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Abstract 

In this work a new approach to treating reactive (exchange) processes is presented. It is based on the ability of negative 
imaginary potentials (NIP) to decouple products arrangements without causing reflection and on the asymptotic behavior of 
the Hamiltonian which turns into a Toeplitz operator. The theory is developed within the discrete variable representation 
(DVR). This mixed approach is tested for the collinear H + H 2 reactive system for which accurate results were obtained. 

1. Introduction 

The formally accurate treatment of reactive (ex- 
change) scattering problems had changed its course 
significantly since the late eighties - a trend that has 
been enhanced during the nineties. Instead of devel- 
oping methods that take into account all available 
(i.e. the reagents and the products) arrangement 
channels (AC) [1-7], as for instance the one based 
on the hyperspherical coordinates [5-7], the trend 
now is to develop methods that avoid all products 
ACs without affecting the calculated (initial state- 
selected) reactive probabilities [8-20]. This has be- 
come possible following the application of negative 
imaginary (absorbing) potentials (NIP) which, under 
certain conditions, absorb quantum fluxes causing 
only negligible reflection. An important feature of a 
given NIP is its ability to absorb efficiently the 
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quantum fluxes for a large range of kinetic energies 
(a crucial requirement for molecular dynamics). 
However, it turns out that in order to fulfil this 
requirement the NIP has to extend to a relatively 
large interval (of the order of 1 ,~) which may 
sometimes double the range of the interaction to be 
considered. 

We recently developed a method similar to the 
one employing NIPs but for which the above-men- 
tioned difficulty is avoided. It is based on the asymp- 
totic representation of the Hamiltonian, which as- 
sumes what is known in mathematics as a Toeplitz 
behavior [21-25]. So far we showed by considering 
single-coordinate models (two kinds, elastic [23] and 
'reactive' [24,25]), that a method that takes advan- 
tage of this behavior can efficiently replace the NIP. 
In the present work we extend these ideas and apply 
them to a two-mathematical-coordinate reactive sys- 
tem, namely, the collinear configuration. 

The previous method, based on the NIPs, and the 
present method, based on the Toeplitz feature, be- 
long to the L 2 methods which were introduced in the 
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late sixties and early seventies [26-29]. In our early 
version we employed Gaussians to present the (trans- 
lational) wavefunction [23,24]. More recently [25] 
we based our treatment on the discrete variable 
representation (DVR) [30-32], which is used in the 
present study. 

2. Theory 

The theoretical derivation is based on the pertur- 
bative form of the Schr6dinger equation (SE) [9], i.e. 

(E  - H ) X . o  = VqJ, o, (1) 

where E is the total energy, H is the Hamiltonian, 
n o is a given initial state, q',0 is the unperturbed part 
of the wave function and is a solution of the SE 
defined in terms of the unperturbed Hamiltonian H o, 

( E  - no )  ~b,o = 0, (2) 

V is the perturbed potential defined as ( H  - H 0) and 
X, ° is the perturbed part of the total wave function 
q'.o" Thus 

~n0 = ~b.o + X.0" (3) 

In what follows we consider the collinear system 
expressed in terms of the reagents Jacobi coordinates 
and consequently the kinetic energy operator takes 
the form [33] 

h 2 02 h 2 02 

T =  2/x OR E 2m Or E. (4) 

Here /z and m are the reduced masses of the atom- 
diatom system and the diatom system, respectively, 
and R and r are the corresponding translational and 
vibrational coordinates. Our approach, to be pre- 
sented next, is based on two features which were 
already used in previous scattering studies: 

(a) Along a certain range of the vibrational coor- 
dinate [ ri, r I + A r I ] is defined a NIP [34]. This NIP 
is expected to absorb the (reactive) flux when r > r r 

(b) Along the translational coordinate we make 
use of the fact that as R becomes larger than a given 
(asymptotic) value Ras the Hamiltonian H becomes 
a Toeplitz operator (to be shown later) and conse- 
quently the translational component of the wave 
function can be expanded in terms of L 2 basis sets 
[26-29]. 

