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Classical Morse Theory

Marston Morse, 1892–1977
� 1925: “Relations between the

critical points of a real function
of n independent variables”.

� 1934: “Calculus of variations in
the large”.

M manifold. What’s the relation between topology of M
and smooth functions f : M → R ?
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� Critical points:
p ∈ Crit(f) ⇔ dfp = 0.

� Hessian: p ∈ Crit(f),

Hessp(f) =
(

∂2f
∂xi∂xj

)
i,j

.

� f : M → R is Morse function
if ∀p ∈ Crit(f), Hessp(f) is
non-degenerate.

� Index: p ∈ Critf ,
ip := # negative eigenval-
ues of Hessp(f).
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� Local model: p critical point with ip = k =⇒ near p

f(x1, . . . , xn) = f(0) − x2
1 − · · · − x2

k + x2
k+1 + · · · + x2

n.
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� Local model: p critical point with ip = k =⇒ near p

f(x1, . . . , xn) = f(0) − x2
1 − · · · − x2

k + x2
k+1 + · · · + x2

n.

� p = max ⇒ ip = n, p = min ⇒ ip = 0.

Do Morse functions exist?...Almost every function
f : M → R is Morse !
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What happens when we pass through a crit point ?
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What happens when we pass through a crit point ?

f
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Topology of level sets changes

– p.5



What happens when we pass through a crit point ?

f

R

After min. manifold looks like a disk

– p.5



What happens when we pass through a crit point ?

f

R

Then we attach a handle of index
ip = 1

– p.5



What happens when we pass through a crit point ?
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...diffeomorphic picture
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What happens when we pass through a crit point ?
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What happens when we pass through a crit point ?

f

R

Then we attach another handle of
index ip = 1
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What happens when we pass through a crit point ?

f
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...diffeomorphic picture
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What happens when we pass through a crit point ?

f

R

Finally we attach a handle of index
ip = 2
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What happens when we pass through a crit point ?

f

R

Summary: after crit point of index k,
we attach a handle of index k.
Topology changes in a standard
way!
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What happens when we pass through a crit point ?

f

R

The same happens in higher dimen-
sions too!
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What happens when we pass through a crit point ?

f

R R

g

Different Morse functions give different ways to build M .
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What happens when we pass through a crit point ?

f

R R

g

Different Morse functions give different ways to build M .

Corollary: A generic smooth function f : T2 → R must
have at least 4 critical points.
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Gradient flow: γ̇(t) = −∇f(γ(t)), t ∈ R.
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f : T2 = S1 × S1 → R, f(θ1, θ2) = cos(θ1) + sin(θ2).
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f : T2 = S1 × S1 → R, f(θ1, θ2) = cos(θ1) + sin(θ2).
Crit points: x0(ind = 0), x′1, x

′′
1(ind = 1), x2(ind = 2).

x0x′1

x′′1

x0

x′1x0

x2

x0

x′′1

Graph Γf

Vertices: crit points x ∈ Crit(f).
Edges: If iy = ix − 1 draw edge
x→ y ∀ trajectory from x to y.
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f : T2 = S1 × S1 → R, f(θ1, θ2) = cos(θ1) + sin(θ2).
Crit points: x0(ind = 0), x′1, x

′′
1(ind = 1), x2(ind = 2).

x0x′1

x′′1

x0

x′1x0

x2

x0

x′′1

Graph Γf

Vertices: crit points x ∈ Crit(f).
Edges: If iy = ix − 1 draw edge
x→ y ∀ trajectory from x to y.

x2

x′1

x0

x′′1

Thm: If iz = ix − 2 then
# of length 2 paths from x to z
is always even.
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x0

f

x2

R

– p.8



Another example: the sphere

x0

f

x2

R

x2

x0

– p.8



Another example: the sphere

x0

f

x2

R

x2

x0 x0

x1

x′2

x′′2

f

R

– p.8



Another example: the sphere

x0

f

x2

R

x2

x0 x0

x1

x′2

x′′2

f

R

x1

x0

x′2 x′′2

– p.8



Another example: the sphere
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f

x2

R

x2

x0 x0
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x′2

x′′2

f

R

x1

x0

x′2 x′′2

Proof: iz = ix − 2 =⇒ space of trajectories x→ z is
parametrized by a compact 1-dimensional manifold with
boundary.
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Another example: the sphere

x0

f

x2

R

x2

x0 x0

x1

x′2

x′′2

f

R

x1

x0

x′2 x′′2

Proof: iz = ix − 2 =⇒ space of trajectories x→ z is
parametrized by a compact 1-dimensional manifold with
boundary.Boundary = broken trajectories.The point is
that a 1-dimensional compact manifold has an even
number of boundary points.
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x

z

y y′

Broken trajectories x→ z come in pairs!
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Morse homology

f : M → R Morse function.
Ck :=

⊕
ix=k

Z2 · x, vector space spanned by ind = k crit points
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f : M → R Morse function.
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⊕
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Z2 · x, vector space spanned by ind = k crit points
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∑
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⇒ d(Ck+1) ⊂ ker d|Ck

