The sequence (S, : 0 < k) is as required.

Proof. For each T < k7, it is easily seen that the set of all conditions p such that ht(p) > 7

is dense, so (S, : o < k) is a partition of k. Now suppose that I € V is a countable subset

2This is trivial if I N (Mj+1 \M]) 75 @, as then 772, > 77(])(]) > SUP(I n (Mj+1 \MJ)) = sup([ N Mj+1).
J

If IN(Mjy1\ Mj) =0, then r]g, > M; Nkt > sup(I N M;) and sup(I N Mj41) = sup(I N M;), and hence
J

again 772, > sup(I N (Mjy1)).
J
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of k1. Find p = (1, (s, : ¢ < k)) € H such that 7 O I. Then for all ¢ < k,S, NI = s, N1,

and hence |S, N I]| = |s; N I] < No. O

The theorem follows. O

Remark 3.7. (a) The size of a set I in'V can be changed from countable to any fixed n < k.
Given such n, we start with the Magidor iteration of Prikry forcings above 0.3 The rest of
the conclusions are the same.

(b) It is possible to add one element Prikry sequence to each & € X.* Then Vi will be a

cofinality preserving generic extension of V.
The next corollary follows from Theorem 3.1 and Remark 2.2.

Corollary 3.8. Suppose that k is a cardinal of countable cofinality and there are k—many
measurable cardinals below k. Then there is a cardinal preserving not adding a real extension
Vi of V such that adding k—many Cohen reals over Vi produces kT —many Cohen reals over

V.

Theorem 3.9. Assume there is no inner model with a strong cardinal. Suppose Vi C Vs
have the same cardinals and reals and there is a set S € V5,58 C Kk of size k which does not
contain an infinite subset which is in Vi. Then there is § < k which is a limit of §—many

measurable cardinals of KK(Va), where IC(Va) is the core model of Va below the strong cardinal.

Proof. Note that K(V1) = K(V3) since the models V; and V5 agree about cardinals. We
denote this common core model by . First suppose that the measurables of K are bounded
below k. Let § be a bound. Then by the Covering Theorem (see [6]), every set of ordinals
of size d7 can be covered by a set in K, and hence in Vi, of the same size. Pick X C S

3The reason for starting the iteration above 7 is to add no subsets of n. This will guarantee that if ¢g is
defined as in Remark 3.2(b), then to has finite intersection with sets from V' of size 7. Using this fact we can
show as before that there is a splitting of k into k sets, each of them having finite intersection with ground

model sets of size 7. This makes the second step of the above forcing construction well-behaved.

4Conditions in the forcing are of the form pe : £ € X), where for each £ € X, pg is either of the form
g 13 3

Ag for some Ag € Ug, or ag for some a¢ < . We also require that there are only finitely many p¢’s of the

form a¢. When extending a condition, we allow either A¢ to become thinner, or replace it by some ordinal

a,;: EAE'
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of size 6. Let X* € V; be its cover of size 7. Let fx+ : 6T +» X* be in V; and Consider
X' = f;,}NX. Note that X’ € V5 is a subset of §1 of size §*, and it does not contain an
infinite subset from V3. Now deal with 6+ and X' instead of k and S.

So suppose that the measurables of I are unbounded below k. If x is regular in I, then
we are done. Assume that cf*(x) < 7 < k and the set of measurables in K below & has
order type 7. Pick in V3 some X C S of size n7. Let o = sup(X). Pick f, : k < o in V7. Set
X* = f7'"X. Find the least § < k with |X* N8| = 5. Without loss of generality we can
assume that § is a limit cardinal (just use the fact that V; and V5 have the same cardinals).
So cfd = nt. The order type of the measurables in K below § is some 1; < 7. Suppose first
that n; > 0, i.e., there are measurables below § in K. Use the Covering Theorem and find
Y C4§,Y € KCV,|Y| = sup{r < J : v is a measurable cardinal } such that ¥ D X™*.
Denote |Y| by nj. Then nf is a measurable or a singular cardinal of cofinality ¢fn;. Move
X* to a subset of nf by a function fy : Y < ny which is in V3. Now again pick §; < 7] to
be the least such that X Nd; = n* and repeat the process.