To continue we employ the DVR within which 
the derivatives are expressed in terms of finite differ- 
ences in the form [32] 

f " ( x i ) =  ~, t j_ i f (x j ) ,  (5)  
j ~  - -  oo 

where 

__,ft.2 
t k=  3o.2 , k = 0 ,  

-2(-1) 
tk= kEo- 2 , k# :0 .  (6) 

Here o- is the grid size and Eq. (5) is an 'infinite- 
point' formula to evaluate the second-order deriva- 
tive. It may be important to mention that Eqs. (5) 
and (6) are for a fully infinite (rather than semi-in- 
finite) interval with respect to R and r. Employing 
Eq. (5) one may convert Eq. (1) into a set of 
algebraic equations where the values of X at the grid 
points (gp, rq)= (po-, qo-) are the unknown vari- 
ables to be derived. Thus 

E E Aqpq'p'Xnoq' p' =Znoq p, (7)  
q'=O p'=O 

where 

h 2 
Aqpq,p, = [ E - U( Rp, r q)] ~qq,~pp, -~- ~--~tp, p~qq, 

h 2 

+ 2m tq,_q$pp, (8) 

and 

Znoqp = V(Rp, rq)~,o(Rp, rq). (9) 

Here U(R, r) is the full potential. In the asymptotic 
region U(R, r) becomes dependent on r only, 
namely 

lim U(R,  r) = v ( r ) ,  (10) 
g - - ~  z¢ 

where v(r) is the vibrational potential of the diatom. 
To make the calculation relevant for a reactive pro- 
cess a NIP, v~(r), is added to U(R, r) in an ad-hoc 
way, thus forming UI(R, r). The potential UI(R, r)  
replaces U(R, r) in Eq. (8) which causes the Hamil- 
tonian to become complex. We now return to treat 
Eq. (7). Due to the above-mentioned asymptotic 
behavior we get for Eq. (7), once p becomes large 
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enough (larger than P0), that (a) the matrix elements 
Aqpq,p, become independent of p (or, in other words, 
the infinite part of A is independent of p) and (b) the 
perturbation potential V(Rp, r) becomes zero. The 
above-mentioned feature of A, in addition to its other 
features as shown in Eq. (8), implies that this part of 
A has a Toeplitz structure [25], namely, for p > P0 
the matrix elements along the various diagonals be- 
come constants (not dependent on p). This and the 
fact that the inhomogeneity, for large values of p, 
becomes zero enable us to treat the infinite part of 
the system of equations given in Eq. (7) analytically. 
Such treatments were done in some of our previous 
publications [23-25] and we will refer to that here 
only briefly (in what follows the index n o will be 
omitted unless it is explicitly introduced again). For 
the asymptotic region we assume the solution Xqp 
(= X(Rp, rq)) to be of the form 

Xqp = exp(iOp)c~q, for P>~Po, (11) 

where 0 and ~bq, q = 0, 1 . . . ,  are constants to be 
determined. Substituting Eq. (11) and Eq. (8) in Eq. 
(7), multiplying the resultant expression by 
exp( -  i Op) and changing the index of summation 
from p' to j (=  p' - p) yields for p > P0 

E ( E - -  Uq,)~jO~qq, q- ~--~tj~qq,-[- ~mlq,  q~jo 
j.q' 

× exp(i0j) thq, = 0, (12) 

or 

¢~q[~j ( (E-uq)~jo+ ~-~tj) exp(i0j)]  

h 2 
+ 2m ~.,tq,_qC~q, O. (13) q' 

The summation over j can be done analytically (see 
Ref. [23]) and consequently Eq. (13) becomes 
h2 ( h202 ) 

Etq ' -q~q '  -t- E - - -  Vq ~bq = 0, (14) 
2m q, 2p, o "2 

and recalling Eq. (5) we get for Eq. (14) the ordinary 
eigen-equation for the diatomie potential v(r), 
namely, 
h2 0 2 ( h20 2 ) 
2m Or icb(r) + E 2/zo.2 u ( r )  ~b(r) = 0 .  