. (Chain complex)

Homology: Hk(M, f) :=
(
ker d|Ck

)
/d(Ck+1)

Thm: The groups Hk(M, f), k = 1, . . . , n, don’t depend
on f (upto iso). They are a topological invariant of
M .(We write H∗(M))
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H0(S
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x′2
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f
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x′2 x′′2
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d(x1) = 0.
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x1
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x′2 x′′2

d(x′2) = d(x′′2) = x1,
d(x1) = 0.
H2(S

2) ∼= Z2(x
′
2 + x′′2),

H1(S
2) = 0,

H0(S
2) = Z2x0.

Isomorphic result

For T2: H2 = Z2, H1
∼= Z2 ⊕ Z2, H0 = Z2.
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Algebraic operations (Betz-Cohen, Fukaya etal.)

f, g, h : M → R (generic) Morse functions.
x ∈ Crit(f), y ∈ Crit(g), z ∈ Crit(h).
If iz = ix + iy − n:

x

y

z

−∇f

−∇h

−∇g

(x, y) 7→
∑

iz=ix+iy−n

n(x, y, z)
Z2
z

Hk(M) ⊗Hl(M) −→ Hk+l−n(M).

Associative ring.
Unity = [max] ∈ Hn(M).

Many more algebraic operations A∞-category.
(Fukaya etal.)
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Credits

René Thom

1923 - 2002 Stephen Smale Edward Witten

� Thom (1949): “Sur une partition en cellules associée
à une fonction sur une variété.”

� Smale (1961): “Generalized Poincaré’s conjecture in
dimensions greater than four.”

� Witten (1982): “Supersymmetry and Morse theory.”
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Symplectic Geometry

(M 2n, ω). ω = diff. 2-form. ∀u, v ∈ Tx(M), ω(u, v) ∈ R
Locally (R2n, ωstd = dp1 ∧ dq1 + · · · + dpn ∧ dqn).
Or in “Complex coordinates”: ωstd(u, v) = −Im〈u, v〉.

(M 2n, ω) R2n(q1, p1, . . . , qn, pn)

q

u

≈

p

v

Tx(M)

x

“Flat structure”, no local invariants !

Origins: classical mechanics, calculus of variations
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∂qi
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� J -holomorphic disks: D ⊂ C unit disk.
u : (D, ∂D) → (M,L) that satisfies Cauchy-Riemann

eq. Nonlinear
elliptic PDE

{
∂u
∂x

+ Ju(x,y)
∂u
∂y

= 0

u(z) ∈ L, ∀z ∈ ∂D

u

D

L
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simply connected ⇒ u(∂D) is contractible in
L.⇒ 0 =

∫
∂D
u∗λ=

∫
D
u∗ωstd �

Mikhail Gromov

� 1985: “Pseudo holomorphic curves in
symplectic manifolds.”
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Thm(Buhovski 2004): L ⊂ T ∗(Sn), n = odd, π1(L) = 1
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Info on topology of Lagrangians has applications to... ...
algebraic geometry.

Many algebro geometric situations (e.g. degenerations)
 Lagrangian spheres.

Using Floer theory we can study when such situations
occur/can’t occur.

First steps in this direction: B., Jerby.
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(Model suggested by Fukaya, Oh. Implemented by B.-Cornea)

Quantum products.
f, f ′, f ′′ : L→ R generic triple of Morse functions.
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Thm(B.-Cornea 2006) HF∗(L) is a module over QH∗(M).
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n).

Relative enumerative geometry.

Related to Welschinger’s Real enumerative invariants

L ⊂M , generic J . ∃ J-hol disk through every p ∈ L ?
Through every 2 points in L? ... 3, 4 ... points?
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Prev results: Polterovich, Viterbo, Oh, B.-Cieliebak

Thm(B.-Cornea 2006): L = T2 ⊂M Lag. torus. Pick any J .
Explicit and computable conditions on existence of
J-holomorphic disk with µ = 4 through 3 points
p, p′, p′′ ∈ L.

Possible to consider also mixed problems: ∃ hol disk
through p1, . . . , pk ∈ L and q1, . . . , qr ∈M ? – p.28
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IMPOSSIBLE!
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� applications to (relative) symplectic packing. – p.29
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