Finally we will get into a situation where there are no measurables below ¢ (or one of the
0n’s defined above). Then by the Covering Theorem, every countable subset Y of § in V5
can be covered by a set Z in K (and hence in V7) of cardinality ®;. Since V; and V3 have

the same cardinals and reals, we must have Y € V;. But this is a contradiction. O

Theorem 3.10. Suppose that Vi3 OV are such that:
(a) Vi and V have the same cardinals and reals,
(b) kK < A are infinite cardinals of V1,
(c) there is no splitting (Sy : 0 < k) of X in V1 as in Theorem 2.1(d).

Then adding k—many Cohen reals over Vi cannot produce A—many Cohen reals over V.

Proof. Suppose not. Let (r, : a < A) be a sequence of A—many Cohen reals over V' added

after forcing with C(k) over Vi. Let G be C(k)—generic over V;. For each p € C(k) set
Cp = {a < X:pdecides 14(0)}.

Then by genericity A = |J,cg Cp- Fix an enumeration (p¢ : £ < k) of G, and define a

splitting (So : o < k) of A in V4[G] by setting Sy = Cp, \ Ug, Cpe- By (a) and (c) we



ADDING A LOT OF COHEN REALS BY ADDING A FEW II 9

can find a countable I € V and ¢ < & such that I C S,. ® Suppose for simplicity that

Va € S, po|~"1a(0) = 07. Let ¢ € C(k) be such that
q|-""I € V is countable and Vo € I, ra(0)=0"

Pick (0, «) € w x I such that (0, «) ¢ supp(q). Let § = qU{{(0,),1)}. Then § € C(k),q <

q
and g||-"174(0) = 17 which is a contradiction. O
The following corollary answers a question from [1].

Corollary 3.11. The following are equiconsistent:

(a) There exists a pair (V1,V2) of models of set theory with the same cardinals and reals
and a cardinal Kk of cofinality w (in Vi) such that adding k—many Cohen reals over Vo adds
more than k—many Cohen reals over V7,

(b) there exists a cardinal 6 < k which is a limit of 6—many measurable cardinals of some

inner model of Vs.

Proof. Assume (a) holds for some pair (V4, V2) of models of set theory which have the same
cardinals and reals. Then by Theorem 3.10 there exists a splitting (S, : 0 < k) of k™ in V5
such that for every countable set I € V; and o < k,I NS, is finite. So by Theorem 3.9, we
get the consistency of (b).

Conversely if (b) is consistent, then by Corollary 3.8 the consistency of (a) follows. O

4. BELOW THE FIRST FIXED POINT OF THE N—FUNCTION

Theorem 4.1. Suppose that Vi3 OV are such that Vi and V' have the same cardinals and
reals. Suppose Vs < the first fized point of the R—function, X C Vs, X € V§ and |X| > 6T

(in V1 ). Then X has a countable subset which is in V.

Proof. By induction on § < the first fixed point of the R—function.
Case 1. 6 =0. Then X € V by the fact that V3 and V have the same reals.
Case 2. 6 = 0 + 1. We have § < N,/, hence T < Rj, thus we may suppose that
|X| < Ry Let n = sup(X) < Rs. Pick f, : Ry < n,f, € V. Set Y = f-1"X. Then
5In fact, by (c) there exist a countable I € V and some ¢ < & such that I N S, is infinite. By (a), V and

V1 have the same reals, and hence I N S, € V. So by replacing I with I N S5, if necessary, we can assume

that I C S,.
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Y C Ry, 0 <Ny and [Y| > 6+ = § T, Hence by induction there is a countable set B € V
such that BCY. Let A = f;]/B. Then A € V is a countable subset of X.
Case 3. limit(0). Let (0¢ : £ < cfd) be increasing and cofinal in ¢. Pick { < ¢fd such that

| X NNs. | > 5T. By induction there is a countable set A € V such that A C XNRs, € X, O

The following corollary gives a negative answer to another question from [1].