(15) 

Thus if G are the eigenvalues of Eq. (15) then the 
values of 0, namely, On are determined to be 

or 
On = -~ ~/2/x(E - e . ) ,  (16) 

or in other words the 0., n = 0, 1 , . . . ,  are identified 
as k.o- where k. is the nth wave vector. The 
eigenfunctions ~b.(r)which are solutions of Eq, (15) 
are assumed to be normalized. 

The eigenvalue problem encountered in the pro- 
cess of solving 0 and ~bq causes Xqp to be pre- 
sented, for any p >_-P0, in the form 

Xqp = E exp( i On p ) ~bnqTnno , (17) 
n 

where T.. o, n = 0, 1 . . . . .  are coefficients still to be 
determined (as will be shown later their values will 
also depend on the initial state no). The fact that Xqp 
is now analytically known will be used to convert 
the infinite system of equations (see Eq. (7)) to a 
finite system. For this purpose we consider the fol- 
lowing (infinite) sum: 

E EAqpq'p'Xq'. ' 
p'= po q' 

oc 

= E Eaqpq'p'Eexp(iOnp')6nq'T.no " (18) 
P'=Po q' n 

The next step is to eliminate the unknown T.n ° 
coefficients and this we do by extracting them em- 
ploying Eq. (17) at p = P0. Multiplying Eq. (17) by 
exp(-iO.,po)~b., q and summing over q (the ~bq are 
an orthonormal set of functions with respect to the 
DVR grid points) yields for T.,.o the result 

T.,.o = exp(- iO. ,p)  ~ ~b.,q Xqp" (19) 
q 

This is a correct result for each p >/P0 and therefore 
also for p =P0. Substituting Eq. (19) in Eq. (18) 
yields the result 

E Eaqpq'p'Xq'p ' 
p'=po q' 

oo 

= E Eaqpq,p, EA(q~'q),,Xq,,p o, (20) 
P'= Po q' q" 

where A~'q!, is defined as 

A~q!,= ~ 4~,q,, exp[iO,(p'-po)]4~,q,. (21) 
n 
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Eq. (20) can also be written as 

E EAquqle'Xq'e '= EAqpq'poXq'po , (22) 
P'=Po q' q' 

where 
o¢  

Aqpq'po = E EAqeq"poA(qe"~ '. (23) 
P'=Po q" 

Following the above analytical treatment, Eq. (7) 
is reduced to a finite system of equations expressed 
in terms of the finite matrix A which is defined as 
follows: 

o¢ 

aqpq,p, = E E a qpq.p,, A(q~,;!, for p' = P0,  
p"=po q" 

Aqpq,p, =Aqpq,p, for p'  <P0- (24) 

Although it may seen that the modified Eq. (7) is 
still infinite with respect to q' it is in fact finite due 
to the NIP defined along r, which causes the wave 
function X to become zero for large values of q' 
(and q). 

Once the modified Eq. (7) is solved, the values of 
X become known for every grid point (p ,  q). This 
applies also for Xqpo, q = 0, 1 . . . .  , which, by em- 
ploying Eq. (19), will be used to calculate the Tnmo, 
n -- 0, 1 . . . . .  coefficients. Having solved for the Tnn0, 
it can be shown that the state-selected reactive transi- 
tion probability from an initial state n o is given in 
the form 

P n o = l - E I ~ n ' n o + ~ T n ' n o  
11 I 

×exp[ - i (0~ 'P0  + q~no)] ]2, (25) 

where ~o is the n0th elastic phase shift (derived 
from Eq. (2)). 

3.  R e s u l t s  

In order check whether these ideas are applicable 
we present results for the collinear 

n + n 2 ( v )  --> H 2 + H (26) 

reaction. In Fig. 1 are presented state-selected reac- 
tive probabilities for three initial vibrational states 
i.e. c = 0, 1, 2 as computed for several different  Rpo 

1.0 I I I 
(c) o , o 

0 . 8 -  

0 . 6 -  

0 . 4 -  

0 . 2 -  

0.0 I I 
1.0 I r I 

(b) 
0 . 8 -  

~ 0 . 6 -  

~ 0,4 - 

~ 0 . 2 -  

0.0 - 
1.0 i ~ ~ i I I 

- e  x (~ 
0 . 8 -  ~ -  

0.6- 

0.4-  

0.2- i 

0.0 I I I r 
0.4" 0.6 0,8 1.0 1.2 1.4 1.6 

Energy (eV) 

