The Felsenstein 1981 Model (F81) of nucleotide substitutions 
Background material needed:
This model is an extension of the Jukes and Cantor (JC) model. Please make sure you have read out summary of on the JC model before reading this text, as we plan to use the same notations and concepts. The JC model description is found in: http://www.tau.ac.il/~sternadi/jc.PDF
Introduction
In 1981 Dr. J. Felsenstein wrote his famous paper (Evolutionary tree from DNA sequences: a maximum likelihood approach. J. Mol. Evol. 17:368-376) which describe the maximum-likelihood method for phylogenetic reconstruction. Although not the main part of the paper, the work also describes a novel Markov model for DNA substitution, which is an extension of the JC model. While the assumption in the JC model is that probability of change from any state to any different state is always equal, in the F81 model, we assume that the probability of change from state i to state j is proportional to the frequency of state j. Similar to the JC model, we also assume that the different sites in the sequence are independent.

In this text, we will relate to states which are nucleotides. One can easily restate the proofs here with any other state (such as amino acids or codons).

Characterizing the model
Therefore, looking at states that are nucleotides, we get:
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Each item in the matrix represents a substitution probability. For instance, row 3, column 2 represents the probability to change from G to C in time t. f(t) is a function of the evolutionary time (t). Since we assume that the probability of substitution is proportional to the frequency, we obtain

pij(t) = f(t)πj for i≠j.
In the case the i=j, we can compute pii(t ) based on the fact that each raw in equation 1 should sum to 1. Thus, for example 
PAA(t) = 1-PAC(t)-PAG(t)-PAT(t)=
=1- f(t)πC- f(t)πG- f(t)πT=1- f(t)(πC+πG+πT).
Now, since πA+πC+πG+πT=1 we obtain πC+πG+πT=1- πA. Thus:
PAA(t)=1-f(t)( 1- πA) = f(t) πA+1-f(t)
Calculating f(t)
Our goal is to get an explicit expression for f(t). Similar to what we do in the JC model, we compute the matrix P’(t) by taking the derivation with respect to t from both sides of equation 1, to obtain:
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Now, the elements in the diagonal can be rewritten as
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 (3)
Now, recall from the JC model that P’(t) = P(t)P’(0). Writing P’(0) = Q we obtain P’(t) = P(t)Q. Solving this equation we obtain P(t) = eQt .
If we denote f’(0) by α, and we write the equation P’(t) = P(t)Q explicitly we obtain:
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 (4)
We will now develop the expression for PAC(t). 

By multiplying row 1 in the first matrix (P(t)) with column 2 in the second matrix (Q) we get:
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Substituting P’AC(t) with 
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and simplifying the equation by dividing both sides by 
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Thus,
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Obtaining:
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To calculate c:
Since PAC(0)=0 and since 
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we obtain f(0)=0.
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(5)
Obtaining f(t) we can rewrite equation 1:
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In a shorter way, this matrix can be written as:
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Here the delta is Kronecker's delta:
[image: image18.png]5.1 di=j
=0 i)




Calculation of α
The value if alpha can be set by solving the equation below, which set the average rate to be 1:
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THE END!
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