Corollary 4.2. Suppose V1,V and § are as in Theorem 4.1. Then adding Xs—many Cohen

reals over Vi cannot produce N511—many Cohen reals over V.

Proof. Toward contradiction suppose that adding Xs—many Cohen reals over V; produces
N511—many Cohen reals over V. Then by Theorem 3.10, there exists X C 541, X € Vj such
that | X| = Ns11(> 67) and X does not contain any countable subset from V, which is in

contradiction with Theorem 4.1. O

5. AT THE FIRST FIXED POINT OF THE N—FUNCTION

The next theorem shows that Theorem 4.1 does not extend to the first fixed point of the

N—function.

Theorem 5.1. Suppose GCH holds and k is the least singular cardinal of cofinality w which
is a limit of k—many measurable cardinals. Then there is a pair (V[G],V[H]) of generic
extensions of V. with V[G] C V[H] such that:

(a) V[G] and V[H] have the same cardinals and reals,

(b) K is the first fized point of the N—function in V[G] ( and hence in V[H]),

(c) in V[H] there exists a splitting (S, : 0 < k) of k into sets of size k such that for every

countable I € V|G] and o < k,|I N S| < No.
Proof. We first give a simple observation.

Claim 5.2. Suppose there is S C k of size k in V[H| 2 V|G| such that for every countable

A e V[G],|ANS| < Rg. Then there is a splitting (S, : 0 < K) of k as in (c).
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Proof. Let (o; : i < k) be an increasing enumeration of S. We may further suppose that
ag = 0, each o, i > 0 is measurable in V and is not a limit point of S.6 Note that for all
i < K,supj<ioj < oy \ supj<;c. Now set:
So =5,
Soe ={ag+0:1 <1<k}, for 0 <o € [supjciaj, o).
Then (S, : 0 < k) is as required (note that for 0 > 0,S, CS+oc={a+0:a € S}, and

clearly S + o, and hence S,, has finite intersection with countable sets from V[G]). O

Thus it is enough to find a pair (V[G], V[H]) of generic extensions of V satisfying (a) and
(b) with V[G] C V[H] such that in V[H] there is S C k of size k composed of inaccessibles,
such that for every countable A € V,|AN S| < N,.

Let X be a discrete set of measurable cardinals below x of size k, and for each £ € X
fix a normal measure Ug on . For each £ € X we define two forcing notions Py and Q¢ as

follows.
Remark 5.3. In the following definitions we let sup(X N &) = w for £ = minX.

A condition in P¢ is of the form p = (s¢, A¢, fe) where

1) s¢ € [E\sup(X N§)F]<2,
2) if s¢ # (0 then s¢(0) is an inaccessible cardinal,

4) maxse < minAg,

(1)
(2)
(3) Ae € Us,
(4)
(5) se =0 = fe € Col(sup(X N&)T, < &), where Col(sup(X NE)T, < &) is the Levy
collapse for collapsing all cardinals less than £ to sup(X N &)™, and making £ to
become the successor of sup(X N&)T,

(6) s¢ # 0= fe = (fl, f&) where f} € Col(sup(XN&)T, < s¢(0)) and f¢ € Col((s¢(0))*, <

£

For p,q € Pe,p = (s¢, A¢, fe) and g = (t¢, B, g¢) we define p < g iff

(1) s¢ end extends te,

6Lt f € V be such that f : k — X is a bijection, where X is a discrete set of measurable cardinals of V'
below k of size k. Then if S C k satisfies the claim, so does f[S], hence we can suppose all non-zero elements

of S are measurable in V| and are not a limit point of S.
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and s¢ # 0 = sup(ran(ge)) < s¢(0) and f} < ge.

—~ o~~~
i~
SN— N— SN~— S~—
~+
n
I
= =

= fg1 < gg and fg < gg (note that in this case we have s¢ = t¢).
We also define p <* ¢ (p is a Prikry or a direct extension of ¢) iff

(1) p<gq,
(2) Sg = tg.