Fig. 1. State-selected reactive probability as a function of total 
energy as calculated for the collinear H+H2(v) system. ( ) 
Accurate results (Ref. [35]); ( 0 )  present results as calculated for 
Rp = 4.0 A; (Q) present results as calcula~d for Rp = 3.5 A; (O) 
present results as calculated for Rp = 3.0 A; (©) present results as 
calculated for Rp = 2.5 ,~. (a) Probabilities for v = 0; (b) proba- 
bilities for v = 1; (c) probabilities for v = 2. 

values, namely, Rpo = 4.0, 3.5, 3.0, 2.5 .A. All calcu- 
lations were done for a linear ramp NIP (substituted 
along r only) which is 1 ,~ wide and 0.3 eV high. 
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The present probabil i t ies are compared with results 
obtained by an established method [35]. As  can be 
seen, the results calculated for the three first Rp0 
values are close to each other and for all practical 
applications are similar to the published ones. (We 
allow ourselves to claim that for v = 2 our results 
are probably more accurate than the ones found in 
Ref. [35].) It is also seen that as Rpo = 2.5 .~ the 
deviations from the accurate results increase but still 
in most cases the two types of  results are reasonably 
close to each other. The only exceptions are the 
v = 2 probabil i t ies which are off mainly because at 
Rpo= 2.5 A the second excited eigenvalue and 
eigenfunction are not accurate, enough, anymore, 
The fact that the results are hardly changing although 
the values of Rpo are made relatively small is en- 
couraging. For instance at R = 2.5 A the system is 
rather far from being at the asymptotic region but 
nevertheless the assumption concerning the Toepli tz 
behavior seems to be satisfied. 

An important outcome of this study is the fact that 
only 100-200  DVR points (depending on the energy 
and the value of Rpo) were required to do the 
calculations. This small number does not only sup- 
port our findings in the recent study of the Eckart 
potential [25] but is also similar to the number of the 
L 2 basis functions we employed in the treatment of 
the collinear H + H 2 system [11]. The fact that the 
dimensions of  the matrices in both cases are compa- 
rable makes the DV R-Toep l i t z  approach, as com- 
pared to the basis s e t - N I P  approach, much more 
attractive because no integrations (to form the matrix 
elements) are required. 

4. Conclusions 

In this work is presented a new numerical ap- 
proach to treat reactive (exchange) processes, an 
approach which belongs to the L 2 family methods. It 
is based on a mixed procedure: along the vibrational 
coordinate of the reagent molecule a NIP is substi- 
tuted to absorb the flux that f lows into the products 
ACs whereas to treat the reagents (translational) 
asymptotic region we make use of  the Toepli tz struc- 
ture of  the Hamiltonian operator. The actual numeri- 
cal treatment is carried out within the DVR. To test 
this approach we calculated state-selected reactive 

probabil i t ies that were found to be in good agree- 
ment with results of  an established method. 

The Toeplitz approach to treat scattering problems 
was introduced several years ago. Until recently it 
was only applied to single-coordinate systems [23 -  
25]. Here, we applied it to a realistic reactive system. 
The approach as presented is based on both the NIPs 
and the Toeplitz behavior. It is our intention to 
extend this approach by eliminating the NIPs alto- 
gether (without losing any of the advantages gained 
by applying them) and base it on the Toeplitz fea- 
tures only. 

References 

[1] W.H. Miller, J. Chem. Phys. 50 (1969) 407. 
[2] M. Baer and D.J. Kouri, J. Chem. Phys. 56 (1972) 1758, 

4840. 
[3] A. Kuppermann, G.C. Schatz and M. Baer, J. Chem. Phys. 