The proof of the following lemma is essentially the same as in the proofs in [2, 5].

Lemma 5.4. (GCH) (a) P¢ satisfies the {7 — c.c.

(b) Suppose p = (s¢, A¢, fe) € Pe and I(s¢) = 1 (where [(s¢) is the length of s¢). Then
Pe/p = {q € P¢ : ¢ < p} satisfies the & — c.c.

(¢) (Pe, <, <*) satisfies the Prikry property, i.e given p € P and a sentence o of the forcing
language for (P, <), there exists ¢ <* p which decides o.

(d) Let G¢ be Pe—generic over V and let (s¢(0)) be the one element sequence added by
Ge. Then in V[Ge], GCH holds, and the only cardinals which are collapsed are the cardinals
in the intervals (sup(X NE)TT,s¢(0)) and (s¢(0)*F, &), which are collapsed to sup(X NE)T

and s¢(0)T respectively.

We now define the forcing notion Q¢. A condition in Q¢ is of the form p = (s¢, Ag, fe)
where
1) s € [E\sup(X N €)<Y,
2) if s¢ # (0 then for all i < I(s¢), s¢(@) is an inaccessible cardinal,
3) A¢ € Ug,
4) maxse < minAg,

(
(
(
(
(5) se =0 = fe € Col(sup(X NE)T, <€),
(

)
)
)
)
)
6) s¢ # 0= fe = (fL, f2) where f¢ € Col(sup(XNE)*, < 5¢(0)) and fZ € Col((s¢(0))*, <
£).
For p,q € Qe,p = (s¢, Ag, fe) and q = (t¢, Be, ge) we define p < g iff

(1) s¢ end extends te,

(2) Ag U (se\te) C B,
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(3) te =5 =0= fe < ge.
(4) te =0 and s¢ # 0 = sup(ran(ge)) < s¢(0) and fi < ge.
(5) te # 0 and s¢ = te = f¢ < g¢ and f2 < gZ,
(6) te # 0 and s¢ # te = sup(ran(g?)) < se(1), f¢ < g¢ and f2 < g¢.
We also define p <* ¢ iff
1) p<gq
(2) se =te.

As above we have the following.

Lemma 5.5. (GCH) (a) Q¢ satisfies the T — c.c.

(b) Suppose p = (s¢, Ae, fe) € Qg,l(se) = 2. Then Q¢/p = {q € Q¢ : q < p} satisfies the
& —cc.

(¢) (Qg, <, <*) satisfies the Prikry property.

(d) Let He be Q¢—generic over V. and let (s¢(0),s¢(1)) be the two element sequence
added by He. Then in V[H¢|, GCH holds, and the only cardinals which are collapsed are
the cardinals in the intervals (sup(X N&)TT, s¢(0)) and (s¢(0)TF,&), which are collapsed to

sup(X N&)T and s¢(0)1 respectively.

Now let P be the Magidor iteration of the forcings P¢,{ € X, and Q be the Magidor
iteration of the forcings Q¢,& € X. Since the set X is discrete we can view each condition
in P as a sequence p = ((sg, Ag, fe) : € € X) where for each § € X, (s¢, Ae, fe) € Pe and
supp(p) = {& : s¢ # 0} is finite. Similarly each condition in Q can be viewed as a sequence

p = ((s¢, Ag, fe) : £ € X) where for each § € X, (s¢, Ag, fe) € Q¢ and supp(p) = {£ : s¢ # 0}

is finite (for more information see [2, 4, 5]).
Notation 5.6. If p is as above, then we write p(§) for (se¢, Ae, fe).

We also define

7T:Q—>P

m(((se, Ag, fe) 1 € € X)) = ({s¢ | 1, Ag, fe) : § € X).
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It is clear that 7 is well-defined.

Lemma 5.7. 7 s a projection i.e.

(a) m(1g) = e,
(b) m is order preserving,

(¢) ifpeQ,q €P and g < 7(p) then there is r < p in Q such that 7(r) < q.