61 (1974) 4362; 65 (1976) 4596. 
[4] R.B. Walker, E.B. Stechel and J.C. Light, J. Chem. Phys. 69 

(1978) 2922. 
[5] R.T Pack and G.A. Parker, J. Chem. Phys. 87 (1987) 3888. 
[6] L.M. Launay and B. Lepetit, Chem. Phys. Letters 144 (1988) 

346. 
[7] G. Hauke, 1. Manz and J. Romelt, J. Chem. Phys. 73 (1980) 

5040. 
[8] D. Neuhauser and M. Baer, J. Phys. Chem. 93 (1989) 2872. 
[8] D. Neuhauser and M. Baer, J. Phys. Chem. 94 (1990) 185. 
[9] M. Baer, D. Neuhauser and Y. Oreg, J. Chem. Phys. Faraday 

Trans. 86 (1990) 1721. 
[10] I. Last and M. Baer, Chem. Phys. Letters 189 (1992) 84. 
[11] I. Last and M. Baer, Advan. Mol. Vib. Coll. Dyn. A 2 (1994) 

85. 
[12] M.S. Child, Molec. Phys. 72 (1991) 89. 
[13] D. Neuhauser, R.S. Judson, D.J. Kouri, D.E. Adelman, N.E. 

Sharer, D.A. Kliner and R.N. Zare, Science 257 (1992) 519. 
[14] T. Seideman and W.H. Miller, J. Chem. Phys. 96 (1992) 

4412. 
[15] Y. Huang, W. Zhu, D.J. Kouri and D.K. Hoffman, Chem. 

Phys. Letters 206 (1993) 96. 
[16] D.J. Kouri, M. Arnold and D.K. Hoffman, Chem. Phys. 

Letters 203 (1993) 166. 
[16] N. Balakrishnan and N. Sathyamourthy, Chem. Phys. Letters 

201 (1993) 294. 
[17] G.B. Balint-Kurti, F. Gotgas, S.P. Mort, A.R. Offer, A. 

Lagana and O. Gervasi, J. Chem. Phys. 99 (1993) 9567. 
[18] D.H. Zhang and J.Z.H. Zhang, J. Chem. Phys. 100 (1994) 

2697. 
[19] D. Neuhauser, J. Chem. Phys. 100 (1994) 9272. 
[20] S.M. Auerbach and C. Leforestier, Comput. Phys. Commun., 

to be published. 



304 D.M. Charutz et al. / Chemical Physics Letters 244 (1995) 299-304 

[21] U. Grenader and G. Szego, Toeplitz forms and their applica- 
tions (University of California, Berkely, 1958). 

[22] A. Baram, Molec. Phys. 41 (1980) 823. 
[23] M. Gilibert, A. Baram, I. Last, I4. Szichman and M. Baer, J. 

Chem. Phys. 99 (1993) 1007. 
[24] S. Ron, E. Eiseberg, M. Gilibert and M. Baer, Phys. Rev. A 

49 (1994) 4549. 
[25] E. Eiseberg, S. Ron and M. Baer, J. Chem. Phys. 101 (1994) 

3802. 
[26] J. Nuttal and H.L. Cohen, Phys. Rev. 188 (1969) 1542. 
[27] S. Murtaugh and W.P. Reinhardt, J. Chem. Phys. 57 (1972) 

2129. 
[28] E.J. Heller and H.A. Yamani, Phys. Rev. A 9 (1974) 1201, 

1209. 

[29] W.H. Miller and B.M.D.D. Jensen-Op de Haar, J. Chem. 
Phys. 86 (1986) 6213. 

[30] D.O. Harris, G.G. Engerholm and W.D. Gwinn, J. Chem. 
Phys. 43 (1965) 1515. 

[31] J.C. Light, I.P. Hamilton and J.V. Lill, J. Chem. Phys. 82 
(1985) 1400. 

[32] D.T. Colbert and W.H. Miller, J. Chem. Phys. 96 (1992) 
1983, 

[33] M. Baer, in: Theory of molecular reaction dynamics, Vol. 1, 
Ed. M. Baer (CRC Press, Boca-Raton, 1985) ch. 3. 

[34] D. Neuhauser and M. Baer, J. Chem. Phys. 91 (1989) 4651. 
[35] D.K. Bondi, D.C. Clary, J.N.L. Connor, B.C. Garrett and 

D.G. Truhlar, J. Chem. Phys. 76 (1982) 4986. 