Now let H be Q—generic over V and let G = 7 H be the filter generated by 7 H. Then

G is P—generic over V.

Lemma 5.8. (a) if (1¢ : £ € X) and ((nd,ng) : £ € X) are the Prikry sequences added by G
and H respectively, then 7 = 772 forall € € X.

(b) The models V|G] and V[H]| satisfy the GCH, have the same cardinals and reals,
and furthermore the only cardinals of V' below k which are preserved are {w,w;} UlimX U
{re, 7, 6,67 1 €€ X}

(¢) K is the first fized point of the R—function in V[G] (and hence in V[H]).

Proof. (a) and (b) follow easily from Lemmas 5.4 and 5.5 and the definition of the projection
7. Let’s prove (c). It is clear that  is a fixed point of the R—function in V[G]. On the other
hand, by (b), the only cardinals of V' below s which are preserved in V[G] are {w,w;} U
limX U {Tg,Tgr,f,§+ : €€ X}, and so if A < k is a limit cardinal in V[G], then A € limX.
But by our assumption on &, if A € limX, then X N A has order type less than A, and hence

({w7w1}UlimXU{7’g,T§+,§,§+ : & € X})N A has order type less than Xy. Thus A < Xy. O

Let Q/G ={p € Q: x(p) € G}. Then V[H] can be viewed as a generic extension of V[G]

by Q/G.

Lemma 5.9. Q/G is cone homogenous: given p and q in Q/G there exist p* < p,q¢* < q

and an isomorphism p : (Q/G)/p* — (Q/G)/q*.

Proof. Suppose p,q € Q/G. Extend p and ¢ to p* = ((s¢,A¢, fe) : € € X) and ¢* =

((te, Be, ge) : € € X)) respectively so that the following conditions are satisfied:

(1) supp(p*) = supp(g*). Call this common support K.
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(2) For every & € K, I(s¢) = l(te) = 2. Note that then for every € K, s¢(0) = t£(0) =
Te, fe = <f51,f£2> and g¢ = (ggl,gg) where fg,gé € Col(sup(X N&)T,< 7¢) and
f2,9¢ € Col((1F, < €).
(3) For every ¢ € K, A¢ = Be.
(4) For every £ € K,dom(f}) = dom(ggl) and dom(fg) = dom(gg).
(5) For every ¢ € K, there exists an automorphism p¢ of Col(sup(X N§)*, < 7¢) such
that p{(f2) = g¢-
(6) For every & € K, there exists an automorphism pg of C’ol(Tg, < &) such that pg (fg) =
2
Ge-
We now define p : (Q/G)/p* — (Q/G)/q* as follows. Suppose r € Q/G,r < p*. Let
r = ((r¢e,Ce,he) : € € X). Then for every £ € K,re = s¢, and he = (h%,hg) where where

hg € Col(sup(X N&)*, < 7¢) and hi € COZ((T;, < §). Let
p(r) = ((te, Ce, (pg(hg), pE(hZ))) : & € K) ™ ({re, Ce, he) : £ € X\ K).

It is easily seen that p is an isomorphism from (Q/G)/p* to (Q/G)/q*.

The following lemma completes the proof.

Lemma 5.10. Let S = {n{ : £ € X}. Then S is a subset of k of size k and |[AN S| < Vo

for every countable set A € V[G].

Remark 5.11. (a) Since V[G] and V[H]| have the same reals, it suffices to prove the lemma
for A C S. In fact suppose that the lemma is true for all countable A C S. If the lemma fails,
then for some countable set A € V[G],|ANS| =Ng. Let g : w — A be a bijection in VI]G].
Then g~ '[ANS] is a subset of w which is in V[H], and hence in V|G]. Thus AN S € V[G].
Hence we find a countable subset of S in V|G|, namely AN S, for which the lemma fails,
which is in contradiction with our initial assumption.

(b) In what follows we say A codes & (for & € X ), if 77% e A

Proof. Let S be a Q/G—name for S. Also let po € H N Q/G be such that po||f(g/[g]'—14 cs

is countable™.
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Claim 5.12. For every p € Q/G and every £ € X \ supp(p) there is ¢ < p in Q/G such

that € € supp(q) and if q(€) = (s, Ac. fe). then U(s) = 2 and gl 9" s¢(1) ¢ A™.

Proof. Let p and £ be as in the claim. First pick (((t¢(0)), A¢, fe)) € G, and then let
q=p"{(se, Ag, fe)), where s¢(0) = t£(0) = 7¢ , s¢(1) < £ is large enough so that s¢(1) ¢ A,
sup(ran(fg)) < s¢(1) and s¢(1) is inaccessible. Then 7(((s¢, Ag, fe))) = (((te(0)), Ag, fe)) €
G. On the other hand 7(p) € G. Let r € G, < w(p), (((t(0)), A¢, fe)). Then r < m(g), hence

m(q) € G. This implies that ¢ € Q/G. Clearly g satisfies the requirements of the Claim. O
It follows that the set
D={peQ/G:V¢ e X\ supp(p) there exists ¢ < p as in the above Claim}

is dense open in Q/G. Let p € HN D. We can assume that p < pg. We show that p||— G]'—lf
A codes € then € € supp(p)™. To see this suppose that &€ € X \ supp(p). Thus by Claim 5.12

we can find ¢ < p in Q/G such that £ € supp(q) and if ¢(§) = (s¢, Ae, fe), then I(s¢) = 2

(Gl

and q||—Q/G ¢(1) ¢ A7 Tt then follows that ~ pH— Ts¢(1) € A7. But then by the cone

@/G
homogeneity of Q/G we have p||—Q/G se(1) ¢ A7 7. Hence p||—Q/G T A does not code £7.
This means that p||—g/[g]r/1 C {se(1) : € € supp(p)} = {n¢ : £ € supp(p)}”. Lemma 5.10
follows by noting that p € H and since the Magidor iteration is used, the support of any

condition is finite. O
Theorem 5.1 follows. O

The following theorem can be proved by combining the methods of the proofs of Theorems

3.1 and 5.1.

Theorem 5.13. Suppose GCH holds and k is the least singular cardinal of cofinality w
which is a limit of k—many measurable cardinals. Also let V|G] and V[H] be the models
constructed in the proof of Theorem 5.1. Then there is a cardinal preserving, not adding

a real generic extension V[H]|[K| of V[H]| such that in V[H]|[K] there exists a splitting

7If not, then for some p’ < p,p’ IFQ/[ ] Tse(1) € A7. By cone homogeneity of Q/G we can find ¢* <

¢,p* < p’ and an isomorphism p : (Q/G)/p* — (Q/G)/q*. But then by standard forcing arguments and the

VG-

fact that q*||—v/[g] Ts¢(1) ¢ A7, we can conclude that p*||—Q/G

s¢(1) ¢ A7, which is impossible, as p* < p/

and p’ II-V/[G] Cse(l) € AN
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(Sy : 0 < K) of KT into sets of size kT such that for every countable set I € V[G] and

o < K, [INS,| < Ro.

Proof. Work over V[H] and force the splitting (S, : 0 < k) as in the proof of Theorem
3.1, with V, V[G] used there are replaced by V[G], V[H] here respectively. The role of the
sequence UgeX x¢ in the proof of Theorem 3.1 is now played by the sequence S' = {77% €€
X} O

Corollary 5.14. Suppose GCH holds and there ezists a cardinal k which is of cofinality
w and is a limit of k—many measurable cardinals. Then there is pair (V1,Va2) of models of
ZFC such that:

(a) Vi and Vy have the same cardinals and reals.

(b) K is the first fized point of the R—function in Vi (and hence in Va).

(c) Adding k—many Cohen reals over Vo adds k™ —many Cohen reals over V;.

Proof. Let V; = V[G] and Vo = V[H][K], where V[G],V[H]|[K] are as in Theorem 5.13.

The result follows using Remark 2.2. and the above theorem. (]
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